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Abstract: We present new approaches to distinguish between Dirac and Majorana neutrinos. The first
is based on the analysis of the geometric phases associated to neutrinos in matter, the second on the
effects of decoherence on neutrino oscillations. In the former we compute the total and geometric
phase for neutrinos, and find that they depend on the Majorana phase and on the parametrization
of the mixing matrix. In the latter, we show that Majorana neutrinos might violate CPT symmetry,
whereas Dirac neutrinos preserve CPT. A phenomenological analysis is also reported showing the
possibility to highlight the distinctions between Dirac and Majorana neutrinos.
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1. Introduction

Neutrino oscillations, first theorized by Pontecorvo [1–3], and later confirmed by several
experiments [4–9], hint at physics beyond the Standard Model of particles. The experimental
demonstration of neutrino mixing has shown that neutrinos are massive particles. In our current
knowledge, they come in three flavors νe, νµ, ντ , yet the existence of other species, possibly sterile
(non–weakly interacting), is still a matter of debate. Beside that, many issues of neutrino physics,
including their absolute masses, their exact mass generation mechanism and their fundamental
nature, remain open. Indeed, since neutrinos are electrically neutral, they can be either Dirac or
Majorana particles.

Perhaps the most striking difference between Dirac and Majorana neutrinos is that, while the
Lagrangian for Dirac neutrinos is characterized by the invariance under global U(1) transformations,
implying the conservation of the associated charges (electric,leptonic, etc.), the Majorana Lagrangian
breaks the U(1) symmetry, allowing for lepton number violation. As a consequence, Majorana
neutrinos allow for processes in which total lepton number is not preserved, like neutrino–less
double beta decay, whereas the same processes cannot take place if the neutrinos are Dirac in
nature. This, of course, has consequences on the phenomenon of neutrino mixing as well. Indeed,
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix for n flavors contains ND = (n−1)(n−2)

2

or NM = n(n−1)
2 physical, i.e., unremovable, phases, according to the Dirac or Majorana nature of

neutrinos. One can express the mixing matrix for Majorana neutrinos UM in terms of the mixing matrix
for Dirac neutrinos UD by means of the equation

UM = UD · diag(1, eiφ1 , eiφ2 , . . . , eiφn−1) , (1)
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where φi, with i = 1, ..., n− 1, are known as the Majorana phases. By rephasing the charged lepton fields
appearing in the charged current interaction Lagrangian [10] one obtains all the possible representations
of UM and UD. As an example, in the case of two flavors, both the following matrices can be used to
diagonalize the Majorana mixing Hamiltonian

U(1) =

(
cos θ sin θ eiφ

− sin θ cos θ eiφ

)
(2)

or

U(2) =

(
cos θ sin θ e−iφ

− sin θ eiφ cos θ

)
(3)

where θ is the mixing angle and φ is the (unique) Majorana phase. φ can be eliminated for Dirac
neutrinos. In the standard treatment of neutrino oscillations, the Majorana phase has no effect on
the transition probabilities. However, as we will show, this is no longer the case when the effects of
decoherence are taken into account. Moreover, the total and geometric phases associated to neutrino
oscillations are affected by the Majorana phase.

As Majorana neutrinos allow for the violation of lepton number, experiments based on the
detection of the (lepton–number violating) phenomenon of neutrino–less double beta decay have
been proposed [11] to discriminate between the two. Alternative proposals rely on the analysis of the
Leggett-Garg K3 quantity [12]. A further distinction might be induced in presence of decoherence,
in which case the neutrino oscillation formulae have been shown to depend on the Majorana
phase [13,14].

In this work we present two approaches to discriminate between Dirac and Majorana neutrinos.
The first approach is based on the analysis of the phases for neutrinos [15], both total and geometric.
We prove that these are sensitive to the nature of neutrinos, so that interferometric experiments might
distinguish between Dirac and Majorana neutrinos. In the second [16] we take into account the effect
of quantum decoherence on neutrino oscillations, showing that Majorana neutrinos may violate CPT
symmetry when decoherence is taken into account whereas Dirac neutrinos preserve it. The results
obtained also depend on the representation of the mixing matrix. The nature of neutrinos could then
be revealed in long baseline experiments.

