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Abstract: We discuss black hole type solutions and wormhole type ones in the effective gravity
models. Such models appear during the attempts to construct the quantum theory of gravity.
The mentioned solutions, being, mostly, the perturbative generalisations of well-known ones in
general relativity, carry out additional set of parameters and, therefore could help, for example, in the
studying of the last stages of Hawking evaporation, in extracting the possibilities for the experimental
or observational search and in helping to constrain by astrophysical data.
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1. Introduction

The idea to construct the quantum theory of gravity leads to the appearance of a set of new
models, for example, effective ones with scalar field(s), models with higher order curvature corrections,
non-compact extra-dimensions and so on. In such a way, the Brans–Dicke theory often appears to be the
first step in extending the general relativity (GR) [1] and, even at this level, new intriguing properties
occur. Furthermore, the construction of the effective quantum gravity action leads to an extension of
Einstein–Hilbert one by, for example, higher order curvature corrections [2]. As one usually begins
from the first expansion terms, the investigation of the second order curvature corrections becomes
important. According to Ref. [3], their most physically interesting form includes the Gauss–Bonnet
invariant [4]. In the modern models, it is coupled with the scalar field to make the contribution of
Gauss–Bonnet term be dynamical. This model appeared to be very fruitful because the order of field
equations remains the second one; therefore, the transition to GR is provided.

Since 1938, the idea to extend GR by higher-order curvature terms has been developing [4,5].
In Ref. [3], the form of the action extended by the second order curvature corrections was suggested
and proved. Taking into account the string theory effective action expansions, the most generic case of
the gravitational Lagrangian appears to be as follows [6]:

L = √−g(R − 2Λ + α2L2 + α3L3 + ...), (1)
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where g is the metrics determinant, R is the Ricci scalar, Λ is the cosmological constant, Li are i-th
higher order curvature corrections, and αi are the corresponding coupling constants. The second-order
curvature correction is based on the Gauss–Bonnet invariant:

SGB = RµνλσRµνλσ − 4RµνRµν + R2. (2)

Firstly, the Gauss–Bonnet term appeared in the attempts to obtain quantum gravity as as counter term
during the theory renormalization procedure [2]. After the string theory was developed, such an action
began to serve as string theory effective one for gravity description [6]. The consideration of a theory
with higher-order curvature corrections with the Lagrangian (1) as an effective low-energy limit of
string theory leads to the action in the form:

S = 1
2 ∫

dnx
√−g(−R + 2∂µφ∂µφ − e−2φFµνFµν + λe−2φSGB + ...), (3)

where φ is the dilatonic field making the contribution of Gauss–Bonnet term be dynamical (and
originating from string/M theory); Fµν is the Maxwell’s tensor.

The discussed types of effective actions provide the local ones in addition to global cosmological
solutions [7]. The most remarkable of them are of black hole type and wormhole one. These solutions
expand the well-known Schwarzschild space-time and demonstrate something new that we recover
in this paper. Here, It is important to note that in this model the new black hole solutions
extend the well-known GR Schwarzschild and Kerr metrics, but, in contradiction, with no-hair
theorem introducing new types of black hole characteristics. In these string gravity effective models,
the consideration often is restricted by the second order curvature correction. In such model, various
stationary spherically-symmetric solutions describing black hole-like objects were obtained [7–9].

The going on to N > 4 space-time allows for neglecting the scalar field (as the Gauss–Bonnet term
would no longer be total derivative) but preserves such interesting solution feathers. The particular 6D
case is also considered. Furthermore, we try to extend the consideration to a more complicated case
wormhole solution (but it occurred that it is possible to restrict the consideration by simpler models).

One of the important questions that we pay attention for the entire paper is the possibility
to observe the solution in the nature. New results in high energy physics and astronomy provide
additional possibilities to distinguish different types of theoretical solutions.

The paper is organised as follows. Section 2 is devoted to the non-rotating black hole
solutions in Gauss–Bonnet extended gravity including the four-dimensional case (Section 2.1),
multidimensional case (Section 2.3) and particular case: Dadhich–Molina solution. Section 3 generalises
the discussion and includes the results of black hole solutions properties in effective equations of
the Randall–Sundrum model. Section 4 switches to wormhole solutions in a more simple case:
the Brans–Dicke model because even at this level some interesting particularities appear. Thus,
in Section 4.1, we discuss non-rotating wormhole solutions and, in Section 4.1, we extend the discussion
to the de Sitter universe. Section 5 contains our conclusions.

