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Abstract: This paper focuses on the cylindrical symmetric gravitational collapse in the presence of
anisotropic fluid. The high speed approximation scheme was used. In this perspective, the effect of
anisotropy of pressure in fluid distribution on the collapsing process with the Equation of State (EoS)
pt = λρ and pr = lρ, (l + 2λ < −1). The effect of pressure on collapse in radial and tangential direction
was observed for all values of λ and l. It is determined that, for some values of constants, i.e., λ and l,
collapse results in a Naked Singularity (NS) while, for some values of constants, it does not form NS or
Black Hole (BH). This study presents the effect on the collapsing process for all values of λ and l.

Keywords: high-speed; gravitational collapse; anisotropic pressure

1. Introduction

The anisotropic and isotropic general relativistic astronomical objects have always been a subject of
great interest for researchers in the field astrophysics. The pressure of astronomical objects is supposed
to be isotropic, e.g., neutron star is believed to be isotropic in nature. Therefore, Bower and Liang [1]
initiated the study of spherical symmetric stellar objects with anisotropic pressure in fluid distribution.
The effect of anisotropic pressure on the collapsing process of compact astronomical objects has
been studied in [2]. Mak and Harko [3] investigated the solution of spherical symmetric objects with
anisotropy of pressure in their fluid distribution. Collapse dynamics of a spherical symmetric star
constituted of the dark matter and dark energy with anisotropic pressure have been discussed in [4–6].
The cylindrical symmetric Petrove type D spacetime with naked singularity and matter cloud collapse
in the background of anisotropic pressure has been discussed in [7].

Weyl curvature scalar represents the gravitational effects as a tidal disruption field and
gravitational radiation. Weyl curvature describing the inhomogeneities of energy density of a
spherically symmetric star is examined in [8]. In the collapsing process of an inhomogeneous spherically
symmetric star, it is calculated that an inhomogeneity factor may lead the collapse to the formation of
Naked Singularity (NS) [9].

Gravitational collapse is considered to be an important issue in general relativity. Gravitational
collapse plays a significant role in structural formation in our Universe. The gravitational collapse
study as a main source of a gravitational radiation has been a subject of keen interest for astrophysicists.
According to the Birkhoffs theorem, in spherically symmetric vacuum spacetimes, there are no
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gravitational wave solutions to the Einstein Field Equations. Another simplest symmetry supposition
for a gravitational wave would be cylindrical symmetry. The cylindrical symmetry allows the 1 + 1
spacetime of the Einstein Field Equations (EFEs). This type of symmetry may provide a possibility
of constructing a model that can demonstrate the nature of interaction between gravitational waves
and matter. Oppenheimer and Snyder worked on the phenomenon issue of gravitational collapse
in [10]. They considered the Friedmann Robertson Walker (FRW) spacetime geometry. Just after
their stupendous contribution in theoretical astrophysics, many models have been studied in order to
investigate the gravitational collapse such as spherical symmetric, axisymmetric, cylindrical symmetric
with isotropic as well as anisotropic pressure [4,6,11–13]. Nakao and Morisawa [14,15] introduced
a an isotropic scheme and investigated cylindrical collapse for dust and perfect fluid, respectively.
Cylindrical symmetric gravitational collapse of counter rotating dust shells can be found in the [16,17],
axially symmetric vacuum solution [18], and cylindrical symmetric collapse in anisotropic in [7].
An axially symmetric null dust gravitational collapse has been discussed in [19]. The non-spherical
gravitational collapse has been discussed in [20–22]. The cylindrical symmetric gravitational collapse
has been discussed by considering various models [23,24]. The effect of anisotropy in pressure on the
gravitational collapse is also a very important phenomenon. We have discussed a number of works
about anisotropic pressure above and their effect on the gravitational collapse. Cylindrical symmetric
collapse in the background of anisotropic pressure by using matching conditions was investigated in
detail anisotropic high speed approximation [25].