2. Majorana and Dirac Neutrino

In this section we briefly recap the main differences between Majorana and Dirac fields.
Majorana fields: The fields ψ satisfy the Dirac equation, (iγµ∂µ − m)ψ = 0 and coincide with

their own charge conjugated field: ψC = Cψ̄, where the matrix C has the following properties:
C†C = 1 , CγT

α C−1 = −γα , CT = −C . In the free Majorana Lagrangian L = ψ(iγµ∂µ − m)ψ,
only the left-handed component of the field ψL = 1+γ5

2 ψ, and the right-handed component of
the antiparticle field ψC

R = 1−γ5
2 ψC = (ψL)

C appear, where γ5 = i
4! εµναβγµγνγαγβ, and γρ,

with ρ = 0, 1, 2, 3, are the Dirac matrices. Then one can write ψ = ψL + (ψL)
c, and the free

mass Lagrangian is Lm = −m
2

[
(ψL)cψL + ψL(ψL)

c
]
= m

2
[
ψT

L C−1ψL + h.c.
]
, (being ψc = −ψTC−1).

This means that Lm has the structure ψLψL + h.c., which breaks all the U(1)-charges of two units under
the U(1) transformations.

For the mixing of two Majorana neutrinos, the lepton–number violating interaction Hamiltonian
can be written as

H=mēeν̄C
eRνeL + mµ̄µν̄C

µRνµL + mµ̄e

(
ν̄C

µRνeL + ν̄C
eRνµL

)
+ h.c.

with mēe, mµ̄µ, mµ̄e having the dimensions of energy. This Hamiltonian can be diagonalized by one of
the mixing matrices in Equations (2) and (3), where the phase φ cannot be removed.
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Dirac fields: At odds with Majorana fields, Dirac fields are distinct from their charge conjugate
ψ 6= ψC. Then both the left-handed ψL and the right-handed ψR components enter the mass Lagrangian,
which is Lm = −mψψ = −m(ψL + ψR)(ψL + ψR) = −m(ψLψR + ψRψL), (the ψLψL and ψRψR terms
are zero). In this occurrence, Lm and L are invariant under the U(1) transformations ψ → eiφψ and
ψ→ e−iφψ, implying conservation of the related charges (electric, leptonic, etc.).

For Dirac neutrinos, the interaction Hamiltonian preserving the lepton number is

H = mēeν̄eνe + mµ̄µν̄µνµ + mµ̄e
(
ν̄µνe + ν̄eνµ

)
,

where ν̄σ, with σ = e, µ are the antineutrino fields. In this case, the phase φ is not needed to diagonalize
the Hamiltonian.

In the following we will analyze the effect of the Majorana phase φ on the geometric phase and
on the oscillation formulae of neutrinos.

3. Total and Geometric Phases for Neutrinos in Matter

Geometric phases [17–34] arise in many physical systems [35–44]. They emerge in the evolution
of any quantum state |ψ〉, and depend only on the geometric properties of its trajectory within the
system’s Hilbert space; namely, they are both reparametrization and gauge invariant. Berry phases,
associated to cyclical and adiabatic evolutions on a parameter space, and Berry-like phases, defined in
more general frameworks, contain a precious amount of information about the system. Their relevance
and their ties to the properties of the quantum system to which are related, have been established
experimentally. In some cases, geometric phases turn out to be physical observables themselves [31–36].

Geometric phases and, more generally, geometric invariants, have also been studied in connection
with the particle mixing phenomena [45–60]. Here we focus on the geometric phases associated to
the propagation of neutrinos and show that they can be a valuable tool to tell Dirac and Majorana
neutrinos apart.

The formalism is identical for neutrinos propagating in vacuum and in matter, except that
in the latter case the mixing angle θ and ∆m2 = m2

2 − m2
1 are to be replaced with θm and ∆m2

m.
These parameters take into account the interaction with matter, and are defined by the relations
∆m2

m = ∆m2R±, sin 2θm = sin 2θ/R±. The quantities R± describe the Mikhaev-Smirnow-Wolfenstein

(MSW) effect [61,62] and are defined as R± =

√(
cos 2θ ± 2

√
2GFneE
∆m2

)2
+ sin2 2θ , where the sign + is

reserved for antineutrino oscillations, while the − for neutrino oscillations. In particular, the mixing
matrix (3) becomes (φ = 0 in the Dirac case)

U(2)
m =

(
cos θm e−iφ sin θm

−eiφ sin θm cos θm

)
, (4)

and similar for (2). It is accepted that the Majorana phase does not change in presence of matter,
since its origin can be traced back to the (non-)invariance of the Majorana Lagrangian under U(1)
transformations of the fields. Indeed for Dirac fields the considered invariance implies that the
Majorana phase can be removed independently on the presence of matter. On the contrary, for Majorana
fields the phase cannot be removed and is not affected by the presence of matter as it is well-known
(see for instance [10]).