2. Dilatonic (Einstein–Maxwell–)Gauss–Bonnet Gravity

2.1. 4D Black Hole Solutions in Gauss–Bonnet Gravity

A four-dimensional (4D) black hole solution in Gauss–Bonnet gravity was presented in the form
of power series [10,11] and in the numerical one [8]. However, this solution was found only outside
the horizon. A common description of inner and outer structures was presented in Ref. [7]. Thus,
the gravitational action was taken as:

S = 1
2κ ∫

d4x
√−g(m2

pl(−R + 2∂µφ∂µφ)+ λe−2φSGB), (4)
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where mpl is the Planck mass.
The metric could be chosen in the curvature coordinate form as

ds2 = ∆c2dt2 − σ2

∆
dr2 − r2(dθ2 + sin2 θdϕ2), (5)

where ∆ and σ depend on radial coordinates r only. The corresponding Einstein equations are:

m2
plσ

2[−rσ′ + σr2(φ′)2]+ 4e−2φλσ(∆ − σ2)[φ′′ − 2(φ′)2]+ 4e−2φφ′λσ′(σ2 − 3∆) = 0,

m2
plσ

2[σ2 +∆r2(φ′)2 −∆′r −∆]+ 4e−2φφ′λ∆′(σ2 − 3∆) = 0,

m2
plσ

2[∆′′rσ −∆′rσ′ + 2∆′σ − 2∆σ′ − 2r∆σ(φ′)2]+ 8e−2φλ{σ∆∆′[φ′′ − 2(φ′)2]

+ φ′[(∆′)2σ +∆∆′′σ − 3∆∆′σ′]} = 0,

−2m2
plσ

2[∆′r2σφ′ + 2r∆φ′σ − r2∆φ′σ′ + r2∆φ′′σ]

+ 4e−2φλ[(∆′)2σ +∆∆′′σ − 3∆∆′σ′ −∆′′σ3 +∆′σ′σ2] = 0. (6)

This system was solved numerically and the solutions are presented in Figure 1.

Figure 1. Dependence of the metric functions ∆, σ and the dilatonic exponent e−2φ against the radial
coordinate r. Reproduced from [12].

Outside the horizon, the metric functions and the dilatonic one behave in the ordinary
Schwarzschild-like way, whereas, inside the horizon, they exist only until the singularity at r = rs.
The solution includes the additional branch starting at rs (see Figure 1). This branch finishes at rx,
hence it is non-physical [12]. Since the Kretchman scalar diverges at this point:

RµνρσRµνρσ ∝ (r − rx)−5 →∞, (7)

rx represents an inner singular horizon. The distance between rx and rh decreases with rh decreasing.
The boundary case rs = rx = rh represents a lower limit of the possible horizon radius value [13]:

rmin
h =

√
4
√

6
√

λ

mpl
. (8)

The existence of this lower limit is specific for Gauss–Bonnet gravity (and some other extended
model [9]) and does not appear in pure GR.

Here, it is necessary to point out that the interest to Gauss–Bonnet black holes regularly persists
and increases. Thus, during the last few years, these results were re-obtained in the the framework of a
more generic model including cosmological constant [14]. As in Ref. [8], the obtained limits are treated
as constraints on dilatonic function. A wider set of dilatonic coupling functions (see, also [15,16]) is
studied. It is demonstrated that the behaviour of dilatonic function at large distances appears to be
growing because of cosmological constant influence.
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This black hole solution can be generalised by the Maxwell tensor [17]. Therefore, the action is
rewritten as

S = 1
2κ ∫

d4x
√−g(m2

pl(−R + 2∂µφ∂µφ)− e−2φFµνFµν + λe−2φSGB). (9)

A convenient choice of metric gauge now is:

ds2 = ∆c2dt2 − 1
∆

dr2 − f 2(dθ2 + sin2 θdϕ2), (10)

where ∆ and f are the functions against r only. The presence of a magnetic charge was under
investigation, thus the ansatz for the Maxwell tensor is:

F = q sin θdθ∧dϕ. (11)

The solution asymptotically corresponds to the Gibbons–Maeda–Garfinkle–Horowitz–Strominger
(GM-GHS) one [18]. Depending upon the charge, the solution can differ from the previous one
(plotted in Figure 1) significantly. As the charge exceeds its critical value qcr, the inner singularity at rs

disappears. This mechanism appears to be the same as in wormholes (the disappearing of the inner
singularity transfers the black hole into the wormhole) or in non-singular cosmology when the initial
singularity becomes a bounce. Figure 2 shows this behaviour with the numerical solution.

Figure 2. The dependence of the metric function ∆ and the dilatonic one e−2φ upon the radial coordinate
r for q < qcr (left curve) and q = 24.81 > qcr (right one). Reproduced from [17].