We were motivated by the studies given in [14], and generalized the results for anisotropic
pressure, whereas the cylindrical symmetric gravitational collapse of type I matter was discussed by
applying the principle of anisotropic pressure in fluid distribution [26]. The equation of state has been
used to achieve the desired outcomes of pressure effect on gravitational collapse. In our recent study, we
have generalized the outcomes of the study given in [14] for anisotropic pressure. We provide the effect
of anisotropic pressure on the high speed approximation scheme for all values of the constant used in
Equation of State (EoS), while Ahmad and Imtiaz discussed it for only positive values [26]. Finally,
we have generalized the results and provided the analytical toy model of high-speed approximation
in the background of anisotropic pressure for all values of the constants used in EoS. The spacetime
singularity is a consequence of the end state of gravitational collapse. The spacetime singularity is
considered to be the most important property of the spacetime [27–29]. However, there are still
spacetime singularity speculated, whether it is naked or a BH.

In this study, we extended the results given in [14] for anisotropic pressure. While Ahamd and
Imtiaz [26] extend these results for anisotropic pressure, they only focussed on the positive value of l
and λ that is used in EoS, while we have calculated the results for all values of l and λ and proved
our results to be consistent with those studies given in [14,26]. This paper has been organized as
follows: the field equations for the underlying problem is presented in Section 1. The null dust solution
is explained in Section 2. The high-speed approximation scheme is being elaborated in Section 3.
The effects of pressure on the high speed collapse are analyzed in Section 4. Finally, a short summary
and conclusion are given in Section 5.

2. Field Equations

The metric describing the spacetime geometry inside the collapsing fluid can be cast as: [14]

ds2 = e2(γ−ψ)(−dt2 + dr2) + e2ψdz2 + e−2ψR2dφ2, (1)

where R, ψ and γ are functions of r and t only. The EFEs for metric (1) can be described as
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γ́ = (Ŕ2 − Ṙ2)−1{RŔ(ψ̇2 + ψ́2)− 2RṘψ̇ψ́

+ ŔR
′′ − ṘṘ′ − 8πG

√
−g(ŔTt

t + ṘTr
t )}, (2)

γ̇ = −(Ŕ2 − Ṙ2)−1{RṘ(ψ̇2 + ψ́2)− 2RŔψ̇ψ́

+ ṘR
′′ − ŔṘ′ − 8πG

√
−g(ṘTt

t + ŔTr
t )}, (3)

γ̈ − γ
′′
= ψ́2 − ψ̇2 − 8πG

R
√
−gTφ

φ , (4)

R̈ − R
′′
= −8πG

√
−g(Tt

t + Tr
r ), (5)

ψ̈ +
Ṙ
R

ψ̇− ψ
′′ − Ŕ

R
ψ́ =

−4πG
R

√
−g(Tt

t + Tr
r

− Tz
z + Tφ

φ ), (6)

where dot and prime shows the differentiation with respect to t and r, respectively. The energy-
momentum tensor for anisotropic pressure can be expressed as [30]

Ta
b = ρuaub + prSaSb + ptΩa

b, (7)

where
Ωa

b = δa
b + uaub − SaSb, (8)

where pt, pr, ρ, ua and sa stands for the tangential and radial pressures, the energy density, 4-velocity
and radial vector, respectively. The matter distributed considered in the radial pr and tangential pt

direction with positive energy density ρ is consistent with the dominant energy conditions is given by

ρ ≥ pr, ρ ≥ pt. (9)

The energy-momentum tensor takes the form of dust fluid for pr = pt = 0, whereas it would be
reduced to perfect-fluid for pr = pt. Therefore, we are going to generalize the results for anisotropic
fluid. In the recent study, we have discussed only two principle stresses in the energy-momentum
tensor for the sake of simplicity. In another study, the authors discussed the shear stresses in three
directions such as Pr, Pz and Pφ [25,31]. Furthermore this work can extend for three principle stresses
used in the energy-momentum tensor. We express the 4-velocity vector and radial vector as

ua = N(1,−1 + V, 0, 0), (10)

sa = N(1−V, 1, 0, 0), (11)

where

N =
e(γ−ψ)√
V(2−V)

. (12)

The variables D, pt and pr introduced in [14] can be expressed as

D =

√−gN(ρ + pr)√
V(2−V)

=
eγ−ψR(ρ + pr)

V(2−V)
, (13)

pt =

√−gNpt√
V(2−V)

=
eγ−ψRpt

V(2−V)
, (14)

pr =

√−gNpr√
V(2−V)

=
eγ−ψRpr

V(2−V)
. (15)
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For time like ua, V must be positive. From Equations (13)–(15), the energy-momentum tensor (7)
can be elaborated as:

Ta
b =

e−3(γ−ψ)

R
[DKaKb + Ve2(γ−ψ)(2−V)

{prδa
b + (pt − pr)}Ωa

b], (16)

where
Ka =

ua

N
= (1,−1 + V, 0, 0) (17)

and
Kb =

ub
N

= e2(γ−ψ)(−1,−1 + V, 0, 0). (18)

The non-zero components of energy-momentum tensor yields√
−gTt

t = e(γ−ψ)[−D + V(2−V)pt

− (pt − pr){1− (1−V)2e−4(γ−ψ)}], (19)√
−gTt

r = e(γ−ψ)(1−V)[−D− (pt − pr)

{1− e−4(γ−ψ)}] = −
√
−gTr

t , (20)√
−gTr

r = e(γ−ψ)[V(2−V)pt + D(1−V)2

− (pt − pr){e−4(γ−ψ) − (1−V)2}], (21)√
−gTz

z = V(2−V)pte(γ−ψ) =
√
−gTφ

φ , (22)

where g is the metric determinant given by Equation (1). The conservation law is expressed by
the formula:

Ta
b ;a = 0. (23)

The above equation can also be written as

Ta
b ,a +Γa

cbTc
a − Γd

abTa
d = 0. (24)

Then, by using Equations (19)–(22), the t and r components of continuity equation can be
simplified to:

∂uD =
−1
2
(DV)

′ − 1
2
[(pt − pr){1− (1−V)2

e−4(γ−ψ)} −V(2−V)pt]
· +

1
2
[(pt − pr)

(1−V){1− e−4(γ−ψ)}]′ + V
2

pt(2−V)

(ψ̇− γ̇− Ṙ
R
) +

D
2
(1−V)[2∂u(ψ− γ)− (25)

V(ψ̇− γ̇)] +
(pt − pr)

2
[e−4(γ−ψ){2∂u

(γ− ψ) + V(γ
′ − ψ

′
)}+ (V − 1){2∂u

(γ− ψ)−V(γ̇− ψ̇)}]
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and

D∂uV = (1−V)∂uD +
1
2
[(1−V)(pt − pr)

{1− e−4(γ−ψ)}]· − 1
2
[pt(2−V)V −

D(1−V)V + (pt − pr){(1−V)2 −

e−4(γ−ψ)}]′ − D
2
[2∂u(ψ− γ)−V(ψ̇− (26)

γ̇)] +
V(2−V)pt

2
(γ
′ − ψ

′
+ R

′
) +

(pt − pr)

2
[{2∂u(γ− ψ)−V(γ̇− ψ̇)} −

e−4(γ−ψ)(1−V){2∂u(γ− ψ) +

V(γ
′ − ψ

′
)}],

where v = r + t and u = t − r stand for advanced and retarded time, respectively, whereas
2∂u = ∂

∂t −
∂
∂r and 2∂v = ∂

∂t +
∂
∂r .

In this study, we discuss the cylindrical symmetric collapse of the fluid in an anisotropic
background. We mainly focus on the interior region that was described by Equation (1). We do
not focus on the exterior spacetime of the collapsing fluid. Prisco et al. [31] considered the interior
spacetime with a general non-rotating matter with anisotropic background, while the exterior is
discussed by Einstein–Rosen spacetime. These two spacetimes have been matched by using Darmios
matching conditions.

3. Null Dust Solution

The very high frequency approximation towards the unidirectional radial unpolarized radiation
was explained by null dust solution. This was considered as a valid approximation if the radiation
wavelength can be neglected in comparison with the background curvature radius. A number of
exact solutions of the EFEs were carried out in the presence of pure null dust [32,33]. When V −→ 0,
the solution of the field equations is given below. In this limit, keeping D, pr, and pt finite, the
energy-momentum tensor (16) is

Ta
b =

De−3(γ−ψ)

R
KaKb, (27)

where Ka = (1,−1, 0, 0) shows the null vector. This indicates the large collapsing velocity that is
V ≈ 0. The null dust system was considered in our problem for approximation. The deviation V of the
4-velocity from null and use of the linear perturbation method were applied. The collapsing null dust
solution can be formulated as:

ψ = 0, (28)

R = r, (29)

γ = γB(ν), (30)

8πDGeγ =
dγB
dν

, (31)

where γB(ν) is a function of (ν). For perturbation analysis, the above solution is considered as a
background solution. At r = 0, i.e., the symmetry axis, can be observed from Equations (27) and (29).
The energy-momentum tensor diverges if D remains a non-zero value. This implies that at r = 0 a
naked singularity exists.
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4. High Speed Approximation Scheme

The linear perturbation analysis for a high speed approximation scheme was applied. For perturbation,
we take the null dust solution as a background solution obtained in the previous section.