Assuming the mixing matrix (4), the flavor neutrino states at distance z in the ultrarelativistic
approximation t ≈ z, are explicitly given by

|νe(z)〉 = cos θmei ∆m2
m

4E z|ν1〉+ e−iφ sin θme−i ∆m2
m

4E z|ν2〉,

|νµ(z)〉 = −eiφ sin θmei ∆m2
m

4E z|ν1〉+ cos θme−i ∆m2
m

4E z|ν2〉.
(5)
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In order to calculate the geometric and the total phases associated to the states (5), we employ
the Mukunda-Simon [27] definition, which is a kinematical generalization of the Berry phase to
evolutions that are not necessarily cyclic nor adiabatic. For a quantum system that traces out a trajectory
Γ : [s1, s2] → H in its Hilbert space H, and istantaneous state vector |ψ(s)〉 ∈ H, where s ∈ [s1, s2]

is the curve parameter, one writes the Mukunda–Simon phase as the difference between total and
dynamical phase:

Φg(Γ) = Φtot
ψ (s)−Φdyn

ψ (s)

= arg〈ψ(s1)|ψ(s2)〉 − =
∫ s2

s1

〈ψ(s)|ψ̇(s)〉ds . (6)

Here the dot is used to denote the derivative with respect to s. In Equation (6), arg〈ψ(s1)|ψ(s2)〉
is the total phase, and =

∫ s2
s1
〈ψ(s)|ψ̇(s)〉ds is the dynamical phase.

Specializing the definition (6) to the propagation of an electron neutrino, with initial state |νe〉,
we obtain

Φg
νe(z) = Φtot

νe (z)−Φdyn
νe (z) (7)

= arg [〈νe(0)|νe(z)〉]−=
∫ z

0
〈νe(z′)|ν̇e(z′)〉dz′ ,

and, for the case at hand

Φg
νe(z) = arg

[
cos

(
∆m2

mz
4E

)
+ i cos 2θm sin

(
∆m2

mz
4E

)]
− ∆m2

mz
4E

cos 2θm . (8)

Likewise , the geometric phase for the muon neutrino, for the initial state |νµ〉, is Φg
νµ(z) =

arg
[
〈νµ(0)|νµ(z)〉

]
− =

∫ z
0 〈νµ(z′)|ν̇µ(z′)〉dz′. One has Φg

νµ(z) = −Φg
νe(z). Equation (8) does not

depend on the Majorana phase φ, and therefore holds for both Dirac and Majorana neutrinos.
However, considering that neutrinos oscillate between different flavors, along with the phases

Φg
νe(z) and Φg

νµ(z), we must also consider the phases

Φg
νe→νµ(z) = arg

[
〈νe(0)|νµ(z)〉

]
−=

∫ z

0
〈νe(z′)|ν̇µ(z′)〉dz′ , (9)

Φg
νµ→νe(z) = arg

[
〈νµ(0)|νe(z)〉

]
−=

∫ z

0
〈νµ(z′)|ν̇e(z′)〉dz′ . (10)

By employing the states in Equation (5) for Majorana neutrinos, recalling that one cannot eliminate
φ, we get

Φg
νe→νµ(z) =

3π

2
+ φ +

(
∆m2

m
4E

sin 2θm cos φ

)
z . (11)

Similarly one has

Φg
νµ→νe(z) =

3π

2
− φ +

(
∆m2

m
4E

sin 2θm cos φ

)
z . (12)

As Φνe→νµ 6= Φνµ→νe , the geometric phase is asymmetrical with respect to the transitions νe → νµ

and νµ → νe because of the Majorana phase φ.
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The case is different for Dirac neutrinos, for which the phase φ can be freely be set to zero. Indeed,
setting φ = 0, Equations (9) and (10) (or equivalently Equations (11) and (12)) become identical, yielding

Φg
νe→νµ(z) = Φg

νµ→νe(z)

=
3π

2
+

(
∆m2

m
4E

sin 2θm

)
z. (13)

The asymmetry that we have pointed out for Majorana neutrinos, disappears for Dirac neutrinos.
We stress that the result of Equation (8) is independent on the choice of the mixing matrix. Indeed

one obtains the same result considering the mixing matrix U(1)
m , obtained from (2) by the replacement