The evaporation of the Gauss–Bonnet black holes was also presented in [12,19]. The existence of
the lower limit on black hole radii (or mass) (8) leads to an interesting behaviour at final evaporation
stages, when the second-order curvature terms contribute significantly. In contradiction with the usual
picture, the evaporation rate changes to:

− dM
dt

= ∫
(M−Mmin)c2

0

Γs(M, E)
2πh̵

Θ[(M − Mmin)c2 − E]
eIm(S) − (−1)2s

E
c2 dE, (12)

where Mmin ∼ 10mpl is the minimal mass of a black hole, Γs(M, E) is the probability of the absorption
of particles with the spin s, Θ is the Heavyside step function, and S is the action of the particle that
is tunneling though the horizon potential barrier. In order to study the final stages, one has to study
the first order expansion of eIm(S). The evaporation rate–mass dependence is presented in Figure 3.
The final stages differ from the Hawking ones. There is a maximum of the mass lost rate at the point
close to the minimal mass (∼(10− 103)mpl) which considerably exceeds the evaporation rate for these
masses in Hawking’s law. Then, the process of the evaporation stops.
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Figure 3. The mass lost rate of a Gauss–Bonnet black hole. The right part of the curve is the same as the
ordinary Hawking evaporation law −

dM
dt ∝

1
M2 . The left part of the curve represents a decrease of the

evaporation rate and stopping of the process at Mmin (It does not occur in GR). Reproduced from [12].

This model has two important consequences. Firstly, it predicts a strong flash near the maximum.
These flashes can be the origin of high-energy cosmic rays, so a certain part of observed high-energy
cosmic rays could originate from evaporating Gauss–Bonnet black holes at final stages. Secondly,
there is a non-zero final mass, when the evaporation stops. As a consequence, an extremely weakly
interacting (with a cross section ∼10−70 m2) massive object is formed. This object can pass through a
neutron star without interaction [12]. Such objects could be an alternative to dark matter, explaining
the irregular dynamics in galaxies.

During the last few years, the interest in Gauss–Bonnet black hole solutions resumed due to
the ideas of scalarization [20]. In this context, these solutions were studied in more detailed form,
including the presence of a cosmological constant [14], the presence of the massive scalar field [21,22],
and different forms of coupling functions [21,23–25]. It was shown that the near-horizon geometry in
these black hole solutions becomes more complicated with new constraints on scalar field asymptotic
value φ∞ arise; therefore, the extraction of a minimal black hole mass appears to not be so evident.
The stability of the solutions was also studied [26], and, nowadays, it is proved much more carefully in
a wide range [27–29].

2.2. Multidimensional Non-Rotating Black Hole Solutions in Gauss–Bonnet Gravity

Multidimensional Schwarzschild-like black holes embedded in the anti de-Sitter (AdS) Universe
in the framework of Gauss–Bonnet gravity were studied in [30]. The action was identical to (17)
except for an ordinary Einstein constant in the place of a six-dimensional one. In D dimensions, the
cosmological constant is written as follows:

Λ = −(D − 1)(D − 2)
2l2 , (13)

where l is the AdS radius.
The solution obtained in [30] is:

ds2 = e2νc2dt2 − e2µdr2 − r2hijdxidxj, (14)

where

e2ν = e−2µ = 1+ r2

2α(D − 3)(D − 4)
⎛
⎝

1±

¿
ÁÁÁÀ1+

32π
3D
2 Gα(D − 3)(D − 4)MΓ(D−1

2 )
c2(D − 2)rD−1

⎞
⎠

. (15)
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hijdxidxj is a line element of a (D − 2)-dimensional hyper space-time, G is the D-dimensional
gravitational constant, M is a mass, and Γ is the gamma-function,

M = (D − 2)π
D−1

2 rD−3+ c2

8πGΓ(D−1
2 )

(1+ a(D − 3)(D − 4)
r2+

), (16)

where r+ is the outer horizon radius.
The temperature of a multidimensional non-rotating black hole was calculated in [31].

The temperature ratio Gauss–Bonnet black hole to the Schwarzschild one is illustrated in Figure 4.
Sometimes, the difference between the temperature of a GR black hole and a Gauss–Bonnet
one can be considerably large, and even exceed 5%, which makes these types of black holes
experimentally distinguishable.

Figure 4. Ratio of the temperatures with and without the Gauss–Bonnet term as a function of mass.
Reproduced from [12].

It is worth mentioning that this difference for a rotating Gauss–Bonnet black hole is below 5% [32],
and is thus non-observable, but, according to [33], an evaporating black hole loses its angular
momentum very rapidly and soon can be considered as non-rotating.

2.3. Dadhich–Molina 6D-Solution

Developing string gravity effective actions with the higher order curvature corrections, Maeda
and Dadhich presented a solution in a N > 4 space-time being a product of the usual 4D one
and a (n − 4)-dimensional space with constant negative curvature [34–36]. Furthermore, Dadhich
and Molina [37] considered the particular case: a minimal 6D of Maeda-Dadhich (DM) solution.
The gravitational action with the Gauss–Bonnet curvature correction used is:

S = ∫ d6x
√−g[ 1

2κ6
(R − 2Λ + αLGB)], (17)

where κ6 is 6D Einstein constant, α is the Gauss–Bonnet coupling one, and LGB is the Gauss–Bonnet
term. Since the number of dimensions does not exceed six, there is no contribution from the cubic
curvature term [3]. Hence, in the DM case, one has a right to consider the Gauss–Bonnet gravity as a
precise model. In [37], the coupling constant α is considered to be positive or equal to zero. Such an
action leads to the following field Equations:

