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Abstract: In this work, we study the key role of generic Effective Field Theory (EFT) framework to
quantify the correlation functions in a quasi de Sitter background for an arbitrary initial choice of
the quantum vacuum state. We perform the computation in unitary gauge, in which we apply the
Stiickelberg trick in lowest dimensional EFT operators which are broken under time diffeomorphism.
In particular, using this non-linear realization of broken time diffeomorphism and truncating the
action by considering the contribution from two derivative terms in the metric, we compute the
two-point and three-point correlations from scalar perturbations and two-point correlation from
tensor perturbations to quantify the quantum fluctuations observed in the Cosmic Microwave
Background (CMB) map. We also use equilateral limit and squeezed limit configurations for the
scalar three-point correlations in Fourier space. To give future predictions from EFT setup and to
check the consistency of our derived results for correlations, we use the results obtained from all
classes of the canonical single-field and general single-field P(X, ¢) model. This analysis helps us to
fix the coefficients of the relevant operators in EFT in terms of the slow-roll parameters and effective
sound speed. Finally, using CMB observations from Planck we constrain all these coefficients of EFT
operators for the single-field slow-roll inflationary paradigm.

Keywords: effective field theories; cosmology of theories beyond the SM; quantum field theory of de
Sitter space

1. Introduction

The basic idea of Effective Field Theory (EFT) is very useful in many branches in theoretical
physics including particle physics [1,2], condensed matter physics [3], gravity [4,5], cosmology [6-26]
and hydrodynamics [27,28]. In a more technical ground, EFT framework is an approximated
model-independent version of the underlying physical theory which is valid up to a specified cut-off
scale at high energies, commonly known as UV cut-off scale (Ayy), which is in usual practice fixed at
the Planck scale M. EFT prescription deal with all possible relevant and irrelevant operators allowed
by the underlying symmetry in the effective action and all the higher-dimensional non-renormalizable
operators are accordingly suppressed by the UV cut-off scale (Ayy ~ M). There are two possible
approaches within the framework of quantum field theory (QFT) using which one can explain the
origin of EFT, which are appended below:

1. Top-down approach:

In this case, the usual idea is to start with a UV complete fundamental QFT framework which
contain all possible degrees of freedom. Furthermore, using this setup one can finally derive the

Universe 2019, 5, 155; d0i:10.3390 / universe5060155 www.mdpi.com/journal/universe


http://www.mdpi.com/journal/universe
http://www.mdpi.com
http://www.mdpi.com/2218-1997/5/6/155?type=check_update&version=1
http://dx.doi.org/10.3390/universe5060155
http://www.mdpi.com/journal/universe

Universe 2019, 5, 155 2 0of 76

EFT of relevant degrees of freedom at low energy scale As < Ayy ~ M, by doing path integration
over all irrelevant field contents [12,14]. To demonstrate this idea in a more technical ground let
us consider a visible sector light scalar field ¢ which has a very small mass my < Ayy ~ M, and
heavy scalar fields ¥;Vi = 1,2, - - - , N with mass My, > Ayy ~ M, in the hidden sector of the
theory. the representative action of the theory is described by the following action [12,14]:

Sl ¥, gu] = /d4x\/jg

M R oo tol 3 20 g1 3 20 1
VR Lle)+ L)+ Y e )
i1 i=1

where g,y is the classical background metric, Lyis[¢] is the Lagrangian density of the visible sector
light figld, Effi)d [¥;]Vi =1,2,---,N is the Lagrangian density of the hidden-sector heavy field
and £1(r/1)t [¢,¥]Vj =1,2,---, N is the Lagrangian density of the interaction between hidden-sector
and visible-sector field. Furthermore, using Equation (1) one can construct an EFT by performing
path integration over the contributions from all hidden-sector heavy fields and all possible

high-frequency contributions as given by:

N , N
Seer [¢, ] = —iln [H / [D¥]] els["”‘yﬁgl“’]l =~} In [ / (DY) eSngwl] . )
=1 j=1

Finally, one can express the EFT action in terms of the systematic series expansion of visible sector
light degrees of freedom and classical gravitational background as [12,14]:

. M; Y, o) 4 O3 19)
SErT [@) §uv] = /d x\/—§ 7R+Evis[¢] +Y Y ¢l g5, 3)
7 j=1 M\P;
where Cy ) (ge)Vy, Vi =1,2,- -+, N represent dimensionless coupling constants which depend on

the parameter g. of the UV complete QFT. Also (5(7] ) [V, Vj=1,2,---, N represent A, mass
dimensional local EFT operators suppressed by the scale Mé,]”_ ~*_ In this connection one of the
best possible example of UV complete field theoretic setup is string theory from which one can
derive an EFT setup at the string scale As which is identified with My, in Equation (3).

2. Bottom-up approach:

In this case, the usual idea is to start with a low-energy model-independent effective action
allowed by the symmetry requirements. Using such a setup, the prime job is to find out the
appropriate UV complete field theoretic setup allowed by the underlying symmetries [12,14].
This identification allows us to determine the coefficients of the EFT operators in terms of the
model parameters of UV complete field theories. In this paper we follow this approach to
write down the most generic EFT framework using which we describe the theory of quantum
fluctuations observed in CMB around a quasi de Sitter inflationary background solution of
Einstein’s equations.

In this paper, our prime objective is to compute the expressions for the cosmological two- and
three-point correlation functions in unitary gauge using the well-known Stiickelberg trick [29,30]
along with the arbitrary choice of initial quantum vacuum state. The working principle of the
Stiickelberg trick in quasi de Sitter background is to break the time diffeomorphism symmetry to
generate all the required quantum fluctuations observed in CMB. This is exactly same as applicable in
the context of SU(N) non-abelian gauge theory to describe the spontaneous symmetry breaking. In the
present context the scalar modes which are appearing from the quantum fluctuation exactly mimic
the role of Goldstone mode as appearing in SU(N) non-abelian gauge theory. After breaking the time
diffeomorphism in the unitary gauge, scalar Goldstone-like degrees of freedom are eaten by the metric.
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In unitary gauge, to write a most generic EFT in terms of operators which breaks time diffeomorphism
symmetry, the following contributions play significant roles in quasi de Sitter background:

00 such as,

Polynomial powers of the time fluctuation of the component in the metric, g
Polynomial powers of the time fluctuation in the extrinsic curvature at constant time surfaces,

Ky such as, 6Ky = (KW - athW), where 4 is the scale factor in quasi de Sitter background.

Construction of EFT action using the Stiickelberg trick also allows us to characterize all the

possible contributions to the model-independent simple versions of field theoretic framework based

on the models of the inflationary paradigm described by single field, where the observables are
constrained by the CMB observation appearing from Planck data. It is important to note that this idea
of constructing EFT action using the Stiickelberg trick can also be generalized to the EFT framework
guided by multiple number of scalar fields as well.

The main highlighting points of this paper are appended below pointwise:

We have presented all the results by restricting up to all possible contributions coming from
the two derivative terms in the metric which finally give rise to a consistently truncated EFT
action!. Consequently, we get consistent predictions for single-field slow-roll [31-42] and
Generalized Single-Field P(X, ¢) models of inflation [43-56]. In earlier works various efforts
are made to derive cosmological three-point correlation functions by writing a consistent EFT
action in the similar theoretical framework. However, the earlier results are not consistent with
the single-field slow-roll inflation with effective sound speed cg = 1 as it predicts vanishing
three-point correlation function for scalar fluctuations. See ref. [6] for more details. The main
reason for this inconsistency was ignoring specific contributions from the fluctuation in the EFT
action, which give rise to improper truncation.

We have computed the analytical expression for the two-point and three-point correlation function
for the scalar fluctuation in quasi-de Sitter inflationary background in the presence of generalized
initial quantum state. Also, for the first time we have presented the result for two-point correlation
function for the tensor fluctuation in this context. To simplify our results we have also presented

the results for Bunch-Davies vacuum and «,  vacuums?.

In the context of EFT one can in principle consider terms containing more than two derivatives in the metric, which will give
0 0 o0 00

rise to appearance of many higher derivative operators, i.e., Y R", Y (R RM™)", Y (RVW!SR"”‘“; oy (RVWﬁR’“’R‘*ﬁ)q
n=2 m=1 p=1 q=1
(o)
and various other terms which contain the quantum fluctuation on the trace of the extrinsic curvature termsi.e., Z (151(;: ymt2
m=1
and other possible terms which are appearing due to all possible index contraction of extrinsic curvature terms

00
ie., Z §K;j; éKﬂg (SKﬁi e (5K5}’:E (SK;Z”“ in the gravity sector of the EFT action. However, in the present work our prime
m=1

objective is to compute the expressions for cosmological correlation (two- and three-point) functions from quasi-de Sitter
space. For this reason it is sufficient enough to consider the two derivative terms in the metric as such contributions will
appear in the two- and three-point correlation functions in the leading order. If one condensed the effects of higher derivative
terms in the metric it will appear at the sub-leading or sub-sub-leading-order expressions for the correlation functions, which
are highly suppressed due to the validity of slow-roll approximations, i.e., € = f% << 1land || = |e— ﬁ
during inflation. Thus, it implies that due to very small numerical contributions one can easily neglect the terms which
contain the higher-order slow-roll contributions in the two- and three-point cosmological correlation functions. In our
computations performed in this paper we have also maintained these approximations everywhere and this will give rise to
the leading-order result which we have presented explicitly later. This is the main reason for which we have restricted up to
two derivative terms in the metric in this paper.

In QFT of quasi de Sitter space we deal with a class of non-thermal quantum states, characterized by infinite family of
two real parameters « and , commonly known as &, 8 vacuums. It is important to note that «, § quantum states are CP
invariant under the SO(1,4) de Sitter isometry group. On the other hand, we fix § = 0 then we get « vacuum which is
actually CPT-invariant under the SO(1,4) de Sitter isometry group. Furthermore, if we fix both « = 0 and § = 0 then we get
the thermal Bunch-Davies vacuum state.

<<1
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3. We have presented the exact analytical expressions for all the coefficients of EFT operators for
single-field slow-roll and Generalized Single-Field P(X, ¢) models of inflation in terms of the
time-dependent slow-roll parameters as well the parameters which characterize the generalized
initial quantum state. To give numerical estimates we have further presented the results for
Bunch-Davies vacuum and «, 8 vacuums.

This paper is organized as follows. In Section 2, we discuss the overview of the EFT framework under
consideration, which includes the construction of the EFT action under broken time diffeomorphism in
quasi de Sitter background. In Section 3, we derive the expression for the two-point correlation function
from EFT using scalar and tensor mode fluctuation. Furthermore, in Section 4, we derive the expression
for the scalar three-point function from EFT using scalar mode fluctuation in equilateral and squeezed
limit configurations. After that, in Section 5, we derive the exact analytical expressions for coefficients
of EFT operators for both single-field slow-roll inflation and generalized single-field P(X, ¢) models of
inflation. Finally, we conclude in Section 6 with some future prospects of the present work.

2. Overview of EFT

2.1. Construction of the Generic EFT Action

In this section, our motivation is to construct the most generic EFT action in the background of
quasi de Sitter space. Before going into the further technical details it is important to note that the
method of implementing cosmological perturbation using a scalar field is different compared to the
generic EFT framework. However, the underlying connection can be explained by interpreting the
scalar (inflaton) field as a scalar under all space-time diffeomorphisms in General Relativity:

Space-time diffeomorphism: x" — x* 4+ ¢#(t,x) Y =0,1,2,3. 4)

Consequently, in the cosmological perturbation the scalar field é¢ transforms like a scalar under
the operation of spatial diffeomorphisms; on the other hand, it transforms in non-linear fashion
with respect to time diffeomorphisms. The space and time diffeomorphic transformation rules are
appended bellow:

Spatial diffeomorphism: t —t, ¥l = xi + Ci(t, x) Vi=1,2,3 — ép = ¢,
&)

Time diffeomorphism : t = t+0(t,x), x¥' = x' Vi=1,2,3 — 5p = 3¢ + ¢o(£)&(¢t,x).

Here &°(t,x) and & (t,x)Vi = 1,2,3 are the diffeomorphism parameter. In this context one can
choose a specific gauge in which we set the background scalar degrees of freedom as, ¢(t,x) = ¢o(t),
which is consistent with the requirement that the perturbation in the scalar field vanishes:

Unitary gauge fixing = J¢(t,x) =0, (6)

In cosmological perturbation theory this is known as unitary gauge in which all degrees of
freedom are preserved in the metric of quasi de Sitter space. This phenomenon is analogous to
the spontaneous symmetry breaking as appearing in the context of SU(N) gauge theory where the
Goldstone mode transform in a non-linear fashion and destroyed by the SU(N) gauge boson in unitary
gauge to give a massive spin 1 degrees of freedom after symmetry breaking. In an alternative way one
can present the framework of EFT by describing cosmological perturbation theory during inflation
where time diffeomorphisms are realized in non-linear fashion.

Now to construct a most general structure of the EFT action suitable for the inflationary paradigm
we need to follow the step appended below:
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1.  One must write down the EFT operators that are functions of the metric Suv- Here one of the
possibilities is Riemann tensor.

2. Also the EFT operators are invariant under the linearly realized time-dependent spatial
diffeomorphic transformation:

Spatial diffeomorphism : t = ¢, X = x+ Ci(t,x) Vi=1,2,3. )

For an example, one can consider an EFT operator constructed by ¢ or its polynomials without
derivatives which transform like a scalar under Equation (7).

3. Due to the reduced symmetry of the physical system many more extra contributions are allowed
in the EFT action.

4. In the EFT action one can also allow geometrical quantities in a preferred space-time slice.
For example, one can consider the extrinsic curvature K, of surfaces at constant time, which
transform like a tensor under Equation (7).

Consequently, the most general EFT action can be written in terms of all possible allowed operators
by the space-time diffeomorphism as [6,20]:

M3 . 4 o A4 (t
— [dixy=g [”R + MZH® — M2 (3H2 + ) + X ;’1,( ) (550"
s } - _ 8
o oo M27m(t) m+2 o0 M27m(t)
00 I _ 2 I _ 3 m+2
; q+2 Vg (o)™ PO TR (o5%) L Gy O

where the dots stand for higher-order fluctuations in the EFT action which contains operators with
more derivatives in space-time metric. Here we use the following sets of definitions for extrinsic
curvature KW, unit normal ny and induced metric hw,:

K,y = hVen, = 528V300+588Vg00 ‘Sofsvgogaffgoo 8% (9ugov + 9Gop — Fp&uv)
O N YR 7 t 2(—g0y5/2 2(—g00)1/2 ’
0
W8
V=8 outt/—g%

Here 6K}, represents the variation of the extrinsic curvature of constant time surfaces with respect
to the unperturbed background FLRW metric in quasi de Sitter space-time:

©)

h’,“/ - g],“/ + 1’114711/, 1’114 -

60 = ¢"+1, 6Ky =Ky —a’Hhy,. (10)

Additionally, we have used a shorthand notation [0K] to define the following tensor contraction
rule useful to quantify the EFT action [20]:
OK]"™*? = SKJLOK]20K): - - - 6Ky oK), (11)

M3 Hm+2

Before going into the further details let us first point out the few important characteristics of the
EFT action which are appended bellow:

e In the EFT action the operators M3Hg" and M3 (3H? + H) are completely specified by the
Hubble parameter H(t) which is the solution of Friedman’s equations in unperturbed background.

o  The rest of the contributions in EFT action captures the effect of quantum fluctuations, which
are characterized by the perturbation around the background FLRW solution of all UV complete
theories of inflation.

e  The coefficients of the operators appearing in the EFT action are in general time-dependent.
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Now as we are interested to compute the two- and three-point correlation function, we have
restricted to the following truncated EFT action [6,20]:

o = [t [ ) S () M0 ()

, M3t (12
2

SKY/sKy, | .

M3 (1) M2(t)
- L (%04 1) oK) - T2 0k

where we have considered the terms in two derivatives in the metric3.

2.2. EFT as a Theory of Goldstone Boson

2.2.1. Stiickelberg Trick I: An Example from SU(N) Gauge Theory with Massive-Gauge Boson in
Flat Background

In the unitary gauge, the EFT action consists of graviton mode, two helicities, and scalar mode,
respectively. In this context first we apply a broken time diffeomorphic transformation on the Goldstone
boson. As a result, SU(N) gauge symmetry [6,58] is non-linearly realized in the framework of EFT.
This mechanism is commonly known as the Stiickelberg trick. Let us mention two crucial roles of the
Stiickelberg trick in gauge theory:

1.  Using this trick in SU(N) gauge theory [6,58] one can study the physical implications from
longitudinal components of a massive-gauge boson degrees of freedom.

2. Itis expected that in the weak coupling limit the contributions from the mixing terms are very
small and consequently Goldstone modes decouple from the theory.

To give a specific example of the Stiickelberg trick we consider SU(N) gauge theory characterized
by a non-abelian gauge field Af, in the background of Minkowski flat space-time. In unitary gauge this
theory is described by the following action:

2
5= /d4x |:_411TI(FHVFW) - m?Tr(AHAy) ’ (13)

where A;, = Al‘i T, and FZV = B[HA%. Here the labela = 1,2,-- -, N for SU(N) gauge theory. Also T,
are the generators of the non-abelian gauge group which satisfy the following properties:

5ab
{T“,Th] = ifT,  W(T) =0, TW(T'T) = (14)
Here f° abe /g b c=1,2,---, N are the structure constants of the non-abelian SU(N) gauge theory.
It is important to mention that in this context the SU(N) gauge transformation on the non-abelian

gauge field can be written as:

Ay = A, = éuz)yu*, with D, = 9, — igA, (15)

As we are dealing with EFT, in principle one can consider operators which includes higher derivatives in the metric
ie., (gOO + 1)2 SKZ, 5K25KZ5K§, SK3, 5KSN? (here SN = N — 1, where N is the lapse function in ADM formalism. See ref. [57]
for more details). But since we have considered the terms two derivative in the metric we have truncated the EFT action in
the form presented in Equation (12) and the form of the EFT action is exactly similar to ref. [6]. In this paper our prime
objective is to concentrate only on the leading-order tree-level contributions and for this reason we have not considered
any sub-leading suppressed contributions or any other contributions which are coming from the quantum loop corrections.
Additionally, we have also neglected the term (g% + 1)2 6K in the EFT action as this term is suppressed by the contribution

HZ%e << 1in the decoupling limit and also the higher derivatives of the Goldstone mode 7 after implementing the symmetry
breaking through the Stiickelberg trick.
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where D), is the covariant derivative. Here g is the gauge coupling parameter for SU(N) non-abelian
gauge theory. Under this gauge transformation each of the terms in the action stated in Equation (13)
transform as:

Tr(FyF") = Tr(FuyF") = Tr(FuwF"), (16)
m2 m2 o m2 +
)
7Tr(AyAl) — 5 Tr(A,AY ) = 22 Tr[(D,U")(D"U)], (17)

where U is the unitary operator in SU(N) non-abelian gauge theory.
Consequently, after doing SU(N) gauge transformation action can be expressed as:

S=S5 =85 —|—/d4x [TVZZZTr(AyA”) - ZTr[(D;¢U+)(DVU)] . (18)

Additional part which breaks SU(N) gauge symmetry

where term signifies the gauge symmetry breaking contribution in the unitary gauge.

Furthermore, it is important to note that the SU(N) gauge symmetry can be restored by defining
the previously mentioned unitary operator in a following fashion:

U =exp [iT't"(t,x)], (19)

where one can identify the 7* Va = 1,2, -- , N s with the Goldstone modes, which transform in a
linear fashion under the action of the following gauge transformation:

U= U = expliT"7A"(t,x)] = Z(t,x)exp [iT°7"(t,x)] = Z(t,x) U. (20)
‘\/—/

Local operator

For the sake of simplicity one can rescale the Goldstone modes by absorbing the mass of the SU(N)
gauge field m and the SU(N) gauge coupling parameter g by introducing the following canonical
normalization as given by:

Canonical normalization : e = —7T . (21)

8

Consequently, the action in terms of canonically normalized field 7z, can be written after SU(N)
gauge transformation as:

2
S—§ —g4 / ahx | Te(A,AY) - %Tr[(aym)(aym)]

Kinetic term of Goldstone

(22)

28” g 2 4
—WTr(Ayaﬂrcc) + 7Tr(AyA} e ) +igTr(re Ayt i)

Mixing terms after canonical normalization
It is important to note the important facts from Equation (22) which are appended below:

o  The last two terms in Equation (22) are the mixing terms between the transverse component of
the SU(N) gauge field, the Goldstone boson, and its kinetic term, respectively.

e  Here one can neglect all such mixing contributions at the energy scale E,,;; >> m. Consequently,
two sectors decouple from each other as they are weakly coupled in the energy scale E;;, >> m
and Equation (22) takes the following form:



Universe 2019, 5, 155 8 of 76

S§—=3S§ =5 +/d4x {T;zTr(AHA”) - %Tr[(aﬂnc)(aync)] : @)

2.2.2. Stiickelberg Trick II: Broken Time Diffeomorphism in Quasi-de Sitter Background

Here one needs to perform a time diffeomorphism with a local parameter &°(t,x), which is
interpreted as a Goldstone field 77(t, x). These Goldstone modes shifts under the application of time
diffeomorphism, as given by:

Time diffeomorphism : t = t+&0(t,x), x¥' = x' Vi=1,2,3 — 7(t,x) = m(t,x) — &(t,x). (24)

The 7 is the Goldstone mode which describes the scalar perturbations around the background
FLRW metric. The effective action in the unitary gauge can be reproduced by gauge-fixing the time
diffeomorphism as:

Unitary gauge fixing = 7(t,x)=0 = 7a(t,x) = —&(t,x). (25)

To construct the EFT action, it is important to write down the transformation property of each
operators under the application of broken time diffeomorphism, which are given by:

1.  Rule for metric: Under broken time diffeomorphism contravariant and covariant metric
transform as:

Contravariant metric : g0 —> (1 + 71)2¢% + 2(1 + 71)g%0; 7 + g0;70; 7,
QO = (14 7)g" _|_gijajn, (26)

gl = 4.

Covariant metric: goo =— (1+ 7r)? 200,
goi = (14 71)goi + o07t0; 7, (27)
Sii = &ij + 80j0i"T + i0d;7T.

2. Rule for Ricci scalar and Ricci tensor: Under broken time diffeomorphism Ricci scalar and the
spatial component of the Ricci tensor on 3-hypersurface transform as:

Ricci scalar: @R — BIR 4 %H(azn),
? (28)

Spatial Ricci tensor : (3)Rij = <3)R1~]~ + H(aiajn + (51']'82%).
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3. Rule for extrinsic curvature: Under broken time diffeomorphism trace and the spatial, time and
mixed component of the extrinsic curvature transform as:

Trace : 0K —> 6K —37mH — 111—2(8271),
Spatial extrinsic curvature : 6K;; — J0K;; — ”Hhij — 00,7t
Temporal extrinsic curvature : 5K8 == 5K8, (29)
Mixed extrinsic curvature : §K? - 51(?,

Mixed extrinsic curvature : 6K = 6K} +2Hg'/ ;7.