θ → θm. On the other hand, the phases defined in Equation (9) depend on which mixing matrix is
chosen. In fact, if one picks the mixing matrix U(1)

m , the phase for Majorana neutrinos is identical with
Equation (13). We deduce that the phases Φg

νe→νµ and Φg
νµ→νe , besides discriminating between Dirac

and Majorana neutrinos, are also sensitive to the parametrization of the mixing matrix.
We point out that different parametrizations do not correspond to different mass matrices, nor to

different transition probabilities in absence of decoherence. Anyway, the transition amplitudes between
different flavors are actually dependent on the parametrization of the mixing matrix. The amplitudes
do in general depend on the Majorana phase, see for instance Equation (22) of ref. [10]. Upon taking
the squared modulus, the dependence on the phase disappears, implying that the oscillation formulae
are independent on the Majorana phase (in absence of decoherence). On the other hand the total and
geometric phases depend on the transition amplitude and thus they can depend on the Majorana phase
and then on the choice of the mixing matrix. This is clear from the definition (6). In fact, amplitudes
involving neutrino states |νe(z)〉 , |νµ(z)〉 in general depend on the choice of the mixing matrix, and are
thus different for Equations (2) and (3).

Geometric phases, however, are physical quantities in their own right (see for instance [31–34]).
In our case, one cannot dismiss geometric phases as unphysical on the grounds of their dependence on
the parametrization of the mixing matrix. Rather, they can serve as a tool to determine which of the
parametrizations (2), (3) is the physical, correct one.

While it is still unclear how the geometric phase can be measured, in the case of neutrino
oscillations, there is no doubt on its physical relevance. Indeed, a vast literature devoted to the
theoretical analysis of the geometric phase for neutrinos has been produced [45,60].

In the figures we show the behaviour of the total and the geometric phases for regimes compatible
with RENO and T2K experiments. In Figure 1, for the total and geometric phases associated with the
evolution of νe, we consider the energy of neutrinos produced in nuclear reactors E ∈ [2− 8] MeV,
the earth electron density ne = 1024 cm−3, ∆m2 = 7.6× 10−3 eV2 and a distance z = 100 km.
The results reported in Figure 1 could be, in principle, detected in experiments like RENO [5].
In Figure 2 we show the geometric phases associated to the flavor oscillations (Equations (9) and (10)).
There we consider energies E ∼ 1 GeV and a distance z = 300 km, which are typical of long baseline
experiments, like T2K. We use the values φ = 0.3, ne = 1024 cm−3 and ∆m2 = 7.6 × 10−3 eV2.
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Figure 1. (Color online) Plots of the total and the geometric phases for νe, as a function of the neutrino
energy E, for a distance length z = 100 km. - The red dot dashed line is the total phase; - the blue dashed
line is the geometric phase.
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Figure 2. (Color online) Plot of the geometric phases Φg
νe→νµ

(the blue dashed line) and Φg
νµ→νe (the red

dot dashed line) for Majorana neutrinos as a function of the neutrino energy E, for a distance length
z = 300 km. The geometric phases Φg

νe→νµ
= Φg

νµ→νe for Dirac neutrinos is represented by the black
solid line.

4. Neutrino Oscillations with Decoherence

The phenomena of dissipation and decoherence characterize any quantum system, and result from
interactions with the environment. In the case of neutrinos, decoherence might be induced by quantum
gravity effects, strings and branes [63–68], or the neutrino oscillation in dense matter [69]. The effects
of dissipation and decoherence on neutrino oscillations have been studied in [13,70–80], where it has
been shown that they can modify the oscillation frequencies and the oscillation formulae. In particular,
it was pointed out that dissipation can produce oscillation formulae that differ between Dirac and
Majorana neutrinos [13]. Here we analyze the issue in depth, providing additional theoretical results,
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and revealing, in particular, the possibility of CPT violation for Majorana neutrinos. This is excluded
for Dirac neutrinos, producing yet another distinction between the two kinds.