If ω is a small parameter, and both ψ and V are of O(ω), hence, D, γ and R are given by

D = (1 + δD)DB, (32)

eγ = (1 + δγ)eγB , (33)

R = (1 + δR)r, (34)

where δD, δγ and δR are also function of O(ω) and

DB =
1

8πGeγB

dγB
dν

. (35)

Applying the above conditions stated in Equations (2)–(6) and (26) up to O(ω), they can be
formulated as:

δ
′
γ = (rδR)

′′
+ 8πGeγB DB[(δγ − ψ + δD)− 2∂ν(rδR)

− 2PTV
DB

+ (
pt − pr

DB
){(1 + δγ − ψ)− e−4γB(1 (36)

− 3δγ + 3ψ) + 2e−4γB ∂u(rδR)− 2∂u(rδR)

+ 2Ve−4γB}],

δ̈γ = (rδR)
·′
+ 8πGeγB DB[{(δγ − ψ + δD)− 2∂ν(rδR)

− V}+ (
pt − pr

DB
){−2∂u(rδR) + 2e−4γB ∂u(rδR) (37)

+ (1 + δγ − ψ)− e−4γB(1− 3δγ + 3ψ)

− V(1− e−4γB)}],

δ̈γ − δ
′′
γ = −16πGeγB

r
Vpt, (38)

(rδR)
·· − (rδR)

′′
= 16πGeγB V[(DB − 2PT)

+ (pt − pr)(1 + e−4γB)], (39)

ψ̈− ψ
′′ − ψ

′

r
=

8πGeγB

r
V[(DB − 2pt)

+ (pt − pr)(1 + e−4γB)], (40)
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∂u(δγ − ψ + δD) = −1
2

dDB
dν

V − 1
2
(V
′ −V

dγB
dν

)

+
1

DB
{(ptV)· − ptV

dγB
dν
}

− 1
2DB
{V(pt − pr)(1 + e−4γB)}′

− 1
DB

∂u[(pt − pr)− e−4γB(1 (41)

− 4δγ + 4ψ)(pt − pr) + 2Ve−4γB

(pt − pr)] + (
pt − pr

2DB
)[e−4γB

{2∂u(δγ − ψ) + V
dγB
dν
}

− {2∂u(δγ − ψ)−V
dγB
dν
}].

By applying the above equation, Equation (27) up to O(ω) yields

∂u{(DB − 2pt)V} =
ptV

r
− (1 + e−4γB)∂u{V(pt − pr)}. (42)

It is interesting to note that our results can be reduced to the perfect fluid for pt = pr = p, [14].

5. Results

The anisotropic pressure in the energy stresses has been used to observe the effect of anisotropy
in pressure on high-speed collapse. For this purpose, we have introduced new variables λ(u, v) and
l(u, v) as

pt = ρλ(u, v), (43)

and
pr = ρl(u, v). (44)

The three energy conditions, which are dominant, strong and weak are considered. The weak
energy condition is expressed as:

ρ ≥ 0, ρ + pr ≥ 0 and ρ + pt ≥ 0. (45)

The strong energy condition is given as

ρ + pr + 2pt ≥ 0 (46)

and the dominant energy condition is defined as

ρ ≥ |pr| and ρ ≥ |pt|, (47)

where ρ is positive, all energy conditions are satisfied, if, and only if, for l and λ, the following
relations hold:

− 1 ≤ l ≤ 1,−1 ≤ λ ≤ 1 and 1 + l + 2λ ≥ 0. (48)

It is noted that λ and l are bounded. From Equations (43) and (44), it follows that

pr

D
=

pr

pr + ρ
=

l
l + 1

, (49)

pt

D
=

pt

ρ + pr
=

λ

l + 1
. (50)
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From Equations (49) and (42), we get

