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Abstract: In this article, I mainly discuss the dynamics of the pre-inflationary Universe for the
potential V(φ) ∝ φn with n = 5/3 in the context of loop quantum cosmology, in which the big bang
singularity is resolved by a non-singular quantum bounce. In the case of the kinetic energy-dominated
initial conditions of the scalar field at the bounce, the numerical evolution of the Universe can be
split up into three regimes: bouncing, transition, and slow-roll inflation. In the bouncing regime,
the numerical evolution of the scale factor does not depend on a wide range of initial values,
or on the inflationary potentials. I calculate the number of e-folds in the slow-roll regime, by which
observationally identified initial conditions are obtained. Additionally, I display the phase portrait
for the model under consideration.
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1. Introduction

Cosmic inflation is a very popular paradigm in the early Universe. It resolves various important
issues in cosmology, such as the horizon and flatness issues. Further, the theory of cosmic inflation
describes the origin of inhomogeneities which are observed in the cosmic microwave background and
the structure formation of the Universe [1,2]. A wide range of the inflationary models are consistent
with the present observations. According to Planck 2015 data, the quadratic potential is almost ruled
out in comparison with the power-law (V(φ) ∝ φn with n < 2) and Starobinsky models [3]. Therefore,
in this article, I shall choose the potential V(φ) ∝ φ5/3.

In classical general relativity (GR), all inflationary models struggle with the inevitable big bang
singularity [4–6]. One way to address this issue is to work in loop quantum cosmology (LQC), in which
the big bang singularity is replaced by a quantum bounce [7–10]. LQC gives an important explanation
of cosmic inflation and the pre-inflationary dynamics [11–13]. In the literature, different approaches are
studied for the pre-inflationary Universe and the cosmological perturbations, namely dressed metric,
deformed algebra, hybrid quantization, etc. These approaches provide the same set of dynamical
equations for background, but their perturbations are different. In the context of the hybrid approach,
some uniqueness criteria are described in order to remove some ambiguities in the quantization of
models [14–17], which are consistent with observations [16,18]. In Reference [13], the post-bounce
regime of the slow-roll inflation for the primordial power spectrum of tensor and scalar perturbations
are discussed, whereas the effective equations of evolution for the scalar and tensor perturbations are
distinct as the discrepancy seems to be in the mass term, which arises due to the different quantization
procedures [19]. It is fascinating to see that the Universe which starts at the quantum bounce generically
enters the slow-roll inflation [20–28]. In this article, I am mainly concerned with the background
evolution of the Universe in LQC. Moreover, when the kinetic energy of the scalar field initially
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dominates at the bounce, the numerical evolution of the Universe splits up into three important
regimes prior to preheating: bouncing, transition, and slow-roll inflation.

The quadratic potential (n = 2) has been almost disfavored by the Planck 2015 data [3]. Therefore,
it increases the curiosity in studying the inflation for the above potential with n < 2. The detailed
investigations for the power-law potential with n = 7/4, 4/3, 1, 2/3, and 1/3 have been studied
in my previous paper [27]. In this conference article, I report my study for n = 5/3, and find the
observationally consistent initial conditions of the inflaton field that provide the slow-roll inflation
together with at least 60 or more e-folds. Although the results are similar to those presented in [27],
it is not taken for granted, as we already know, for example, that n = 2 is not consistent with data.
This article is based on my previous work [27]. However, the background evolution with the quadratic
and Starobinsky potentials have been examined in [25,26]. In the present article, the physically
viable initial conditions of the inflaton field, in the case of n = 5/3, are identified that are consistent
with observations.

2. Background Evolution and Phase Space Analysis

In the context of LQC, the modified Friedmann equation in a flat Friedmann–Lemaitre–Robertson–
Walker Universe can be written as [29]:

H2 =
8π

3m2
pl

ρ
(

1− ρ

ρc

)
. (1)

Here, H = ȧ/a is the Hubble parameter, mpl is the Planck mass, and ρ and ρc are the inflaton and
the critical energy densities, respectively. The numerical value of the critical energy density is given as
ρc ' 0.41m4

pl [30,31].
The Klein–Gordon equation in LQC does not change, and can be written as:

φ̈ + 3Hφ̇ +
dV(φ)

dφ
= 0. (2)

From Equation (1), one can notice that H = 0 at ρ = ρc, which means that the bounce occurs at
ρ = ρc. The background evolution with the bouncing regime has been studied extensively. One of the
main results is that beginning from the bounce, a desired slow-roll inflation is achieved [7,22,23,25–28].
Keeping this in mind, we shall discuss “bounce and the slow-roll inflation” with the following potential:

V(φ) =
1
2

m4−nφn. (3)

Here, m represents the mass dimension. I am interested in a particular value of n: n = 5/3.
The corresponding value of m is m = 10−5mpl , which is consistent with the observation. The similar
work in case of the power-law potential with different values of n has been studied in [27].