4. Rule for time-dependent EFT coefficients: Under broken time diffeomorphism time-dependent
EFT coefficients transform after canonical normalization 7. = F2(t)7 as:

[0 n gn
EFT coefficient: F(t) = F(t+m) =) %ﬁ F(t)
n=0 """
= ol an G0
n=0 -
Suppression

Here F(t) corresponds to all EFT coefficients mention in the EFT action.
5. Rule for Hubble parameter: Under broken time diffeomorphism, time-dependent EFT
coefficients transform after using the following canonical normalization:

Canonical normalization : 7, = F2(t)7r, (31)
as given by:
oo 7.[)1 d”l
Hubble parameter: H(f) = H(t+ 1) = n;) PP H(t)
(32)
2
— |1— rH(pe - THY) (é—Zez) 4| H(p).
2
Correction terms
Here ¢ = —H /H? is the slow-roll parameter.

Now to construct the EFT action we need to also understand the behavior of all the operators
appearing in the weak coupling regime of EFT. In this regime one can neglect the mixing contributions
between the gravity and Goldstone modes. To demonstrate this explicitly let us start with the
EFT operator:

O1(t) = —HM7g". (33)

Under broken time diffeomorphism, the operator O(t) transform as:
O1(t) = [1 + g (e - 2He2) T } [(1 +70)201(t) — HM? (2(1 + 70)9;mg" +gffainajn)} . (34)

For further simplification the temporal component of the metric g°° can be written as, g% = g% + 5¢%,
where the background metric is given by, % = —1 and the metric fluctuation is characterized by
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5¢% [6,20]. Using this in Equation (34) and considering only the first term in Equation (34) we get a
kinetic term, M3 H7t*¢% and a mixing contribution, M} H7tég™ respectively. Furthermore, we use a
canonical normalized metric fluctuation from the mixing contribution as given by:

Canonical normalization : §g%° = Mo g%, (35)

in terms of which one can write, M%,H 716g"%0 = VH7S ¢%. Consequently, at above the energy scale

Enix = VH, we can neglect this mixing term in the weak coupling regime.

One can also consider mixing contributions M2H726 goo and HM%H 7'rg00, which can be recast
after canonical normalization as, M%,H 726¢% = 7262 /M, and nM%H 7§ = Hr.7.g°/ H with
H/H << 1. Here all higher-order terms in 7t will lead to additional Planck-suppression after canonical
normalization. Consequently, we can neglect the contribution from M%H 716¢% term at the scale
E > E, .. Finally, in the weak coupling regime one can recast Equation (34) as:

O1(t) = O (1) [frZ - jz@in)z] . 36)

2.2.3. The Goldstone Action from EFT
Finally, in the weak coupling limit (or decoupling limit) we get the following simplified EFT action:
Serr = Sg+Sn, (37)

where the gravitational part and the Goldstone action is given by:

S / dxy/ g M2 (3H2+H1) |, (38)
Sp = s§$)+553>+---, (39)
where the second and third-order Goldstone action can be written as:
s@ — /d4x a® [—M%H (frz — 12(8i7r)2> + 2M3 7
L1 ' (3;7)? (3;7)? 1 #0)
+5 (W +383) H2(1 — €)~ - - (4 + 383 B2 - M?fraz(a%n)] .
s = /d4x a2 KzMg - ;‘m) 2M§n (9;70)2
_ WVerHA - 3M2Hnl(azn) + §1\7137'51-'11(8-7'5)2 (41)
3 a2 2 a2\l 2 1 a2 1
3 3y 3. 1
— EM%Hmrz — M%naz(am)z} .
Here we introduce EFT sound speed c; as:
cs = # (42)
1- 2M3
HM2

Here if we set My = 0 or equivalently if we say that 22 ( g% + 1) term is absent in the effective
Lagrangian then Equation (42) suggests that in that case sound speed c¢s = 1, which is true for
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single-field canonical slow-roll inflation. Next using Equation (42) and applying integration by parts
in the Goldstone part of the Lagrangian we get*:

M3H M}H [ 1 H>(1+¢e)\ 1
4 . 2 o 2 2 L y\2
/d x a3 ( 2 > [n Cs <1 MZH |:M3 +3M2} 72M,2,H o (9;m)7| . 47)
s~ /d4x a H <1 — C12> HM; + §M§’H— gmg} U
S

1) .. 3 _ 1.
— <1 — C2> HM; + 2M§’H} ﬁn(ain)z (48)
S

- §M3H27T7T + ;M3H ! nd (9;7) ] .

In the present context metric fluctuation of the spatial components are given by:
gii = a*(t) [(1+20(t,x)) 65+ v7ij] ¥V i=1,23, (49)

where a(t) is the scale factor in FLRW quasi de Sitter background space-time. Also (¢, x) is known as
curvature perturbation which signifies scalar fluctuation. On the other hand, tensor fluctuations are
identified with <y;;, which is spin-2, transverse, and traceless rank 2 tensor. Here under the broken time
diffeomorphism the scale factor a(t) transforms in the following fashion:

a(t) = a(t — n(t,x)) = a(t) — Hr(t,x)a(t) + - - - ~ a(t) (1 — Hr(t,x)) . (50)
Furthermore, using Equations (49) and (50), we get:

a2 (1) (1 — Hr(t,x))?* = a®(t) (1 — 2Hn(t,x)) = a®(t) (14 2Z(t,x)) . (51)

4 Let us concentrate on the following contribution in the second- and third-order perturbed EFT action, which can be written

after integration by parts as:

. . . 3
2 3 33 T (2 \_ [ 3 My . 1d
S: D f/d xdta Mla—2 (ain) _/d xdta 2 {78,-(718,-7'() 5 (3;7)?

M ad ((@n)?\ H
_ 3 3 i _ )2
_/d xdta’ = [dt < 2 2 (9;7)

/d3x dt a® H (9 7r) . (43)
s3 /d3x dt a3 M3 2 Hrr?= /d3x dt a® { M3H — H2M§m'r2 . (44)
$ 5 /d3x dta® M% °H - /d3x dta PM%H—;T (@)% + %%Mi (ain)z} . (45)

> D> -3 /d3x dta® M3 Hm = ( /d3x dt a® 3M3 {—n (3;7)% + a—ﬂZ (ain)z} . (46)
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This implies that the curvature perturbation {(t, x) can be written in terms of Goldstone modes
7(t,x) in the following way":

Quantum fluctuation in terms of Goldstone mode : {(f,x) = —H7(t,x) . (53)

Furthermore, using Equation (53), the effective action for the Goldstone part of the Lagrangian
can be recast in terms of curvature perturbation {(t,x) as:

M3e\ . M3H _ _.1 H%(1 1
@ . [ 4.3 p 2 24 MyHE T 2 (1+¢) 2
S; N/d xa Tg -1 o [M3+3M2] NER o —aZ(alg) . (54)
3
G o [ g4 b 1 I M2 3?'_13H 4M4 3
5 N/dxm B 1_c§ p TVt =3 Ms 4
+(1- 1) amz 4 3veH lg‘(ag)2 (55)
2 P g25

9 o 3.-53..1_d
+ 5 MYH = SMRH - (807 -

For further simplification we introduce a few new parameters which are appended bellow®:

o  First we define an effective sound speed s, which can be expressed in terms of the usual EFT
sound speed cg as’:

M3H . _ H2(1+¢€)
Cs = 1——1— — [M}+3M}] ————. 56
BT wE MM S 6)
Since the following approximations:
My H << 1 {MZ +3M2} H(1+e) <<1 (57)
MZH ' 3 2l aMZH ’

Here we have considered the linear relation between the curvature perturbation ({) and the Goldstone mode (7). In this
context one can consider the following non-linear relation to compute the three-point correlation function from the
present setup:

Z(t,x) = an(t,x)f@Hznz(t,x)+~w , (52)
where the slow-roll parameters are given by, e = —H/H? and 7 = € — %% Here N = [ H dt, represents the number

of e-foldings. However, the contribution from such non-linear term is extremely small and proportional to sub-leading
terms €2, 7° and €7 in the expression for the three-point function and the associated bispectrum. From the observational
perspective such contributions also not so important and can be treated as very small correction to the leading-order result
computed in this paper.

Here we have used a few choices for the simplifications of the further computation of the two- and three-point correlation
function in the EFT coefficients which are partly motivated by ref. [59]. Also it is important to note that since we are
restricted our computation up to tree-level and not considering any quantum effects through loop correction, we have
discussed the radiative stability or naturalness of these choices under quantum corrections.

Here it is important to point out that in the case when M, = 0 we have the EFT sound speed cs = 1 exactly, which is true for
all canonical slow-roll models of inflation driven by a single field. But since here the EFT coefficients are sufficiently small
M¥i=1,2,3(~ 01072 — 1073)) it is expected that & = cs and for the situation cs = 1 one can approximately fix és ~ 1.
Thus, for the canonical slow-roll model one can easily approximate the redefined sound speed ¢s with the usual EFT sound
speed cs without losing any generality. But such small EFT coefficients M;Vi = 1,2,3(~ O(10~2 — 10~3)) play significant
roles in the computation of the three-point function and the associated bispectrum as in the absence of these coefficients the
amplitude of the bispectrum fy is zero. This also implies that for the canonical slow-roll model of single-field inflation
the amount of non-Gaussianity is not very large and this completely consistent with the previous finding that in that case
the amplitude of the bispectrum fy; o € (where € is the slow-roll parameter), at the leading order of the computation. See
ref. [31] for details.
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are valid in the present context of discussion, one can recast the effective sound speed in the
following simplified form as:

- 1 3 (12 o an2) Hl+€)
&~ cg {1 + 3eTihT [Ml + (M3 +3M2> > . (58)
e  Secondly, we introduce the following connecting relationship between M3 and M, given by:

Micz = —&M;. (59)

When M; = 0 then from Equation (42) we can see that the sound speed cs = 1 and Equation (59)
also implies that M3 = 0 in that case.
e  Next we define the following connecting relationship between M3 and M; given by:

Mié, = —HMjés. (60)

When M, = 0 then from Equation (42) we can see that the sound speed cs = 1 (which is actually
the result for single-field canonical slow-roll models of inflation) and Equations (59) and (60) also
implies the following possibilities:

1. Mz =0, M; # 0and g—z — 0. We will look into this possibility in detail during our
computation for cs = 1 case as this will finally give rise to non-vanishing three-point
function (non-Gaussianity).

2. M3=0,M =0and % # 0. We do not consider this possibility for cs = 1 case because for

this case third (Sé‘q’)) action for curvature perturbation vanishes, which will give rise to zero
three-point function (non-Gaussianity).

e  For further simplification one can also assume that:

3
W2+ a2 = M (61)
Hes

so that one can write:

1 3 (o2 o ave) Hd+e) M3 (1+e)
= 1 . 2
eHM? {Ml * (M3 +3M2) 2 eHM;, + 265 (62)
For c¢g = 1 this implies the following two possibilities:
1. M; # 0and & = —3(1+€). We will look into this possibility in detail during our
computation for cg = 1 case as this will finally give rise to non-vanishing three-point

function (non-Gaussianity).

2. M; = 0. We do not consider this possibility for cg = 1 case because for this case third (S?))
action for curvature perturbation vanishes, which will give rise to zero three-point function
(non-Gaussianity).

Consequently, the effective sound speed can be recast as:

N AN AM3
Cs = cg4/1+4+ ~cg 1+ (63)

2€HM% 4€HM%,

where A is defined as, A = 2 + 1;;5. Here A = 0 for és = —%(1 + €) when cg = 1. Consequently,

we have ¢g = cg = 1 in that case.
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e  For further simplification one can also assume that:

, . M3
2 a2
5~ M= I (64)
Here cg = 1 this implies the following two possibilities:
1. M}~ M3 #0,M; #0and & = —3(1+ €) as mentioned earlier. We will investigate this

possibility in detail during our computation for cs = 1 case as this will finally give rise to
non-vanishing non-Gaussianity.

2. M3}~ M3 = 0,M; = 0. As mentioned earlier here we do not consider this possibility for
cs = 1 case because for this case second (Séz)) and third-order (S?)) action for curvature
perturbation vanishes, which will give rise to zero non-Gaussianity.

e Next we define the following connecting relationship between M, and M3 given by:
Mjés = Mje, = —HM:éG. (65)

When M, = 0 then from Equation (42) we can see that the sound speed cs = 1 and Equations (59)
and (65) also implies the following possibilities:

1. My #0, M3 =0, M #0and i—z — 0. We will look into this possibility in detail during
our computation for cg = 1 case as this will finally give rise to non-vanishing three-point
function (non-Gaussianity).

2. My=0,M3=0 M =0and % # 0. We do not consider this possibility for cs = 1 case
because for this case third (S?)) order action for curvature perturbation vanishes, which will
give rise to zero three-point function (non-Gaussianity).

Furthermore, using all such new defined parameters the EFT action for the Goldstone boson can
be recast as®:

Forcg =1:
Séz) z/d‘*x a® Mre [62—:2(61{)2]. (66)
o (ot P B\ sy [Brpyl L
~/dxH3[ {leH}é +{ } 2(3i0)? )
+ SNRHAE — SMRH 0% (30)°

Here it is important to note that for the case cs = 1 we have written an approximated form of the second and third-order
action by assuming that ¢s ~ cs ~ 1, which is true for all canonical slow-roll models of inflation driven by a single field.
Here the EFT coefficients are sufficiently small M,Vi = 1,2,3(~ O(10~2 — 1073)) for which it is expected that és = c5 and
for the situation cs = 1 one can approximately fix &5 ~ 1.
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Forcg <1:
M2e\ T. 1
2 4. 3 P 2 _ 2 2
S¢ N/d xa (C%> [C —Cs;(ai@ ] 68)
eM? 1 36 28| . 3¢
0 = fane S (1) [ G B e S oo
S S S S
, (69)
_ 9H¢y ) 3&1 - WaY
4C§ Cg + 4C§ az gdt (alg) ‘|

3. Two-Point Correlation Function from EFT
3.1. For Scalar Modes

3.1.1. Mode Equation and Solution for Scalar Perturbation

Here we compute the two-point correlation from scalar perturbation. For this purpose we consider
the second-order perturbed action as given by”:

M3H 1 H2(1+¢)\ 1
VAL <c )[C - ( wipr L7 3] 2M%H> 112(816)2]’ 70

which can be recast for cg = 1 and cg < 1 case as:

Forcg =1: Sé-z) ~ /d4x a’ M%e [52 — alz(aié)z} , (71)
M .
Forcg < 1: Séz) = /d4x a’ (f) [Cz - ~2 ! (a ) ] (72)
S

where the effective sound speed Cs is defined earlier.
Next we define Mukhanov-Sasaki variable v(7, x) which is defined as:

Mukhanov-Sasaki variable : v(n,x) =z {(1,x) Mp = —z H 7t(17,x) My . (73)

In general, the parameter z is defined for the present EFT setup as, z = % Now in terms of
v(#,x) the second-order action for the curvature perturbation can be recast as:

/ 1
2 ~ /d3x dn [v 2_ c%(aiv)z;z(aig)z — msz(ly)v2 , (74)

1d
Zd17

time which can be expressed in terms of physical time t as, 7 = [ a‘ff) . The conformal time described
here is negative and lying within —co < 5 < 0. During inflation, the scale factor and the parameter z
can be expressed in terms of the conformal time # as:

where the effective mass parameter 1,4 (17) is defined as, m? y f(iy) = —24%5. Here 7 is the conformal

_HL for dS
a(n) = L (75)
“Hy (1+¢) for qdS.

See also ref. [31,44], where similar computations have been performed for canonical single-field slow-roll and generalized

slow-roll models of inflation in the presence of Bunch-Davies vacuum state.
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and
1 V2e
_a /2¢ _ “Hy s for dS 76)
Cs 1 V2e
THy o (1+e¢) for qdS.

Additionally, it is important to note that for de Sitter and quasi de Sitter case the relation between
conformal time # and physical time f can be expressed as, t = — % In(—Hpy ). Within this setup inflation
ends when the conformal time # ~ 0.

Now further doing the Fourier transform:

o) = [ Ak o) 77)
’ . (27_[)3 k
one can write down the equation of motion for scalar fluctuation as:
Mukhanov-Sasaki Eqn for scalar mode: vi; + (c%k2 + mgff(iy)) v =0. (78)

Here it is important to note that for de Sitter and quasi de Sitter case the effective mass parameter
can be expressed as:

for dS
) (79)
for qdS.

Rl

mgff(ﬂ) = 2

,72

Here in the de Sitter and quasi de Sitter case the parameter v can be written as:

—_—~

ST

3 for dS
V= g (80)
S
5 t3e—n+3 for qdS,
where €, 17 and s are the slow-roll parameter defined as:
H o .
€ = n=2€— ¢ s (81)

THY 2He ° 7 Hes'

In the slow-roll regime of inflation € << 1 and |57| << 1 and at the end of inflation, the slow-roll
condition breaks when any of the criteria satisfy (1) e =1or || =1, 2)e =1 = |y|.
The general solution for vy (77) thus can be written as:

J=1 {cng” (—késy) + C,HP (—kc“sfy)} for dS
2

o) = (82)

Vamt/ {C]ngl) (—kfs?]) + Czngz) (—kfs?])] for qu

Here C; and C; are the arbitrary integration constants and the numerical values depend on the
choice of the initial vacuum. In the present context we consider the following choice of the vacuum for
the computation:

1.  Bunch-Davies vacuum: In this case, we choose, C; =1,C, = 0.
2. &, B vacuum: In this case, we choose C; = coshua, Cy = ¢! sinh a . Here B is a phase factor.

For the most general solution as stated in Equation (82) one can consider the limiting physical
situations, as given by, I. Superhorizon regime: késy << —1, 1. Horizon crossing: késy = —1,IIL
Subhorizon regime: késy >> —1.
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Finally, considering the behavior of the mode function in the subhorizon regime and superhorizon
regime one can write the expression in de Sitter and quasi de Sitter case as:

,l % [Cle_[kfs” (1 + ikegy) ™™ — Cpe*esh (1 — ikégn) ei”] for dS
/2 (kes)?
() = p3l 1 (—késn) 2™V r(‘;) [cle*fkfsv (1 + ikegy) e 2 (vF3)
m \/E(kfs)Z F(f)

— Cpe*est (1 — ikesy) e%r(v*%)] for qdS.

Furthermore, using Equation (83) one can write down the expression for the curvature

perturbation {(7,k) = zk—js/']; as:

11{7553 Cre~*esh (1 4 ikegn) e™'™ — Cpefkes (1 — ikésn) ei”] for dS
2 Mp /e (kés)?
k) = ot (i | TUL (o pmitean (1 kg e 00)
2 Mpy/e(1+€)(Esk) r'(3)

— Cpe'*es (1 — ikégr) eiTﬂ(”%)} for qdS.
One can further compute the two-point function for scalar fluctuation as:

(€118 (7,9)) = (27)°6® (k + q)P (k,1) , (83)

where P; (k, 1) is the power spectrum at time 7 for scalar fluctuations and in the present context it is
defined as:

H> 1 —iktsy G N in ikesn ax N in|?
Wk? ‘Cle (1 + chsﬂ)e — Cze (1 — lkCS?])e ‘ for dS
P
2 2
vk (1) H2 1 r
Py (k, = |7 = 2v-3 A s 32w (v) 84
e (ko) 22M3 2 Mt o BT 1) &4

. i1 . ) 1y (2
‘Cle”'“s” (14 ikésn) e T (1) — gyeikest (1 —ikésny)e? (V+;)‘ for qdS.

3.1.2. Primordial Power Spectrum for Scalar Perturbation

Finally, at the horizon crossing one can furthermore write the two-point correlation function as!®:

(€1)Z(q) = (21)%6) (k+q)P; (k) (85)
where P; (k) is the power spectrum at time 7 for scalar fluctuations and it is defined as:

H? 1

IM2eEs @ {\Cl\ZHCzIZ*(CTC2+C1C§‘)] for dS
P
|vk<n>|2} 1 w1t P
p(k) = | =Pr(ky)—= ={ o3 IO [ 1ep s op (86)
C |: ZZM%J ‘kfs?]|:1 g k3 4M%€(1+€)255 k3 r(%) [' 1| ‘ 2‘
- (Cfczei"(w%) +C1C§e*i”(v+%))] for qdS,

10 See also ref. [8,31,44], where similar computation have been performed for canonical single-field slow-roll and generalized

slow-roll models of inflation in the presence of Bunch-Davies vacuum state and general initial state.
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where P; (k) is power spectrum for scalar fluctuation at the pivot scale k = k.. For simplicity one can
keep k> /27? dependence outside and further define amplitude of the power spectrum A (k) at the
pivot scale k = k. as:

H2

3 ST [|c1|2+ G2 — (c;cz+c1c;)} for dS

k 1 2 2

A-(k = = _Pr(k)= —Pr(k,) = 2v-3 H I'(v) 2 2 87
¢ (k) 2l e W) = galek) =0 27 e s r | e+l (87)

~ (cicemt42) weicge (1)) for qds.

For Bunch-Davies and &,  vacuum power spectrum can be written as:

e For Bunch-Davies vacuum :
In this case, by setting C; = 1 and C, = 0 we get the following expression for the power spectrum:

H? 1
= for dS
4 M2eés k3
Pg(k) = pecs 5 2 (88)
b H 11k for qdS
4 M2Ze(1+€)2es K |T (3) '
Also, the power spectrum A; (k) at the pivot scale k = k. as:
H2
——— for dS
812 M2e¢
Ar(ky) = s 2 (89)
2v—3 H r(V) for qdS
872 Mze(1+¢€)%Cs [T (2) 9s:

e Fora, f vacuum :
In this case, by setting C; = cosha and C; = ¢f sinh & we get the following expression for the
power spectrum:

H> 1

— — [cosh 2a — sinh 2« cos for dS
4 M2ets k3 [ Al

(

2
Prk) = § ox M : (

4 MZe(1+ €)% 3
cosh 2a — sinh 2a cos <7T <l/ + %) + /5)} for qdS.

2

(90)

T
T

v)
3)

Also, the power spectrum A; (k) at the pivot scale k = k. as:

2

872 MZecs

2
A = -3 H
g(k*) 2 872 Mze(1 + €)2Cs

[cosh 2a — sinh 2« cos B] for dS

)
)

{coshsz — sinh 2a cos (7‘( <1/ + %) + /S)} for qdS.

row)

v
r(

1)

Finally, at the horizon crossing we get the following expression for the spectral tilt for scalar
fluctuation at the pivot scale k = k, as:

_ [dInAg(k) B .
ng(ke) —1= {dlnk} ool =2n—4e—35, (92)

where § is defined as, § = If[iis )
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3.2. For Tensor Modes

3.2.1. Mode Equation and Solution for Tensor Perturbation

Here we compute the two-point correlation from tensor perturbation. For this purpose we
consider the second-order perturbed action as given by!!

