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Abstract: I present theoretical calculations for Higgs-boson and top-quark production, including
high-order soft-gluon corrections. I discuss charged-Higgs production in association with a top
quark or a W boson, as well as single-top and top-antitop production. Total cross sections as well as
transverse-momentum and rapidity distributions of the top quark or the Higgs boson are presented
for various LHC energies.
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1. Introduction

The study of the top quark and of Higgs bosons in the Standard Model and beyond are two
major active areas of fundamental physics and its exporation at the LHC. To make the most of
the physics program at the LHC, we need to be able to predict theoretically the cross sections for
processes involving top quarks and Higgs bosons, including processes beyond the Standard Model.
Perturbative QCD corrections are typically large for these processes and they are needed to reduce the
dependence of the cross sections on factorization and renormalization scales.

Many processes have now been calculated to NLO, and some to NNLO. The complexity of the
calculations increases enormously with each order. It is therefore important to identify the sources of
specific contributions to the cross sections, and whether they are numerically dominant and can be
calculated with alternative techniques. It turns out that soft-gluon corrections, i.e., radiative corrections
calculated in the eikonal approximation where the gluons are low-energy, dominate the cross sections
for many processes at LHC and Tevatron energies. It is thus important and meaningful to calculate
these corrections. See Ref. [1] for a review.

These soft-gluon corrections can be formally resummed in moment space to all orders in the
perturbative series by using factorization of the cross section into different functions that describe the
behavior of hard, collinear, and soft quanta, and renormalization-group evolution of these functions.
However, physical predictions for resummed cross sections need some kind of method or prescription
to avoid Landau singularities in the resummed result, and the record of such prescriptions has been
rather poor in that they typically grossly underestimate the numerical contribution of the corrections.
However, fixed-order expansions of the resummed cross sections bypass such concerns.

Expansions of resummed cross sections have been given at NLO, NNLO, and even N3LO for
numerous top-quark and Higgs processes [1]. The soft-gluon corrections at NLO typically are excellent
approximations to the complete NLO corrections. In cases where the complete NNLO corrections are
known, it is also found that the soft-gluon corrections at NNLO are also very good approximations.
Even higher-order soft-gluon corrections can provide additional significant contributions.

In this presentation, I discuss the latest results with soft-gluon corrections for various processes
involving charged Higgs bosons and top quarks. In particular, I discuss tH− production, H−W+

production, single-top quark production in the t- and s-channels and tW production, tZ production
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via anomalous top-quark couplings, and tt̄ production. Soft-gluon corrections are very important in
all these cases and they approximate exact results very well.

We resum these soft corrections at next-to-next-to-leading logarithm (NNLL) accuracy for the
double-differential cross section, and we use the resummed cross section as a generator of finite-order
expansions to provide approximate NNLO (aNNLO) and approximate N3LO (aN3LO) predictions
for cross sections and differential distributions. We get the aNNLO prediction by adding the aNNLO
soft-gluon corrections to the complete NLO result. The aN3LO prediction is found by adding the
aN3LO soft-gluon corrections to the complete NNLO result if the latter is available (or to the aNNLO
result, if it is not).

2. Higher-Order Soft-Gluon Corrections

We consider partonic processes for charged-Higgs production

f1 + f2 → H− + X

and for top-quark production
f1 + f2 → t + X .

In addition to the usual kinematical variables s, t, u, we define a threshold variable s4 = s+ t+ u−
∑ m2. At partonic threshold s4 → 0, and the soft-gluon corrections are of the form [lnk(s4/m2

H)/s4]+ for
charged-Higgs production, and [lnk(s4/m2

t )/s4]+ for top-quark production, with k ≤ 2n− 1 at order
αn

s . We resum these soft corrections for the double-differential cross section in t and u, or equivalently
in pT and rapidity.

To derive soft-gluon resummation, we take moments of the partonic cross section with moment
variable N, σ̂(N) =

∫
(ds4/s) e−Ns4/sσ̂(s4), and write a factorized expression for the cross section in

4− ε dimensions

σ(N, ε) = HIL (αs(µR)) SLI

(
m

NµF
, αs(µR)

)
∏ Jin (N, µF, ε)∏ Jout (N, µF, ε) ,

where m denotes the charged-Higgs or top-quark masses, depending on the process, and µF and µR
are the factorization and renormalization scales. HIL is the hard function and SLI is the soft function,
both of them matrices in general in the space of color exchanges, and the Jin and Jout collect collinear
and soft-gluon corrections from the incoming and outgoing partons. SLI satisfies the renormalization
group equation (

µ
∂

∂µ
+ β(gs)

∂

∂gs

)
SLI = −(Γ†

S)LKSKI − SLK(ΓS)KI ,

where ΓS is the soft anomalous dimension, thus resulting in the exponentiation of logarithms of N.
At NNLL accuracy, we need two-loop soft anomalous dimensions.

