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Abstract: In neutron stars the nuclear asymmetric matter is expected to undergo phase transitions
to a superfluid state. According to simple estimates, neutron matter in the inner crust and just
below should be in the s-wave superfluid phase, corresponding to the neutron-neutron 1S0 channel.
At higher density in the core also the proton component should be superfluid, while in the inner core
the neutron matter can be in the 3P2 superfluid phase. Superluidity is believed to be at the basis of
the glitches phenomenon and to play a decisive influence on many processes like transport, neutrino
emission and cooling, and so on. One of the peculiarity of the superfluid phase is the presence of
characteristic collective excitation, the so called ’phonons’, that correspond to smooth modulations of
the order parameter and display a linear spectrum at low enough momentum. This paper is a brief
review of the different phonons that can appear in Neutron Star superfuid matter and their role in
several dynamical processes. Particular emphasis is put on the spectral functions of the different
components, that is neutron, protons and electrons, which reveal their mutual influence. The open
problems are discussed and indications on the work that remain to be done are given.

Keywords: neutron stars; superfluidity; phonons

1. Introduction

The microscopic excitations of nuclear matter are essential for an accurate description
of the phenomena that occur in neutron stars and affect directly their properties, like trans-
port processes or neutrino dynamics. They can be relevant also for neutrino emission and
specific heath, which are all involved in the short and long time cooling evolution of the
star. The elementary excitations of the superfluid matter are of special importance. In fact
superfluidity is expected to be present in neutron star matter, and both the proton and
the neutron components can be affected by the pairing phenomenon. Unfortunately the
density dependence of both types of superfluidity is only roughly known, but their study
can be of great help to untangle the interpretation of the observational data. For a recent
review see ref. [1]. The fact that at not too high density the main components of the matter
should be neutrons, protons, electrons and muons [2], implies that the general features
and the spectral properties of these excitations can be quite complex. In the astrophysical
physical conditions, a study of the collective microscopic excitations in normal neutron
star matter has been presented in Ref. [3] within the relativistic mean field approximation.
In refs. [4,5] the spectral functions of the neutron, proton and electron components of
normal neutron star matter have been calculated microscopically within the non-relativistic
Random Phase Approximation (RPA) for the nucleons and the relativistic RPA for the
leptonic components. In this study different schemes for the nuclear effective interaction
were adopted. In particular, a comparison was performed between a set of Skyrme forces
and a microscopically derived interaction. In this context recently the relativistic RPA
has been used also for the nucleon sector [6]. The study of refs. [4,5] were extended to
include superfluid proton matter in ref. [7]. For simplicity the coupling of the superfluid
protons with neutrons was neglected. The elementary excitations in superfluid neutron
star matter have been considered by several authors [8–13]. In ref. [7] it was demonstrated
that, due to the screening by electrons of the proton-proton Coulomb interaction, the pro-
ton superfluid matter, as demanded by a general theorem for short range interactions,
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possesses a pseudo-Goldstone mode below the pair breaking mode. According to [8–14]
the presence of such excitation can have a strong effect on e.g. neutrino mean free path
and their emission rate. As shown in ref. [15], the suerfluid phonons can be the trigger
for vortex unpinning avalanches responsible of glitches formation. An extensive study of
the elementary excitations in presence of both proton and neutron superfluidity has been
presented in ref. [16], where the hydrodynamic formalism was used with the inclusion
of proton-neutron coupling. In refs. [17,18] a study was presented of the elementary
excitations in superfluid neutron matter in the crust. The possible presence of coupling
with the nuclear lattice was considered in refs. [18–21] .

In this paper we presents a review on the theory and applications of the superfluid
phonons in the astrophysical context of neutron stars. The paper is organized as follows.
After the present introduction, the hydrodynamic treatment of the phonon excitations in
superfluids is reported, which is based on the Landau theory of Fermi liquid. Next we
consider the microscopic treatment based on the Green’ s function formalism and the RPA
approximation. Within the microscopic theory one can consider also phonon momenta
that are not necessarily vanishing small, provided that they are still lower than the Fermi
momentum. The role of the phonon degrees of freedom in different phenomena and in the
properties of neutron stars are then reported from the existing literature. The final remarks
are in the last section.

2. Theory of the Superfluid Phonons
2.1. Hydrodynamic Approach

Both boson superfluidity, e.g. in 4He liquid, and superfluidity or superconductivity
in Fermi systems can be described macroscopically by introducing the condensate field
ψ(r, t) which has a smooth variation on position r and time t. In the ground state of a
homogeneous system the field is uniform in space and it coincides with the order parameter
of the condensate. Actually the phase of the field must have a linear dependence on time,
as it can be shown from the microscopic theory, but this will not play a role in the following.
The field can be excited and then it varies in space and time. According to Goldstone
theorem [22,23], the symmetric (condensate) phase must possesses collective modes with a
frequency that vanishes at zero momentum. These are the superfluid phonons in our case.
The only exception is when the Coulomb interaction is present, because for long range
forces the Goldstone theorem is invalid. Apart this case, that will be discussed later, we can
then restrict the analysis in the long wavelength limit. For a macroscopic description it is
convenient to introduce the current that represent the superfluid matter flow. In quantum
mechanics the local current is given by

j = − ıh̄
2m

(ψ∗∇ψ − ψ∇ψ∗) (1)

where in this case the condensate field is treated as a wave function. This can be justified
if one interprets the field as the common wave functions of the physical objects that
condensate, i.e., boson particles or Cooper pairs, with mass m. In the latter case it is just the
pairing field, that is the wave function of the center of mass of the Cooper pair. Accordingly,
for the total current we have to multiply by the total number of constituent particles. Since
this factor can be finally dropped out from the formulae, we do not include it. Accordingly
the local number density is given by

ρ(r, t) = |ψ(r, t)|2 (2)

We now separate modulus and phase of the field

ψ(r, t) =
√

ρ exp(ıS) (3)
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If we now substitute (3) in (1), one gets

j(r, t) =
ih̄
m

ρ(r, t)∇S(r, t) (4)

which shows that ih̄
m∇S(r, t) can be interpreted as the velocity field v at a given point.