M; M3 » M M3
g /d4x a ?p Kl - Mi) Yiitii — 2 (am%; ] /d3x dn a® 3 Kl - W ¥ — @uri)*| - (93)
p

In Fourier space one can write (7, x) as

’71] 17,X Z / ')//\(77 k) eik.x, (94)
A=X,+
where the rank-2 polarization tensor €} ij satisfies the properties, e = ke ’\ =0,%, e {} =20,

Similar to scalar fluctuation here we also define a new variable 1, (17, k) in Fourler space as:
L Ya(1,k) for dS
D TT p YA\,
\f 2Hy 95)
(1+€) Myya(n,k)  for qdS.

(1, %) = ﬁ My 72 (k) =
\iny

Using u, (17, k) one can further write Equation (93) as:

R~ /d3x dna Af l(l - ﬁ;) Ll;%(ﬂ,k) - (kz - i) (u,\(iy,k))ﬂ . (96)

From this action one can find out the mode equation for tensor fluctuation as:

) k2 a//
Mukhanov-Sasaki Eqn for tensor mode: 1, (17, k) + ()u/\(ﬂ, k)=0. (97)

Furthermore, we introduce a new parameter ¢t defined as:

1
. S (98)
M

M}

The general solution for the mode equation for graviton fluctuation can finally written as:

) @
v/ -1 |D1H —k + D,H —k f
up(n,k) = " Byt e : HSCZT( cm)] e (99)
— ) _ @ _
V-1 {DlH% ey (—kern) + DZH% YRy ( chq)} for qdS

11 See also ref. [8,31,44], where similar computation have been performed for canonical single-field slow-roll and generalized

slow-roll models of inflation in the presence of Bunch-Davies vacuum state and general initial state.
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Here D; and D; are the arbitrary integration constants and the numerical values depend on the
choice of the initial vacuum. In the present context we consider the following choice of the vacuum for
the computation:

1. Bunch-Davies vacuum: In this case, we choose, D1 =1, D, = 0.
2. a,Bvacuum: In this case, we choose D; = cosha, D, = ¢f sinha. Here B is a phase factor.

For the most general solution as stated in Equation (99) one can consider the limiting physical
situations, as given by, I. Superhorizon regime: |kcry| << 1, IL. Horizon crossing: |kcry| =1, 1IL

Subhorizon regime: |kcry| >> 1.
Finally, considering the behavior of the mode function in the subhorizon regime and superhorizon
regime we get:

PEUARLT o JE N S SR @

r()

/2 (ker)
. i (1 1 . it (1 1
[Dle_’ch” (1 + ikern) 6_7(7 Vised+d) _ Dyeer (1 — ikery) 67<7V 1+8€2T+7)] for dS

NIw

(100)

M(’//k) =

1 2(2_ 1V 3 1 1 3.1 2 (2 1 F<% 1+4C2(V2_%)>
57/ 14k (v *1)"7'7 (,kCTﬂ)‘i*i\/H‘lCT(V -1)

r(3)

[Dle—ikcm (1 + ikern) e’%(%\/pr“%(”z’%)*%) _ Dyelkern (1 — ikern) e%r(% 1+4CZT(V2*%)+%)} for qdS.

Furthermore, using Equation (83) one can write down the expression for the curvature
perturbation (7, k) as:

, 1./ 2
2%\/1+8C2T—%ﬁ 1 . (_kcm)%—%\/HBCZT F(Z 1:86T>
My (ker)? r(3)
EDle*ikCT’7 (1 + ikery) 37% (% v 1+862T+%) — Dye*er (1 — ikery) e%r (% v 1+8€%+%) for dS

_1 2(,2_1)_3 iH 1 3_1 2 (21
i) | p2VIHAG(A-3)-3 1 (—key)? ™2 1+4c} (v - 1) (101)

mok = S - My (1+6) (kep)

r(%,/1+4c§ 21 > ,
( ) {Dle—ikrrﬂ (1 + ikery) e_i(%\/l‘*‘lczT(Vz_%)*%)

r(3)

NI

— Dye*erl (1 — ikery) e%(% Vi (2-1)+3) for qdS.

3.2.2. Primordial Power Spectrum for Tensor Perturbation

One can further compute the two-point function for tensor fluctuation as:

(h(p, X0y, q)) = Y (ha (1, %)k, (17,9)) = (2m)%3) (k + q) Py (k1) , (102)
AN

where Py, (k, 17) is the power spectrum at time # for tensor fluctuations and in the present context it is
defined as:
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2

1/ 2
2 HSCZT%& ! (—chU)LVHSCZT r (7 1+8CT)
M (ker)? r(3)
. . 2
. _in(1 2,1 , in(1 /118241
Dye *er (1 + ikern) e 2 (ZMH) — Dye*er (1 — ikeryy) e 2 (2 1+8CT+2) for dS
2
b - HmoxE | 2 1+4C%~(1/2—%)—3L2 1 3(7kcm)37,/1+4c§(v27%) (103)
L M3 M3 (1+¢€)” (ker)
2
r<%1/1+4c2T V-3 ) ,
; < ) ‘Dle—ikcm (1 + ikern) e*%(%\ﬂ*‘k%(’”'z*%)*%)
r(3)
. m(l 1+4c2 (Vz,l)#) 2
— Dye*er (1 — ikery) e 2 \2 T\ )T for qdsS.

Finally, at the horizon crossing we get the following two-point correlation function for tensor
perturbation as:

(h(k)h(q)) = (27)%6® (k+ q) Py (k) , (104)

where P, (k) is known as the power spectrum at the horizon crossing for tensor fluctuations and in the
present context it is defined as:

2
1 2
) 1+8c%—3 4H2 1 F(j 1+8CT
3 k3 3
Mger k r(3)
B <DTD261'7T(%,/]+852T+%) +D1D;efiﬂ(%1/l+8c%+%))} for dS

Pk = Ph(k*)k%: ) 2( 1) 2 (105)
T(54/14+4c% (v2 -1
202 1) 4H? 1 <2\/ T 4 )
5 1+4CT(1/2 4) 3 L . UD]|2+|D2‘2
2

M (1+e)*c} K r(3)

) [ID1]+ D2

B <D{D2ei"(%’/1+452T(V2‘%)+%) +DlD;e—in(%,/1+4c2T(1/2_%)+%)>:| for qdS.

where Py, (k. ) is power spectrum for tensor fluctuation at the pivot scale k = k... For simplicity one can
keep k3 /2% dependence outside and further define amplitude of the power spectrum Ay, (k) at the
pivot scale k = k, as:

K3 1
Apks) = ﬁph(k):ﬁph(k*)
2
iga_ait |P(3/145) (D4 + D2
nZM%C‘} F(%) ! 2

_ (CTCzeiﬂ(%UlJrgcerr%) +D1D;€7in<%'/1+8c%+%)):| for dS

= 2 (106)
1 1
/1443 (12-1)-3 2H? T (7 \ 1+def (Vz B 1))

* +|Daf?
2 3 |D1]* + |D>
M2 (1 +€) e r(3) {

B <Dszei"(%‘/HMT(VZ’%)*%) +DlDzefm(%,/1+4CZT(V2,}I)+%))} for qdS.

For Bunch-Davies and «,  vacuums we get:

e  For Bunch-Davies vacuum :
In this case, by setting D1 = 1 and D, = 0 we get the following expression for the power spectrum:
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2
Jrrsd -3 4H2 1 r(4y1+8c)
Mzci K r(3)
Py(k) = i
1 2 2 _ 1
Nrd(2 D 4 1 r(2 1+4CT(V 4>>
M2 (1+e)*c3 K r(3)

Also, the power spectrum A; (k. ) at the pivot scale k = k., as:

2
5 1+8c2 -3 2H? r <% V 1+ SCZT)
e Mjeq r(3)
Mp(ks) =
1 2 (2 _1
V& (7])-3 2H2 T (2 L der (V 4
nzM%(l—i-e)zc% r(3)

e Fora, f vacuum :

22 0f 76
for dS
(107)
for qdS.
for dS
(108)
for qdS.

In this case, by setting D; = cosha and D, = ¢/ sinha we get the following expression for the

power spectrum:

2
1/ 2
) 1+8L‘%-73 4H2 1 F(i 1+8CT)

MR | ()

. 1 1
|:COSh21X — sinh 2& cos (n <§\/m+ E) + ﬁ)}

5 1+4C%-(1/2*%)*3 4H?

. r(% 1+4CZT(1/2—%)> :

MZ(1+eP Sk r(

Also, the power spectrum A; (k) at the pivot scale k = k. as:

1/ 2
) 1+8€2T73 ZHZ F(z 1+8CT)

mEMct r(3)

. 1 1
{coshZoc — sinh 2a cos (n (E\/@+ E) + /3)}

1 2 (21
V1S (21)-3 2H2 r<2 1+4CT(V i

2

1 1 1
{coshZuc — sinh 2a cos (n <21/1+4C%~ <v2 - Z) + 2> +,B>

mM2 (1+¢€)* &} r(

{coshZasinhZacos <7r <;”1+4C%~ (1/2 - i) + ;) +,B>

for dS

(109)
for qdS.
for dS

(110)
for qdS.

Now let us consider a special case for tensor fluctuation where cr = 1 and it implies the following

two possibilities:

1.  Mj; = 0. But for this case as we have assumed earlier M ~ M} = M3 /4H¢s, then M; = 0
which is not our matter of interest in this work as this leads to zero three-point function for
scalar fluctuation. But if we assume that M3 # M3 but M% = M3 /4H¢s then by setting M3 = 0
one can get M; # 0, which is necessarily required for non-vanishing three-point function for

scalar fluctuation.
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2.

Mz << M. In this case if we assume M3 ~ M} = M3/4H¢s, then M?/4HE5M,2, << 1land
M, << M), This is perfectly ok of generating non-vanishing three-point function for scalar fluctuation.

If we set cr = 1 then for Bunch-Davies and ff, fi vacuum power spectrum can be recast into the

following simplified form:

For Bunch-Davies vacuum :
In this case, by setting D1 = 1 and D, = 0 we get the following expression for the power spectrum:

4H? 1
R for dS
P,(k) = v . ) 111)
w3 AH 11w for qdS.
M3 (1+¢€)* K [T (3)
Also, the power spectrum A; (k) at the pivot scale k = k. as:
2H?
YV for dS
Aplky) = P ) (112)
v-3 2H 0 for qdS
nzM%(1+e)2 T(%)

For «, B vacuum :
In this case, by setting D1 = cosha and D, = ¢f sinh & we get the following expression for the
power spectrum:

4H? 1

e [cosh 2a — sinh 2a cos B] for dS
(k) = b . (113)
-3 4H’ 11w {coshsz — sinh 2« cos (7‘( (v + 1) + ﬁﬂ for qdS.
My e BT ?

Also, the power spectrum A; (k) at the pivot scale k = k. as:

2

71271\/1% [cosh2a — sinh 2« coszﬁ] for dS
2
Anlk) = yw-3__ 2H I'(v) 114
h( *) ﬂzM%(l-i-e)z F(%) ( )

cosh 2a — sinh 2 cos (7‘( (1/ + %) + /3)} for qdS.

4. Scalar Three-Point Correlation Function from EFT

4.1. Basic Setup

Here we compute the three-point correlation function for perturbations from scalar modes. For this

purpose we consider the third-order perturbed action for the scalar modes as given by!?:

12

Here it is important to note that the terms are the new contribution in the EFT action considered in this paper, which

are not present in ref. [6]. From the EFT action itself it is clear that for effective sound speed cs = 1 three-point correlation
function and the associated bispectrum vanishes if we do not contribution these red colored terms. This is obviously true if
we fix cs = 1 in the result obtained in ref. [6]. On the other hand, if we consider these red colored terms then the result is
consistent with ref. [31] with cg = 1 and with ref. [44] with cg # 1. This implies that cs = 1 is not fully radiatively stable in
single-field slow-roll inflation. However, if we include the effects produced by quantum correction through loop effects,

then a small deviation in the effective sound speed 1 — cs ~ € (H / Mp)2 can be produced. See ref. [6] where this fact is
clearly pointed. But for inflation we know that in the inflationary regime the slow-roll parameter € < 1 and the scale of
inflation is H/ M), << 1, which imply this deviation is also very small and not very interesting for our purpose studied in
this paper. Also see ref. [8] for more details.
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3
@ o f 4,4 1Y e 33 4,4
st N/dxH3[—{(1—6§>HMP+2M1H—3M3 ¢
- 1—f HM2+3M3 lg’(a-g)2
2 a2 (115)

922 3l d oo
+2M1H gg ZM]Hazgdt (alg)

(/1

New contributions in EFT action

which can be recast for cs = 1 and cg < 1 case as:

Forcg = 1:
s~ [atv i [ (S e+ {Sin) Seaer (116)
RG-S ek o],
Forcg <1:
50~ [ M <1_c15> { =t } { 364}:26@1-@)2 (17)
i g 0 zc')]

To extract further information from third-order action, first one needs to start with the Fourier
transform of the curvature perturbation (7, x) defined as:

3
() = [ st explikx), 119)

where (i (77) is the time-dependent part of the curvature fluctuation after Fourier transform and can be
expressed in terms of the normalized time-dependent scalar mode function vy (7) as:

fop 0 = 2 _ LpKa+ 24,10 a* (-K) 119)

where z is explicitly defined earlier and a(k), a' (k) are the creation and annihilation operator satisfies
the following commutation relations:

[a(k),f(—k’)} = )P k+K), [a(k),a(k/)}:o, [a+(k),a+(k)}:o. (120)

4.2. Computation of Scalar Three-Point Function in Interaction Picture

Presently our prime objective is to compute the three-point function of the curvature fluctuation
in momentum space from Sé with respect to the arbitrary choice of vacuum, which leads to important
result in the context of primordial cosmology. Furthermore, using the interaction picture the three-point
function of the curvature fluctuation in momentum space can be expressed as:

175=0

(k)2 (k)i (ka)) = =i [ dyaly) (0] [S0np k) lnp k) lng ka), Hir ()] 00, (120)
fj=—00
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where a(7) is the scale factor defined in the earlier section in terms of Hubble parameter H and
conformal time scale 17. Here |0) represents any arbitrary vacuum state and for discussion we will
only derive the results for Bunch-Davies vacuum and «, § vacuum. In the interaction picture the

Hamiltonian can written as

1 1Yo 5 3 4 4 )| s
- - [{(1C§>HMP+2M1H3M3}C

Hint(ﬂ)

13.

+ { (1 — ;) HM; + iM%H} %g(aig)z (122)

S

9 _ . 3 _ 1 _d
+ SRR - SRH 0L (407

which gives the primary information to compute the explicit expression for the three-point function
in the present context. After substituting the Hamiltonian interaction, we finally get the following
expression for the three-point function for the scalar fluctuation:

(C(k1)¢(k2)C(k3)) =

where the coefficients a;Vj

T ey [ ][] S B £ o

{0l ¢ (nf,k1>@<nf,kz>é<nf,ks>,é’<n,k4>c'<n,k5> (k)] [0)
— wa(ks.ke) (0] £, 1ea)C mbﬂ%Mgmmwwwmmmm (123)
+az a(y) (0] [20n, k)8 17, %2)E (17, a), 0, ka)E (. Ks)C (1, K6) | 0)

3),{(1,%)¢ (1, ks)¢ (1, k)] [0)
)¢ Ke)

— 15 (ks k) (0] En,ka)d(nks) (1, %6)] 0},

(
— oy (ks.ke) |[ (17, k1) (7, k2)$ (17, K
[ (1. %1)8 (15, k2) (17, ks

=1,2,3,4,5 are defined as'*

a = {(1—1> HM2+3M3H—§M§}, (124)
c
ay = — 1—12 HM§+§M§H , (125)
o3 2
e —%Mi’hﬂ, (126)
ny = %M%H, (127)
w5 = %M%H. (128)

Now let us evaluate the coefficients of a1, a2, a3, a4 in the present context using Wick’s theorem:

13

See also ref. [31,44], where similar computations have been performed for canonical single-field slow-roll and generalized

slow-roll models of inflation in the presence of Bunch-Davies vacuum state and general initial state.

14

Here it is clearly observed that for canonical single-field slow-roll model, which is described by cs = 1 we have M3 = 0 and

other EFT coefficients are sufficiently small, M;¥i = 1,2,3(~ O()10~3 — 1072). This directly implies that the contribution in
the three-point function and in the associated bispectrum is very small and consistent with the previous result as obtained
in ref. [31]. Additionally, it is important to mention that in momentum space the bispectrum contains additional terms in the
presence of any arbitrary choice of the quantum vacuum initial state. Also, if we compare with ref. [6].
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1. Coefficient of «1:

(0] [£0r¢ 1) 8 (17 12)E 17,3, (. ka)E (1, K5)E (17, 6) | [0
= (0a(kq)a(k ) (ks)a" (—kq)a'(—k ) "(—ke)[0

(7, k1)o7, ka)0 (15, %) * (177, —ka) 0 * (177, —ks) * (177, —ks
(0]a(les)a(ks)a(ks)a’ (—kq)a* (—kz)a (k3)|0

0" (nf, —k1)0" (5, —k2)0" (177, —k3)7 (17, ka) (17,ks)7 (17, ke).

~ — ~—~— ~

2.  Coefficient of «y:

(ks ko) O] [ 15, k) 15, k) ng ks, €, Kea) 1, Kes)E (1 e) | [0
= (ks Xeg) (0la(ka)a(lez)a(ks)a" (—kq)a' (—ks)a’ (~1g)|0
+(ks

oy

k1)o
ke)(0]a(ky)a(ks)a(ke)a' (—kq)a* (—kz)a*(—ks3)|0
7" (1, —ka) 7" (115, —ka2) 0" (17, —k3)0 (177, ka) 9 (177, ks) 5 (177, Ke).

3.  Coefficient of a3:

(0] [£(n7 1) (17 12)E (17,8, {1, 1a)E (17, ks)E (m)} 0)

= (0]a(ki)a(kz)a(ls)a’ (~ka)a* (—k ) (—ke)[0)
(7, k)0(15, k2)0(175, ks )T (17, —ka) 0 * (177, —ks)3 * (175, —Ke)
<0|a<k4)a<k5>a( §)a" (—ka)a’ (—ka)a" (—1e3)[0)

7 (17, —k1) 9" (117, —ka2)0" (177, —ka)0 (117, ka) 0 (15, k5)7 (177, Kg).-

4. Coefficient of ay:

(ks ko) 0] [£(17, 1) (17, ka)E (g, Ka), £ (7, k) (17, Ks){ (11, Ke)] [0
= (ks.ke) (0la(k)a(ka)a(ks)a' (—ks)a' (~ks)a' (~kg) |0
k)8 (117, ka) 9 (15, K3) 0" (177, —ka)8 * (117, —Ks) 7" (177, — e
+(ks.kg) (0]a(ks)a(ks)a(ke)a' (—kq)a' (—kz)a’(—k3)|0
" (7, —k1)0" (17, —ka2)" (177, —ks)5( 7, ka) (177, k5)3(77 5, Ke)-

o1y

5.  Coefficient of as:

(ks ko) 0] [£77, 1) (17, %2)E 1, Ka), £ (1, k)€ 1, ks ) (1, Ke)] [0)
= (0]a(lcr)a(ke)a(lks)a’(—ka)a’ (—ks)a' (—ke)|0)
9(17,%1)8(15, k2) (117, ka) 3" (117, —ka)7" (117, —ks)8 * (117, — ko)
+(0]a(kq)a(ks)a(ke)a' (—kq)a’ (—kz)a’ (—ks)|0)

o (115, —k1)0" (177, —k2)* (117, —ks)0(115, ka)5(1 5, ks)7 (175, Ke).

where we define 7 as:

(17, k2) 5 (117, k3)3 * (117, —ka) 5" (17, —ks )" (177, —Ke

~ — ~—  ~—

26 of 76

(129)

(130)

(131)

(132)

(133)

(134)
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Furthermore, we also use the following result in simplify the coefficients of a1, ap, 3, ay:
(0la(kq)a(ka)a(ks)a’ (—kq)a* (—ks)a' (—ke)|0)
= (0la(ks)a(ks)a(ke)a' (—kq)a' (—kz)a" (—ks)|0)
= (2n)’ {‘5(3) (kg + k) {5(3) (ks +k2)8®) (ke + k) + 6 (ks + k3) ) (ke + kZ)}

x

k k
k k
+60) (kg + ko) [69) (ks + k)8 (kg + Ks) + 6C) (ks + ks )0 (ke + k)|

+6) (kg +kg) [ 6 (ks + k)3 (ke + ka) + 0 (ks + k)6 (s +1a) | . (139)
Finally, one can write the following expression for the three-point function for the scalar fluctuation':

(C(k1)Z(k2)Z(ks)) = (271)%6') (kg + ko + ks) Brr (k1 ko, k3) - (136)

where Berr(k1, k2, k3) is the bispectrum for scalar fluctuation. In the present computation, one can
further write down the expression for the bispectrum as:

5
Berr(ki ko k3) = Y a;©;(ky, ko, k3) , (137)
=1

where ®j (kl, kp, k3)Vj =1,2,3,4,5 is defined in the next subsections. Here it is important to note that
we have derived the expression for the three-point function and the associated bispectrum for effective
sound speed cg = 1 and cg < 1 with a choice of general quantum vacuum state.

4.2.1. Function @1 (k1, ky, k3)

Here we can write the function @1 (k1, k, k3) as:

=0 Iy I e
Ok kake) = 6 "y G [otuy )0l K)ot )0 (1K) )o1K

+ 0" (17, k1) 0" (17, k20" (1, ka0 (1, — k)3 (1, ~ka) (7, k)| . (138)

Furthermore, using the integrals from the Appendix C we finally get the following simplified

expression for the three-point function for the scalar fluctuations!®:
- 3H2 1 1 3 *3 *3 * 13 3 3
O1(k1, ko, k3) = mm {{ﬁ {(Cl -G) (Cl +G ) +(Cl -G) <C1 +C2)]

(140)

’

3 1
+(C1=C)PCcrcr(Cr—C) +(Cr =) Gy (G = C S —
(@ =G’ G (G = C3) +(Cf - G’ GG (G 2)]2(2,(1,_1()3}

15 See also ref. [8,31,44], where similar computations have been performed for canonical single-field slow-roll and generalized

slow-roll models of inflation in the presence of Bunch-Davies vacuum and general initial state.