We introduce the decoherence effects by regarding the neutrino as an open system in contact with
a bath. The neutrino state is described by a density matrix ρ(t), whose evolution is dictated by the
Lidbland–Kossakowski master equation [81,82]

∂ρ(t)
∂t

= − i
h̄
[He f f , ρ(t)] + D[ρ(t)] . (14)

Here, He f f = H†
e f f is the effective hamiltonian, and D[ρ(t)] is the dissipator defined as

D[ρ(t)] =
1
2

N2−1

∑
i,j=0

aij

(
[Fi ρ(t) , F†

j ] + [Fi , ρ(t) F†
j ]
)

. (15)

The coefficients aij of the Kossakowski matrix are phenomenological, and must be deduced
from the properties of the environment [13]. The Fi, with i = N2 − 1, are a set of traceless operators,
satisfying Tr(F†

i Fj) = δij. In the three flavor neutrino mixing, Fi are the Gell-Mann matrices λi. In the
two flavor case, which we consider, Fi are just the Pauli matrices σi.

Expanding Equations (14) and (15) in the SU(2) basis, we have

dρλ

dt
σλ = 2 εijk Hi ρj(t) σλ δλk + Dλµ ρµ(t) σλ , (16)

where ρµ = Tr(ρ σµ), with µ ∈ [0, 3] and Dλµ is a 4× 4 decoherence matrix (also known as dissipator).
Probability conservation entails Dλ0 = D0µ = 0, so that

Dλµ = −


0 0 0 0
0 γ1 α β

0 α γ2 δ

0 β δ γ3

 . (17)

The parameters in Equation (17) are real, and the diagonal elements have to be positive in order
for the density matrix to fulfill the requirement Tr(ρ(t)) = 1 at any istant t. To evaluate the effects of
decoherence matrix which is non–diagonal, we consider a simplified form :

Dλµ = −


0 0 0 0
0 γ α 0
0 α γ 0
0 0 0 γ3

 . (18)

This form is obtained from Equation (17), by setting, γ1 = γ2 = γ , and β = δ = 0. Since the
density matrix ρ(t) has to be completely positive ∀t, the inequality |α| ≤ γ3/2 ≤ γ must hold.

By setting ∆ = ∆m2

2E , and recalling Equation (18), one has ρ̇0(t) = 0, which in the two flavor case
implies ρ0(t) = 1/2. The resulting master Equation (16) is ρ̇1(t)

ρ̇2(t)
ρ̇3(t)

 =

 −γ −∆ + α 0
∆ + α −γ 0

0 0 −γ3


 ρ1(t)

ρ2(t)
ρ3(t)

 . (19)

By solving Equation (19), one obtains ρi(t) with i = 1, 2, 3. The density matrix at time t then reads

ρ(t) =

(
ρ0(t) + ρ3(t) ρ1(t)− iρ2(t)
ρ1(t) + iρ2(t) ρ0(t)− ρ3(t)

)
. (20)
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We employ the mixing matrix of Equation (3) to obtain the density matrix for the flavored
neutrinos, obtaining, at time t = 0,

ρe(0) =

(
cos2 θ 1

2 sin 2θ eiφ

1
2 sin 2θ e−iφ sin2 θ

)
, (21)

and an analogous result is found for muon neutrinos. Then at time t we have

ρe(t) =

(
Λ+ Θ∗

Θ Λ−

)
, (22)

with Λ± = 1
2
[
1± cos 2θe−γ3t] , and

Θ =
sin 2θ e−γt−iφ

2Ωαt

{
Ωα cosh (Ωαt) + iΥα,φ sinh (Ωαt)

}
,

where Υα,φ = e2iφα− ∆ and Ωα =
√

α2 − ∆2.
The transition probabilities Pνσ→ν$(t), with σ and $ neutrino flavors, can be computed as

Pνσ→ν$(t) = Tr
[
ρ$(t)ρσ(0)

]
. These are

Pνσ→ν$(t) =
1
2

{
1− e−γ3t cos2 2θ − e−γt sin2 2θ

×
[

cosh (Ωαt)− α sin(2φ) sinh (Ωαt)
Ωα

]}
. (23)

In a similar fashion, we get

Pνσ→ν$(t) =
1
2

{
1− e−γ3t cos2 2θ − e−γt sin2 2θ

×
[

cosh (Ωαt) +
α sin(2φ) sinh (Ωαt)

Ωα

]}
. (24)

for antineutrino transitions. Equations (23) and (24) show an asymmetry between the transitions
νσ → ν$ and νσ → ν$, i.e., Pνσ→ν$(t) 6= Pνσ→ν$(t). Notice that the asymmetry disappears, as soon as
one sets φ = 0, i.e., for Dirac neutrinos one has

Pνσ→ν$(t) = Pνσ→ν$(t) =
1
2

[
1− e−γ3t cos2 2θ

− e−γt sin2 2θ cosh (Ωαt)
]

. (25)