At the quantum bounce (t = tB), ρ = ρc

1
2

φ̇2(tB) + V(φ(tB)) = ρc and ȧ(tB) = 0. (4)

This implies that

φ̇(tB) = ±
√

2
(

ρc −V(φ(tB))
)

, (5)

and a convenient choice for a(tB) is a(tB) = 1. Hereafter, we shall read φ(tB), φ̇(tB), and a(tB) as φB,
φ̇B, and aB. Let us first present the following parameters, which are vital in this article [27].
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1. The equation of state w(φ) for inflaton:

w(φ) =
φ̇2/2−V(φ)

φ̇2/2 + V(φ)
' −1, during the slow-roll inflation (6)

2. The slow-roll parameter εH :

εH = − Ḣ
H2 � 1, during the slow-roll inflation (7)

3. The number of e-folds Nin f during the slow-roll inflation:

Nin f = ln
( aend

ai

)
=
∫ tend

ti

H(t)dt =
∫ φend

φi

H
φ̇

dφ '
∫ φi

φend

V
Vφ

dφ (8)

4. In the bouncing regime, one can find an analytical solution of the expansion factor a(t) [27]:

a(t) = aB

(
1 + δ

t2

t2
pl

)1/6

, (9)

where tpl is the Planck time and δ = 24πρc
m4

pl
denotes a dimensionless constant.

For potential (3) with n = 5/3, we shall use only the positive values of the scalar field φ in order
to get the real potential. Let us evolve the background Equations (1), (2) with (3) and n = 5/3. At the
bounce, we shall consider only the φ̇B > 0 case, as similar analysis can also be done for φ̇B < 0. Further,
initial values of the inflaton field can be divided into the kinetic energy-dominated (KED) and potential
energy-dominated (PED) cases at the quantum bounce.

Let us discuss the φ̇B > 0 case with the KED and the PED initial values at the bounce.
The numerical evolution of a(t), w(φ), and εH are shown in Figure 1 for the same set of initial
conditions of φB. In the case of the KED initial values ((a)–(c)), the evolution of the scale factor a(t) is
independent for a large range of initial values, and shows a universal feature that is consistent with
the analytical solution (9). During the slow-roll regime, a(t) increases exponentially. By looking at
the (b) panel of Figure 1, one can see that the evolution of the Universe is divided into three regimes:
bouncing, transition, and slow-roll. During the bouncing regime, w(φ) ' +1. In the transition phase
(t/tpl ' 104), w(φ) changes from +1 to −1 (t/tpl ' 105). In the slow-roll regime, w(φ) stays close to
−1 until the end of the slow-roll inflation.

In addition, we obtain Nin f in the slow-roll regime for different values of φB within the range
(0, φmax), and the relevant quantities are presented in Table 1. To be consistent with the present
observation, one should get at least 60 e-folds that restricts the range of φB, as given below:

φB ∈ (0.75mpl , φmax) for φ̇B > 0, (10)

where

φmax =

(
8ρ3

c
m7

)1/5

≡ 8.87× 106. (11)

From Table 1, one can conclude that Nin f grows as φB increases, which shows that a large value of
φB provides more Nin f in the slow-roll regime. Similar consequences for the power-law potential with
n < 2 were discussed in [27].

Next, we choose the PED initial values at the bounce, and the results are shown in the (d)–(f)
panels of Figure 1. In this case, the universality of the expansion factor a(t) disappears, and the
bouncing region no longer exists, although the slow-roll regime can be achieved. As mentioned above,
one can obtain more Nin f for the large value of φB.
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Figure 1. The numerical results for the potential (3) with n = 5/3 and φ̇B > 0. This figure exhibits the
numerical evolution of a(t), w(φ), and εH in case of the (a–c) kinetic energy-dominated (KED) and (d–f)
potential energy-dominated (PED) initial values at the quantum bounce. The analytical solution of the
scale factor (Equation (9)) is also displayed in order to compare it with the numerical solution shown in
the (a,d). In the KED case (a), the evolution of a(t) shows universal feature while it disappears in the
PED case (d). We chose m = 10−5mpl and mpl = 1. One can also obtain a similar figure with φ̇B < 0.

As we discussed, the scalar field φ should be positive in order to obtain the real potential.
As a result, the phase space trajectories will cover only a half circle. Hence, to display the phase portrait
in a whole circle, we consider the dimensionless variables, as given below.