Here it is important to point out that in de Sitter space if we consider the Bunch-Davies vacuum state then here only
the term with 1/K3 will appear explicitly in the expression for the three-point function and in the associated bispectrum.
On the other hand, if we consider all other non-trivial quantum vacuum states in our computation, then the rest of the
contribution will explicitly appear. From the perspective of observation, this is obviously important information as for the
non-trivial quantum vacuum state we get additional contribution in the bispectrum which may enhance the amplitude
of the non-Gaussianity in squeezed limiting configuration. Additionally, it is important to mention that in quasi de Sitter
case we get extra contributions 1/¢2 ™ and 1/(1 + €)°. Also, the factor 1/ (k1koks) will be replaced by 1/ (kykoks)2(v=1),
Consequently, in quasi de Sitter case this contribution in the bispectrum can be recast as:

3H? 1 1 3 (3 | a3 «_o\3 (034 3
Orlbkeks) = M (T T o (akako 0T Hﬁ [ -arEr e e -ar@ a)

(139)

AP, e 3 1
+[(@ =P GG (G- )+ (€ -G G (G - C) ;W} ,
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Finally, for Bunch-Davies and «, § vacuum we get the following contribution in the three-point
function for scalar fluctuations:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

_6H* 1 1
1(k1, ko, k 141
e Fora, f vacuum: ‘
After setting C; = cosha and C, = ¢f sinha we get:
_ 3H? 1 1 iB o 3 3 —3iB i 13
O1(k1, ko, k3) = mw {ﬁ [(coshoc —e smhzx) (cosh x+e sinh zx>
. 3 .
+ (Coshzx — e Psinh rx) <cosh3 a + P sinh3 oc)}
(142)
, 3. ,
—&—% |:<COSth — ¢'P sinh a) e P ginh 2a (coshzx — e P ginh a)
. 3 . : 1
_ e iBgi iB g _ P -
+ (coshoc e smha) ' sinh 20 <c0shuc e smha)} l; 2k K }
4.2.2. Function O, (kq, k3, k3)
Here we can write the function @;(ky, kz, k3) as
. [1=0 a _ _ _ _x s
Oty ke k) = i [ S fatkad) [als kgt kot k) O k)3 (K)o (1K)

+ 9" (5, —ka)0" (1, —k )*(nf,—ksu —ka)o(, ~2)o (1, ks )|
2(ks~k1)[ o(n1, X))o (15, k)0 (15, k)7 (17, ko) 3" (7, k1) 7" (1, K3)
+9° (17, ~k1)" (17, k)9 *(nf,fksu ~ka)0(1, ~k1)3(, —ks)]
2(kaka) [0, ka)0 (117, ka) (115, ks )0 (1, 3)0" (1, ke 0" (1, Kz)

2)0

+ 9" (5, —k)0" (1, —ka)o" (1, —ks)? (1, —ks )3 (1, ~ka) (1, —k2)] } - (143)

Using the results derived in Appendix C we finally get the following simplified expression for the
three-point function for the scalar fluctuations'”:

17" Here it is important to point out that in de Sitter space if we consider the Bunch-Davies vacuum state then here only

the term with 1/K3 will appear explicitly in the expression for the three-point function and in the associated bispectrum.
On the other hand, if we consider all other non-trivial quantum vacuum states in our computation, then the rest of the
contribution will explicitly appear. From the perspective of observation, this is obviously important information as for the
non-trivial quantum vacuum state we get additional contribution in the bispectrum which may enhance the amplitude of the
non-Gaussianity in squeezed limiting configuration. Additionally, it is important to mention that in quasi de Sitter case we
get extra contributions 1/¢g e=7 and 1/ (1+€)>. Also, the factor 1/ (kkzk3)3 will be replaced by 1/ (kikokz)?v. Consequently,
in quasi de Sitter case this contrlbution in the bispectrum can be recast as:

B H? 1
 32e3M5CS 7 (1 +€)5 (kikaks)?

Oy (ky, ko, k3) {k% (k2.k3)Gy(ky, ko, k3)

(144)
+ K2 (K1.K3)Ga ki, ko, k3) + kg(kl.kz)c3(k1,k2,k3)] ,
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_ H? 1
- 32e3M5¢2 (kikaoks)?

Oy (kq, k2, k3) {k%(kz-ks)Gl (k1, k2, k3)

(145)
+ K3 (k1.k3) Gy (K1, ko, k3) + k%(kl-kz)Gs(k1,k2,k3)} ,

where the momentum dependent functions Gi(ky,ka,k3), Ga(ki, ko, k3) and Gs(ky, kp, k3) are
defined as:

1 3L 3 L
Gilkikaks) = 5 [P+ 2kks + K(K— k)| [(€1 = CX(C +G5) + (G = (€ + G5
1 2 2
+{W [K +2k2k3+K(K—5k1)—2(K—k1)k1+4k1}
TR S [K2—4k ks + K (k3 — 5k )+6k2]
2k, —K)P 2K3 3 2 2
1 2 2
+ T —KP [K — dkoks + K(ky — 5k3) + 6k3] }
[(C1 = QPPCIG (Cf +C5) + (€] — GGG (G +G)] - (146)
1 * * * *
Ga(k1, ko k3) = e [KZ + 2kqks + K(K — kz)] {(Cl — G (CP+CP) + (G — G)P(CP + CzS)]

1
" {W [Kz +2k1ks + K(K — 5k3) — 2(K —ka)kz + 4k§]

1 , i
R Toe (K2 — dkiks + K (ks — 5k1) + 6k3]

1 2 2
+ kP [K — dkyks + K(ky — 5ks) + 6k3} }

[(C1 = GPCiCH(Cl +C3) + (€] — GGG + o) (147)
1 *, * *, *,
Galki ko ks) = =5 [K2 +2kiks + K(K —k3)] [(C1 = C)Y(CP + G + (€1 = G (C + G
1
+ {W [KZ + 2k1ko + K(K — 5k3) — 2(K — k3 )k3 +4k§}

1 , :
+ kP [K — 4kyky + K(ky — 5ko) + 6k2}
1
(2k; — K)3

[(C1 = GPCIG(C +C3) +(C = GPCIG(Cr + o) (148)

+ [Kz — dkiky + K(ky — 5ky) + 6kﬂ }

Here 213:1 ki = k1 + kz 4+ k3 = 0. Consequently, one can write:
1 1 1
ke = (B-B-8), kiks = 5 (B-K-8), kek = 5 (B-8B-8), 049
and using these results one can further recast the three-point function for the scalar fluctuation as:

 H? 1
 64e3M5E2 (kikaks)?

@ (k1 k2, k3) [k% (k% - kg) Gy (ky, ka, k3)

(150)
+15 (k% — k- k%) Ga(k1, ko, k3) + K3 (k% — 5 - k%) Ga(ky, ky, k3)} :

Finally, for Bunch-Davies and «, § vacuum we get the following contribution in the three-point
function for scalar fluctuations:
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e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

2
G (kl, kz,kg) = ia [KZ + 2koks + K(K — kl)] . (151)
2
Galkikaks) = 25 [1@ + 2kiks +1<(1<—k2)]. (152)
2
Galki ko ks) = 25 [KZ + 2kiky + K(K — kg)] . (153)
Consequently, we get:
_ H2 1 1 2 2 2 2 2
Oalbikk) = S R R & (K~ 13 = K3) [K® + 2koks + K(K — k)]

+ (k% - kg) [KZ + 2kiks + K(K — kz)}

+ 13 (k§ - k%) [1@ + 2k1ky + K(K — kS)H . (154)

e Fora, f vacuum:
After setting C; = cosha and C, = ¢f sinha we get:
1

Gilki ko ks) = 3 {Kz + 2kaks + K(K — kl)} J1(a, B)

1
+ {(Zle)3 |:K2 + 2koks +K(K - 5k1) fZ(K — kl)kl +4k%:|

1 2 2

! - [KZ — 4koks + K(ky — 5k3) + 6k§] } Ja(a, B). (155)

TR

Galky boks) = 5 [K2+ 2kaks + K(K — k)] ()

1
+ {M [Kz + 2k1ks + K(K — 5ko) — 2(K — kp)ko + 4k§}

__1
(2k; — K)?
1

+W [KZ — 4kq1ks + K(ky — 5k3) + 6k§] } (, B). (156)

+ [K? — dkiks + K(ks — 5k1) + 6K

1
Galki ko k) = 5 [K2+2kika + K(K = k3)| (e, B)
1

- {(2k31<)3 [KZ + 2k1ko + K(K — 5k3) — 2(K — k3 )k3 + 4k§}

1 2 2
+ kP [K — 4kyky + K(ky — 5ka) + 6k2]

1 2 2
where J1(a, ) and J>(a, B) are defined as:
. 3 .
Ji(a, B) = [(cosh a — e'P sinh zx) (cosh3 a + e 3P sinh3 zx)

. 3 .
+ (cosh a — e Psinh zx) (cosh3 a + ¢¥P sinh® a)} , (158)
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4 3. .
(e, B) = % [(coshzx — ¢Psinh uc) ¢~ P sinh 2 (coshoz — e P sinh uc)
. 3, .
+ (coshac — e Psinh zx) ¢'P sinh 2 (COShtX — ¢'P sinh tx)} . (159)

Consequently the three-point function for the scalar fluctuation can also be written after
substituting all the momentum dependent functions Gy (ky, k2, k3), Ga(k1, k2, k3) and G3(kq, ko, k3)
for «,  vacuum.

4.2.3. Function @3(ky, k2, k3)
Here we can write the function @3 (kq, k, k3) as:

. ,7/:0 u2(17) = = = ok S L
Oslkkoks) = 20 [ dy T {[olng Moy, k)0l ka)o" (. k)0 (k) (k)

=
0 (g, k)" (1, ~ka)3" (7, ks )2y, k)7 (1, ~k2) (7, ~ks)|

+ (0015 k)0, ke )01, s)" (1,20 (7, 0)9 ™ (1, Ks)
+ 0" (1, ~ka)" (17, ~k2) 0" (1, ~ka) (11, ~k2) (1, ~ka) (1, ~ks)

+ [00ng,1)0(15, ke )o(017, ks )0 (1, k39 (1, ke )9 (1 Ka)

+9" (17, —ka)o" (1, —k2)0" (17, —ka)2(1, —ka)9 (7, —ka)? (n,—ka) | . (160)

Using the results obtained in the Appendix C we finally get the following simplified expression

for the three-point function for the scalar fluctuations'8:

H 1
N 32e3 M (kikoks)?

O3(ky, ko, k3) [(k2k3)2M1(k1,kz,k3)

(162)
+ (kiks)*> My (k1, ko, k) + (k1k2)2M3(k1,k2,k3)} ,

where the momentum dependent functions Mj (ky, ko, k3), Ma(ky, ko, k3) and M;z(kq, ko, k3) are
defined as:

1 * * * *
M (k1, ko, k3) = ﬁ(K +kq) [(Cl — G (CP+CP) + (C1— )P (CP + ng)}

(K — 3kq) (K+ky —2kp)  (K+ky —2k3)
{ (2k; — K)? (2ky — K)?2 (2k; — K)?2 }

(G- GPCGE +G) + (G -GraGG+G)|. a6

18 Here it is important to point out that in de Sitter space if we consider the Bunch-Davies vacuum state then here only

the term with 1/K? will appear explicitly in the expression for the three-point function and in the associated bispectrum.
On the other hand, if we consider all other non-trivial quantum vacuum states in our computation, then the rest of the
contribution will explicitly appear. From the perspective of observation, this is obviously important information as for the
non-trivial quantum vacuum state we get additional contribution in the bispectrum which may enhance the amplitude of the
non-Gaussianity in squeezed limiting configuration. Additionally, it is important to mention that in quasi de Sitter case we
get extra contributions 1/¢8" ™ and 1/(1 + €)3. Also, the factor 1/ (k;k2k3)® will be replaced by 1/ (kikok3)?”. Consequently,
in quasi de Sitter case this contribution in the bispectrum can be recast as:

H 1
(kaks)? My (k1, ko, k3)

O3(k1, ko, k =
3 (K1, ka, k3) 3263 M5 (1 + €3 (kikoks)? (161)

+ (kiks)*Ma(k1, ko, ka) + (kika)* M3 (ky, ko, k3) |,



Universe 2019, 5, 155 32 of 76

L Ktk [(C1 =GP+ G5 + (G - P + 5]

(K—3k2 (K+k2—2k1) (K+k2—2k3)
(2k2 — K)? (2k1 — K)? (2ks — K)? }

[(C1 = GPPCIG(C +G5) + (Cf = G5’ (Cr + Ca) | (164)

M2 (kl/ kZ/ k3>

+ =

| =

Ms(ki ko ks) = 5 (K+ks) [(Cr = G (C3+C5) + (G = QPG + 65|

(K — 3k3) (K+ks —2ky)  (K+ks—2k1)
{ (2k3 — K)? (2ky — K)?2 (2ky — K)? }

(G- GPCGE +G) + (G -GPaG+G)| . a6

+ =

Finally, for Bunch-Davies and «, § vacuum we get the following contribution in the three-point
function for scalar fluctuations:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

2

Ml(kl,kz,kg,) = E(K_'—kl) (166)
2

Ma(ki ko ks) = 17 (K+ka). (167)
2

Ms(ki, ko, k3) = ﬁ(K-Fk?J- (168)

Consequently, we get the following contribution:

H 1 1

O3 (k1 ko, k S S
3(k1, ko, ka) 16e3MS (kikzks)? K2

[(kaks)2 (K + k)] + (kaka (K + k2) + (kika) (K +ks) |, (169)

e Fora, f vacuum:
After setting C; = cosha and C, = ¢f sinha we get:

K+k , K — 3k K+ k1 — 2k K+ k1 — 2k
My (K, k2, k3) K+ 1K)2h (2.5) {((Zkl B Kl))z ( (;(2]_ K)f) ( (;;31_ K)ZS) } o (a, B). (170)
K+ k o, K — 3k K+ky, — 2k K+ky, — 2k
Mol ko k) = EFRIEE) +{((2k2_1<2))2 ( (z+1<12_1<)21) ( (;SZ_K)ZS)}]Z(W). (171)
M3(k1,k2, k3) _ (K+k:;<)2]1 ((X, ,B) + { ((21;3_731123))2 + (K(;;{:(i_KZ)IZCZ) + (K(;;(fi_KZ)I;I) }]2(0‘, ﬁ) (172)

where J1(«, ) and J»(«, B) are defined earlier. Consequently the three-point function for the
scalar fluctuation can also be written after substituting all the momentum dependent functions
M] (kl, k2, kg), M2 (kl, kz, k3) and M3 (kl, kz, k3) for u, ﬁ vacuum.

4.2.4. Function Og4(ky1, kp, k3)

Here we can write the function @4(kq, k2, k3) as:

=0
Outabak) = i [y Gl (ko) Xilh ko ko) + (k) Xalky k) + ()Xol e ko)), (173)
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where the momentum dependent functions Xj(k1, k2, k3), Xa(k1, ko, k3) and X3(kq,kz, k3) can be
expressed in terms of the various combinations of the scalar mode functions as:

Xi(ky ko ks) = 8(np,¥a)8(n5,ka)(y 5, ks)8" (1, k1)7 " (17, k2) 5" (17, k3)
+3" (7, —ka) 7" (17, —k2)7" (117, —ks) 3 (17, k1) (17, —k2)3(17, —ks3)
+3(n7,k1)0(77,k2)3(175,k3) " (17, k1) * (17, k3) 5" (17, k)
+3" (7, —k1)7" (17, —ka2)7" (17, —ka)3 (1, —k1)7 (17, —ks)3 (17, —k2), (174)

Xa (ki ko ks) = 95, ka)0(y5, k) (11, k)" (7, k2)8 " (17, ka)7" (17, ka)

+ 0" (5, —k1)0" (177, —k2)0" (175, —k 3)77(77/*kz)ﬁ/(ﬁﬁkl)ﬁ(ﬁﬁks)

+ 9117, k1) 8(15, k2)0(17 7, k3 )" (17, k2) 7 * (17, k3)5" (17, kq)

+3* (17, —k1)7" (117, —k2)7" (17, —ka )3 (17, —k2)7 (1, —ka)3(, —k1),  (175)
Xa(ki, ko ks) = 0(np,¥a)8(n5,ka)0(y5,ks)5" (1, ks)7 * (17, k1) (17, ka)

+0" (5, —ka) 7" (17, —k2)0" (177, —k3) 5 (17, —k3)7 (17, —k1)3(17, —k2)

+ (k1K) 3 (15, k1) (5, k2 )8 (117, K3 )T (17, k3) 7 * (1, ko )" (17, K )

+3* (7, —k1)7" (17, —k2)3" (117, —ka)3 (17, —k3)7 (1, —k2)7 (7, —k1),  (176)

Using the results obtained in the Appendix C we finally get the following simplified expression
for the three-point function for the scalar fluctuations'

H2 1

@4 (k1 ka, k —
alky ko ko) 642> M (kikaks)?

(18 (kaka) Fi (ki K, Ks) + K (ka ) okt ko, )

+ K2 (K k) F3 (ky, ko, ks) + K2 (ke k) Fa (k1 ko, k3) (178)

K (e o) Fs (ki ko ks) -+ I3 (ke ka) Fo (k1 k)
where the momentum dependent functions F;(ky, kp, k3)Vi =1,2,- - - ,6 are defined as:
1 * * * *
Filkukaks) = <5 [K242kiks + K(K k)] [(€1 = G2 (G + G5 + (G = @) (€ + 657

1 ) ,

1
T2k —xp
1

2 2
+ =K [K — dkiky + K(ky — 5ks) + 6k3] }

[(C1 =GP CG (G +C) + (G - GGG + G (179)

[(K —2ky)(K — 2ky + k1) + (K + 2k1 — 2kp ) ks3]

19 Here it is important to point out that in de Sitter space if we consider the Bunch-Davies vacuum state then here only
the term with 1/K3 will appear explicitly in the expression for the three-point function and in the associated bispectrum.
On the other hand, if we consider all other non-trivial quantum vacuum states in our computation, then the rest of the
contribution will explicitly appear. From the perspective of observation, this is obviously important information as for the
non-trivial quantum vacuum state we get additional contribution in the bispectrum which may enhance the amplitude of
the non-Gaussianity in squeezed limiting configuration. Additionally, it is important to mention that in quasi de Sitter case
we get an extra contribution 1/ (1 + €)5. Also the factor 1/ (kikok3)® will be replaced by 1/ (k1koks)?® and 1/ is replaced

by 1/&8~7. Consequently, in quasi de Sitter case this contribution in the bispectrum can be recast as:

H? 1
-- K3 (o e i (ki1 Ko, K ) + K (ko ka) P (ki o
S TEME 1+ e (il (2 (et 1 bk ko) ek Pl ko k) 177)

+ 3 (kg ka) Fs (k1 ko, k3 ) + K3 (K s ) Fiu (ke ko, ks) + 3 (Ka.ko ) Fs (K, o, ks) + K (ke o) Fs (k1 Ko K3)]

Oy (k1, k2, k3)
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Falki, ko k3) = % [KZ + 2kqky + K(K — k3)] [(c1 _ G+ CR) + (G — G+ C;B)}
+ {ﬁ [KZ — 4kqky + K(ky — 5kq) + 6kﬂ
+ﬁ [(K — 2k3) (K — 2k3 + k1) + (K 4 2k1 — 2k3)k7]
+ﬁ [K2 = akik + K(ky — 5k2) + 6K3] }
(G = QPPCICH(C +C5) + (€] — GPOIG (G +G)] - (180)
Fs(ki, ko k3) = % [KZ + 2koks + K(K — kl)] [(cl COPCR 4 CP) + (G — G + C;‘S)}
+ {ﬁ [Kz — 4kyks + K(k3 — 5ky) +6k§}
+ﬁ [(K —2k1 ) (K — 2k; + ka) + (K + 2k — 2k1 )k2]
gy g [ ks + Kk —5k) 464 |
{(Cl ~QPCG(C +C) + (G = G)PCiG(Cr + Cz)] - (181)
Falky, ko, k) = % [K2+2k1k2+K(K—k3)] [(Cl LGP (CR4CP) 4+ (Cr— G (CR 4 CP)
+ {ﬁ [KZ — 4kyky + K(ky — 5kp) + 6k§}
+ﬁ [(K —2k3)(K — 2k3 + ka) + (K + 2kp — 2k3) k]
+ﬁ (K2 = akiks + K(ky = 5k1) + 6K }
(G- CPCIGH(CE + o) + (G — G POIGHC + C)|. .
Fs(ky, ko k) = % [Kz + 2koks + K(K — kl)] [(Cl L GPCR 4 )+ (Cr - GPCR + )
+ {m [Kz — 4koks + K(ky — 5k3) +6k§]
+ﬁ [(K = 2k1) (K — 2k1 4+ k) 4 (K + 2ky — 2k7)k3]
+ﬁ [K2 — akaks + K(ks —5ky) + 683] }
{(cl — G)3CICE(CE + ) + (CF — C3)3CICa(Cy + cz)] . (153)
Felkukaks) = s (K4 2k + KK k)] [(C - P (7 +65) 4 (6 - (67 + )
+ {ﬁ [K2 — 4kyks + K(ky — 5k3) + 6k§]
+ﬁ [(K — 2kp) (K — 2k + k3) + (K + 2kz — 2k2)kq]
+ﬁ [KZ — 4kqks + K(kz — 5kq) + 6kﬂ }

(€1 = C)PCICs(C +C3) + (Cf - G)°CiG (€ + Ca). (184)
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Furthermore, after simplification one can recast the three-point function for the scalar fluctuation
as:
K 1
1285§e3Mg (kqkoks)3

Ou(kr, ko, ks) (8 (K =18 = B) Fi(ky ez, ks) + 3 (= 1B = 1B ) Falky ez, k)
+1 (B -8~ B) Frlkr ko ks) + 8 (1B~ — B) Falky ko, ko) (185)
+1 (K= 13 =) F(ku ko ka) + 3 (1 =K — k) Folkr, ko Ks)|

Finally, for Bunch-Davies and «, § vacuum we get the following contribution in the three-point

function for scalar fluctuations:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C, = 0 we get:

Filky ko k) = E:K2+2k1k3+l<(1<—k2):. (186)
Falky ko ks) = %[K2+2k1k2+1<(1<—k3)}. (187)
Fslky ko ks) = %:K2+2k2k3+1<(1<—k1):. (188)
Falky ko ks) = %:K2+2k1k2+K(K—k3):. (189)
Fs(kn ko ks) = %:K2+2k2k3+1<(1<—k1):. (190)
Folkn ko ks) = %:K2+2k1k3+1<(1<—k2):. (191)

Consequently, the three-point function for the scalar fluctuation can be expressed as:

04 (ky, k2, k3) e H;Mé e [kz (k2 i3 — kz) [KZ + 2kpks + K(K — kz)}
+1G (K =18 = 1) [K2+2kiks + K(K — ks
+ 12 (k% ) :KZ + 2koks + K(K — kl):
+16 (=1 = 1) [K2+2kiks + K(K — ks
+18 (=18 = ) [K2+2koks + K(K — k)|
+ 13 (k2 ) :KZ + 2k1ks + K(K — kz): } . (192)

e  Fora, f vacuum:
After setting C; = cosha and C, = ¢f sinha we get:

Fikikoks) = o5 [K2+2hks + K(K— k)] u(a )

1 2 2

+ {(2]{1[()3 {K — 4k1ks + K(ks — 5k1) + 6k1}
R
(2ky — K)3
v
(2ks — K)?