It has to pointed out that we are consider one component superfluid. If both neutrons and
protons are superfluid, one has to consider entrainment and the relations between velocities
and currents has to be modified [24]. Density and current satisfy the continuity equation

∂ρ

∂t
+ ∇j = 0 (5)

which is a constraint that the dynamical evolution of the superfluid must satisfy.
Because the superfluid flow is without friction, the evolution of the velocity field can

be described by the Euler equation for a perfect fluid

∂

∂t
v + v∇ v + ∇µ(r, t) = 0 (6)

where µ(r, t) is the local chemical potential. Equations (5) and (6) are the basic equations to
be solved in this particular simple case. Because we are looking for small amplitude and
long wavelength excitations, we can linearize the equations, that is we put

S(r, t) = S0(t) + φ(r, t) ρ(r, t) = ρ0 + δρ(r, t) (7)

where ρ0 is the ground state density and S0 the ground state phase, which is −µ0t, with µ0
the ground state chemical potential. Then the equations are linearized with respect to φ
and δρ. Accordingly, due to the relation of v with S, in the Euler equation we can neglect
the term quadratic in velocity and one gets

∇ (
∂

∂t
S(r, t) + µ(r, t)) = 0 (8)

which indicates that the expression in parenthesis must be a constant independent of
coordinates. The constant turns out to be zero, as can be deduced by the microscopic theory.
This can be also guessed by noticing that it appears as a modification of the chemical
potential by the same amount throughout the system, which would imply a macroscopic
energy change at any given time. One then can write

∂

∂t
S(r, t) = −µ(r, t) (9)

This relation coincides with the Josephson equation [25], which was introduced in
superconductivity for the development of the corresponding effect. From Equation (7),
this equation can be written

∂

∂t
φ(r, t) = −(µ(r, t)− µ0) (10)

We now combine this equation with the continuity equation. First we take the time
derivative of Equation (10). Since the chemical potential depends only on density, after lin-
earization of the current term, one finally gets

∂2

∂t2 φ − ρ0

m
(∂µ0

∂ρ

)
0∇

2φ (11)
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In Equation (11) the derivative in front of the Laplacian is calculated in the ground
state. Then this equation reduces to the wave equation, with propagation velocity s equal to

s =

√
ρ0

m
(∂µ

∂ρ

)
0 (12)

and frequency ω equal to
ω(q) = sq (13)

with q the momentum of the wave. These wave modes are just the superfluid phonons.
One can see that the frequency is linear in momentum and then vanishes at q = 0, as de-
manded by Goldstone theorem. It is instructive to calculate the mode wave velocity s in
simple cases. For a boson liquid the chemical potential can be calculated at the Hartree level,
and can be simply written as µ = gρ, where g is the strength of the s-wave particle-particle
interaction. One then gets

s =

√
ρ0g
m

(14)

This expression coincides with the result of the microscopic many-body theory by
Bogoliubov [26]. One can see that the mode is stable only if g > 0, i.e., for a repulsive inter-
action. The phonons are clearly supported in this case by the particle-particle interaction.

In case of Fermions, besides the particle interaction the chemical potential is deter-
mined by the Pauli principle, which produces an additional repulsion. If we indeed neglect
the effect of pairing and other interactions on the Fermi kinetic energy (weak coupling
limit), one easily gets the well known result [27]

s = vF/
√

3 (15)

where vF = kF/m is the Fermi velocity, being kF the Fermi momentum, related to the
number density by ρ0 = k3

F/3π2. Pairing and other interactions introduce corrections to
this expression, as we will discuss within the microscopic approach. The formalism can be
generalized to many component superfluids, a typical situation for neutron stars. In this
case Equation (11) becomes a system of equations, that are coupled through the mixed
derivatives of the different chemical potentials with respect to the densities of the different
components, see ref. [16] where the hydrodynamic approach was developed within a
different but equivalent formalism. Furthermore one should include entrainment between
neutrons and protons, which can be introduced by a non diagonal effective mass.

We have to notice that in the general expression for the wave velocities (12), one can
easily recognize the ratio between compressibility and density inside the square root,
which shows that superfluid phonons are also compression sound mode. This can be a
little surprising, because it looks from Equation (11) that phonons are mainly phase modes.
However the continuity equation couples any phase variations to density variations,
no matter how small they are.