Resummed expressions follow from the evolution of the soft function, as determined by the above
renormalization group equation, as well as of the J functions in the factorized expression.

3. Charged Higgs Production

We begin with the associated production of a top quark and a charged Higgs boson in the
MSSM or other two-Higgs-doublet models [2–4]. The lowest-order cross section for the process
bg→ tH− is proportional to ααs(m2

b tan2 β + m2
t cot2 β) where tan β = v2/v1 is the ratio of the vacuum

expectation values of the two Higgs doublets. The soft anomalous dimension for the process is

Γbg→tH−
S = (αs/π)Γ(1)

S + (αs/π)2Γ(2)
S + · · · , with

Γ(1)
S = CF

[
ln
(

m2
t − t

mt
√

s

)
− 1

2

]
+

CA
2

ln
(

m2
t − u

m2
t − t

)
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and

Γ(2)
S =

[
CA

(
67
36
− ζ2

2

)
− 5

18
n f

]
Γ(1)

S + CFCA
(1− ζ3)

4
.

The analytical expressions for the soft-gluon corrections through NNLO for tH− production have
been given in [2–4]. The approximate N3LO (aN3LO) soft-gluon corrections are:

d2σ̂
(3) bg→tH−

aN3LO
dt du

= Fbg→tH−

LO
α3

s
π3

{
(CF + CA)

3

[
ln5(s4/m2

H)

s4

]
+

+
5
2
(CF + CA)

2

[
2CF ln

(
m2

t − t
mt
√

s

)
− 2CF ln

(
m2

H − u
m2

H

)
− CF

+ CA ln
(

m2
t − u

m2
t − t

)
− 2CA ln

(
m2

H − t
m2

H

)
− (CF + CA) ln

(
µ2

F
s

)

− 11
9

CA +
2
9

n f

] [
ln4(s4/m2

H)

s4

]
+

+O
([

ln3(s4/m2
H)

s4

]
+

)}
,

where, for brevity, we do not show explicitly the lower powers of the logarithms.
We now present the aN3LO total cross sections at LHC energies. We use MMHT2014 NNLO

pdf [5] for our numerical results. In the left plot of Figure 1, we show the aN3LO total cross section
for tH− production, with tan β = 30, as a function of charged-Higgs mass at LHC energies of 7, 8, 13,
and 14 TeV. The soft-gluon corrections are large for this process, as shown on the plot on the right.
Top-quark pT and rapidity distributions in this process have also been presented in [3,4].

We next discuss H−W+ production via bb̄ → H−W+ [6]. In the left plot of Figure 2, we show
the aNNLO charged-Higgs rapidity distribution dσ/d|Y|, with tan β = 1 and mH = 500 GeV, at 7, 8,
13, and 14 TeV LHC energies with MMHT2014 NNLO pdf. The inset plot shows the aNNLO/LO
K-factors. The soft-gluon corrections are clearly very significant.
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Figure 1. (Left) aN3LO total cross sections for tH− production; (Right) K-factors for tH− production.
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Figure 2. (Left) the aNNLO rapidity distribution of the charged Higgs boson in H−W+ production at
LHC energies; (Right) the aNNLO total cross section for the process gc→ tZ.

4. tZ Production via Anomalous Couplings

In physics beyond the Standard Model, top-quark production may occur via anomalous couplings
of the top quark. Here, we discuss soft-gluon corrections in tZ production with anomalous t-q-Z
couplings via the processes gu→ tZ and gc→ tZ [7]. The complete NLO corrections [8] are very well
approximated by the soft-gluon corrections at that order.

In the right plot of Figure 2, we show the aNNLO total cross section for gc → tZ as a function
of top-quark mass at LHC energies of 7, 8, 13, and 14 TeV with CT14 pdf [9]. The inset plot displays
the K-factors, which show that the aNNLO corrections are large. The fact that these corrections
significantly enhance the NLO cross section is an important theoretical input to setting experimental
limits on the couplings [10,11]. Similar results are found for the process gu → tZ, and top-quark
differential distributions for both processes have been presented in Ref. [7].

Related calculations have more recently been done for tγ production via anomalous couplings in
Ref. [12], with similar findings on the importance of soft-gluon corrections.