∂u{V(
1 + l− 2λ

l + 1
)} =

λV
(l + 1)r

− (1 + e−4γB)

∂u{(λ− l
l + 1

)V}. (51)

For l = −1, we have observed that the high-speed approximation scheme fails. Hereafter,
we assume that l 6= −1. For constants l and λ, Equation (51) becomes

∂uV
V

=
λ

r(1− λ) + re−4γB(λ− l)
. (52)

The final solution of Equation (52) is

V = constant×CV( ˚ )× r
−2˘

(1−˘)+e−4flB (˘−l) , (53)

where

CV(ν) = exp[{ν−U(ν)}
−2λ

(1−λ)+e−4γB (λ−l) ]. (54)

According to Equation (53), the velocity perturbation V is infinite for the values λ = l = 1 . If the
velocity V is infinite, then high speed approximation fails.

For the sake of arbitrariness, when the simultaneous condition of λ 6= l 6= 1 is considered,
the following nuances are taken into account:

5.1. λ = 0 and λ = l or λ 6= l

When λ = 0 and λ = l or λ 6= l, then 1 + l + 2λ ≥ 0 and, at r → 0, the velocity perturbation
remains finite

V = constant. (55)

Thus, the high speed approximation may be applied and an NS formed in this case.

5.2. λ 6= 1 and λ = l

The case λ 6= 1 and λ = l is divided into the following subcases:

(i) When 0 < λ < 1 and λ = l, then 1 + l + 2λ ≥ 0 and, when r→ 0, the conclusion can be drawn
that the velocity V is infinite and the high speed approximation scheme fails.

(ii) When −1 ≤ λ < 0, λ = l, then initially we check for λ = −1.
(iii) When λ = −1 and λ = l, then 1 + l + 2λ < 0, whereas r → 0, then the V is finite and the high

speed approximation may work for the above values and an NS is formed.
(iv) When −1

3 ≤ λ < 0 and λ = l, then 1 + l + 2λ ≥ 0 and, when r → 0, then again the velocity
perturbation V is finite and the same result has been obtained.

(v) When −1 < λ < −1
3 and λ = l, then 1 + l + 2λ ≥ 0 and, when r → 0, then the high-speed

approximation scheme fails.
(vi) When λ = 1 and l < λ = 1 l < 1, then 1 + l + 2λ ≥ 0, and, when r → 0, then the V is not finite

and the high-speed approximation scheme fails.

5.3. λ 6= 1 and λ 6= l

When λ 6= 1 and λ 6= l, the following possibilities arise.

(i) When 0 < λ < 1, λ > l and 1 + l + 2λ ≥ 0, then it does not depend on e−4γB , i.e., for both
e−4γB ≥ 1 and 0 < e−4γB < 1, if r → 0, then velocity perturbation V becomes infinite and high
speed approximation scheme is not applicable.
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(ii) When 0 < λ < 1, λ < l and it gives us 1 + l + 2λ ≥ 0, then it depends upon the value of e−4γB .
When e−4γB > 1 and at r → 0, it gives us that V is finite, hence the high speed approximation
scheme can then be applied; as a result, an NS is formed.

(iii) when 0 < e−4γB < 1, 0 < λ < 1 and λ < l, then 1 + l + 2λ ≥ 0 and when r→ 0, then the velocity
perturbation V becomes infinite and high speed approximation scheme fail.

(iv) When −1 ≤ λ < 0 and λ 6= l. First, we check for λ = −1 and l > λ. When λ = −1, l = 1 and
1+ l + 2λ ≥ 0, the velocity perturbation V depends upon the value of e−4γB , when 0 < e−4γB < 1,
and symmetry axis approaches zero i.e., r→ 0, then the velocity perturbation V is finite, hence
the same results have been obtained.

In another case, when λ = −1, l = 1, e−4γB > 1 consequently 1 + l + 2λ ≥ 0 and r → 0, then
the velocity perturbation V becomes infinite and high speed approximation is not applicable. When
−1
3 ≤ λ < 0, λ < l, then 1 + l + 2λ ≥ 0, and, when r → 0, then the velocity perturbation V is finite,

for all values of 0 < e−4γB < 12, and a naked singularity is formed. When −1
3 ≤ λ < 0, λ > l, then the

high speed approximation scheme fails.