2.2. Microscopic Theory

The phonon degree of freedom within the microscopic many-body theory of fermion
liquid is described by the propagator of the density or spin-density operator. In tun,
the propagator is just the linear response function of the system to an external probe.
For a normal system the “phonons” are the excitations of particle-hole type. They can
be described by the Random Phase Approximation (RPA). In this approximation the
propagator Πik(t, t′) is formally the sum of the diagrams of Figure 1, which can be summed
up to an integral equation (in time representation). In a multi-components fermion system
one gets a linear system of integral equations, that can be written schematically [4]

Πik(t, t′) = Π0
ik(t, t′) + ∑

jl
Π0

ij(t, t1)vj,lΠlk(t1, t′) (16)
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where i, j, · · · label the different particle-hole components, vj,l is the effective interaction
between them and Π0 is the free response function, which corresponds to the bubbles
appearing in Figure 1 The overlined time variable is integrated, while the integration over
the coordinates in the second term at the r.h.s is understood. This system, after Fourier
transform to energy representation, becomes an algebraic (linear) system of equations,
provided the interactions are local. The poles of the response function correspond to the
energy of the excitations, and the residues to their strength. Specifically, for the considered
Neutron Star matter one has neutron, proton and electron components (neglecting muons),
and to each one of them one associate the proper particle-hole operator.

If neutrons and protons are superfluid, one has to enlarge the operators associated
to these components. If we take into account both proton and neutron pairing, in terms
of creation and annihilation operators the indexes i, j, · · · must run now over the follow-
ing configurations

a†(p) a(p)|Ψ0 > , a†(p) a†(p)|Ψ0 > , a(p) a(p)|Ψ0 >

a†(n) a(n)|Ψ0 > , a†(n) a†(n)|Ψ0 > , a(n) a(n)|Ψ0 >

a†(e) a(e)|Ψ0 >

(17)

where the labels n, p, e indicate neutrons, protons and electron respectively, and |Ψ0 > is
the correlated ground state. If we call Ai the generic configuration, the response functions
can be written

Πik(t, t′) = − < Ψ0|T{Ai (t)A†
k(t
′)|Ψ0 > (18)

where T is the usual time ordering operator for bosons, since the configurations of
Equation (17) have boson character. The configurations (17) correspond in fact to both
density and pairing excitations. One can still consider the sums of diagrams in Figure 1,
provided each line can be now represent either a normal or an anomalous single particle
propagator, which explicitly reads

G(1, 2) = −ı < T(ψ(1)ψ†(2)) > F(1, 2) = −ı < T(ψ(1)ψ(2) > (19)

respectively. Here ψ and ψ† are the fermion destruction and creation operators, and their
argument i = 1, 2 stand for coordinate, spin and time variables. The free response function
Π(0) is the the product of two single particle propagators, and Equation (16) still formally
holds. In agreement with (17), in principle Equation (16) form a 7× 7 system of coupled
equations. However, it turns out [7,28] that two equations can be decoupled to a good
approximation by taking suitable linear combinations of the pairing additional mode
a†(p) a†(p) and pairing removal mode a(p) a(p). In this way the system reduces to 5× 5
coupled equations. For later discussion we report here their explicit expression

1− Xp
+Up −2X−GFvpp 2X−GFvc −2X−GFvpn 0

Xp
GFUp 1− 2Xph

p vpp 2Xph
p vc −2Xph

p vpn 0

0 2Xevc 1− 2Xevc 0 0

0 −2Xph
n vnp 0 1− 2Xph

n vnn Xn
GFUn

0 −2n
GFvnp 0 −2Xn

GFvnn 1− Xn
+Un





Π(p)
S

Π(ph,p)
S

Π(ph,e)
S

Π(ph,n)
S

Π(n)
S


=



Π(p)
0,S

Π(ph,p)
0,S

Π(ph,e)
0,S

Π(ph,n)
0,S

Π(n)
0,S


(20)
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The definitions of the different terms will be given in the sequel. Details on the
equations and their explicit analytic form are given in Appendix A of ref. [29] 1. The system
has to be solved for the response functions Πik . The indexes i, k run over the configurations
of Equation (17) and all of which can be obtained by selecting the inhomogeneous term
in Equation (16). More precisely one has to select a given configuration indicated by the
right index k and solve the system for each choice of k. In this way one gets all the diagonal
and non-diagonal elements of Πik . The index k is not explicitly indicated in Equation (20),
to avoid a too heavy notations, since it is the same at the right hand and left hand sides of
the equation and it is running. The left indexes i are displayed according their meaning,
as explained below.

Figure 1. The diagram series of the RPA approximation for the response function of a normal
quantum liquid. The bubbles correspond to particle-hole excitations (upward and downward arrows)
in the case of a normal system. Backward diagrams are also to be included. For superfluid quantum
liquid each line can correspond both to normal and to anomalous propagator.

The effective interaction matrix elements that couple particle-hole configurations to
particle-hole configurations can be taken as in the normal system, because the nuclear
superfluidity can be considered in the weak coupling regime. The interaction between
particle-particle configurations is the same that generates the superfluid pairing. Neutron-
proton pairing can be neglected in the neutron tars environment, since neutron and proton
Fermi spheres are quite different. Finally no explicit interaction matrix elements between
these two types of configurations can appear, if we demand that the interaction conserves
the number of particles (weak coupling), but the coupling is produced by those “bubbles”,
represented by the factors Π0, which contain a normal and an anomalous single particle
propagator, since they indeed do not conserve the number of particles.