[(K —2kp) (K — 2kp + kl) + (K + 2k — 2kp ) k3]

+ [Kz — dkiks + K(ky — 5k3) + 6k§} } T, B). (193)
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Fo(ky, ko, k3)

f3(kl/k2/ k3)

F4(kl/k2/ k3)

J_-.S(kl/kZI k3)

‘76(k1/k2/ k3)

1
K3

1 2 2

{Kz + 2k1kr + K(K - kB)} J1 (“r ﬁ)

+(2k31_1<)3 [(K —2ks) (K — 2k3 + k1) + (K + 2k1 — 2k3)k2]

1 {Kz — 4k1ky + K(kq1 — 5ko) + 6k%} } ]2(0(,[3).

T2k -k

% {KZ + 2koks + K(K — k1)} J1(e, B)

' {<2kzl—f<>3 |K? = 4kaks + K(ks — 5k2) + 6K3]
1
@ —xp !

(2k31—I<)3 [Kz — dkoks + K(ky — 5k3) + 6k§} } J2(a, B)-

+ K —2k1)(K —2ky + ko) + (K +2ky — 2k1)k2]

_|_

% {KZ + 2kiky + K(K — ka)] Ji(a, B)

1 2 2
+ {M [K — dkyky + K(ky — 5k) + 6k2}

(zk31—1<>3 [(K —2k3) (K — 2k3 +k2) + (K +2kz — 2k3 )k

(2kll—K)3 {Kz _ 4k1k2 + K(kz — 5k1> + 6k%:| } ]2(“,‘3)'

_|_

+

% {Kz + 2koks 4+ K(K — k1)] J1(e, B)

+ {(2k31—1<)3 {KZ — 4koks 4+ K(ky — 5k3) + 6k§}
1
@ —xp |

+(2k21—K)3 {KZ — 4koks + K(k3 — 5k;) + 6k§} } J2(a, B).

+ K- Zkl)(K —2ky + kz) + (K + 2k, — 2k1)k3]

% {K2 + 2k1ks3 + K(K — kz)} J1(a, B)

i {(2k3,1—1<)3 {KZ — 4k1ks + K(ky — 5k3) + 6k§]
1
@k —Rp

+(2k11—K)3 {Kz _ 4k1k3 + K(kg — 5k1) + 6k%:| } ]Z(W/ﬁ)-

+ K —2kp) (K — 2k + k3) + (K + 2k3 — 2kp ) k]

36 of 76

(194)

(195)

(196)

(197)

(198)

where J;(«, ) and J»(«, B) are defined earlier. Consequently the three-point function for the
scalar fluctuation can also be written after substituting all the momentum dependent functions
Fi(ki, ko, k3)¥i=1,2,---,6 for a, p vacuum.
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4.2.5. Function @s(ky, k2, k3)

. [1p=0 a
®5(k11k2rk3) = l/ d’? 1873) {(k2k3)Y1(k1,k2,k3) (k1.k3)Y2(k1,k2,k3)
Hj=—00
+ (k1ka2)Ys(k1, ko, k3) }, (199)

where the momentum dependent functions Yj(kq,kp, k3), Ya(kq, ko, k3) and Ys(kq,kp, k3) can be
expressed in terms of the various combinations of the scalar mode functions as:

Yi(ky ko ks) = 9015, ka)3(y5, k) (11, ks)0" (7, k1)8" (7, k2)8" (17, k)
+ 0" (17, )" (15, —k2)9" (7, —ks)0 (1, —k1)0(1, ~ka2) (17, —ks)
+0(17,k1)0(7 5, k2)0(1 5, k3) 0" (17, k1 ) 7" (17, k3) 7" (17, ke2)
+0%(nf, —k1)0" (Uf,—kz)ﬁ*(ﬂf,—ks) (1, —k1)3(n, —k3)7 (1, —k2), (200)
Ya(ki ko ks) = (y5,k1)5(y7, k)8 (17, ks) 5" (17, k)" (17, k1)5" (17, ks)
+0" (7, —k1)7" (15, —ka2) 7" (177, —k3) 3 (17, —k2) 3 (17, —k1)7 (17, —k3)
+3(17,k1)3(75, ka2)3(1 5, k3) 5" (17, k2) 7" (17, K3) 7" (17, K1)
+0" (15, )" (15, —ka2)9" (5, —ks)0(y, ~k2)o(1, ~ks) (7, ~ka), ~ (201)
Ys(k ko, ks) = 9(npka)3(ns, ka)d(n7,ks)3" (17,ks)5" (1, %1)7 " (17, kz)
+3" (17, —k1)8" (117, —k2)8" (11, —k3 )5 (17, —k3)5(1, —k1)7 (1, —kz)
+ (5, k)0 (17, %) (177, k) 5" (17, k3 )" (17, %) 7" (17, K )
+3" (17, —k1)0" (17, —ka) 7" (177, —k3)0(n, —k3)7 (7, —ka)7 (1, k1),  (202)

Here we get the following contribution in the three-point function for scalar fluctuations®:

®5 (k1/k2/ k3) = ®4 (kl/kZI k3)/ (204)
where Oy (kq, ky, k3) is defined earlier. Here the result is exactly same as derived for the coefficient a,.

4.3. Limiting Configurations of Scalar Bispectrum

To analyze the features of the bispectrum computed from the present setup here we further
consider the following two configurations:

20 Here it is important to point out that in de Sitter space if we consider the Bunch-Davies vacuum state then here only

the term with 1/K3 will appear explicitly in the expression for the three-point function and in the associated bispectrum.
On the other hand, if we consider all other non-trivial quantum vacuum states in our computation, then the rest of the
contribution will explicitly appear. From the perspective of observation, this is obviously important information as for the
non-trivial quantum vacuum state we get additional contribution in the bispectrum which may enhance the amplitude of
the non-Gaussianity in squeezed limiting configuration. Additionally, it is important to mention that in quasi de Sitter case
we get an extra contribution 1/(1 + 6)5. Also the factor 1/ (k1k2k3)3 will be replaced by 1/ (k1k2k3)2” and 1/ Eé is replaced

by 1/ 52‘/77. Consequently, in quasi de Sitter case this contribution in the bispectrum can be recast as:

H2 1
13 (ko X3 ) Fi (1, ka, k3 ) + K2 (ko Kes) Fa (1, Ko, ks
64587 M (1 + €)5 (kikaks)? [elate) ik karks) + Ks(lada) Falla b ks) (203)

+ K3 (ka.ks) s (k1, ko, k3) + K3 (ke ks ) Fa (k1 ko, ks) + K3 (koo ) Fs (ka, ko, ks) + Kk (k1) Fo (ky, k2, ks )],

Os(ki, ko, k3) = Ou(ki, ko, k3) = —
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4.3.1. Equilateral Limit Configuration

Equilateral limit configuration is characterized by the condition, ky = ky = k3 = k, where
ki = |k;|Vi = 1,2,3. Consequently, we have, K = 3k.
For this case, the bispectrum can be written as:

BEPT k k k ZOL k k k (205)

where uchj =1,2,---,5 are defined earlier and ®]-(k, k,k)Vj=1,2,---,5are given by:

Ok k k) = 16?;?;/16 k16 { U — 3u2], (206)
O, (k k, k) = M;I:;Q k16 [ U — 3u2], (207)
Os(k k k) — 32sz6 k16 FO U — fé uz] (208)
Oukk k) — M?’IZ;W; [ u — 3u2} — Os(k k k), (209)
where U; and U, are defined as:
U = [(@-G)(cP+c) +(ci-G) (F+a)],
Uy = [(C1=G)*CiCs(C—G) +(Cl — G’ G (G - Ga) | (210)

Furthermore, substituting the explicit expressions for zxjv]' =1,2,---,5and ®j(k, k k)\Vj =
1,2,---,5 we get the following expression for the bispectrum for scalar fluctuations:

3H?
BEFT(k/ k/ k) mké Z fpup ’ (211)
where f,Vp = 1,2 are defined as:
& 1 2 By 4y 17 1\ .. - 3_,
= 1-— |H - — 1-=|H “MBH
fi 27{( cs> Mp+3MiH = 3M; 0+ 105 c My + M
5 17 _
- iM%Hﬁs 36 M3H, (212)
_ - 1 2 33 3 LY a2, 3y
fo = 3cs{<1 C%>HM + 5 MiH M3} 4CS{<1 C%>HMP+2M1H
99 _ 9 _
+ %M%HES - EM?H. (213)

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

Uy =2, U,=0. (214)
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Consequently, we get the following expression for the bispectrum for scalar fluctuations:

H> 1 1 |¢ 1\, 0 3.5, 4 4
Berr(k ki k) = %@M@@@W[m{(“‘@)HMw+f@H‘3M3

17 1Y), : 1
+ 5z { <1 — 2) HM, + 3M§’H} 5M3H +
(o 2

728 24~

M3 ] . (215)
For ¢s = 1 = cg case we know that My = 0 and M3 = 0 which we have already shown earlier.
As a result the bispectrum for scalar fluctuation can be expressed in the following simplified form:

H> 1 1125 4
Berr(bk k) = ~gene mie s 45 MH- (216)

For és < 1 and cs < 1 case one can also recast the bispectrum for scalar fluctuations in the
following simplified form:

H? 1 - 463 | 2¢3
Berr(k k k) = MiH st
err(k, k k) 4ecSM2M4€2k6 l 8{ +3C4+ G4 }
17 2cS 3
i St R . 217
+ 72CS { C4 2} 24C5] ( )

e For e, f vacuum:
After setting C; = cosha and C, = ¢f sinha we get:

Uy = Ji(e, B), Uy = Jo(a,B), (218)

where J1(a, ) and J>(a, B) are defined earlier.

Consequently, we get the following expression for the bispectrum for scalar fluctuations:

H? 1 1 |(é& 1\, .0 3.3 4 4
Berr(kk k) = 4ecsM2 Mie? k6 K% { <1 - C%) HM, + 3 MiH — 3 M3
17 1 3 15
1— = H 2 3 3H - 3
* Tagg, {( Cs) M, + 5 M } M cb+48 MiH | J1(a, B)

9 1\, » 3.5 4,

i 1 2. 2 297 Bye — 2 wPH
1655{<1 Cs)HM oM H}+392MH 162, MiH | J2(a,B)| . (219)

For ¢ = 1 = cg case we know that M, = 0 and M3 = 0 which we have already shown earlier.
As a result the bispectrum for scalar fluctuation can be expressed in the following simplified form:

2
B(k,k,k) = B 1 11\713H

125 8073
4eM2 Mie2 ke {

96]( ﬁ)"‘@h( /3)} (220)
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For és < 1 and cs < 1 case one can also recast the bispectrum for scalar fluctuations in the
following simplified form:

H 1 1 4 & |3 4c | 265 17 [2¢5 3
Berr(kk k) = 1ets M3 M%ezkﬁMlH[(%{ Y35 E (T T2
5. 17 9. [3 45 23 9 [2¢& 3
8CS+4865>]1("‘rﬁ)+< V2735 TG 605 | @ 2
297 _
+ 30505 — 665)]2(0@/3)}. (221)

4.3.2. Squeezed Limit Configuration

Squeezed limit configuration is characterized by the condition, k1 ~ ky(= kp) >> ks(= kg),
where k; = |k;|Vi = 1,2,3. Also k; and kg characterize long and short mode momentum, respectively.
Consequently, we have, K = 2k, + kg. For this case, the bispectrum can be written as:

Bepr(kr, ki, ks) = Z 2 (kr, ki, ks) , (222)

where a;Vj =1,2,---,5 are defined earlier and G)]-(kL, ki, ks)Vji=1,2,---,5are given by:

2
3H 1 Uy — 16U, (kL)
ks

12863 M k3 ks

Q

®1 (kL/ kL/ ks)

Oy (ky, ki ks) = —M;{A%%&{Z[ul—suzwi U — U <1+§(£5)2>] (224)
()2
O (kL ki ks) — 64§Mgk%1k5{3[u1—u2}+<2>2[u1—(1+8 "S»uz]} (225)
®4hxb@)::6%;;@{Z<@;;+2>1hu20+§(2)31
) w5 @)
* R (2_(2)2> himt <1+§(2)+§(2)2>H

Os (kg k., ks), (226)

where Uy and U, are defined earlier.
Furthermore, substituting the explicit expressions for ajVj =1,2,---,5and ®]-(kL,kL,k5)Vj =
1,2,---,5 we get the following expression for the bispectrum for scalar fluctuations:

H2 2
Berr(kp, ki ks) = ————= (kp, ks)Up, (227)
64€305 MY p;lgp 4
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where gy, (kr, ks)Vp = 1,2 are defined as:

3¢ 1\, , 3 . 4,
ki, k 1-— | H —MH — =
g1(kr, ks) 2k5ﬁ<s{< C§> M, + 5 My 3M3

1 1Y . 3 _
+ 1- HM?+ - M{H
EskSks {( C%) r 2 1

}(z <’1§i> > (228)
g (2 (1)) + o
(

1 ks 3 <k5>2
2 et | 4o (2 (52 )
<kiks k{) 2k3Lkg< kL
24¢ 1) . 3 4
Sa(kr,ks) = S{<1—2>HM§+M§H—M§}

Kks 2 2 3
2
1L HM2+3M3H 342 ks
c 2 kg,
5
4

+c5k1k5{
) (-3t e () (0 (2)
i { <5le ks) Zk;jkg <2<ll§i) >} (229)

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

U, =2, U, =0. (230)

Consequently, we get the following expression for the bispectrum for scalar fluctuations:

H? 1 3¢5 1 2, Bepy A
Berr(ke ke ks) = 4eCs M3 8Mie? le{ks{<1 cS>HM g MiH = 3M;

1 3 k
1— HM? M3 2= 5)
e () e e (2 (5
_ 93y Cs kL
ik (” (%) )
3 _ 1 ks 3 ks)2
~M3H{?2 — (2= ) 231
TEM { (kSks+ >+2k3Lk§< (kL (@31)

For és = 1 = cg case we know that M, = 0 and M3 = 0 which we have already shown earlier.
As a result the bispectrum for scalar fluctuation can be expressed in the following simplified form:

H2 1 9 3 ks
Berr(ki ki ks) = 4eM3 SMéeleHLkSkSJFZk%kS (2 <kL>> (232)

9 1 kL> 1 ks 3 (kg)z
-2 — 3+ +3 — 2|+ 2— (=2 )
2 K5ks ( (ks > { (kiks k{) 2313 < kL
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For és < 1 and cs < 1 case one can also recast the bispectrum for scalar fluctuations in the
following simplified form:

H2 1 - 36s |3  4¢& 2c§
Berr(kp ki ks) = o s M3H =
err (kL k., ks) 4655M% 8M‘},62 1 leEikS { *3 3¢, + Cq

1 2c 3 ks
+kk{ +2}<2_(h))
Cs ky
i (- ()
3 ks \ 2
Pl ) o (-G o
e Fora, f vacuum:

After setting C; = cosha and C, = €/ sinha we get:

2
2
L3
"%

Up = Ji(e, B), Uz = Ja(a, B), (234)

where J1(a, ) and J»(a, B) are defined earlier.

Consequently, we get the following expression for the bispectrum for scalar fluctuations:
Berr(kukiks) = et [l k)h (@ 8) + k) h@p)]. (39
EFT\KL, KL, K5) = 4e2s M2 16MAe? 81K, Ks)j1(a, S2(kr, ks) (e, B)] -

For és = 1 = cg case we know that My = 0 and M3 = 0 which we have already shown earlier.
As a result the factors g; (kr, ks) and g»(ki, ks) appearing in the expression for bispectrum for
scalar fluctuation can be expressed in the following simplified form:

9 3 k
ki ks) = ———M°H M3H 2—(S>
g1lkirks) TR L TCre ( ki
9 -3 1 kL
gt 2+ ()
. 1 ks 3 k5>2
3MCHA{ 2 2— , 236
oM { <k5k5+k7>+2k§kg< <kL (236)

Y VITP LY (L.l I 2_<k5>2 (237)
! ks K] 2313 ki ‘
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For ¢s < 1and cs < 1 case one can also recast the factors g1 (kr, ks) and g2 (ky, ks) as appearing in
the expression for bispectrum for scalar fluctuations in the following simplified form:

vt {2 (362

- (- (2]

R {2<kilks+lli§> +ﬁ (2 (@2)} (238)
it = {3302 ()

1 22 3 ks\> 5 ks \ 2 8 (ks>
283 42(2 2l2-2 (= 1—2 (=2
+c~skiks{e4 +2}{ * (h) "3 (h) 5<kL)
g (o (1) (1o ()
— ZM3H 34+ (L) (148(:L
271 kiks{ ks ks

3 4 1 kg 3 (ks)2
—M7H<2 | — + — 2— | = . 239
T { <kgk5 +k{) TR < kL (239)

5. Determination of EFT Coefficients and Future Predictions

In this section, we compute the exact analytical expression for the EFT coefficients for two specific

cases—1. Canonical single-field slow-roll inflation and 2. General single-field P(X, ¢) models of
inflation, where X = —% §"9, ¢y ¢ is the kinetic term. To determine the EFT coefficients for the
canonical single-field slow-roll model or from general single-field P(X, ¢) model of inflation we will
follow the following strategy:

1.

First, we will start with the general expression for the three-point function and the bispectrum
for scalar perturbations with an arbitrary choice of quantum vacuum. Then we take the
Bunch-Davies and &, § vacuum to match with the standard results of scalar three-point function.
Next we take the equilateral limit and squeezed limit configuration of the bispectrum obtained
from the single-field slow-roll model and general single-field P(X, ¢) model.

Furthermore, we equate the equilateral limit and squeezed limit configuration of the bispectrum
computed from the EFT of inflation with the single-field slow-roll or from the general single-field
P(X,¢) model.

Finally, for sound speed cs = 1 and cs < 1 we get the analytical expressions for all the EFT
coefficients for canonical single-field slow-roll models or from generalized single-field P(X, ¢)
models of inflation.

5.1. For Canonical Single-Field Slow-Roll Inflation

Here our prime objective is to derive the EFT coefficients by computing the most general

expression for the three-point function for scalar fluctuations from the canonical single-field slow-roll
model of inflation for arbitrary vacuum. Then we give specific example for Bunch-Davies and «, 8

vacuum for completeness.
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5.1.1. Basic Setup

Let us start with the action for single scalar field (inflaton) which has canonical kinetic term as
given by:

M?
Canonical model : S = /d4x\/—g TPR +X-V(¢)|, (240)

where V(¢) is the potential which satisfies the slow-roll condition for inflation.
It is important to mention here that perturbations to the homogeneous situation discussed above
are introduced in the ADM formalism where the metric takes the form [31]:

ADM metric : ds> = —N2df + g;; (dxi + Nidt) (dxf + Nfdt) , (241)

where g;; is the metric on the spatial three-surface characterized by ¢, lapse N and shift N;. Here we
choose synchronous gauge to maintain diffeomorphism invariance of the theory where the gauge-fixing
conditions are given by:

Synchronous gauge: N =1, N =0, (242)
and the perturbed metric is given by:

gij = a*(t) [(1+20(£X))6; + 75, 71 =0, (243)

where {(t,x) and 7;; are defined earlier. Here it is important to note that the structure of g;; is exactly
same that we have mentioned in the case of EFT framework discussed in this paper. Please note that
in the context of ADM formalism one can treat the scalar field ¢, induced metric g;; as the dynamical
variables. On the other hand, N and N’ mimics the role of Lagrange multipliers in ADM formalism.
Consequently, one needs to impose the equations of motion of N, N’ as additional constraints in
the synchronous gauge where the gauge condition as stated in Equation (242) holds good perfectly.
More precisely, in this context the equations of motion of N and N’ correspond to time and spatial
reparametrization invariance.

Furthermore, using the ADM metric as stated in Equation (241), the action for the single scalar
field Equation (240) can be recast as [31]:

M? 1 y 1 . 2 y
My R L oemi Y2 L (6 Ni9we) — Nedd:
ENOR-NV+ (E”E E ) + o (4> Na,gb) Ng a,<pa]¢] . (44)

S:/d‘lx\/jg

where ()R is the Ricci scalar curvature of the spatial slice. Also, here E;; and E is defined as [31]:
1,
Eij .= E (81; — VZN] — V]Nl> = NKij, (245)
E: = E: = gl]El] = gijgimgj”Emn = Ngi]-gimgjnKmn. (246)

Here the covariant derivative V;, is taken with respect to the 3-metric g;;. Also, in this context the
extrinsic curvature K;; is defined as [31]:

1 1 .
Kl']' = NEZ']' = ﬁ (gz] — VZN] — V]Nl) . (247)
Additionally, we choose the following two gauges:
Gaugel: 4¢(t,x)=0, {(t,x)#0, 9;7;;=0, 7;=0. (248)

GaugelIl: 4¢(t,x) #0, ((t,x) =0, 0;7;=0, 7;=0. (249)
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For our present computations, we will work in Gauge I as this is exactly same as the unitary
gauge that we have used in the context of EFT framework. Also, the tensor perturbation ;; is exactly
same for the unitary gauge that we have used for EFT setup.

5.1.2. Scalar Three-Point Function for Single-Field Slow-Roll inflation

Before computing the three-point function for scalar mode fluctuation here it is important to note
that the two-point function for single-field slow-roll inflation is exactly same with the results obtained
for EFT of inflation with sound speed cg = 1 and &s = 1, which can be obtained by setting the EFT
coefficients, M, = 0, M3 = 0, My # 0, My # 0, My #0, M3z # 0, &5 = —%(1 + €)?1. Using three-point
function we can able to fix all of these coefficients.

We here now proceed to calculate the three-point function for the scalar fluctuation {(t,x) in the
interacting picture with arbitrary vacuum. Then we cite results for Bunch-Davies and «,  vacuum.
For single-field slow-roll inflation, the third-order term in the action Equation (244) is given by [31]:

523) = /d4x {a?’eszz +ae*Z(90)* — 2{136581'581'(68725)} , (251)

which is derived from Equation (244) and here after neglecting all the contribution from the terms
which are sub-leading in the slow-roll parameters. Additionally, here we use the following field
redefinition:

C=5+{e—g}5z, (252)

where €, 17, 6 and s are slow-roll parameters which are defined in the context of single-field slow-roll
inflation as:

1 g2 p
~N e, f~E—6, 0= —=, s=0. 2
€ ZM%HT T] € ’ qu’ S 0 ( 53)
Here one can also express the slow-roll parameters € and # in terms of the slowly varying potential
V(¢p)as, € ~ ey, ~ny —ey, b ~ 2ey — ny. where the new slow-roll parameter ey and 1y are defined

2 ’ 2 "
as, ey = % (%) , oy = M%, (K/(%O .Here ' represents d/d¢.