Gµ
ν + αHµ

ν +Λδµ
ν = κ6Tµ

ν, (18)

where Gµν is the Einstein tensor, Tµν is energy-momentum one and

Hµν = 2(RRµν − 2RµσRσ
ν − 2RσρRµσνρ + Rµ

σρβRνσρβ)−
1
2

gµνLGB. (19)
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In the vacuum case where Tµν = 0 and assuming that the 6D space-time is homeomorphic to
M4 ×K2 where M4 is a four-dimensional physical space-time and K2 is a two-dimensional space of
constant curvature, it is possible restrict the consideration with the single scalar equation instead
of (18):

(4)
R + α

(4)
LGB +

1
2α

= 0, (20)

where four-dimensional quantities are denoted with “(4)”. Equation (20) has the following static
spherically-symmetric solution:

ds2 = f (r)c2dt2 − 1
f (r)

dr2 − r2dΩ2, (21)

where

f (r) = 1+ r2

4α
[1±

¿
ÁÁÀ2

3
+ 16(α

3
2 M
r3 −

α2q
r4 )], (22)

and M and q are arbitrary dimensionless constants.
This solution was studied in [38] with the asymptotically anti-De Sitter (AdS) metric. Thus,

the asymptotic behaviour of f (t) metric function at r →∞ is:

f (r) = 1±
2
√

3α
2 M

r
∓

√
6αq
r2 + 3±

√
6

12
r2

α
. (23)

The left-hand side of the effective Einstein’s equations is well-determined, whereas the exact form
of the energy-momentum tensor, which is formed out of the induced matter, usually is not known
precisely. Nonetheless, using the superpotential technique, which requires only geometric properties
of the effective GR space-time, it becomes possible to calculate the total energy:

E = ±
√

3α

2
M. (24)

In such a definition q does not make any contribution to the total energy of the system. Thus,
effectively, in four dimensions, the DM solution describes a Reissner–Nordstrom-like black hole,
but, unlike an ordinary Reissner–Nordstrom metric, is asymptotically AdS. As the f (r) metric function
in Reissner–Nordstrom-AdS solution in GR has the following form:

f (r) = 1− 2GM
c2r

+ GQ2

4πε0c4r2 +
r2

l2 , (25)

where G is the gravitational constant, M is the mass of the black hole, Q is the electric charge of the
black hole, l is the AdS radius, and the total energy of a Reissner–Nordstrom black hole does not
obtain any contribution from Q2. Thus, it is possible to treat the M as an effective 4D “mass” and q
as an effective “electric charge” in the DM solution. Unlike Q2 in the Reissner–Nordstrom solution,
q in the DM one can take both positive and negative values. In addition, it was also shown that the DM
solution is stable both in an axially-symmetric case and without symmetries [38]. Therefore, it becomes
possible to give the non-contradictory definition of a total mass in the DM solution. As this solution is
stable, there is a preliminary possibility that such solution could describe a real astrophysical object.

Different combinations of M and q are shown in Figure 5 where negative and positive branches
of (22) are denoted as f− and f+, respectively. Since the total energy of the system must be positive
or equal to zero, the M parameter should be non-negative in f− and non-positive in f+. The horizon
radius can be defined as a function upon r when (22) vanishes, thus only the negative branch allows the
existence of horizon(s), whereas the positive one can describe only naked singularities. The curve in the
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M > 0 area is the “one-horizon curve”, where f− vanishes at one point. The parametric representation
of this curve is:

⎧⎪⎪⎨⎪⎪⎩

M = s3

12 + s,

q = s4

16 +
s2

2 − 1,
(26)

where s ≥ 0. The positive q area under the curve corresponds to the case when the metric is well-defined
only outside the horizon(s). The restriction for M < 0 in the positive branch appears to be as [38]:

q ≤ −1
8
(6∣M∣)

4
3 . (27)

Figure 5. Dadhich–Molina solution phase diagram. Reproduced from [38].

The M = 0 case represents a naked singularity (if −1 < q < 0) or a black hole with one horizon
(if q ≤ −1) with a gravitational potential fall-off ∝ r−2 like an electric potential in (25). Since all
observable macroscopic objects in the Universe are electrically neutral, the observation of ∝ r−2

potential would imply a discovery of a DM-object with M = 0. This fact makes such an object, at least
theoretically, observable. Furthermore, a combination of a ∝ r−2 potential with an ordinary ∝ r−1 could
help to explain an irregular dynamics in galaxies, being an alternative to the theory of dark matter.