5. Single-Top Production

Next, we discuss single-top production in the t-channel, s-channel, and via tW production.
These processes are now known at NNLO for the t-channel [13–15] and the s-channel [16], and at NLO
for tW production [17]. Soft-gluon resummation at NNLL has been performed for all channels [18–21].
We now present results with soft-gluon corrections at aNNLO [18,20] for the t and s channels, and at
aN3LO [21] for tW production.

In the left plot of Figure 3, we show aNNLO results for t-channel cross sections, using MMHT2014
NNLO pdf [5], at LHC and (inset) at Tevatron energies. Results are shown separately for the single-top
cross section, the single-antitop cross section, and their sum. We find excellent agreement of the
aNNLO predictions with all data from the LHC and the Tevatron. The aNNLO normalized top-quark
pT distributions also describe the available data quite well [22].

We next discuss tW production at aN3LO. In the right plot of Figure 3, we show the total
tW−+t̄W+ cross section as a function of energy. We observe very good agreement with LHC data at 7,
8, and 13 TeV energies.

Finally, the theoretical predictions for s-channel production at aNNLO are in good agreement
with available LHC and Tevatron data as shown in [22].
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Figure 3. (Left) single-top t-channel aNNLO cross sections compared with CMS and ATLAS data at
7 TeV [23,24], 8 TeV [25,26], and 13 TeV [27,28], and with CDF and D0 combined data at 1.96 TeV [29];
(Right) aN3LO cross sections for tW production compared to ATLAS and CMS data at 7 TeV [30,31],
8 TeV [32], and 13 TeV [33,34].

6. Top-Antitop Pair Production

Top-antitop pair poduction is the dominant mode at both the Tevatron and the LHC.
The theoretical state-of-the-art is currently aN3LO [35–37]. The soft anomalous dimensions are
known at two loops and they are 2× 2 matrices in color space for the qq̄ → tt̄ channel, and 3× 3
matrices for the gg→ tt̄ channel.

The soft-gluon corrections have been known at NLO and NNLO for total and differential cross
sections for some time. These corrections are large and dominant, and they provide excellent
approximations to the complete QCD corrections at both NLO and NNLO [1] (see, in particular,
Figure 6 in [1]). The further corrections at aN3LO are still significant, and they need to be included
in theoretical predictions for improved accuracy and smaller theoretical uncertainty. At the LHC,
the aN3LO corrections increase the NNLO cross section by around 4% at 7 and 8 TeV energies and by
around 3% at 13 and 14 TeV energies (see Ref. [35] for details).

Figure 4 displays the aN3LO top-antitop cross sections at LHC and Tevatron energies using
MMHT2014 NNLO pdf. There is data from the Tevatron at 1.8 TeV and 1.96 TeV energies, and from
the LHC at 5.02, 7, 8, and 13 TeV energies. The theoretical curves describe the data at all energies
remarkably well. The fact that aN3LO theory has predicted and agrees with the data over such a wide
energy range is highly significant. The soft-gluon corrections are important both in enhancing the
cross section and in reducing its dependence on renormalization and factorization scales.

Top-quark differential distributions can provide a lot more information than total cross sections,
and they are sensitive to new physics. Top-quark transverse-momentum (pT) and rapidity distributions
have been calculated to aN3LO, and the soft-gluon contributions are very important [1,22,36].

The aN3LO top-quark normalized pT distributions, (1/σ)dσ/dpT , and normalized rapidity
distributions, (1/σ)dσ/dY, are shown in Figure 5 at 13 TeV energy and compared with CMS data.
Again, we find excellent agreement of the aN3LO theoretical predictions for both distributions with
the corresponding data.
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Figure 4. Top-antitop aN3LO cross sections compared with CMS data at 5.02 TeV [38] and with ATLAS
and CMS data at 7 TeV [39,40], 8 TeV [40,41], and 13 TeV [42,43] LHC energies. The inset shows the
aN3LO cross section compared with CDF [44] and D0 [45] data at 1.8 TeV, and CDF&D0 combined
data [46] at 1.96 TeV Tevatron energy.
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Figure 5. aN3LO top-quark normalized pT (left) and rapidity (right) distributions at 13 TeV energy
compared with CMS [47] data.

7. Conclusions

We have presented results with soft-gluon corrections for total cross sections and differential
distributions for various processes involving the production of charged Higgs bosons and top quarks.
The soft-gluon corrections are significant and dominant in all the processes that we have discussed.

We have presented aN3LO results for tH− production, for tW production, and for tt̄ production.
We have shown aNNLO results for t-channel and s-channel single-top production, H−W+ production,
and tZ production via anomalous couplings. For the single-top and top-antitop-pair processes, we find
excellent agreement with all available collider data. The higher-order soft-gluon corrections are needed
for a better description of the data and for setting limits in new physics searches.
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