Now it is important to note that in the present context of discussion we are interested in the
three-point function for the scalar fluctuation field ¢, not for the redefined scalar field fluctuation { and

21 In the case of single-field slow-roll inflation amplitude of power spectrum and spectral tilt for scalar fluctuation can be

written at the horizon crossing |k| = 1 as:

V(¢-)
s f
24772 M;},ev or dS
For Bunch*Davies vacuum : A (ki) = 3 2
26ev=21y V(9-) Iz +dev =) for qdS.
2472 Mpey(1+ev)? r(3)
J4CD) :
——14— [cosh 2a — sinh 2a cos f] for dS
24772 Mﬁev .
3
For ff, fi vacuum : Ag(k*) = obey —2ijy V() I‘(E +4dey —11v)
2472 Mey (1 + ey )? r(3)
[cosh2a — sinh 2a cos (7 (2 + 4ey — 1v) + B)] for qdS.

and

}’Zg (k*) —1= 217\/ - 66‘/. (250)
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for this reason one can write down the exact connection between the three-point function for the scalar
function field ¢ and redefined scalar fluctuation field 7 in position space as:

(Cx)l(x2)i(xs)) = (L(xa)(x2)l(x3)) + (26 — 1) [(C(x1)Z (x2)) (L (1) (x3)) (254)
+{002) 0 (xa)) (E(x2) 0 (x3)) + (£ (x3)¢ (xa)) (€ (x3){ (x2))] -

After taking the Fourier transform of the scalar function field { and redefined scalar fluctuation
field { one can express connection between three-point function in momentum space and this is also
our main point of interest.

The interaction Hamiltonian for the redefined scalar fluctuation  can be expressed as:

Hy = /d3x [a 7% +a e27(al)? - 211658,‘581‘(68725,)] . (255)

Furthermore, following the in-in formalism in interaction picture the expression for the three-point
function for the redefined scalar fluctuation { and then transforming the final result in terms of the
scalar fluctuation  in momentum one can write the following expression:

=0

(C(ka)g (k) (ka)) = —i /,7'” dn a() (0] [20np, k)2 (15, k22 (15, Ks), Hine (1) 10)

j=—

(256)
= (271)36®) (kg + ko + k) Bsrsr (k1, k2, k3)

where Bsrsr(k1, ka, k3) represents the bispectrum of scalar fluctuation ¢, which is computed from
single-field slow-roll inflation. Here the final expression for the bispectrum of scalar fluctuation for
arbitrary vacuum is given by:

_ H 1
32€2]\/I;L7 (kl k2k3)3

2 3
Bsesr (k1 ko, k3) 2(2¢ — 1) (|c1|2+ \c2|2) YK
i=1

VS
e
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+
e
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=
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+
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2
+e (|C1|2 - |C2\2)
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+e(CiC +Ci1Ch)?
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For Bunch-Davies and &, 8 vacuum we get the following simplified expression for the bispectrum
for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get [31]:

H* 1 3
Bsrsr(k1, k2, k3) -

3 3 8 3
SRS Vi)
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e Fora, f vacuum:
After setting C; = cosha and C; = ¢P sinh & we get [33]:

H* 1 {

3
Bspsr(k1, ko, k3) = WW 2(26—17)cosh221xgk?

i=1
3 8

3 3
we(-Lee ¥ osee} T o) 259)

i1 ij=1i#] ij=1i>]

3 3 3 3
. 1
+esinh? 2 cos® B ( Zk? + ) kiki+8 Z Kk Y K_Zk’"ﬂ '

i=1 i,j=1,i#j i,j=1,i>j m=1
Furthermore, we consider equilateral limit and squeezed limit in which we finally get:

1.  Equilateral limit configuration:
Here the bispectrum for scalar perturbations in the presence of arbitrary quantum vacuum can
be expressed as:

H* 1

Bspsr(k k k) = NG K6
P

[6(zeq)(|c1F+|CZF)2+11e(|c1F|c28)2
(260)

+yqqq+qqﬂ.

Now for Bunch-Davies and «, § vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

H* 1

Bsrsr(k K, k) = =7 7¢
32€2M% k6

[23e — 677] . (261)

e Fora, f vacuum:
After setting C; = cosha and C, = ¢'f sinh a we get:
H* 1

Bsrsr(k, k, k) = N 6 |:6(2€ — 17) cosh? 2a + 11€ + 27¢ sinh? 2a cos® B| . (262)
p

2. Squeezed limit configuration:
Here the bispectrum for scalar perturbations in the presence of arbitrary quantum vacuum can
be expressed as:

Bspsn(k kk)—-H4'1f:w<“>j 263)
L LTS e Mg 2 k)
where the expansion coefficients 4;Vj = —1,- - -, 3 for arbitrary vacuum are defined as:
a_1 = 16e(CiCy+CiCh)?,
2 2)? 2 2)? * )2
a0 = 42e—) (G2 +[CP) +4e (IG2 ~|GP) " +4e (CiC + GG,
* %2 2 2 2 * *\2
a1 = 34e(CiCo+C1Ch)?, ar = 10e (|c1| —|c2|) +10e (CICa + C1C3)?,
2 2
i = 202e—n) (|G +]GP) —5e (G~ |GP) - e(CiC+Cics ).
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Now for Bunch-Davies and «, § vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:

After setting C; = 1 and C; = 0, we get the following expression for the expansion
coefficients a]-Vj =-1,---,3:
a_y = 0, ap=4Be—17), a1 =0, ap =10¢, a3 = —(e +27). (264)

Consequently, the bispectrum can be recast as:

H* 1 ks \2 ks \ 2
BSFSR(kerL/kS):m@ 4(3€—77)+10€ H —(€+277) E . (265)

e Fora, f vacuum:
After setting C; = cosha and C, = ¢ sinha, we get the following expression for the

expansion coefficients a jVj =-1,---,3:
a_; = 16esinh?2xcos? B, ag = 4(2e — 1) cosh? 2& + 4€ + 4e sinh? 2a cos? B,
a = 3de sinh? 2 cos? B, ay = 10e 4 10e sinh? 2 cos? B,
a3 = 2(2e — 1) cosh®2a — 5¢ — e sinh? 2« cos? B.

Consequently, the bispectrum can be recast as:

HY 1 2 2, (ks\
Bspsr(kL ki ks) = 551 3.5 |16€sinh” 2a cos” 8 <—>
32e2M% k3 kr

+ (4(2€ — ) cosh? 2a + 4¢ + 4e sinh? 2a cos? B
( ) o (266)
inh? 25 (ks inh? 2 as
+ 34€ sinh” 2a cos~ (h) + (106 + 10e sinh” 2« cos [3) <kL >

3
+ (2(26 — 1) cosh? 2a — 5¢ — € sinh? 2a cos? ﬁ) (%) } .
L

5.1.3. Expression for EFT Coefficients for Single-Field Slow-Roll Inflation

Here our prime objective is to derive the analytical expressions for EFT coefficients for single-field
slow-roll inflation. To serve this purpose we start with a claim that the three-point function and the
associated bispectrum for the scalar fluctuations computed from single-field slow-roll inflation is
exactly same as that we have computed from EFT setup for consistent UV completion. Here we use
the equilateral limit and squeezed limit configurations to extract the analytical expression for the EFT
coefficients. In the two limiting cases the results are as follows:

1.  Equilateral limit configuration:
For this case with arbitrary vacuum one can write:

Berr(k,k, k) = Bsrsr(k,k k), (267)
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which implies that:

[ EMZe[6(n—2e)(IC1P+]Caf2) 11e(|Ci [P - |Ca ) ~27e(C o+ Ci ) ;
M1 o [%U1+%763UZ] ’
1
_ _ e zm;e{eaew)(\q|2+|c2\2)2+11e(\c1 \27|C2|2)2+27E(C{CZ+C1C;)2} 2
My ~M3=\/zg5 = T2 (B 1 3 505
( +€)[ 3 u,;+ ) Uz} (268)
& =-i(l+e), Ma=0, M;=0,
1
1 2 H2 M2 2 2)?2 2 2\2 * 2] ) 4
 aes\i | oH Mpe[6(26777)(\C1\ +C2 ) +11e(|C1 2~ |C2 ) * +27¢(CC2+Ci C) }
M4 - (7%ZHM1) B { 56[%U1+%U2] ’
where for arbitrary vacuum U and U, are defined as:
i = [(G-GP(P+G%) + (i -¢) (c+a)], (269)
Uy = [(C1=G)’CiGs (G =G5+ (C = C5)’ CiCa (Cr = Ca) . (270)

To constraint all these coefficients of EFT operators using CMB observations from Planck TT+low
P data we use [32]:

e < 0012 (95%CL), 7 = —0.008070.9%8 (68% CL), cs =1 (95% CL),
H=Hy; < 109x107*M, /ecs, (271)

where M, = 2.43 x 10'8 GeV is the reduced Planck mass. Now for Bunch-Davies and a,
vacuum we get the following simplified expression for the bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

1 _ 1
v A 2 3 Ve MR 3 2 2
My = { g HMZe[on —23¢]}, Mo~ M = | gzl = { psiir M3e 23 - 6m}
1 1
1

& =—L(1+e), My=0, My=0, My=(-2HM)" = {5 HMe 23e — 6]} '

Ju

(272)

Furthermore, using the constraint stated in Equation (271) we finally get the following
constraints on the coefficients of EFT operators:

123 x 1073 M), < | M| < 141 x 1072 M, 8.79 x 107> M, < |Mp| = |M3| < 1.08 x 1072 M,
My =0, My=0, 3.86x 107 M, < My x (—Cs/¢)"/* <429 x 107* M. (273)

e Fora, f vacuum:
After setting C; = cosha and C, = ¢/ sinha we get:

1
M B HM%€[6(7’]72€) cosh? 26—11e—27e sinh? 2& cos? ﬂ] 3
b [T (@) + 8 Ta(wp)] ’

1
_ _ [ x3 2 _ 2 - h2 2 2
M, ~ M= 4J\P/II1~ _ 2Mpe[6(26 W)c?jsh 20¢+11€E;g7237esmh 20 cos ﬁ] )
€5 (1+e)[ 2 1 (a,8)+ 55 12 (a,B)]

1
Cs =—§(1+€), M, =0, M;3;=0,

(274)

1 1
G - 1 & H2M2e[6(2e—17) cosh? 2a+11e+27¢ sinh? 2 cos? 4
My = (_%SHM?) =<2 il (~ 1172)5 8073 d .
6 Cé[ 12 h ("‘//S)+ 196 I2(D‘//5)]



Universe 2019, 5, 155 50 of 76

Furthermore, using the constraint stated in Equation (271) we finally get the following
constraints on the coefficients of EFT operators for a given value of the parameters & and
(say forae = 0.1and 8 = 0.1):

9.1x 107 My < |[My| < 1.1 x 1073 M, 111 x 107> M, < |M| ~ |[M3] < 1.5 x 107 M),

My =0, M;=0, 3.06x 107 M, < My x (—Cs/¢)"/* <354 x107* M. (275)

2. Squeezed limit configuration:
For this case with arbitrary vacuum one can write:

Bepr(k, ki, ks) = Bsrsr(kr, ki, ks), (276)
which implies that:
j % j %
ks . 3 ks
_ 3 (F) oA M Mze Z‘:,lﬂ'(r)
M {ZHMZ 22::,1 bi,(fS)"’} o Mo~ Ms =\ 3 = {_Wpe) z?,,/;] b;,(fLs)m} '
' ' 01 (277)
Ao 1 - - _(_agp)t _ 2Mien T /(k )j '
& =-k(l+e), My=0, Ms=0, M= (-2HNEG)" = () [
where the expansion coefficients 4;Vj = —1,- - - ,3 are defined earlier and here the coefficients
byVm = —1,-- - ,3 for arbitrary vacuum are defined as:
9 27 17
b_1 = —-36U,, by= 5 (U1 +9U2) , b1=0, bp = <4U1 + ZUZ> , b3=0, (278)

where U; and U, are already defined earlier.

Now for Bunch-Davies and «, § vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0, we get U; = 2 and U, = 0. Consequently, the expansion
coefficients can be recast as:

a_1=0, ap=4Be—1n), a1 =0, ap=10¢, a3 = —(e +27), (279)

and

b_1=0, bp=9, b =0, bzzg, b3 =0, (280)

Finally, the EFT coefficients for scalar fluctuation can be written as:

2HM25[4(35 i +10e< )2_(g+zn)(ki>3}

-2 ()] ’ 1
I [ 1-3€)-10¢ ) (€+2W)(g)3] ’
M, ~M;= \/; (1+€)[ g 27(k5) ] s ’ (281)

kL

2H2MZe &3 [(77 —3¢)— 10€<k—5> +(e+2;7)(%)3]

S T

My = (—iHM%)% -
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Furthermore, using the constraint stated in Equation (271) we finally get the following
constraints on the coefficients of EFT operators for a given value of the parameter ks /k; (say
for kS /kL = 0.1):

122 x 1073 M, < | M| < 1.56 x 1072 M, 8.67 x 107 M, < |Mp| = | M| < 1.25 x 1072 M,

M, =0, My=0, 3.75x 107 M, < My x (—Cs/¢)"/* <451 x 107* M. (282)

e Fora, f vacuum:
After setting C; = cosha and C; = ¢Psinha, we get Uy = J1(,8) and Uy = J»(a, B).
Consequently, the expansion coefficients can be recast as:

16€ sinh? 2 cos® B, ag = 4(2€ — 1) cosh? 2a + 4e + 4e sinh® 2a cos? B,

a_1 =
a7 = 3desinh®2xcos® B, a; = 10€ + 10e sinh? 2a cos® B,
a3 = 2(2e — 1) cosh®2a — 5¢ — e sinh? 2 cos? B. (283)
and
9
by = =36)(ap), bo =5 (e, p) +9N(a, B)),
27 17
b = (Fh@p+ T r@p), b=o=b. (254)

Finally, the EFT coefficients for scalar fluctuation can be written as:

-1

= {omnse [ () 5 () 252)

-3 0n(p) - 7)) ()]
{166 sinh? 2a cos® B (1?5) - (4(2e — 17) cosh®2a + 4e + 4e sinh? 24 cos? /3)
+34esinh® 2ucos? f () + (10e + 10 sink® 2u cos? ) (55)

1
3113
+ (2(26’ — 1) cosh? 2& — 5¢ — € sinh? 24 cos? ﬁ) (%) } } ,

My~ W= ) oL —{(ﬁj [36]2(/x B (5) " 9 (nwp) + 252)
2 -1
ﬂ%mm—mwmmh”

-1
|:16€ sinh? 2& cos? B (f—i) + (4(26 -1) cosh” 2a + de + 4e sinh” 2a cos? ‘B> (285)
2
+34e sinh? 2a cos? B (,]:—i) + (106 + 10e sinh? 2a cos ,3) (ITS)

1
31) 2
+ (2(267q)coshZZuc75€fesinh22ac052 ﬁ) (%) }} ,
Cs :7%(14»6) M; =0, M3=0,

3HM3)% — {m {36]2(04 B) ( )_1 *9<]1(“/ﬁ)+ h(éﬂ>

-1

My =

/‘\

e\ 2
+1 Oh(wp) = 7h(a ) (1)
2 -1 2 L2 2
16€ sinh” 2a cos? B (k—s) + <4(2€ — 17) cosh” 2a 4 4€ + 4e sinh” 2a cos /3)
2
+34e sinh? 2 cos? B (fi ) (106 + 10e sinh® 24 cos ﬁ) (k—s)

1
!
+ (Z(Ze — 1) cosh? 2& — 5¢ — € sinh? 2a cos? [3) (%) }}4 .
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Furthermore, using the constraint stated in Equation (271) we finally get the following
constraints on the coefficients of EFT operators for a given value of the parameters «, § and
ks/kp (say fora« = 0.1, 8 = 0.1 and ks/k; = 0.1):

6.05x 1074 M, < |[My| < 7.15 x 107 M), 3.03 x 1073 M, < |Mp| = |M3] < 3.89 x 107> M,

My =0, My=0, 222x10°% M, < My x (—C5/¢)"* <251 x 107> M. (286)

5.2. For General Single-Field P(X, ¢) Inflation

Here our prime objective is to derive the EFT coefficients by computing the most general
expression for the three-point function for scalar fluctuations from the general single-field P(X, ¢)
model of inflation for arbitrary vacuum. Then we give specific example for Bunch-Davies and «, 8
vacuum for completeness.

5.2.1. Basic Setup

Let us start with the action for single scalar field (inflaton) which is described by the general
function P(X, ¢), contains non-canonical kinetic term in general and it is minimally coupled to the
gravity [33,44]:

M2
7’”R+ P(X,¢)

S:/d4x\/jg

In the case of general structure of P(X, ¢) the pressure p, the energy density p and effective speed
of sound parameter cg can be written as [44]:

(287)

Px(X,¢)
= P(X,¢), =2XPx(X,¢) — P(X,¢), cs= : . 288
p (X,¢), o x(X,¢) = P(X,¢), cs \/P,X(X, 9+ 2XPxx (X, ¢ 0
In the case of general P(X, ¢) theory the slow-roll parameters can be expressed as [44]:
_ XPx(X,9) o )
S M 1= X, 9) [Px(X,¢) + XPxx (X, )],
26 [XPRx(%9) ~ Px(X9)Pxx(X,9) - XXX 9Prx(Xp)]
s —
Px(X,¢) [Px(X,¢) + XPxx(X,¢)]
In the case of single-field slow-roll inflation we have:
P(X,¢) = X-V(9), (290)

where V(¢) is the single-field slowly varying potential. For this case if we compute the effective sound
speed then it turns out to be cg = 1, which is consistent with our result obtained in the previous section.
Also, if we compute the expressions for the slow-roll parameters €, #,J and s the results also perfectly
match the results obtained in Equation (253).

Similarly, in case DBI inflationary model one can identify the function P(X, ¢) as [45]:

P(X, ,/ +——V (¢), (291)

where the inflaton ¢ is identified to be the position of a D3 barne which is moving in warped throat
geometry and f(¢) characterize the warp factor??. For the effective potential V(¢) one can consider
following mathematical structures of the potentials in the UV and IR regime [45]:

22 For AdS-like throat geometry, f(¢) ~ ﬁ, where A is the parameter in string theory which depends on the flux number.
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e UVregime: In this case, the inflaton moves from the UV regime of the warped geometric space
to the IR regime under the influence of the effective potential, V(¢) ~ 1m?¢?, where the inflaton
mass satisfies the constraint m >> M,\/A. In this specific situation the inflaton starts rolling very
far away from the origin of the effective potential and then rolls down in a relativistic fashion to
the minimum of potential situated at the origin.

e IR regime: In this case, the inflaton started moving from the IR regime of the warped space
geometry to the UV regime under the influence of the effective potential, V(¢) ~ Vj — %ngb?,
where the inflaton mass is comparable to the scale of inflation, as given by, m ~ H. In this specific
situation, the inflaton starts rolling down near the origin of the effective potential and rolls down
in a relativistic fashion away from it.

In the case of the DBI model the pressure p and the energy density p can be written as [45]:

1 1 (1 :
p = m(lfcs)fv(qj)/ P:m (g*1)+V(¢), CSZ\/172Xf(¢):\/1,¢2f(¢)/ (292)

where X = 432 /2. In this context the slow-roll parameter [45]:

3¢? - 3
2[esV(@) + 7l (1 —cs)] 2 Hesf@VIQ)

e = (293)

is not small and as a result the effective sound speed is very small, cs << 1. Consequently, the inflaton
speed during inflation is given by the expression, ¢ = +—~L—. Additionally, it is important to note

f(9)

that in the context of DBI inflation the other slow-roll parameters # and s can be computed as:

3VIFesf@IV(@) + Y505 Myges {F9)V (#)+V(9)f (9) — 5 (26£(9) +FF () }}

T 1+ csf @)V ()]} '
s = Y Mg [27(0) + 47 )] 299

In the slow-roll regime to validate slow-roll approximation along with cg << 1 we need to satisfy
the constraint condition for DBI inflation, 2csf(¢)V (¢) >> 1.

5.2.2. Scalar Three-Point Function for General Single-Field P(X, ¢) Inflation

Before computing the three-point function for scalar mode fluctuation here it is important to note
that the two-point function for general single-field P(X, ¢) inflation is exactly same with the results
obtained for EFT of inflation with sound speed cs << 1and ¢s << 1, which can be obtained by setting
the EFT coefficients, M # 0, M3 # 0, My # 0, My # 0, My # 0, M3 # 0, &5 # —3(1+€)?® . Using
three-point function we can able to fix all of these coefficients.

Now here before going into the details of the computation for three-point function, just using the
knowledge of the two-point function, we can easily identify the exact analytical expression for the
EFT coefficient My. For this, we need to identify the effective sound speed computed from general

2 In the case of general single-field P(X, ¢) inflation amplitude of power spectrum and spectral tilt for scalar fluctuation can
be written at the horizon crossing |késy| =1 as:

2X.Px (X, ps) — P(Xs, )

for dS
2472 Mse or
For Bunch-Davies vacuum: A;(k.) = 3 sr |2
ety 2XePx (X, ) = P(Xs, ) \T(3 +3e — 1+ 3) for qdS
2472 Mie(1 +¢)? r(3) '
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single-field P(X, ¢) inflation with the result obtained for the proposed EFT set up. Consequently,
we get:

1 0 for single-field slow-roll

M, = (—XP XXX, ) gy o (295)

e ) - [( 2 (9) )HM%

¢2f(¢) ] 5 1 for DBI.

We here now proceed to calculate the three-point function for the scalar fluctuation {(,x) in the
interacting picture with arbitrary vacuum in the case of general single-field P(X, ¢) inflation. Then
we cite results for Bunch-Davies and &, 8 vacuum and give a specific example for the DBI model
of inflation.

Here we introduce two new parameters [44]:

) eH>M;
Zi(X,9) = XPx(X,¢)+2XPxx(X,¢) = —, (296)
S
(X, ¢) = XZP,XX<X,¢)+%xi*p,xxx(x,@. (297)

which will appear in the expression for three-point function for the scalar fluctuation. For single-field
slow-roll inflation and DBI inflation we get the following expressions for these parameters [44]:

X = €H2M’27 for single-field slow-roll
(X ¢) = < CH2 M2 (298)
;=——"  for DBL
a-2xpgpi &
0 for single-field slow-roll
(X, 9) = 2 (299)
X
% for DBL
(1-2Xf(¢))?