The microscopic theory in principle can be applied in the non-linear regime. For instant
it can include the pair-breaking mode, where the excited state corresponds to the breaking
of a Cooper pair, which occurs at twice the pairing gap. However this excitation is not a
“phonon” in the usual sense.

More important is the possibility to calculate the spectral function of the different
modes. Let us consider the diagonal matrix element of Equation (18) for a specific com-
ponent k and its Fourier transform Gk(E). Because Π(t− t′) depends only on the time
difference τ = t− t′, one has (h̄ = 1)

Gk(E) =
∫

dτΠkk(τ) exp(ıEτ) (21)

Taking into account the time order operator, one gets

Gk(E) =< Ψ0|Ak
1

E− H + ıε
A†

k |Ψ0 > − < Ψ0|A†
k

1
E + H − ıε

Ak |Ψ0 > (22)

1 Notice that the last matrix element at the fifth row and fifth column in the matrix of (20) was misprinted in ref. [29].



Universe 2021, 7, 16 7 of 18

where H is the hamiltonian and ε is a positive infinitesimal (for convergence). If we now
insert the identity in energy representation, one gets

Gk(E) =
∫

dE′| < Ψ0|Ak|E′ > |2
[ 1

E− E′ + ıε
− 1

E + E′ − ıε
]

(23)

The spectral function S(E)can be defined through the imaginary part of G(E) for
E > 0

Sk(E) = − 1
π

Im(Gk(E)) = | < Ψ0|Ak|E > |2 (24)

The spectral function is thus the overlap between an eigenstate |E > with a given
configuration Ak |Ψ0 >. In particular for an eigenstate of the discrete spectrum there will
be no spread of the strength for any component and the spectral function will appear as a
sharp peak with zero width (i.e., a delta function). Expression (24) provides a practical way
to calculate the spectral function without resorting explicitly to diagonalization.

3. Neutron Pairing

In the inner crust of neutron stars a gas of neutron is present, while at low temperature
the protons are still confined inside nuclei. The neutron gas is expected to extend just
below the crust in the core, where homogeneous asymmetric nuclear matter appears with
a certain fraction of protons. In this region pure neutron pairing should be present in the
1S0 neutron-neutron channel. In the inner crust one should consider the effect of nuclear
lattice. This will be discussed in the sequel. Here we treat the neutron gas as homogeneous.
Furthermore in the inner core neutron pairing in the 3P2 channel is expected to occur. In this
case the phonon structure and spectrum are quite complex, as it will be discussed later.

Let us start with the case of pure neutron pairing, i.e., neglecting all interactions
rather than pairing. In this case the pertinent equations are obtained by restricting the
system (20) to the last two rows and columns, and putting the particle-hole neutron-
neutron interaction vnn to zero. The phonon energy can be identified from the pole of the
particle-hole propagator, which, taking into account the explicit expression of Π0, reads

Πph,n
S = 2

[
Xn

ph − UnXn
GF/(1− Xn

+Un)
]

(25)

where Xph is the neutron (superfluid) free particle-hole propagator, X+ the particle-particle
propagator, XGF the convolution of the mixed product of a normal and an anomalous single
particle propagators. Their explicit expressions are reported in the Appendix of ref. [7].
Finally Un is the effective neutron pairing interaction. All the propagators are functions
of the momentum-energy four vector q = (q, ω). The pole comes from the zero of the
denominator in Equation (25)

1 − Xn
+Un = 0 (26)

It turns out that this equation at q = 0 coincides with the BCS gap equation, which
means that the spectrum ω(q) of the phonon starts at zero, in agreement with Goldstone
theorem, and actually it is linear at small momenta, as it can e verified by expanding the
propagator in |q|. The expansion shows that the phonon velocity is the same as in the
hydrodynamic treatment, Equation (15), as it must be. This same velocity is recovered for
the first sound of normal Fermi liquid [30] in the weak coupling limit. The reason is that the
mode also in this case is a pure compressional one, where local equilibrium applies. This is
at variance with the superflud phonon, where no collision is present and the compression
is induced by the local variation of the order parameter phase. In this sense the phonon is
more similar to the zero sound mode of normal Fermi liquid.

If we introduce the neutron particle-hole interaction vnn, the small momentum expan-
sion gives the phonon velocity vS

vS =
vF√

3

[
1 + F0(1−

∆2

E2
F
)
] 1

2 (27)
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where ∆ is the pairing gap and F0 the l = 0 Landau parameter, with the Fermi energy
EF = h̄2k2

F/2m = h̄2(3π2ρ0)
2/3. One can see that the effect of pairing on the value of

the velocity is small, since ∆/EF is expected to be quite small, except possibly at very
low density. Putting ∆ = 0 in (27) one recovers the first sound velocity of normal Fermi
liquid [30].

The particle-hole interaction has an additional effect, that is the possibility of decay of
the phonons due to Landau damping. This occurs whenever the pole occurs at ω > 2∆
and merges into the continuous spectrum of the uncorrelated pair-breaking excitations.

Finally one has to mention that in the crust the neutron superfluid phonon can mix
with the lattice phonon, at least for low enough momentum, where the lattice phonons and
superfluid phonons can have comparable energies [19,31], with deep consequences on the
spectrum and the damping of the excitations.