Test particle orbits were studied taking advantage of the analogy between the DM solution in
Gauss–Bonnet gravity and the Dadhich–Rezania solution in the Randall-Sundrum II model obtained
in [39] and developed in [40]. In order to make the orbital picture consistent with observations [41],
one has to require that

∣q∣ ≤ 9
8
√

6
M2. (28)

Thus, large negative values of q in Figure 5 should also be excluded, as they change the orbital picture
significantly from the observed one [38].

Furthermore, the temperature of a DM black hole was calculated with the help of both
Hawking [42] and Shankaranarayanan–Padmanabhan–Srinivasan [43] methods. Both lead to similar
results. The decreasing of q corresponds to the growth of temperature, analogously to the charged
black hole in GR with the decreasing of the electric charge. The temperature-mass dependence for
the q = 0 case is illustrated in Figure 6. Unlike an ordinary Schwarzschild-AdS black hole in GR,
the temperature of a DM black hole only increases with growing mass, taking arbitrary positive values.
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Figure 6. Temperature–mass dependence for Dadhich–Molina black holes in the q = 0 case. Reproduced
from [38].

The decrease of the mass lost rate with mass decreasing implies that the evaporation speed
becomes less with time. This is opposite to the usual Hawking evaporation picture in GR. Hence,
the lifespan of a DM black hole is estimated to be infinite. Furthermore, black holes that lie on the
“one-horizon curve” in the phase diagram in Figure 5 do not evaporate at all. The final stage of
the evaporation process depends upon the initial value of the q since it represents the influence of
additional dimensions. For q > −1, the final stage always lies on the “one-horizon curve” and has a
positive “mass”. In the q < −1 case, the final stage has a zero “mass”. The endpoint masses appear to
be too small for observations.

3. Black Hole with the Tidal Charge

Another model that has the origin in the low-energy effective limit of string theory is a brane
world model, where all matter fields are localized on a (3 + 1)-dimensional brane embedded in
a higher-dimensional space-time and only gravity can propagate into extra dimensions. In the
Randall–Sundrum model [44], an additional non-compact extra dimension exists.

A black hole solution in an RS model was presented by Dadhich, Maartens, Papadopoulos,
and Rezania in 2000 [39]. They use the following 5D field equations:

(5)
G AB =

(5)
κ2 [−

(5)
Λ

(5)
g AB + δ(χ)(−λδ

µ
Aδν

Bgµν + δ
µ
Aδν

BTµν)], (29)

where five-dimensional quantities are denoted with “(5)”, five-dimensional indexes are Latin capital

letters, four-dimensional indexes are Greek letters,
(5)
κ2 = 8π/

(5)
M3

pl ,
(5)

Mpl is a five-dimensional Planck

mass,
(5)
Λ is a five-dimensional cosmological constant, λ is the brane tension, gµν is the induced metric

on the brane, and χ is the fifth dimension coordinate (the brane is located at χ = 0). As is shown in [45],
the induced field equations on the brane have the following form:

Gµν = −Λgµν + κ2Tµν +
(5)
κ4 Sµν − Eµν, (30)

where κ2 = 8π/Mpl
2, Sµν is “squared energy-momentum tensor”:

Sµν = −
1
4

TµαTα
ν +

1
12

TTµν +
1
8

gµνTαβTαβ − 1
24

gµνT2. (31)
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Eµν is the limit on the brane of the projected bulk Weyl tensor:

Eµν = δA
µ δB

ν

(5)
CACBDnCnD, (32)

where
(5)

CACBD is the 5D Weyl tensor, nC is a vector unit normal to the brane.
As the four-dimensional quantities can be written as functions of five-dimensional ones as:

Mpl =
√

3
4πλ

(5)
M3

pl , (33)

Λ = 4π
(5)

M3
pl

⎛
⎝

(5)
Λ + 4πλ2

3
(5)

M3
pl

⎞
⎠

, (34)

a spherically-symmetric stationary vacuum solution, obtained in [39], is given by:

ds2 = ∆(r)dt2 − 1
∆(r)

dr2 − r2dΩ2, (35)

where
∆(r) = 1− 2M

M2
plr

+
q

M2
plr

2
. (36)

M is the mass of the black hole and q is the “tidal charge”, coming from the Weyl tensor projection.
The metric function (36) is the same as a Reissner–Nordstrom solution in GR. If q is greater

than zero, the solution [39] coincides with the Reissner–Nordstrom one and has two horizons. If q is
negative, the solution has a unique horizon with the radius:

rh =
M

M2
pl

⎛
⎝

1+

¿
ÁÁÁÁÁÀ

1− q
M4

pl

M2
(5)

M2
pl

⎞
⎠

. (37)

Since in the q < 0 case the effective energy density on the brane is negative, this case looks more
physically sensible [39]. In the solar system, the following upper limit upon q is constrained:

∣q∣ << 2
⎛
⎝

(5)
Mpl

Mpl

⎞
⎠

2

Msol Rsol , (38)

where Msol is Solar mass and Rsol is its radius. The geodesics in the
Dadhich–Maartens–Papadopoulos–Rezania solution were studied in [46]. The geodesic equations are:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dτ t(τ)− r2(τ)E

r2(τ)+αr(τ)+β
= 0,

( du
dφ)

2 = E2−1
L2 − αu+βu2

L2 − u2 − αu3 + βu4,
dτ
dφ = 1

u2l2 ,
dt
dφ = E

L2(u2+αu3+βu4) ,

(39)

where τ is the proper time, t is the coordinate time, u = 1
r , α = − 2M

M2
pl

, and β = q
M2

pl
. When r has an upper

limit, E2 < 1. The right-hand side of the second equation of the system (39) (which we denote as f (u))
is a fourth-order polynomial with respect to u. It is important to emphasise that, in the Schwarzschild
solution, it has the third order. Thus, an additional root of f (u) appears. Regardless of E and L values
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for arbitrary orbits, f (u) cannot have four positive roots, since α/β > 0, so there are no new types of
finite orbits that do not exist in a Schwarzschild solution.

Radial and circular geodesics are studied separately. In the case of zero angular momentum, the
geodesic equation can be written as follows:

( dr
dτ

)
2

= E2 −∆. (40)

With the initial conditions r = ri, ṙ = 0, one obtains

ri =
√

α2 − 4β(1− E2)− α

2(1− E2)
, (41)

which differs from the corresponding value in Schwarzschild geometry. The proper time necessary to
reach the central singularity can be calculated by introducing a new variable η:

r = ri cos2 (
η

2
). (42)

After all the calculations, one obtains:

τ =

√
−(1− E2)r2

i x2 − αrix − 2β

1− E2 − α

2(1− E2) 3
2

arcsin [− 2(1− E2)rix + α√
α2 − 8β(1− E2)

]− τ1, (43)

where the integration constant τ1 can be determined by requiring τ(x = 1) = 0. The consideration of
the β → 0 limit results in the proper time necessary to reach the central singularity:

τsch =

¿
ÁÁÀ r3

i
4α

π. (44)

This means that radial geodesics in the Dadhich–Maartens–Papadopoulos–Rezania solution have a
Schwarzschild limit.

In order to calculate the time of reaching the horizon in the reference frame of a remote observer,
one can use the first equation of system (39), so:

dt
dr

= −Er3

(2rh + α)
√
−(1− E2)r2 − αr − 2β

( 1
r − rh

− 1
r + rh + α

). (45)

The integral diverges at the horizon, analogously to the one in Schwarzschild solution. Thus,
the presence of the “tidal charge” only quantitatively alter the solution, but the behaviour of a particle
moving on a radial geodesic remains similar to GR.

For a circular orbit [46],

E2 =
2(1+ αuc + βu2

c)2

2+ 3αuc + βu2
c

, (46)

L2 =
−α − 2βuc

uc(2+ 3αuc + 4βu2
c)

, (47)

where uc is the inverse radius of the orbit.
For a nonzero β, L2 is bigger than in the Schwarzschild case. Since E2, L2 are positive,

the denominator must also be positive:

2+ 3αuc + 4βu2
c > 0. (48)
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For a negative β, one obtains:

0 < uc <
−3α +

√
9α2 − 32β

8β
, (49)

−3α +
√

9α2 − 32β

4
< rc <∞. (50)

The last stable orbit inverse radius is the inflection point of the right-hand side of this equation
and can be determined from the following equation:

8β2u3
c + 2αu2

c + 3α2uc + α = 0, (51)

where uc is the inverse radius of the last stable orbit. In the β → 0 limit, one obtains the Schwarzschild
case. The terms containing β have to be negligible at the scale of Msol order and larger in order to be
consistent with black hole observations, which agree with Schwarzschild [47]. Additional restrictions
upon β can arise from this requirement [46]. It is convenient to represent α and β in the following form:

α = −a
Msol

M2
pl

, β = b
M2

sol

M4
pl

, (52)

where a ∼ 1. Then, a new variable can be introduced

ũc = uc
Msol

M2
pl

, (53)

and (51) is rewritten as follows:
8b2ũ3

c + 9abũ2
c + 3a2ũc + a = 0. (54)

Requiring that the terms with “tidal charge” should be negligibly small in comparison with the
Schwarzschild ones results in the following restriction:

∣b∣ ≪ 1. (55)

In this parameter range (a ∼ 1, ∣b∣ ≪ 1), the presence of the “tidal charge” does not alter the types and
structure of geodesics. Since for solar and bigger than solar masses of the black hole the solution does
not differ from Schwarzschild, no observable effects can make the solution distinguishable, although
in the microphysics the difference could be detectable [46]. Additional constraints on the “tidal charge”
could be placed by considering circular orbits and the black hole shadows [48,49].