The asymmetry is in fact due to Majorana phase φ, and also affects the survival probabilities of
electron, muon and tau neutrinos. Indeed, for σ = e, µ, τ Pνσ→νσ (t) 6= Pνσ→νσ (t). The CP asymmetry,
which is a result of the oscillation Formulae (23) and (24), is explicitly given by

∆M
CP(t) = Pνσ→ν$(t)− Pνσ→ν$(t)

= sin2 2θ
α sin(2φ) sinh (Ωαt)

Ωα
e−γt . (26)

As for the energy dependence of the CP asymmetry in Equation (26), one would expect, from
the practical confusion theorem, that the differences between Dirac and Majorana neutrinos are the
more negligible the higher energies are considered. These consideration, however, applies only in
absence of decoherence. Our results, in particular Equations (23) and (24), show that for Majorana
neutrinos the difference of transition probabilities for particles and antiparticles at a fixed time are



Universe 2020, 6, 207 9 of 17

depending on the function sinh(Ωαt)
Ωα

, where Ωα =
√

α2 − ∆m2/2E. Then, as ∆m2/2E→ 0, Ωα → |α|,
and sinh(Ωαt)

Ωα
→ sinh(|α|t)

|α| . As ∆m2/2E→ 0, Ωα is increased up to the maximum value |α| , implying that
the difference between Dirac and majorana neutrinos increases with the energy (up to the maximum
value in correspondence with Ωα = |α|).

On the other hand, the decoherence induces by itself a violation of the T symmetry. Here we
are concerned with the T asymmetry owing to neutrino oscillations. For neutrino oscillations, the T
asymmetry has two equivalent definitions

∆M
T (t) = Pνσ→ν$(t)− Pνσ→ν$(−t)

= Pνσ→ν$(t)− Pν$→νσ (t) . (27)

In our case, because of decoherence, the first definition is unviable. Indeed, employing the first
definition, we get

∆M
T (t) = Pνσ→ν$(t)− Pνσ→ν$(−t)

= sin2 2θ
[α sin(2φ) sinh (Ωαt) cosh(γt)

Ωα

+ sinh(γt) cosh (Ωαt)
]
+ sinh(γ3t) cos2 2θ . (28)

Because of the hyperbolic functions, the definition (28) produces, for large enough times t, a value
of ∆M

T not physically acceptable, since it is not included in the interval [−1, 1] [16]. Nevertheless,
the second definition, ∆M

T (t) = Pνσ→ν$(t)− Pν$→νσ (t), is well–behaved at any time t and we get that
there is no T asymmetry for two flavor neutrino oscillation when decoherence is taken into account

∆M
T (t) = 0 . (29)

This holds both for Dirac and Majorana neutrinos.
By comparing Equations (26) and (29), it is clear that ∆M

CP 6= ∆M
T , which implies a CPT asymmetry

for Majorana neutrinos ∆M
CPT 6= 0. Notice that, even employing the definition of the T asymmetry

as ∆M
T (t) = Pνσ→ν$(t) − Pνσ→ν$(−t), the equality ∆M

CP = ∆M
T , which implies the CPT symmetry,

does not hold. Then, also in this case, CPT symmetry is broken. For Dirac neutrinos, as noted above,
∆D

CP = ∆D
T = 0, implying no CPT asymmetry for such a kind of neutrinos.

The CPT asymmetry obtained for Majorana neutrinos, results from the combined effect of neutrino
oscillations and decoherence, for which the CPT quantum mechanical operator might be ill–defined.
The presence of a dissipation term in the quantum mechanical evolution of the system (14) undermines
the Lorentz invariance (and the T reversal symmetry) of the theory, so that the CPT theorem does not
hold. The interplay between decoherence and neutrino oscillations is such that the CPT asymmetry
is manifest in the transition probabilities only if the neutrinos are Majorana. We remark that the
CPT symmetry breaking presented here is distinct from the explicit breaking that would occur at the
Hamiltonian level, in virtue of a non–vanishing commutator [CPT, H] 6= 0.