4. Proton Pairing

Protons are expected to be superfluid, starting from just below the crust in the core,
but its extension at even higher density is rather unknown. In addition to the pairing
interaction, in this case one needs to include the Coulomb interaction between protons
and of protons with the electrons. The pairing itself is of course hindered by the repulsive
Coulomb proton-proton interaction. However the electron screening reduces the repulsion
and proton pairing is expected to occur. Similar considerations apply to the phonon
case. Without screening the superfluid phonon is not possible. In fact the pure Coulomb
repulsion is of long range character and it produces plasma excitations, which usually occur
at much higher energy than 2∆, and the excitation spectrum starts at q = 0 mainly at the
plasma energy. Indeed Goldstone theorem is not valid for long range interactions, and the
energy does not vanishes at zero momentum. The electron screening is quite effective, since
electrons are much faster than protons and they can follow the proton oscillations. In other
words in first approximation one can use the static screened Coulomb interaction, which is
of finite range, at least for not too high momenta. Therefore the proton superfluid phonons
are equally possible. The corresponding dynamical equations are obtained by considering
the first three rows and three column of the matrix in Equation (20). The meaning of the
different terms is the same of the corresponding ones for neutrons. In addition vc is the
unscreened Coulomb interaction and Xe the free electron particle-hole propagator. If we
neglect for the moment the proton-proton particle-hole interaction vpp and treat the electron
in the static limit, the system is the same as for neutrons, except that we have to add to the
pairing interaction the screened Coulomb interaction. Expanding the equations at small
momentum, the proton phonon velocity turns out as

vS =
vF√

3

[
1 +

Np

Ne
(1− ∆2

E2
F
)
]

(28)

where vF is now the proton Fermi velocity, and Np and Ne the density of states of protons
and electrons, respectively. Notice that 1/Ne is just the screened Coulomb interaction
at zero momentum and with the Thomas-Fermi screening length. The correction of the
Coulomb interaction turns out to be pretty large, since the proton density of states is much
larger than the electron density of states. The velocity vS can be few times larger than the
standard hydrodynamic one [7].

Finally, if the proton particle-hole interaction is introduced, then one has to add to
the factor Np/Ne the proton Landau parameter F0. Of course also in this case the Landau
damping can be active above the pair breaking mode.

5. Neutron-Proton Coupling

The neutron superfluidity in the 1S0 channel is expected to vanish when the NS matter
reaches a density close to the saturation one. It is possible that at higher density the
proton superfluidity is present, but the neutron superfluidity in the 3P2 channel is weak or
absent. Then there will be a region where the proton superfluidity develops in presence
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of a normal neutron matter. Because of the neutron high density the coupling with the
neutron could alter the proton superfluidity. Accordingly, the spectrum of the phonons
and their properties will be affected. The pertinent equations are obtained from (20) by
suppressing the last row and column. To solve the remaining 4 × 4 system of equations is a
little cumbersome, but numerical solutions are easy to implement. We report some results
from ref. [32] to illustrate the salient features of this physics case. The spectral functions of
Equation (24) in the particle-hole channel of the three components elucidate quite clearly
their coupling and the structure of the phonons spectrum.

In Figure 2 are reported the spectral functions of neutrons (thick black line), pro-
tons (thin red line) and electrons (green dashed line) at saturation density of NS matter,
with parameters extracted from microscopic calculations [7] and pairing gap ∆ = 2 MeV.
On the left panel (a) the neutron-proton interaction is present, while on the right panel
(b) the interaction is switched off. From the figure one can notice few qualitative features.
First of all the neutron spectral function is a broad structure, because the neutron-neutron
interaction is attractive and then Landau damping is active. However the neutron-proton
interaction affects substantially the neutron spectral function, despite the proton fraction
is small, around 4%. Second, the electron spectral function follows closely the proton
one, which means that the screening at the indicated momentum is quite effective. Third,
the peak in the proton spectral function below 2∆ corresponds to the pseudo-Goldstone
mode discussed in Section 4. It should be undamped, i.e., a sharp peak. The finite width is
due to the coupling of protons with electrons. The latter at this momentum and energies are
Landau damped, which is the reason of the finite width of the proton mode. The coupling
with neutrons further increases the width. Finally one can notice a broad structure above
2∆. This is the proton pair breaking mode, which is over-damped and there is not a definite
relation between its energy and its momentum.

The position of the proton peak corresponds approximately to the zero of the real part
of the inverse of the proton particle-hole response function. In the hydrodynamic limit
the energy so extracted is linear in momentum. As reported in Figure 3, taken from the
same reference,this is true also in the microscopic calculation, but deviation from linearity
is present at increasing momentum. In the same figure is reported also the effect of the
neutron-proton coupling. The deviation from linearity increases as the energy approaches
the pair breaking threshold 2∆. In this region of momenta also the electron screening
is reduced, i.e., the electron spectral function does not follow the proton one so closely,
as reported in refs. [5,7].

It has to be noticed that the features of the results are unfortunately dependent on
the adopted NN force. In particular one can use Skyrme phenomenological forces, and it
turns out [7] that different versions of the force can give different results for the pairing
gap and the spectral functions. This is not surprising since Skyrme forces are tested at
density not larger than the saturation one and for limited value of the matter asymmetry.
The microscopic estimate of the different couplings should me more stable with respect to
the choice of the theoretical scheme.
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Figure 2. Spectral functions of Equation (24) for neutrons (black thick line), proton (red thin line) and
electrons (green dashed line). In panels (a) are reported the spectral functions when the Coulomb and
nuclear interactions are introduced. For comparison in panel (b) are reported the spectral functions
when the neutron-proton interaction is neglected. For a closer comparison the neutron spectral
function of this case is also reported in panel (a) (blue dotted line). Figure form ref. [32].
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Figure 3. Energy of the zero of the real part of the inverse of the response function at different
momenta q. The pairing gap is ∆ = 1 MeV. The red full line and full squares correspond to the
case when the neutrons and the proton are uncoupled. The green dashed line and the full circles
correspond to the case when the interaction between neutrons and protons is switched on. Figure
from [32].