4. Brans–Dicke Theory

Brans–Dicke theory appeared in 1961 [50], initially as a relativistic theory of gravitation,
compatible with Mach’s principle, generalising GR. The core idea was to consider the gravitational
constant G as a function upon a certain scalar field rather than a constant. Thus, a new scalar field φ

was included into the gravitational action:

S = 1
2κ ∫

d4x
√−g(φR −ω

∂µφ∂µφ

φ
), (56)

where ω is the dimensionless Brans–Dicke parameter. The limit ω →∞ gives GR. The observational
bound on ω is [51]:

∣ω∣ > 50, 000. (57)
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The introduction of a massive scalar field makes it possible to describe the dark energy, as the evolution
of the Universe in Brans–Dicke theory could mimic the ΛCDM model [52]. Various interesting
spherically-symmetric solutions were obtained in the massless version (56) [50,53–55] and in the
extended ones [56,57].

4.1. Brans–Dicke Spherically-Symmetric Wormhole

The first static spherically-symmetric solution in the framework of Brans–Dicke theory was
obtained by Brans and Dicke themselves in their original paper [50]. The field equations, deduced
from the gravitational action of the form (56), are

Gµν =
8π

φc4 Tµν +
ω

φ2 (∂µφ∂νφ − 1
2

gµν∂ρφ∂ρφ)+ 1
φ
(∇µ∇νφ − gµν2φ). (58)

The Klein–Gordon equation for φ has the form:

2φ = 8π

(3+ 2ω)c4 T. (59)

The Brans–Dicke (BD) solution has the following form [58]:

ds2 = −(1− 1/x
1+ 1/x

)
2l

c2dt2 + (1+ 1
x
)

4

(1+ 1/x
1− 1/x

)
n

(dr2 + r2dΩ2), (60)

where

φ = A(1− 1/x
1+ 1/x

)
p

, (61)

x = r
B , l = 1

λ , n = λ−C−1
λ , p = C

λ ,

λ =
√

2ω + 3
2ω + 4

, B = M
2Ac2

√
2ω + 4
2ω + 3

, C = − 1
ω + 2

, (62)

where M is the asymptotic mass of the solution.
This solution describes a possibly traversal wormhole with the scalar field φ playing the role of

exotic matter. The radius of the throat can be calculated using the following formula [58]:

r0 =
√

2B
2

2∣ω + 1∣± (ω + 2)
√ −8−6ω

(ω+2)2
√

(2ω + 3)(ω + 2)

⎛
⎜
⎝

1+

√
2(ω + 2)

√
2ω+3
ω+2

2(ω + 1)± (ω + 2)
√
− 8+6ω

(ω+2)2

⎞
⎟
⎠

2

×

⎛
⎜⎜⎜⎜⎜⎜
⎝

1−
√

2(ω+2)
√

2ω+3
ω+2

2(ω+1)±(ω+2)
√
− 8+6ω
(ω+2)2

1+
√

2(ω+2)
√

2ω+3
ω+2

2(ω+1)±(ω+2)
√
− 8+6ω
(ω+2)2

⎞
⎟⎟⎟⎟⎟⎟
⎠

1+ 1
ω+2

√
2(ω+2)

2ω+3 −
√

2(ω+2)
2ω+3

. (63)

Within the possible parameter range (57), the radius appears to be almost exactly equal to the horizon
radius of a Schwarzschild black hole:

r0 ≈
2GM

c2 . (64)



Universe 2020, 6, 25 14 of 19

Most of the astrophysical objects have accretion disks. In order to calculate the flux of energy from
the accretion disk around the wormhole, the movement of particles near the throat must be studied.
The energy of the particle is given by

Ẽ = ( c − λ

x + λ
)

l
¿
ÁÁÀx2 + λ2 − 2x(C + 1)

x2 − λ2 − 2x(C + 2)
, (65)

the angular momentum is

L̃ =
√

2
x

B
x2 − λ2

√
x2 + λ2 − 2x(C + 2)

(x + λ

x − λ
)

l+p

, (66)

and the angular velocity is

Ω = x
B

1
x2 − λ2

√
2x

x2 + λ2 − 2x(C + 1)
(x − λ

x + λ
)

p+2l

. (67)

Therefore, the radius of the last stable orbit is [58]:

rms ≈
5GM

c2 . (68)

The flux of energy from a flat accretion disk can be determined as follows:

F(r) = − GṀ0

4πc2√−g
∂rΩ

(Ẽ −ΩL̃)2 ∫
r

rms
(Ẽ −ΩL̃)∂r L̃dr. (69)

By substituting (65)–(68) into (69), it is possible to calculate the flux. The result is presented in
Figure 7 as a function of r/M. The flux from the accretion disk around a BD-wormhole turns out
to be considerably smaller than from a GR wormhole (exceeding 4× 10−22 erg cm−2s−1), but almost
indistinguishable from the one around an ordinary GR Schwarzschild black hole.

Figure 7. The energy flux from an accretion disk around a BD-wormhole. Reproduced from [58].