For general single-field P(X, ¢) inflation the third-order term in the action Equation (287) is given
by [44]:

5 3 _ 2) .
553) :/d4x [_us {zl(x,@ <1_612> +222(X,4>)} %4_51 € (e f+365)g~52

—211-0) . o
ae (€ —2s+1—c2) - _» L - €
+ 7 0(00) — 20,0, <Za 2@)],

€s ‘s

2X.Px(Xes o) = P(Xe 1) [cosh 2a — sinh 2« cos ] for dS

2472 Mijcse

2
For ff, fi vacuum : Ag(k*) = 96e—211+s 2X.Px (Xs, ps) — P(X, ) I‘(% +3e—n+ %)
2472 M;‘,e(l +e€)? r (%)
. s
[coshza — sinh 2 cos (7r (2 +3e—1n+ E) + 5)] for qdS.

and
ng(ky) =1 =21 — 6€ —s.
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which is derived from Equation (244) and here after neglecting all the contribution from the terms which
are sub-leading in the slow-roll parameters. Additionally, here we use the following field redefinition:

§=€+C%{e—g}§z, (301)

where €, 17, § and s are already defined earlier for general single-field P(X, ¢) inflation.

Now it is important to note that in the present context of discussion we are interested in the
three-point function for the scalar fluctuation field ¢, not for the redefined scalar field fluctuation { and
for this reason one can write down the exact connection between the three-point function for the scalar
function field { and redefined scalar fluctuation field { in position space as:

Co)T0)i(xs) = (E0a)i(a)E0m) + Z D (2 0a0)Z(x2)) (G 0x)C (x5))

Cs

+(C(x2)0(x1)) (C(x2)(x3)) + (2 (x3) 0 (x1))(E(x3)C (x2))] - (302)

After taking the Fourier transform of the scalar fluctuation field ¢ and redefined scalar fluctuation
field { one can express connection between three-point function in momentum space and this is also
our main point of interest.

The interaction Hamiltonian for the redefined scalar fluctuation { can be expressed as:

e aa
Ho = [ & [—{zmx,@ (1—;>+222<X,¢>}123+“(6 23 gz

S €s
_ _ 2
S S

Furthermore, following the in-in formalism in interaction picture the expression for the three-point
function for the redefined scalar fluctuation { and then transforming the final result in terms of the
scalar fluctuation ¢ in momentum one can write the following expression:

=i [y atn) 0 (2l Ra)2 1020 K ), Hi ()] 0)
L (304)

= (271)360) (kg + kg + k3)Bgsr (k1, ko, k3),

(C(k1)C(k2)C(k3))

where Bgsr(ky, ko, k3) represents the bispectrum of scalar fluctuation ¢, which is computed from
general single-field P(X, ¢) inflation. Here the final expression for the bispectrum of scalar fluctuation
for arbitrary vacuum is given by:
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H* 1 3(1 255(X, ¢) 2 2\2 (kikaks)?
Bose(ky ko k) = ——r |2 | 5 —1-22 %)) (I Cy[2) 28l
csk(k1, ko, k3) 2203 (krkks)? <C§ 1(X, ) <| 117+ | 2\) X3
1 2 (3 4 3
+<21> (P +leP) | LR+ Y BE-2 Y ee
s i=1 ij=1,i%j K, Tis
2 S5 4 & s 8 & a5
7(|c1| +|c2|) 2y B+ Y BE-2 ) K
s i=1 i,j=1,i#j i,j=1,i>j
2 3
+2(26 — )(|c1| +|c2|) Y3 (305)
i=1
2 2\2 > > 2, 8 & oo
+e (a2 - 6P 2 + Y k+p Y KR
i=1 i,j=1,i#j i,j=1,i>]

2
+€(CTC2+C1C;) ( Zz 1 1+211 117éjkk

3 3
1
272
+8“72 kik; ZK T +0(e) |,
ij=1,i>j

where O(e) characterizes the sub-leading corrections in the three-point function for the scalar
fluctuation computed from general single-field P(X, ¢) inflation.

Furthermore, we consider a very specific class of models, where the following constraint
condition?* Pxy(X,¢) = 0 perfectly holds good. In this case one can write down the following
simplified expression for the bispectrum of scalar fluctuation for arbitrary vacuum as:

H* 1 1 se 2 (kikoks)?
Bosp(ki, ko, k3) = 1 7= Kz -1- 36x> (\C1\2+ |C2|2) %

32¢2M} (kikaks)? | \ c2
1 2 [ 4 3 8
5 -1)(IGP+IGP) [+ Y Be—-— Y Kk
(Cé ) < ) i=1 l K2 i,j=1,i#j H Kl,]*1,1>] t
2 2\ v 13
+22e — 1) (IC1 P+ 1Go2)” L (306)
i=1
2 2\? S . 2,8 & o
c(laP-1cP) (-Ce+ ¥ kid+e Y B
i=1 ij=Li#j ij=1i>]
2 S : 2 SR 1
* *
+€ (C{Co + C1G3) —;kﬁ“; kiki +8 ; kK Z_:Tkm ,
i=1 i,j=1,i#j i,j=1,i>j m=1
where the new parameter €y is defined as?
XH

ex = — (308)

H2

For Bunch-Davies and «, f vacuum we get the following simplified expression for the bispectrum
for scalar fluctuation:

24 Strictly speaking, the DBI model is one of the exceptions where this condition is not applicable. On the other hand, in the
case of single-field slow-roll inflation this condition is applicable. But in that case one can set cs = 1 and get back all the
results derived in the earlier section. Additionally, it is important to mention that here we consider those models also where
cs << 1 along with this given constraint.

For single-field slow-roll inflation the newly introduced parameter ex is computed as:

ex =€(n—e) = ey (ny —2ey). (307)

25
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e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get [44]:

Besr(k1, ko, k3)

s oy K3+ S oee_8 v eR (309)
T3 .Zi KZ.Z e N R |
, A>]

3 3 8 3
tel-Y &+ ¥ kl-k]%rK Y, kK|

i=1 ij=1iA] ij=1i>j

Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies the
constraint P x4 (X, ¢) = 0, one can further write down the following expression for the bispectrum:

1 _,_s€ (k1koks)?
C% 3€X K3

3 8 3
() (Bt 8 0ot )

S

s 1
N 32€2M4 (k1k2k3)3

Bgsr(k1, ko, k3)

3 (310)
+2(2e — 1) Y _ k;
i=
3 3 3
+e|-Y K+ Y kik]?+E Y kK|,
i=1 i,j=1,i#j i,j=1,i>j
e Fora, f vacuum: '
After setting C; = cosha and C; = ¢P sinh & we get [33]:
H* 1 3(1 255(X, ¢) 2, (kikoks)?
= 122120 ) cosh? a2 8
Basr (k1 ka.bs) 32e2M% (kikoks)? { <c§ (X)) )T TR
1 2 3, 4 5 o5 8 & a0
+|l -1 cosh” 2« Zk = Z kl-kj—— Z kl-k]-
c K ij=1,i#j K ij=1,i>]
4 3 8 3
2 cosh?2a | -2 Zk3 = ), k-2 Y Kk (311)
Cs K® i 2Tix K isTisi

3 3 3
8
2 3 3 2 212
+2(2€ — 17) cosh” 2« E ki +e€ (— E k; + ) kiks + r ) ‘ ‘kik]-

3 3 3 3
1
)
+esinh? 2« cos? B (;k?+z ‘k,'k]2-+84 Z 4k12k]2» Z K—ka>}'
= ij=T, ”
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Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies
the constraint P x,(X,¢) = 0, one can further write down the following expression for the

bispectrum:
Bgsr(ki, ko, k3) 7H74¥ l_l_i coshZZaM
GSELT2 T 30e2Mb (kikaks)? |\ 2 3ex K3
1 2 S5 4 & s 8 & a5
+{ 7 — 1) cosh®2a Y+ L kK- L KK
S i1 i j=1,i#] ij=Li>j
3 3 3 g 3 (312)
2 3 3 2 22
+2(2e — 1) cosh Z“Zki+€ _,Zki_kuz ‘k,-k]»—i—E”Z‘ .kikj
i=1 i=1 i,j=1,i#j i,j=1,i>]

3 3 3 3
1
s k2 2 3 2 212
“+esinh” 2a cos” (_Zki + Y kik; + 8 Y kiks ) K_2km>:| ,

i=1 ij=1,i#j ij=1i>j m=1

Furthermore, we consider equilateral limit and squeezed limit in which we finally get:

1.  Equilateral limit configuration:
Here the bispectrum for scalar perturbations in the presence of arbitrary quantum vacuum can
be expressed as:

~H* 11 (1 25, (X, ) > 2)\2

Bese(k, k k) = RIS [18 <C§—1— (%, 9) (|c1| + G| )
7(1 2 2\2_34s 2 2)? 313
3<C§ 1) (IaP + e ) gg(m +1c2P2) (313)

2 2
so2e =) (1Cif +1GaP) + 11e (jn P - [GF) + 276 €+ e 2.

Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies
the constraint Px4(X,$) = 0, one can further write down the following expression for the

bispectrum:

HY 1|1 (1 se 2 7(1 2
Bese(ki, ko, k3) = 32M3 K6 {27 (cé -1- 3€X> (\C1\2+|C2|2) -3 <C§ 1) (\C1\2+|C2|2>

2 2
+o(2e =) (1CiF +1CaP) + 11e (Jer - aP) + 27 (€ + 1

(314)

Now for Bunch-Davies and «, f vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0 we get:

_ H* 1)1 (1 2%, (X, ¢) 7(1 34 s 1
Bgsr(k k k) 7mk76 |:18<C§121(X,¢) 3 g*l f?g+2367617. 3 5)

Furthermore, for restricted classes of the general single-field P(X, 4)) model, which satisfies
the constraint P x4 (X, ¢) = 0, we get:

H* 1|1 (1 se 7 (1
Beop(kikpky) = —2 |2 (2 _q-3€ )2 (2 1) +23e—6y|, (316)
Gsr(k1, k2, k3) 3262 M3 ko {27 (Cé 3€X) 3<c§ ) 17}
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e Fora, f vacuum:
After setting C; = cosha and C, = €f sinha we get:

o101 /1 2%,(X, ¢) 2
Bese(k k) = o mm lml 21—y h"2
Gsk( ) 32¢ZM3 kb [18 (cg (X, ¢) o
_Z l 1 Cosh2 2 — %i COShZ 2u (317)
3\ 3¢5

+6(2€ — 17) cosh? 2a + 11 4 27€ sinh? 2« cos? /3} .

Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies
the constraint Px4(X, ¢) = 0, we get:

H* 1)1 (1 se ) 7(1 2
Bosr(k k k) = ——1 { (2 -1- ) cosh”2a — = <2 — 1) cosh” 2a
32€2Mp kb | 27 o 3ex 3 g (318)
4 6(2€ — 1) cosh? 2« 4 11e€ + 27€ sinh? 2a cos? ﬁ} .
2. Squeezed limit configuration:

Here the bispectrum for scalar perturbations in the presence of arbitrary quantum vacuum can
be expressed as:

Bose (ki ki ks) — o Ly (ks (319)
GSF\ML/ AL, RS ) — 32€2M% k%k% = ] kL s
]7
where the expansion coefficients ¢;Vj = —1,- - -, 3 for arbitrary vacuum are defined as:
t1 = 16e(CiCy+C1C3)?,
6s 2 2 * *
ty = (4(26 —) - C2> (|c1|2 + \c2|2) +de (|c1\2 - |c2|2) +4e (CICy + C1C)?,
S
i = 34e(CiC+CiC)?, (320)

3 1 222(X,(P) 1 6s 2 2 2
h o= {2 5-1-222P ) 62 —1) -2V (|2 +C
) {16 <§ X 2 z  (laP+ic?)
2 2 2 * *\2
+10¢ (|C1 = |C2[2)” 4+ 10¢ (GG, + C1C3)°,

_ 9 (1 2%5(X, ¢) 1 25 2

S

2
—5e (|12 = |Ga) — e (CIC + i)
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Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies the
constraint P x,(X, ¢) = 0, we get:

t = 16e(CiC+CiC3)?,
2 2 2 2 2 2 * %12
to = 4@e—1) (I +[CP) +4e (IGI2 - |GP) +4e (CiC + GG,
b = 34e(CiCy+CiC3)?, (321)

(s} o1 24 1612)°
h = {8<§ 1 3€X) 6(6% 1>}<|Cl|+|Cz|>

2
+10€(|C1|27 |c2|2) +10e (C;Cy + C1C3)?,

3 (1 s€ 1 2 2\ 2
{2(26—11)—16<C% 1- 3€X>+5<S 1)}(|C1+IC2)

—5e (jc1 - |c2|2) — e (C{Ca+C1C)2.

t3

Now for Bunch-Davies and «, § vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0, we get the following expression for the expansion
coefficients thj =-1,---,3:

t1 = 0,
6s
to = 4@Be—1n)— =,
Cs
= 0, (322)

3 (1 2X5(X, ¢) 1 6s
th = 10 5 —1-=~"5]|-6|l5—-1])—=5,
2 et {16 ( =1 (X, ) 2 2
1 2s 9 (1 2X5(X, ¢)
t3 = —(e+2n)+{5|5-1|+5—"5l5-"1-—~—5]¢-
( ) { (cé ) 2 32 (cé 21(X, ¢)
Consequently, the bispectrum can be recast as:

4
Rt~ i g |{90 -
3 1 (X 1 7@ kS 2
<loe+{16(l (X¢>> 6(%1> Cs}><kL> (323)
+( (e+20) + { (12—1>+2§
‘s s
9 1 22
i g

Furthermore, for restricted classes of the general single-field P(X, 4)) model, which satisfies
the constraint P x4 (X, ¢) = 0, we get:
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t1 = 0,
to = 4(3e—1),
o= 0, (324)

1 3 1 S€

for such case bispectrum is given by:

H*
Bosr(kL ki ks) = ————5 55 [4(Be —1)
32e2M} k3 k3

1/(1 s€ 1 ke 2

+<{8(C§_1_3@<>_6<c§_1>}“0€> <ki) (¢25)
s€ ko\°

+(_(€+277)+{5 <C1§;_1> _1% <‘31§_1_3€X>}> (ki) }

e Fora, f vacuum:
After setting C; = cosha and C, = ¢ sinha, we get the following expression for the

expansion coefficients ajVj =-1,---,3:
t_1 = 16esinh?2acos? B,
ty = (4(26 —n)— S%S) cosh? 2 + 4€ + 4e sinh? 2a cos? B,
t1 = 34e sinh? 2x cos? B, (326)

_ 31 (X)) (1) _6s 2
tr = {16 (c% 1 (X, 9) 6 C% 1 c% cosh” 2«

4 10€ + 10e sinh? 2a cos? B,

9 1 25, (X, ¢) 1 2s 2

— 5¢ — e sinh? 2« cos? B.

t3
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Consequently, the bispectrum can be recast as:

H* 1

-1
BGSF(kL/ kL/kS) = —=T 333 |:16€ sinh2 2w COSZﬁ %
32e2M3p k3 k3 < L>

+ ((4(26 —n) - 6—5) cosh? 2a + 4e + 4e sinh® 24 cos? ﬁ)

e
+ 34¢ sinh? 2a cos? B (’;—i)
(BB s ) gewn O

+ 10 4 10e sinh? 2a cos? ﬁ) <kis>2

L

+ ({2(2(—:717)7% (é,1, 72221?(;2’))) +5<é 71> +?—§}cosh22a

— 5¢ — e sinh? 2a cos? ﬁ) <,’§—i)3} :

Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies
the constraint Px4(X, ¢) = 0, we get:

t_1 = 16esinh?®2xcosp,
to = 4(2e — 1) cosh?2a + 4e + 4e sinh? 2a cos? B,
t, = 34esinh®2acos® B, (328)

ty = 1 l—l—i —6 l—1 cosh? 2a
8\ c 3ex 2

+ 10€ 4 10e sinh? 2a cos? B,
3 (1 s€ 1 5

t3 = 22e—n)——=|5—-1—5— - —1 h*2

3 { (2e —17) 16 (cé 3€x>+5<cé )}cos i

— 5¢ — esinh? 2 cos? B.
Consequently, the bispectrum can be recast as:

~ HY 1
- 2 M4 1313
322 M4 k3 k3

Base (ki ki, ks) [16esir1h2 2u cos2ﬁ (%)_1
+ (4(26 — 1) cosh? 2a + 4¢ + 4€ sinh? 2« cos? ,B)
+ 34€ sinh? 2a cos? 8 (%)
“([HE-2) ()
+ 10€ + 10e sinh? 2& cos? [3) )

+ ({2(26—17)—136 <C12—1—5:X) +5(C12—1>}cosh220c
S S

— 5¢ — e sinh? 2a cos? ﬁ) (%)3 .

cosh? 2u (329)

N\ /
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5.2.3. Expression for EFT Coefficients for General Single-Field P(X, ¢) Inflation

Here our prime objective is to derive the analytical expressions for EFT coefficients for general
single-field P(X, ¢) inflation. To serve this purpose here we start with a claim that the three-point
function and the associated bispectrum for the scalar fluctuations computed from general single-field
P(X, ¢) inflation is exactly same as that we have computed from EFT setup. Here we use the equilateral
limit and squeezed limit configurations to extract the analytical expression for the EFT coefficients.
In the two limiting cases the results are as follows:

1.  Equilateral limit configuration:
For this case with arbitrary vacuum one can write:

BEFT(k/ k/ k) = BGSF(k/ k/ k)/ (330)

which implies that?®:

1
T — / 4BC | |° T ro M. — /M A _ / 4B8C
Ml {ZBH|: 1+ 1+ﬁ:|} 7 MZNM3— 41—1%5_\/831‘[255{ 1+ 1+ A2:|’

1
_ XPxx(X,¢) 2\1
My = (—"5ixg HM;
( x(X.9) ) ; (332)
= k[
! . T\ §
M, :(—iHM%)“l:(—%f{ 1+./1+%CD
where the factors A, B and C are defined as:
. (3 46 23\ [ 5 99
A = < +3C4+C f*?’UZ U1+%Uz
A1 (1 222(X4>) 2 2\?
4 18( 1= (X, ¢) (‘C” +|C2|)
7 (1 2 34 2
-5 <% —1) (I +1c?)” - 32 (IciP + 1)
2 2
+6(2¢ 1) (IC1 2+ [Co2) "+ 11e (IC1 2 = [Ga2) " + 276 (CICo + GG,
. 3 46 22\ [ 5 99 Ack
B = {( Taa T w ) 27 7 T et aema (333)
H2M2ec2 [1 (1 2):
A _ pes (1 (1 2 25 (X, ¢) 2
¢ = — {18 %) ) (c +lel)’
7 (1 2 345
-3 <cg‘1 (|c1|2+|cz\2) g—z(|c1|2+\cz\)
2 2
+6(2¢ 1) (IC12 +[Co2)” + 11e (1C1 2 = |Ca?) +27€ (C{Ca + C1 G5 )?
26 Here we also get another solution:
_ A 4BC
- {ZBH e 1+A2}, (331)

which is redundant in the present context as this solution is not consistent with the cs = 1 and és = 1 limit result as
computed in the earlier section for single-field slow-roll inflation.
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Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies the
constraint P x, (X, ¢) = 0, we get the following expression for the factors A, Band C as:

L (3 45 22\ U 5 99
A = <2+354+ Eva 3U, Eul-i-%UQ

A 1 1 S€E 2 2 7 1 2 2 2

4L7<% 1 36){>(c1| +1G,[?) 3<C§ 1) (e + 1)

2 2

+6(2¢ = 1) (IC1 2 +|Go2) " +11e ([Ca2 = o) + 276 (€1 +clc;)2} ,

3 46 2c§ u 5 99 Ack

o433 5, 334
{( T35 T ) |27 e Tt gt oo (334)

H2M2ec2 [1 [ 1 2 7 (1 2
A ptts s€ 2 2 2 2
= —F 2| s-1-= |

2 2
so2e =) (ICif +1GaP) + 11e (jn P - [GF) + 276 €+ 3.

3>
I

where for arbitrary vacuum U; and U, are defined as:

U = [(G-GP(P+G%) + (i -g) (c+a)], (335)

Uy = [(C1—G)’CiGs (G =G5+ (C = C3)° Q&2 (G = Ca) . (336)
If we take cg = 1 and ¢g = 1 then we get then we get back all the results obtained for single-field
slow-roll inflation in the previous section.

Now for Bunch-Davies and «, B vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

e  For Bunch-Davies vacuum:
After setting C; = 1 and C, = 0 we get the following expression for the factors A, B and

Cas:
A = 227<3+§Z+2§>_5_2 é(é‘“%)
—g (é—l)—?%+(236—67)],
3 o,
e = %[é(é_l 222((;;(;’)))>—Z(é—l)—?%—i—(%e—&y)].

Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies
the constraint P,X¢(X/ ¢) =0, we get the following expression for the factors A, B and C as:



Universe 2019, 5, 155 65 of 76

N 2 (3 4& 273 ALl (1 se 7 (1
= = —5-— = |5-1-—]-3z(5-1 23e —61) |,
A 27 ( 3ata) P 1|w\a 3ex ) 3\ 2 + (23¢ — o)
A 4c3 ZCE Acé
B = —5r —95 338
{27( 30 @ 2¢H?M3 (338)
C =

H2M2ec2 [ 1 1 7 (1
pets S€

— P2 (S |- 5 1)+ (Be- :
2 |:27 C% 3€X 3 CS ( 3¢ 677)

e Fora, f vacuum:

After setting C; = cosha and C; = ¢'f sinh a we get the following expression for the factors
A, Band C as:

C C2 9
i - <§+‘;2+25> [%—%(a,ﬁ)} 1@ B) + g ha(aB)

C4

1 (1 2% (X, ¢) 7 (1 34 s 2
{18<c§_1 (X¢)>_3<c§_1> 3§}C05h2a

+6(2¢ — 1) cosh? 2a + 11€ + 27¢ sinh? & cos? ﬁ] ,
3 4 22\ [Ji(a,B) 5 99 Ack
{ (2 + 3% + 54) [T *3]2(0‘//3)} - Eh(“rﬁ) + %]2(04,5) mr (339)

H?M2%ec: [(1 (1 2%, (X

A p€s 20X )\ 7 (1 34 s 2
= TS ——1—7 S —1) =22 Leosh22

¢ 2 18 (X9 ) 3\ 3 [T

+6(2¢ — 1) cosh? 2a + 11€ + 27¢ sinh? & cos? ﬁ] .

A
4

o3>
I

Furthermore, for restricted classes of the general single-field P(X, ¢) model, which satisfies
the constraint P x4 (X, ¢) = 0, we get the following expression for the factors A, Band C as:

~ 2
i - (}‘;zﬁ;) P —3hw,p)] - Jhp) + el

1 /1 se 7 (1 2
{27 (%_1_%() -3 <c§_1> +6(2e—17)}cosh 20

+11e + 27e sinh? & cos> ,3] ,

5 2
B = {(2+§2§ +2f5> D) a0, _gh(a,ﬁ)—O-ZZ]z(a,ﬁ)}ACS 10)

A 2eH2M3’

H>MZecg 1 (1 € 7 (1
s L L A (N — hZ 2
{{ 5 cé 1 3e 3 c% 1] +6(2¢ — ) p cosh” 2«

+ 11€ 4 27 sinh? & cos? [5} .