6. The Tale of Two Superfluids

The neutron superfluidity in the 1S0 channel is expected to decrease as one proceeds
below the crust and should vanish at about saturation density. It is possible that pairing
superfluidity is already present at this density. Furthermore at higher density proton
superfluidity persists where the 3P2 −3 F2 can appear. Therefore there can be regions where
neutron and proton superfluidity coexist. In this case the mutual nuclear interaction can
modify the pattern of the superfluid strengths, as well as of the phonon spectra and spectral
functions of Equation (24). For simplicity we discuss the case where both protons and
neutrons are in the superfluid s-wave states.

In this case the full system of Equation (20) has to be used. Notice that despite the
absence of the direct interaction between proton pairs and neutron pairs, an indirect (second
order) coupling is possible through the anomalous propagator and the neutron-proton
particle-hole interaction. Similarly the neutron pairs are coupled with the electrons by the
additional proton Coulomb interaction with electrons. The corresponding diagrams are
reported in ref. [29].

The neutron, proton and electron spectral functions at a given density and momentum
are reported in Figure 4. Also in this case the parameters of the forces are extracted from
microscopic calculations. The pairing gaps are taken as typical values expected from
theoretical estimates, which unfortunately display a substantial spread. However the
qualitative features of the spectral functions should not depend on the their particular
values. For neutrons the pairing gap is ∆n = 0.5 MeV, while for protons the gap is
∆p = 1 MeV.
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Figure 4. Spectral functions of neutrons (black thick line), proton (red thin line) and electrons (green
dashed line) calculated at the total baryon density ρ = 0.16 fm−3. The neutron and proton pairing
gaps are 0.5 MeV and 1 MeV, respectively. In panel (a) the neutron-proton interaction has been
suppressed, while in panel (b) it is included. For convenience the neutron strength function has been
divided by 15. Figure from [29].

In the left panel (a) the neutron-proton coupling is switched off. One notice a neutron
sharp peak, corresponding to the Goldstone mode, which is undamped (i.e., a delta
function) because it is below 2∆n (the height of the peak has no meaning, it is an effect of
the plot system). The proton peak below 2∆p is also the Goldstone mode, but it is damped
by the coupling with the electrons. The latter have a spectral function which follows closely
the proton one, since the momentum is small enough. Above twice the pairing gap both
neutrons and protons display a trace of the pair breaking mode. When the neutron-proton
coupling is switched on, right panel (b), the neutron Golstone mode acquires a finite width
by the interaction with protons and indirectly with electrons. In fact, at the position of the
peak one can observe the presence also of some strength of the proton and electron spectral
functions, while the strength of the pair breaking mode has disappeared.

It can be interesting to see how the pattern of the different phonons changes at higher
density and higher momentum. In Figure 5, left panel (a), the results at twice the saturation
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density are reported, keeping the same values of the pairing gaps and using again the
other physical parameters extracted from microscopic calculations. The features of the
different spectral functions are similar. The neutron and proton phonons below twice
the corresponding pairing gaps are apparent. They have a substantial width, but the
corresponding peaks are well pronounced. In addition, some strength of the proton and
neutron pair breaking modes still survives.

Figure 5. Spectral functions of neutrons (black thick line), proton (red thin line) and electrons (green
dashed line) calculated at the total baryon density ρ = 0.32 fm−3 with the same pairing gaps as in
Figure 4, for two different momenta. In both cases the neutron-proton interaction has been included.
For convenience the neutron strength function has been divided by 15. Figure from [29].

The situation changes if one considers a higher momentum, right panel (b). The neu-
tron phonon mode has disappeared, while a quite damped peaks appears at higher energy
corresponding to the neutron pair breaking mode. It looks that the phonon has moved well
above 2∆n and became essentially a strongly damped sound mode. The proton phonon
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still appears evident as an asymmetric peak jut below 2∆. The electron screening looks
only slightly reduced.

From this analysis few conclusions can be drawn. Both neutron and proton superfluid
phonons are present in NS matter. In all realistic cases they are damped, so that they have an
intrinsic finite mean free path. For small momenta their energy spectrum is linear, but their
velocity can be few times different with respect to the weak coupling limit of vF/

√
3, due to

the particle-hole correlations. The superfluid phonons have a natural cut-off at the energy
equal to 2∆, where they merge into the pair-breaking mode, which is essentially a sound
mode. If the spectrum remains linear, the momentum cut-off is just qc = 2∆/vS, where
vS is the phonon velocity. However it turns out that deviations from linearity increase
as the energy approaches 2∆, and the momentum cut-off can be substantially different.
Furthermore close to the cut-off the damping tends to increase. Proton phonons are present
because of the electron screening, which is complete at low momenta, but is weakened at
higher momenta, since then the electrons cannot follow the proton dynamics so closely.