The maximal impact parameter, from which the observer could see the light coming through the
wormhole is

hmax ≈ 5.18
GM
c2 , (70)
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which makes it possible to distinguish a BD-wormhole from a GR wormhole,for which hmax ≈ 4 GM
c2 [58].

4.2. Wormhole Embedded in a de Sitter Universe Solution

Furthermore, a static spherically-symmetric solution in the framework of Brans–Dicke theory
with an exponential potential [56] was presented [59]. The corresponding vacuum field equations are:

Gµν = ω (∂µφ∂νφ − 1
2

gµν∂ρφ∂ρφ)+ e−αφ(∇µ∇νeαφ − gµν2eαφ)− 1
2

gµνV0e
φ

φ0 , (71)

and Klein–Gordon equations [53]:

αR +ωα∂µφ∂µφ −V0e
φ

φ0 (α + 1
φ0

)+ 2ω2φ = 0. (72)

After substitutions, the field equations take the form:

Rµν = ω∂µφ∂νφ + e−αφ∇µ∇νeαφ + 1
2

gµνDe
φ

φ0 , (73)

where Rµν is the Ricci tensor,

D = V0 [1− (α − 1
φ0

) α

2ω + 3α2 ] . (74)

A static spherically-symmetric metric can be written in GM-GHS gauge:

ds2 = ∆dt2 − 1
∆

dr2 − R(r)2dΩ2, (75)

where ∆ and R are functions of r. After substituting this metric into Equation (73), it decomposes into
the following system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆′′ = DRe
φ

φ0 −2∆′R′
R ,

R′′ = −2R∆′R′−2∆(R′)2+DR2e
φ

φ0 +2
2∆R ,

φ′′ = (α2+ω)(φ′)2

α + 2[∆(R′)2−1]
α∆R2 − DRe

φ
φ0 −2∆′R′
α∆R .

(76)

The requirement that, in the limit r →∞, the potential term tends to the cosmological constant
leads to:

V0 = 2Λe
−φ∞

φ0 ,

φ∞ = 1
α

ln [ 1
G0

2ω + 4α2

2ω + 3α2 ], (77)

where Λ is the cosmological constant.
The numerical solution of (76) describes a wormhole embedded in a de Sitter universe if

22.7 ≤ φ0 ≤ 25, a naked singularity in a de Sitter universe if φ0 < 22.7, and tends to Schwarzschild
black hole with φ0 increasing [59].

Figure 8 illustrates the behaviour of the metric function ∆. Near the throat, at astrophysical
distances, the metric is wormhole-like, whereas, at cosmological distances, the geometry tends to dS.
Thus, the solution is capable of describing both astrophysical objects and cosmological ones.
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Figure 8. The metric function ∆ of the wormhole solution in a de Sitter universe, φ0 = 24.5. Reproduced
from [59].

As the behaviour of the metric function ∆ and the scalar field φ is obtained, it becomes possible to
calculate the throat radius and, for φ0 = 24.5, it is [59]

r0 ≈ 5927
GM
c2 , (78)

which is considerably bigger than the radius of the throat without the potential (r0 ≈ 3014 GM
c2 ).

Depending on the value of φ0, the difference between the metric function ∆ in Schwarzschild solution
and the obtained one can be rather large. For instance, the value of ∆ calculated at the point of the last
stable orbit:

∆
∆schw

≈ 1.031 (79)

for φ0 = 24.5, and
∆

∆schw
≈ 1.471 (80)

for φ0 = 23.5, where ∆schw is the Schwarzschild metric function. Hence, future black hole observations
can place additional constraints on the φ0 parameter.

5. Discussion

In this paper, we discussed a set of black hole and wormhole solutions appearing in Brans–Dicke
and Gauss–Bonnet models. It is important to note that models with higher order curvature corrections
firstly appeared in the attempts to construct the theory of quantum gravity. Furthermore, such
expansions became a part of a string gravity effective action. The solutions obtained at this stage could
expand the known GR ones but only in the high energy region where the curvature began to diverge.
As these solutions can not help in solving dark energy and dark matter problems, the development of
extended models went on. When the ideas of non-compact extra dimensions were taken into account,
the possibility to describe the astrophysical objects and processes became more realistic. This approach
appeared to be very fruitful and remains actual now because of the hope to describe black hole shadows
that were discovered not so long ago [60]. The community is waiting for the accuracy to increase [61].

The Brans–Dicke model now serves as a first step at each attempt of GR extension [1]. Its scalar
field often presents a possibility to describe particularities from more complicated models [62]. This is
why the solutions in the Brans–Dicke model represent interest by themselves. Wormhole solutions
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are less studied than black hole ones so, even at the level of the Brans–Dicke model, one can hope to
extract something new for these objects as we tried to demonstrate based on a few papers.

Finally, we hope that the methods used while studying these models would also be useful in
further investigations of extended gravity models.
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