Moreover, we point out that the dissipator has to be non–diagonal to produce these effects.
This can be seen by repeating the same analysis presented above for a diagonal form of the dissipator,
i.e., by setting α = 0 in (18), Dµν =−diag(0, γ, γ, γ3). In this case the oscillation formulae for Majorana
neutrinos do not depend on φ, and are the same as those for Dirac neutrinos,

Pνσ→ν$(t) = Pνσ→ν$(t)

=
1
2

[
1− e−γ3t cos2 2θ − sin2 2θ cos (∆ t) e−γt

]
. (30)

In the figures we report a numerical analysis of Equations (23)–(25), where the distinction
between Dirac and Majorana neutrinos is evident, and of Equation (26) in order to analyze the
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CP and CPT violations for Majorana neutrinos. The parameters we consider are those characteristic
of the IceCube DeepCore experiment [83] for the νµ ↔ ντ oscillations, and those characteristic of the
DUNE experiment for the νe ↔ νµ oscillations. In Figure 3, we plot the oscillation formulas in vacuum
Pνµ→ντ and Pνµ→ντ , as a function of the neutrino energy E. The plots refer to Majorana neutrinos
and to Dirac neutrinos, (cfr. Equations (23)–(25), respectively). The comparison with the oscillation
formula for a diagonal dissapator, α = 0 (cfr. Equation (30)) and the Pontecorvo-Bilenky oscillation
formula is also presented [1–3]. The plots are derived assuming φ = π

4 . We used a distance (z ≈ t)
equal to the Earth diameter z = 1.3× 104 km, considered the energy interval [6− 120] GeV and the
following values of the parameters: sin2 θ23 = 0.51, ∆m2

23 = 2.55× 10−3 eV2, γ = 4× 10−24 GeV,
γ3 = 7.9× 10−24 GeV, α = 3.8× 10−24 GeV [84].
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Figure 3. (Color online) Plots of the oscillation formulas Pνµ→ντ (the red dot dashed line) and
Pντ→νµ

(the blue dashed line) for Majorana neutrinos and for Dirac neutrinos (φ = 0, the black
line), as a function of the energy E, in vacuum. The purple, dashed line is obtained for α = 0.
In this case Pνµ→ντ = Pνµ→ντ

and one has the same formula for Majorana and for Dirac neutrinos.
The Pontecorvo formula is represented by the green dotted line. We consider the following values of
the parameters: φ = π

4 , z = 1.3× 104 km, sin2 θ23 = 0.51, ∆m2
23 = 2.5× 10−3 eV2, γ = 4× 10−24 GeV,

γ3 = 7.9 × 10−24 GeV, α = 3.8× 10−24 GeV. Picture in the inset: plot of ∆M
CP(z) for the same values

of the parameters used in the main plots.

In Figure 4, we plot the oscillation formulae in vacuum, Pνe→νµ and Pνe→νµ and in the inset
the CP asymmetry ∆M

CP = Pνe→νµ(t) − Pνe→νµ(t) . We use the same values of φ and z considered
in Figure 1, moreover we use sin2 θ12 = 0.861, ∆m2

12 = 7.56 × 10−5 eV2, γ = 1.2 × 10−23 GeV,
γ3 = 2.23 × 10−23 GeV, α = 1.1× 10−23 GeV [85].
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Figure 4. (Color online) Plots of Pνe→νµ (red dot dashed line) and Pνe→νµ
(blue dashed line) for Majorana

neutrinos and for Dirac neutrinos (φ = 0, black line), as a function of E, in vacuum. The purple, dashed
line is obtained by setting α = 0. In this case Pνe→νµ = Pνe→νµ

. The Pontecorvo formula is represented
by the green dotted line. We use the same values of φ and z of Figure 1, and consider: sin2 θ12 = 0.861,
∆m2

12 = 7.56× 10−5 eV2, γ = 1.2× 10−23 GeV, γ3 = 2.3× 10−23 GeV, α = 1.1× 10−23 GeV. Picture in
the inset: plot of ∆M

CP(z).

The results we presented hold for neutrino oscillations in vacuum. The matter effects can be also
considered by using the procedure introduced in Ref. [86]. In this case, since matter affects neutrinos
and antineutrinos in a asymmetric fashion, the oscillations break the CP and CPT symmetry even in
absence of decoherence. Therefore, the analysis of these symmetries is better conducted by studying
the oscillations in vacuum. In any case, for completeness, we also show how to deal with decoherence
in matter, following the procedure of Ref. [86].

Analyzing the plots in Figures 3 and 4, we see that the differences between Majorana and Dirac
neutrinos, the CP and CPT violations are, at least in principle, detectable.