Among the features missing in these calculations there is the neutron-proton entrain-
ment, which can be viewed as a non-diagonal effective mass term in the hamiltonian.
The entrainment can be traced back to the l = 1 Landau parameter F1, which can indeed
include a neutron-proton term. This implies a neutron-proton interaction linear in momen-
tum, which affects the effective mass with a non diagonal contribution. This interaction
can be included in the equations (20) as a contribution to vpn. However this needs the
introduction, besides the density-density response function, also of the current-density
and current-current correlation functions. Then the dimension of the system (20) would
increase considerably. The effect of entrainment at microscopic level along these lines has
to be yet explored.

7. Superfluid Phonons in Dynamical Processes

The role of phonons in the dynamical processes that can occur in NS has been studied
by many authors.

One of the simplest case where the presence of superfluid phonons can be relevant
is the specific heat of NS during the cooling process. On one hand the appearance of
superfluidity can slow down the cooling evolution because it reduces the rate of neutrino
emission, on the other hand superfluidity can accelerate it because of the emission of
neutrino [33] or axion [34] from the pair-breaking mode and due to the reduction of the
specific heat CV . The latter effect is related to the energy gap of 2∆ in the excitation
spectrum. As a consequence the specific heat below the critical temperature decrease
exponentially with the temperature T, namely CV ∼ exp(−2∆/T), which is vanishing
small at low temperature. However, at finite temperature the phonon modes can be excited.
Overall the phonons behave like a gas of bosons with a spectrum linear in momentum,
similarly to the phonons in a crystal lattice or the photons in the black body radiation.
Therefore the phonons contribute to the specific heat with a term proportional to T3. It is
clear that such a term must become dominant at low enough temperature. A simple
calculations show that this occurs at temperature below to about 100 KeV, then only in the
late stage of the cooling.

The presence of a gas of phonons has another consequence. In fact the gas can deviate
from an ideal one. Phonon-phonon collisions are possible and, as in ordinary classical
gas, this can be a source of dissipation, notably of frictional forces. In particular shear or
bulk viscosity is surely present if collisions are not negligible. This affects the dynamical
processes in the NS oscillations. Other mechanism of friction are present, in particular
electron-electron scattering, nucleon-nucleon scattering or electron-vortex collisions. It is
then important to estimate the amount of viscosity due to phonons. To this aim one has
to estimate the phpnon-phonon interaction strength. In the hydronynamical regime this
can be obtained going beyond the linear approximation, which is equivalent to introduce
higher order gradient terms in the wave Equation (11). As we have seen, in the weak
coupling limit the strength of the gradient square is determined by the compressibility and



Universe 2021, 7, 16 15 of 18

therefor by the equation of state of the matter. Higher order terms can then be determined
by derivatives of the compressibility with respect to density. From the coupling strength
one can then calculate the phonon-phonon scattering rate. All that has been developed in
ref. [35,36] for pure neutron matter. Once the scattering probability has been determined,
one can describe the evolution of the gas of phonons by means of the Boltzmann kinetic
equations [35,36]. In the regime of small deviations from local equilibrium the equation can
be solved in a closed form. This provides the modification of the momentum-energy tensor,
and from its dissipative part one can extract both shear and bulk viscosity. A detailed
comparison with the other dissipation mechanisms seems to indicate the relevance of
the role of phonons for the NS oscillation dynamics, in particular the instability of the
r-modes [36].

One has however to keep in mind that the phonon spectrum has a cut-off at a certain
momentum qc, determined by the energy cut-off at 2∆. Therefore all the integrations
over the phonon momentum should be restricted up to qc. It has then to be tested if the
introduction of the cut-off affects appreciably all these results.

Thermal conductivity is another process where the superfluid phonons can
contribute [37]. In this case it is necessary to calculate the phonon dispersion beyond
the linear approximation, because for a linear spectrum the thermal conductivity vanishes,
as in the case of a crystal with lattice phonons. The solution of the Boltzmann equations
can be used to calculate the heat flux in response to a temperature gradient, and thus the
thermal conductivity. In ref. [37] it is claimed that the phonon contribution should be
dominant in the core of neutron stars. Also in this case it is unclear the relevance of the
necessary cut-off at ω = 2∆ of the phonon spectrum.

8. Phonons in the 3P2 −3 F2 Neutron Superfluid

In the inner core of neutron stars the superfluidity in p-wave looks possible. In par-
ticular in the 3P2 −3 F2 channel at increasing relative momentum the neutron-neutron
interaction becomes more attractive, as it can be guessed by the behavior of the phase shift.
The channel is specified by relative angular momentum l = 1, total spin S = 1 and total
angular momentum J = 2. Therefore the structure of the pairing gap can be quite complex,
and indeed it has not yet been completely clarified. Recently [38,39] the Ginzburg-Landau
theory was used to investigate the possible superfluid phases, corresponding to different
gap structure, and it was suggested which one should be the lowest in energy. These results
are only partially in agreement with previous works [40,41], and the issue has been not
yet clarified.