ξ = ±

√
V(φ)

ρc
, y = ± φ̇√

2ρc
, τ = mt. (12)
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Therefore, an autonomous system of the background equations is given by

dξ

dτ
= ±

√
2V0

n
2m

(
ρcξ2

V0

) n−2
2n

y,

dy
dτ

= −3Hy/m− V0n
m
√

2ρc

(
ρcξ2

V0

) n−1
n

,

(13)

where V(φ) = V0φn and V0 = 1/2 m4−n. At the bounce, we have ρ = ρc, which gives the equation
of a circle:

ξ2
B + y2

B = 1. (14)

Hence, for the given dimensionless quantities, one can get the equation of a circle at the quantum
bounce which is independent of n.

Let us examine the phase portrait analysis for the potential (3) with n = 5/3. Table 1 displays
Nin f for cases of φ̇B > 0 and φ̇B < 0. By looking at the table, we conclude that the physical viable
initial values are φB ≥ 0.75mpl for φ̇B > 0 and φB ≥ 5.27mpl for φ̇B < 0, which are consistent with
the observations. Thus, in the entire region of initial values, these are the only KED initial conditions
that can generate the desired slow-roll inflation. However, few initial values do not give the desired
slow-roll phase, as shown in Table 1. The whole range of the PED initial values at the quantum bounce
can produce the desired slow-roll inflation, and a large Nin f can be found.

Table 1. Nin f in the case of φ̇B > 0 and φ̇B < 0.

φ̇B φB Inflation t/tpl Nin f

>0 0 starts 6.5216× 104 40.32
ends 1.1035× 107

0.75 starts 5.1754× 104 60.01
ends 1.1167× 107

0.80 starts 5.1070× 104 65.73
ends 1.7140× 107

8× 106 starts 0.577 709.81
ends 1.0473× 103

<0 4.5 starts 6.4189× 104 37.87
ends 1.0699× 107

5.27 starts 4.9773× 104 60.32
ends 1.1113× 107

6.0 starts 4.1424× 104 78.21
ends 1.1040× 107

Figure 2 exhibits the numerical evolution of the phase portrait for φ̇B > 0 and φ̇B < 0, together
with the KED and the PED initial values that are started from the bounce. Regions near the circle
correspond to the maximum energy density, while regions close to the origin represent minimum
energy density in the ξ− y plane. All the trajectories onset from the bounce, and meet at the inflationary
separatrix before moving towards the origin [22,23].

Finally, we compare our results with the quadratic and Starobinsky models [24–26]. Our analyses
are in agreement with the quadratic potential. However, the quadratic potential has been practically
disfavored by the Planck data [3]. In the case of Nin f , both the KED and the PED initial values are
compatible with observations for the potential with n = 5/3, whereas the Starobinsky potential favors
only KED initial values and not the PED ones at the bounce [24–26].
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Figure 2. The phase portrait for the potential (3) with n = 5/3. The trajectories with arrows exhibit the
time evolution from the bouncing boundary to the origin. We chose m = 0.2mpl for better depiction.

3. Conclusions

We examined the pre-inflationary Universe of the potential (3) with n = 5/3 in the framework of
LQC. We restricted ourselves to the positive values of inflaton field for the real potential. In the case
of the KED initial values, the Universe is always divided into three regimes: bouncing, transition, and
slow-roll inflation. During the bouncing regime, the background evolution is independent for a wide
range of initial values and also the potential. Specially, the numerical evolution of the expansion
factor represented the universal characteristic and compared by the analytical solution (9), as shown
in Figure 1. In this phase, w(φ) ' +1, whereas in transition regime, it decreases drastically from
w(φ) ' +1 to −1. The period of the transition regime is very small in comparison with the other two
regimes. Later, the Universe goes into an accelerating phase, where εH is still large, but it rapidly
goes to zero where the slow-roll inflation begins (see Figure 1). Thereafter, we found Nin f during the
slow-roll inflation, as displayed in Table 1. For the PED initial values, the universal characteristic of
the scale factor a(t) disappeared, and the bouncing phase does not occur, but the slow-roll inflation
can still be obtained for a long period, and correspondingly a maximum number of e-folds are found
which are presented in the (d)–(f) panels of Figure 1 and Table 1.

The potential under consideration generates the desired slow-roll inflation in the case of both
KED and PED initial conditions, and produces enough e-folds that are compatible with observations,
whereas Starobinsky and α−attractor (dependence on the range of α) models provide the slow-roll
inflation only for KED initial conditions and not for PED ones [24–26,28].

We also displayed the phase portrait for the model under consideration, and the phase space
trajectories are designated in Figure 2. In the phase portrait, the trajectories start from the bounce and
go towards the origin asymptotically for a generic set of initial conditions.

Conflicts of Interest: The authors declare no conflict of interest.
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