6. Conclusions

Gravitational collapse is a subject of great interest in general theory of relativity. Stupendous
research work in this field was carried out by considering different spacetimes and matter fields. Nakao
and Morisawa [14,15] initiated the study of a a high speed approximation scheme. They discussed
the cylindrical gravitational collapse for dust and perfect fluid, respectively, and interesting outcomes
have been carried out. The work done in [14] for perfect fluid is extended by Sharif and Ahmad [34]
to two perfect fluids. The anisotropic matter field includes most of the well known physical form
of matter like dust and perfect fluid, etc. Hence, it is a more general form of matter than dust and
perfect fluid. It would be interesting to discuss gravitational collapse by taking anisotropic pressure in
fluid distribution.

Ahmad et al. [35] have discussed spherical collapse using a high speed approximation scheme
in the background of anisotropic matter with some useful results. Ahmad and Imtiaz [26] extended
this work for cylindrically symmetric spacetime. They have applied the EoS l =

√
pr
ρ and λ =

√
pt
ρ for

radial and tangential pressure, respectively, to observe the pressure impact on the collapsing process.
Their obtained results investigated the effect on the collapse only for positive values of l and λ.

In this paper, we have extended the results given in [26] for all values of l and λ so that they satisfy
the energy conditions. We have considered different cases depending upon the values or relations of l
and λ . It is concluded that, for λ = l = 1, the V is infinite and the high speed approximation fails.
From the causality requirement, we have considered λ 6= l 6= 1 at the same time and discussed the
following cases i.e., λ = 0, λ = l or λ 6= l, λ = l and λ 6= 1, λ 6= 1, λ 6= l and 1+ l + 2λ ≥ 0 in detail.
These cases have been divided further into sub cases. For some cases, the high speed approximation
scheme fails, whereas, the high-speed approximation scheme work for some cases and the possibility
of the formation of NS exists. It is worth mentioning that, for pr = pt = p, i.e., λ = l, our outcomes
reduce to the outcomes given in [14].
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Appendix A

The non-vanishing components of Christoffell symbols of the second kind are

Γt
tt = γ· − ψ· = Γt

rr,

Γt
tr = γ

′ − ψ
′
= Γt

rt,

Γt
φφ = e−2(γ−2ψ)ψ·,

Γt
zz = e−2γR(ψ·R− R·),

Γr
tt = γ

′ − ψ
′
= Γr

rr,

Γr
tr = γ· − ψ· = Γr

rt,

Γr
φφ = e−2(γ−2ψ)ψ

′
,

Γr
zz = e−2γR(ψ

′
R− R

′
) = Γt

tt,

Γφ
φt = ψ· = Γφ

tφ,

Γφ
φr = ψ

′
= Γφ

rφ,

Γz
tz = −ψ· +

R·

R
= Γz

zt,

Γz
rz = −ψ

′
+

R
′

R
= Γz

zr.

The non-zero components of the Ricci tensor are given as

Rtt = ( ´́γ− ´́ψ)− (γ̈− ψ̈)− R̈
R
+

Ṙ
R
(γ̇ + ψ̇) +

Ŕ
R
(γ́− ψ́)− 2ψ̇2,

Rrr = −( ´́γ− ´́ψ) + (γ̈− ψ̈)−
´́R
R
+

Ṙ
R
(γ̇− ψ̇) +

Ŕ
R
(γ́ + ψ́)− 2ψ́2,

Rθθ = (ψ̈− ´́ψ)e−2(γ−2ψ) + (ψ̇
Ṙ
R
− ψ́

Ŕ
R
)e−2(γ−2ψ),

Rzz = e−2γ(RR̈− ψ̇RṘ− ψ̈R2 − R ´́R + ψ́RŔ + ´́ψR2),

Rtr = −
˙́R
R
+ γ́

Ṙ
R
+ γ̇

Ŕ
R
− 2ψ̇ψ́.

The Ricci scalar is

R =
1√−g

[−2 ´́γR + 2 ´́ψR + 2γ̈R− 2ψ̈R + 2R̈

+ 2Ŕψ́ + 2ψ̇2R− 2 ´́R− 2Ṙψ̇− 2ψ́2R].
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