Even in absence of decoherence, neutrinos and antineutrinos behave differently in matter, because
only electrons, protons and neutrons are present, while the corresponding antiparticles are not. It is well
known, indeed, that the parameters characterizing the MSW effect, namely R and sin 2θm, depend on
wheter one is considering neutrinos or antineutrinos propagating in the medium. This in turn implies
that the νe ↔ νµ and νe ↔ ντ oscillations in matter already break the CP and CPT symmetries in
absence of decoherence.

Following [86], the decoherence matrix in the basis of the mass eigenstates in matter is given by
(compare with Equation (18)) Γ+ + Γ− cos 4ψ α cos 2ψ Γ− sin 4ψ

α cos 2ψ γ α sin 2ψ

Γ− sin 4ψ 2 sin 2ψ Γ+ − Γ− cos 4ψ

 , (31)

where Γ± = γ±γ3
2 , cos 2ψ = − µ√

µ2+ν2
, and sin 2ψ = − ν√

µ2+ν2
, with µ =

(√
2GFne cos 2θ − ∆

)
and

ν =
√

2GFne sin 2θ. Equation (31) can be used to compute the CP violation in matter along the same
lines for the calculation of the CP violation in vacuum.
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In Figure 5 we show the CP asymmetry ∆CP = Pνe→νe(t)− Pνe→νe(t), for Majorana and for Dirac
neutrinos in presence of decoherence and including the matter effects. We used the electron number
density of the Earth mantle ne = 2.2 cm−3NA and the energy range [0.3–1] GeV, compatible with the
DUNE baseline parameters. It is evident from the plots that ∆CP is different for Majorana and Dirac
neutrinos in presence of decoherence, and it is also clear that the asymmetries are distinct from the
case in which there is no decoherence but the matter effects are included. We note that in the energy
range considered, there are negligible differences between the results obtained by employing the full
procedure of Ref. [86], and those obtained by symply replacing ∆m2 and sin 2θ with their counterparts
in matter ∆m2

m and sin 2θm.
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CP violation for Νe«ΝΜ oscillations through matter

Figure 5. (Color online) Plots of ∆CP = Pνe→νe (t) − Pνe→νe (t), for Majorana neutrinos (the red dot
dashed line) and Dirac neutrinos (the blue dashed line), in matter and in presence of decoherence with
off-diagonal term, and for neutrinos in matter in absence of decoherence (the black dotted line). In the
plots, we consider the same parameters of Figure 4 and the energy range E ∈ (0.3–1) GeV.

5. Conclusions

We have reported recent results obtained by analyzing the geometric phase and the phenomenon
of decoherence for neutrino oscillations.

Geometric phase: We have studied the phases associated to the propagation of neutrinos, and we
have shown that those associated to the flavor oscillations, Φg

νe→νµ and Φg
νµ→νe , depend explicitly on

the Majorana phase φ and on the parametrization of the mixing matrix. These phases are in principle
detectable, and long baseline neutrino experiments like T2K [7], or short baseline experiments like
RENO [5], could in principle reveal, by means of an interferometric analysis, both the correct mixing
matrix for Majorana neutrinos and the fundamental nature of neutrinos.

Decoherence in neutrino oscillations: We have also analyzed several aspects of the phenomenon
of decoherence in neutrino oscillations. We have shown that Majorana neutrinos might violate CPT
symmetry. This violation is excluded for Dirac neutrinos, and thus constitutes another difference
between the two kinds. The transition probabilities, in presence of decoherence, turn out to
depend explicitly on the Majorana phase. We have compared oscillations for Majorana and Dirac
neutrinos adopting realistic phenomenological parameters, characteristic of some of the current
experiments (IceCube DeepCore and DUNE), and taking into account the constraints on decoherence
parameters [84,85]. The numerical analysis shows that the differences in the oscillation formulae for
the two kinds of neutrinos, and the CP and CPT asymmetry, are, at least in principle, detectable.
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Both geometric phases and the oscillation formulae in presence of decoherence provide valuable tools
to discriminate between Dirac and Majorana neutrinos. Notice that, the effects revealed by analyzing
particle mixing and oscillations in quantum field theory framework [87–110] and the effects induced
by the space-time curvature on neutrino oscillations [111] are negligible. These effects can represent
components of dark energy and dark matter of the universe.

Moreover, the origin of quantum-decoherence in neutrino evolution can be the result of
interactions with matter [69] and it depends on the neutrino nature. This kind of decoherence is mostly
relevant in high density environments, such as astrophysical objects and the primordial universe.
Hence, the neutrino nature and its behavior in presence of decoherence can affect the evolution of the
universe and possibly its accelerating expansion.
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