A
4

(@2

2. Squeezed limit configuration:
For this case with arbitrary vacuum one can write:

Berr(kr, ki, ks) = Bgse(kr, ki, ks), (341)
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which implies that:
1
g _ ) A B ° oo M A 4BC
My —{ﬁ —1+\/1+WH ‘ M2~M3—Vmé~s—\/sgmc~5 _1+\/1+W}'
1 1
— (_ XPxx(X9) prag2 ) _J_As|_ [1 . 4BC| " 342
M, _< Px(X.9) HM”) ’ M3—{ 235[ T+y/1+ Az}} , (342)
1 A —1\ 4
— C T3\ A ¢ 4BC
M, _(—gHMl) _<_ﬁ%{_1+‘/1+?}> .

where the factors A, B and C are defined as?’:

A= pane vou(5Y, so PA e ey (55Y, u
= 1 2 ]-:_1 ] kL ’ — ZGHZM%, — pj:_l j kL 7
where the expansion coefficients ¢;Vj = —1,---,3 are defined earlier for the general P(X, ¢)

model and also for restricted classes of the model where P x,(X, ¢) = 0 constraint is satisfied.

Here the factors P; and P, are defined as:
. 3 ks\™ . 3. [(ks\"

where the expansion coefficients é,,¥Ym = —1,--- ,3 and hpVm = —1,---,3 for arbitrary vacuum
are defined as:

é_q —=36l, &) =

. . 27 313 4¢ 2c 27 R
e = 0, ()] —EUZ—F (2{24‘352 545}—2> ul ’ 33—0, (346)
and
~ ~ 9 ~
hoy = 0, hy= 2 (U1 +Up), =0,
5

, h3=0, (347)

2c2 4 2¢2
154202+ 25 U (24502 025 )y,
2 Cyq 2 2 C4

where U; and U, are already defined earlier.

Now for Bunch-Davies and «, § vacuum we get the following simplified expression for the
bispectrum for scalar fluctuation:

27 Here we also get another solution:

) A e |’
M, = {m[_1_ 1+ 57 } (343)

which is redundant in the present context as this solution is not consistent with the cs = 1 and és = 1 limit result as
computed in the earlier section for general single-field P(X, ¢) inflation.
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e  For Bunch-Davies vacuum:
After setting C; = 1 and C; = 0, we get U; = 2 and U, = 0. Consequently, the expansion
coefficients can be recast as:

64 = 0, 60=-9, 6, =0, &=-27, 65=0, (348)

and

. . . 2¢2 R
by = 0 ho=22 hi=0 fn= (3o+4{3+f5}>, =0,  (349)

2
2 2 4
e Fora, vacuum:

After setting C; = cosha and C; = e sinha, we get Uy = Ji(«,B) and Uy = Jo(a, B).
Consequently, the expansion coefficients can be recast as:

= 2
~36]2(a,), b= [—Zh(a,ﬁ) + (24 {i 43240 } - Z) fzox,ﬁ)] ,

~ 22
b= 0 b= l—227]z(w,ﬁ)+<;{i+§2+ fs}—f> h(tx,ﬁ)}, & =0, (350)

Cq

N
AN
I

. .9 .
hoy = 0, hp= 2 (U + Lo(a, p)Uz), by =0,
S

2 2 "
(15+2{§+2545}) Jia, B) + (425+3{; - 2545 }) ]z(rx,ﬁ)] , h3=0.  (351)

=
N
Il

6. Conclusions

To summarize, in this paper, we have addressed the following issues:

We have derived the analytical expressions for the two-point correlation function for scalar
and tensor fluctuations and three-point correlation function for scalar fluctuations from EFT
framework in quasi de Sitter background in a model-independent way. For this computation,
we use an arbitrary quantum state as the initial choice of vacuum. Such a choice finally gives
rise to the most general expressions for the two-point and three-point correlation functions for
primordial fluctuation in EFT. Furthermore, we have simplified our results by considering the
Bunch-Davies vacuum and «, § vacuum states.

During our computation, we have truncated the EFT action by considering the all possible two
derivative terms in the metric. This allows us to derive correct expressions for the two-point
and three-point correlation functions for EFT which are consistent with both the single-field
slow-roll model and generalized non-canonical P(X, ¢) single-field models minimally coupled
with gravity?8.

Furthermore, we have derived the analytical expressions for the coefficients of all relevant EFT
operators for the single-field slow-roll model and generalized non-canonical P(X, ¢) single-field
models. We have derived the results in terms of slow-roll parameters, effective sound speed
parameter, and the constants which are fixed by the choice of arbitrary initial vacuum state. Next,

This is really an important outcome as the earlier derived results for the three-point function for EFT in quasi de Sitter
background was not consistent with the known result for the single-field slow-roll model, where effective sound speed is
fixed at ¢ = 1.



Universe 2019, 5, 155 68 of 76

we have simplified our results also presented the results by considering Bunch-Davies vacuum
and «, B vacuum state.

e  Finally, using the CMB observation from Planck we constrain all these EFT coefficients for various
single-field slow-roll models and generalized non-canonical P(X, ¢) models of inflation.

The future directions of this paper are appended below pointwise:

e  One can further carry forward this work to compute four-point scalar correlation function from
EFT framework using an arbitrary initial choice of the quantum vacuum state. The present work
can also be extended for the computation of the three-point correlation from tensor fluctuation,
and other three-point cross correlations between scalar and tensor mode fluctuation in the context
of EFT with arbitrary initial vacuum.

o In the present EFT framework we have not considered the effects of any additional heavy fields
(m >> H) in the effective action. One can redo the analysis with such additional effects in
the EFT framework to study the quantum entanglement, cosmological decoherence and Bell’s
inequality violation in the context of primordial cosmology. Once can also further generalize this
computation for any arbitrary spin fields which are consistent with the unitarity bound.

e The analyticity property of response functions and scattering amplitudes in QFT implies
significant connection between observables in IR regime and the underlying dynamics valid
in the short-distance scale. Such analytic property is directly connected to the causality and
unitarity of the QFT under consideration. Following this idea one can also study the analyticity
property in the present version of EFT or including the effective of massive fields (m >> H) in
the effective action.

e  There are other open issues as well which one can study within the framework of EFT:

1. The role of out-of-time-ordered correlations from open quantum system [60-62].
EFT framework in a quantum dissipative system and its application to cosmology [63-66].
3. Thermalization, quantum critical quench and its application to the phenomena of reheating
in early universe cosmology [67].
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Appendix A. Brief Overview on Schwinger-Keldysh (In-In) Formalism

To compute the any n-point correlation function in quasi de Sitter space we use Schwinger-Keldysh
(In-In) formalism. In this framework the expectation value of a product of operators O(t) at time ¢ can
be written as:

(O(t)) = <(T exp [—i/tm Hint(t’)dt’D+0(t) (T exp [—i/tm Him(t”)dt”D>, (A1)

where it is important to note that all the fields appearing in the right-hand side belong to the Heisenberg
picture. Here correlation function is computed with respect to the initial quantum vacuum state |in),
which in general can be any arbitrary vacuum state. In cosmological literature concept of Bunch-Davies
and &, 8 vacuum are commonly used. To mention the mathematical structure of the quantum vacuum
state |in) we first consider an arbitrary state |Q)(t)), which can be expanded in terms of the eigen basis
state |m) of the free Hamiltonian as:

Q1)) = Y m) (m|Q(t)). (A2)
Furthermore, the time evolved quantum state from time t = t; to t = t; can be written as:
5] i > .
Q) = Texp |~ [ H () | 100) = 0)010) + ¥ exp (2 — )] ) (1) (A3)
t S m=1
Free part

Interacting part

It is clearly observed that we have expressed any arbitrary quantum state in terms of the free part
and the interacting part of the theory. Furthermore, for further computation we set t, = —co(1 — ie)
which clearly projects all excited quantum states. Using this we have the following connecting relation
between the interacting vacuum and the free vacuum state, as given by:

[Q(—00(1 —i€))) = [0)(0]2). (A4)

Finally, at any arbitrary time the interacting vacuum can be written as:

t

. . t ! ! . . ’ !
lin) = T exp {_Z/foo(lf@ Hint (£ | |0(—o0(1 — i€))) = T exp {_l/muqe) Hint (£)df | [0)(0]02). (A5)

For our computations, initially we have written the expression which is valid for any arbitrary
choice of quantum vacuum state. But for simplicity further we consider two specific choices of
vacuum state—Bunch—Davies vacuum and «, § vacuum, which are commonly used in cosmological
physics. Now in this context the total Hamiltonian of the theory can be written in terms of the free and
interacting part as, H = Hy + H;;,;, where interaction Hamiltonian is described by H;;,; and the free
field Hamiltonian is described by Hj.

In the context of cosmological perturbation theory one can follow the same formalism where one
usually starts with the Einstein—Hilbert gravity action with the any matter content in the effective
action. For this purpose one uses the well-known ADM formalism to derive an action which contains
only dynamical degrees of freedom. From this action one needs to perform the following steps:

e  First one needs to construct the canonically conjugate momenta and the Hamiltonian for
the system.

e  Then we need to separate out the quadratic part from the higher-order contributions in the Hamiltonian.
Now in this context let us consider a part of the effective action which contains the third-order

contribution and all other higher-order contribution in cosmological perturbation theory, represented
by Liy;. In this case the usual expression for the interaction Hamiltonian is given by, Hj,;y = —Lijy;.
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Furthermore, to make a direct connection to the in-out formalism in QFT used in the computation of
S-matrix, one can further insert complete sets of states labelled by & and 8 in Equation (A1) and finally

get:
/m/w
=0yp(t)
(Texp{ / Hi (1 dtD |a><|0ﬁ)|ﬁ ﬁ\(Texp{ / Hi (1 dtD|0>, (A6)

Here the in-in quantum correlation is interpreted as the product of the vacuum transition
amplitudes and in the matrix element («|O(t)|B) = O,p(t), where one needs to sum over all possible
quantum out states. Furthermore, to compute the quantum correlations using Schwinger-Keldysh
(In-In) formalism one needs to consider the following steps:

e  First of all one needs to define the time integration in the time evolution operator U(t) to go over
a contour in the complex plane i.e.,

U(t) =T exp [ / Hi, (¢ )dt] =T exp [—1 /t (e Hiy (¢ )dt] (A7)

where we have redefined the time interval by including small imaginary contribution as given
by t — t(1 £ ie). With this specific choice, one can finally write the following expression for the
n-point correlation function:

(O)) = <<T exp {—i [ i Him(t’)dt’b+c9(t) (T exp {—i [ i Hmt(t”)df”D> . (A8)

Here it is important to note that complex conjugation of the time evolution operator U(t) signifies
the fact that the time-ordered contour does not at all coincide with the time-backward contour.
e Next we analytically continue the expression for the interaction Hamiltonian as appearing in the
time evolution operator U(t) i.e., Hiy;(t) — Hjy(£(1 £ i€)).
e  Next we consider the following Dyson Swinger series:

t o0 HN N
e [_i/oo(1+ie) Hine (£ )dt] =1+ Z H/ dt; Hins(t:), (A9)

N! (1+ie)

using which finally we get the following simplified expression for the n-point correlation function:

[e9)

Of (Hint (1), O(D)] 10) = Y- (O(1))) | (A10)

1+1e n—0

where |0) is the initial quantum vacuum state under consideration. Here expanding in the powers
of interacting Hamiltonian H;,,;(t) we finally get:

1.  Zeroth order term (O(t))(©) in Dyson Swinger series:
Here the zeroth order term in Dyson Swinger series can be expressed as:

O = (o)o). (A1)

2. First order term (O(t))V) in Dyson Swinger series:
Here the first order term in Dyson Swinger series can be expressed as:

OV = 2Re {—i/t df (0|O(t) Hine (£)]0) | - (A12)
—oo(1+ie)
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3. Second-order term (O(t))? in Dyson Swinger series:
Here the second-order term in Dyson Swinger series can be expressed as:

O = <are|[" a7 d(0100) Hy (1) (12)10)
—oo(1-+ie) —oo(1+i€)

t ty
[ an [T (0 Hu(t) OO Hiu(t)]0).  (A13)
—oo(1-+ie) —oo(1+ie€)

Following this trick one can easily write down the expression for any n-point correlation
function of the given operator O(t).

Appendix B. Choice of Initial Quantum Vacuum State

In general, one can consider an arbitrary initial quantum vacuum state which is specified by the
two sets of constants (C1, Cy) and (D1, D) as appearing in solution of the scalar and tensor mode
fluctuation. In general in this context a quantum state is described by this two number as |Cy, C7)
and |D1, D;) and defined as, C(k)|Cy,C2) = 0V k,D(k)|Dy,D;) = 0V k, where C(k) and D(k)
are the annihilation operators for scalar and tensor mode fluctuations as appearing in cosmological
perturbation theory.

In general, ground one can write down the most general state |Cy, Cy) in terms of the well-known
Bunch-Davies vacuum state as:

IC1,Cr) =

L oS ctaact—
1o 28 '09c=w0]
G 1 C [ dk
2c2;f ; c*(k)c*(k)] 0) = R exp {zc? / O Cctk)Cf(~k) | [0), (Al4)

exp

1
Ne

where N = /|Cy| are the overall normalization constant for scalar and tensor mode fluctuations.

For the tensor modes the calculation is similar.
Here it is important to mention that the quantum vacuum state |Cy, Cy) satisfies the following
constraint equation:

3 3 + .
Plcve) = f (%3PC+(P)C(P)‘C1'C2>:1;I/ oy %%@P [2%1‘ 1| 10
_ #p pC'(p)Clp) G
= / @ ey P {2(:2; ;C*(k)c*(—k)} |0) (A15)
- @p pC'p)Clp) [ [ PP B
= i PR oo [a [ o0 oo

which is true for the quantum vacuum state |D;, D;) for tensor modes also. Since scalar modes are
exactly similar to tensor modes we will not speak about tensor modes in the next part.

Additionally, here it is important to note that the annihilation and creation operators for
Bunch-Davies vacuum (a(k),a’ (k)) and the arbitrary quantum vacuum |Cy, C,) state (C(k), Ct(k))
are connected via the following sets of Bogoliubov transformations:

Ck) = Cia(k)—C;at(—k), (A16)
a(k) = C;C(k)+C;CH(—k). (A17)

A very well-known feature of QFT is that it makes itself particularly manifest in the context of
curved space-time backgrounds, physically represents particle excitation. Consequently, a thermal
quantum state depends sensitively on the proper choice of quantum mechanical vacuum state. But we
know that for a generalized curved space-time, no canonical or even preferred quantum vacuum
state exists. In the context of QFT in curved space-time, there is a huge class of quantum mechanical
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states over a background de Sitter space which are invariant under all the SO(1,4) isometries?®-3,

which is commonly known as the «, B-vacuum and represent the excited quantum states. By fixing
the parameter § = 0 one can explicitly show that a-vacuum is CPT-invariant, where « plays the role
of super-selection real parameter. Furthermore, fixing the real parameter « = 0 one can get back
the well-known Bunch-Davies quantum vacuum state for de Sitter space where the Cosmological
Constant, A > 0. In the limit, A — 0 one can further show that with « = 0 we can get back the
unique Minkowski quantum vacuum state. One can also choose a quantum mechanical vacuum « state
as an initial condition, which at late time scale will give rise to long-range (Hubble scale) quantum
correlations. In this context the long-range quantum correlations are manifestation of entanglement
associated with the quantum mechanical vacuum state which is here identified as the initial state.

Among these classes of quantum mechanical vacuum, there is a specific type of vacuum state
whose associated Green’s functions verify the well-known Hadamard condition behaving on the
light-cone as in flat Minkowski space. This quantum mechanical state is usually known as the
Bunch—Davies vacuum or Euclidean vacuum. The Bunch—Davies vacuum can also be described as being
generated by an infinite time-trace operation from the condition that the associated scale of quantum
fluctuations is much smaller than the cosmological Hubble scale.

The Bunch—Davies vacuum state is treated as the zero-particle ground state in the context of QFT
of curved space-time which is actually observed by a geodesic observer. This quantum mechanical
vacuum state is very useful which explains the origin of quantum mechanical fluctuations in the
context of inflationary models.

1. Bunch-Davies vacuum:
Bunch-Davies vacuum is specified by fixing the coefficients to, C;y =1=D;, C; =0 = Dy, in
the solution of the scalar and tensor mode fluctuation as derived earlier. In this case, the quantum
vacuum state |0) is defined as the state that gets annihilated by the annihilation operator, as given
by, a(k)|0) = 0V k. Here the creation and annihilation operators a(k) and a' (k) satisfy the
following canonical commutation relations:

[a(k),a(k’)] =0, [f(k),f(k’)] —0, [a(k),a+(k’)] = (21)%6® (k + K). (A18)

2 Due to isometries, a time-like Killing vector field provides a natural physical explanation of partitioning the frequency

modes into positive and negative categories, which is similar to the standard procedure performed in Minkowski flat
space-time. Furthermore, one can associate these positive and negative frequency modes with annihilation and creation
operators in the present context. Then a quantum mechanical vacuum state can be described by imposing the constraint
condition that the state be annihilated by all the annihilation operators. In the absence of time-like Killing vector, there exists
no natural choice of quantum mechanical vacuum state. In such a situation, one can apply different conditions to choose
a particular quantum vacuum state. In this specific situation, a natural simplest possible choice is to consider a physical
region of space-time for which a time-like Killing vector does exist, which can be further used to construct the corresponding
quantum mechanical vacuum state. Similarly, if the space-time asymptotically matches with the Minkowski flat case, then
in that specific situation there exists another possibility to use the most generalized Poincar’e quantum mechanical vacuum
state. In an alternative prescription, one can consider a physical situation where the quantum mechanical vacuum state
be annihilated by the physical generators of some specific symmetry group. On the other hand, a quantum mechanical
vacuum state can also be treated as an un-physical if it fails to satisfy certain necessary physical constraints. To demonstrate
this explicitly one can consider an example, where the expectation value of the stress energy momentum tensor diverges
at a non-singular point in space-time, such as at a horizon. In that situation one can easily discard the possibility of the
corresponding quantum mechanical vacuum state existing. In our description we need a particular universal form for the
cosmological correlation function and the associated spectrum which is actually dictated by the conservation of the stress
energy.

Here it is important to note that under the application of an arbitrary de Sitter transformation, which is commonly identified
as isometries, each positive frequency modes of de Sitter mix among themselves and each negative frequency modes mix
among themselves, but precisely they do not mix among each other. This physically implies that the Bunch-Davies vacuum
state is invariant under the de Sitter isometry SO(1,4) group. On the other hand, for massive scalar fields (or may be the
scalar field have very tiny non-zero mass), if we set the parameter = 0 then we get a one-parameter family of de Sitter
invariant vacuums, which is commonly known as a-vacuum, which physically represents the squeezed states. It is important
to note that for our discussion we always consider non-zero mass of the scalar fields because of the fact that for massless
scalar degrees of freedom quantum mechanical vacuum states are not invariant under the de Sitter isometry SO(1,4) group.

30
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2. &, B vacuum:
«, B vacuum is specified by fixing the coefficients to, C; = cosha = D;, Cp = ¢ sinha = D,,
in the solution of the scalar and tensor mode fluctuation as derived earlier. In this case the
quantum vacuum state |, B) is defined as the state that gets annihilated by the annihilation
operator, as given by, b(k)|«, B) = 0 V¥ k. Here the creation and annihilation operators b(k) and
b* (k) satisfy the following canonical commutation relations:

[b(k),b(k’)] =0, [b*(k),b*(k’)] —0, [b(k),b*(k’)] = (2m)%6® (k + K. (A19)

Here one can write the Bunch-Davies vacuum state |0) as a special class of |«, ) vacuum state.
Also using Bogoliubov transformation one can write down |, f) vacuum state in terms of the
Bunch-Davies vacuum state |0), as given by:

1

1;[\/|coshtx|
= iex —i_i’ganh 1LkJr—klo
N p[ze tanh a3 o ()a" (K| [0

exp {—ieiﬁ tanh a aJr(k)a’L(—k)} |0)

,8) :

= /i\/' exp {—;e"ﬁ ’canhoc/adjg3 a*(k)a*(—k)} |0), (A20)

where N = /| cosh «| is the overall normalization constant. Here it is important to mention that
the |a, ) vacuum state satisfies the following constraint equation:

3

Plap) = [ e plaele
3 a‘f‘
_ H/ dp p

p pa(p)a(p) et
/(27T)3 /| cosha| epl p¢ " tanh ; (k)a™( k)] 0) (A21)

3 + . 3
= [ e pj%) oxp | —5¢ Prant [ 2 et @at (19 o) <o

Additionally, here it is important to note that the creation and annihilation operators for
Bunch-Davies vacuum and |a, ) vacuum state are connected via the following sets of
Bogoliubov transformations:

|cost}11<olc)|> exp [—;eiﬁ tanh o a+(k)a+(—k)] |0)

b(k) = coshaa(k)+ie Psinhaa’(—k), (A22)
a(k) = coshab(k)—ie Fsinhab’(—k). (A23)
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Appendix C. Useful Integrals as Appearing in Scalar Three-Point Function

All the useful integrals appearing in the scalar three-point function are appended bellow:

-0 . 2
1. dn 12 etiKesn — — < A24
/700 e Tiea’ (A24)
5 /0 dy g eFiCkKEsy — 2 (A25)
[ i(2k, — K)3&3’
15=0 iKz.
3. / T dy (1 ikyesn) (1 F ikedsn) oK1 = % [KZ + 2kpke + K(K — kﬂ)} , (A26)
1j=—0 S
0 . N 0 . .
4 / dy (1 — ikyCsn) (1 — ikcesn) K —2Kalfsn — — / dn (1+ ikyEsn) (1 + ikcesn) e (K- a)esn
1
- % {KZ + 2heyke + K(K — 5k, ) — 2(K — ko )k, + 4k§] , (A27)
0 . N 0 . R
5. / dy (1 — ikysn) (1 F ikcsn) e K-2o)st = — / dyp (1 F ikyCsn) (1 £ ikcesry) eF/(K=2ko)esn
1
= % [K? — 4k + K(ke = 5K,) + 6K (A28)
0 .
6. /7 _d (1 ikgZn) ¢ = iﬂéas (K +ka), (A29)
0
0w wi(K-2kg)egy _ o (K —3ka)
7. /_oo dn (1L ikeCsn) e ii(Zku ~K)%E” (A30)
0 , Kok K + ko — 2ky)
p +i(K—2ky)ésn ( a b
8. ./700 dn (1F iksCs) e iii(Zkb S K% (A31)
0 . <
9. / dy (1 — ikaGsn) (1 — ikcsiy) e/ K-
1
= 0 [(K — 2ky) (K + kg — 2kp,) + (K + 2k, — 2kp)k] - (A32)
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