A peculiarity of the 3P2 −3 F2 superfluid phase is the breaking of rotational symmetry,
besides the breaking of gauge invariance. This suggests the existence of the corresponding
Goldstone modes, in addition to the usual one. These modes are usually called ’angu-
lons’. The pairing gap is in this case a matrix in spin σ and projection M of the total
angular momentum. It is expected that the projections M are not equally occupied in the
ground state, which corresponds to an alignment of the pairing gap along a symmetry
axis. The angulons correspond to oscillations of the pairing gap around the symmetry axis.
The existence of angulons was confirmed in ref. [42], where it was shown that the excitation
spectrum contains a mode of zero energy at zero momentum. However, according to
ref. [43] this mode should acquire a mass as soon as the temperature is finite, even if it
vanishes exponentially at zero temperature. This indicates a violation of the Goldstone
theorem, since the Goldstone mode should be present for all temperature below the critical
one. This must be due to the complex structure of the pairing gap, which clearly contains
internal degrees of freedom. These degrees of freedoms are excited at finite temperature.
The orientation mode couples to these additional modes, so that the resulting excitation
mode is not only a smooth spacial modulation of the orientation of the order parameter,
but involves also the internal degrees of freedom. The precise reason of this energy shift,
and thus violation of the Goldstone theorem, has still to be completely clarified. Besides
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the Goldstone mode associated with the breaking of gauge invariance, other modes with a
non-zero energy at zero momentum are also present.

In ref. [8] it was pointed out that the coupling of angulons with electrons and between
angulons is particularly weak, and therefore their mean free path is quite long, it can be
even larger than the size of the star. In general angulons seem not to contribute appreciably
to transport phenomena, but they can be efficient in transporting energy due to their long
mean free path.

Another process where 3P2 −3 F2 angulons can be relevant is the neutrino emission
in the NS cooling. In fact the neutrino emission cannot occur from phonons with a linear
spectrum in momentum, due to energy-momentum conservation (neglecting neutrino
mass). The process is however possible from angulons that are massive, at least at finite
temperature. The angulons can in any case acquires mass in a magnetic star, because of the
coupling of the neutron magnetic moment with the star magnetic field [44].

All these studies are however neglecting the possible neutron particle-hole excitation,
that can couple to the pairing gap excitation. As we have seen in Sections 5 and 6 this
coupling can produce a shift in the phonon energy and a possible neutron-neutron Landau
damping. In addition a cut-off of the phonon spectrum must be present as soon as the
phonon branch crosses the pair-breaking mode, which depends on the structure of the
pairing gap, i.e., the particular phase of the superfluid.

9. Concluding Remarks

In this brief review we have presented an introduction to the physics of superfluid
phonons in connection with the processes that can occur in neutron stars and their prop-
erties. The sketch of the theory discusses and confront the hydrodynamic approach and
the microscopic one. As expected, at low momenta the two approaches agree. Besides
the deviation from linearity of the phonon spectra at higher momenta, the microscopic
approach can include the spectral functions of the different components, which were taken
to be neutrons, protons and electrons. The spectral functions can give a vivid view of the
coupling between the different matter components and their possible excitations. In par-
ticular the electrons are able to screen the repulsive Coulomb proton-proton interaction,
and as a result the possible plasma excitation is replaced by a pseudo-Goldstone mode,
which turns out to have a much higher velocity than the phonon for a pure superfluid
with only pairing interaction. At higher momenta and energy the electron screening is less
efficient, that is the electrons are not able to follow closely the proton dynamics. This is
clearly apparent in the spectral functions, which are very close at low momenta but less
and less close as the momentum increases. Furthermore the electron-proton interaction
gives a width to the pseudo-Goldstone mode, which otherwise would be a sharp excitation
below 2∆, the threshold for the pair breaking process. The neutron-proton interaction
plays a crucial role in determining the structure of the spectral functions. Besides their
distortion the coupling produces an additional width to the proton phonon, particularly
if the neutrons are in the Landau damping region for the considered momentum. If also
the neutrons are in the superfluid phase, the structure of the excitation spectrum and of
the corresponding spectral functions can become more complex. Both neutron and proton
pseudo-Goldstone modes are present and they have a finite width. However, if the neutron
are outside the Landau damping region, this width is quite small for the neutron spectral
function and the excitation looks sharp. This situation seems to be likely at density higher
than the saturation one, where the neutron-neutron particle-hole effective interaction is
expected to be repulsive. However at higher density it is not expected that both neutrons
and protons are both superfluid, at least in the s-wave channel.

At higher density, i.e., in the inner core, the neutrons are expected to be in the p-wave
superfluid phase. The particular structure that the pairing gap matrix of the ground state is
quite uncertain. This reflects in the difficulty to study the corresponding phonon excitations,
which can have several branches due to the internal structure of the gap. However some
general characteristic of the possible phonons have been determined. In particular the
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appearance of “angulons” seems to be well established. These are phonons that correspond
to smooth modulations of the orientation of the pairing gap, since the ground state is
anisotropic and the Cooper pairs are aligned. They can be considered the Goldsone modes
of the superfluid. It seems however that at finite temperature the angulons acquire a mass,
i.e., their energy spectrum does not go to zero at zero momentum. This is due to the thermal
excitation of the internal degrees of freedoms of the Cooper pairs.

The many phenomena and processes occurring in neutron stars where phonons can
play a role have been reviewed and briefly discussed. In general transport processes receive
contributions or are affected by superfluid phonons. In some cases it has been argued
that they can be dominant. However in these estimate their intrinsic damping, that we
have discussed, is neglected, as well as the necessary cut-off in energy at the pair breaking
threshold. For these and many other reasons much work has still to be done to estimate
accurately the relevance of the superfluid phonons.
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