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Abstract: We examine three point functions with two scalar operators and a higher spin current in
2d Wy minimal model to the next non-trivial order in 1/N expansion. The minimal model was
proposed to be dual to a 3d higher spin gauge theory, and 1/N corrections should be interpreted
as quantum effects in the dual gravity theory. We develop a simple and systematic method to
obtain three point functions by decomposing four point functions of scalar operators with Virasoro
conformal blocks. Applying the method, we reproduce known results at the leading order in 1/N
and obtain new ones at the next leading order. As confirmation, we check that our results satisfy
relations among three point functions conjectured before.
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1. Introduction

Holography is expected to offer a way to learn quantum corrections of gravity theory from 1/N
corrections in dual conformal field theory. In this paper, we address this issue by utilizing one of the
simplest holographies proposed in [1]!, where 2d Wy minimal model is dual to Prokushkin-Vasiliev
theory on AdSs given by [6]. We examine three point functions with two scalar operators and one
higher spin current in the minimal model up to the next leading order in 1/ N expansion. They should
be interpreted as one-loop corrections to three point interactions between two bulk scalars and
one higher spin gauge fields in the dual higher spin theory. We develop a simple and systematic
method to compute the three point functions by decomposing four point functions of scalar operators
with Virasoro conformal blocks. Among others, we expect that this way of computation makes
the dual higher spin interpretation easier. Applying the method, we reproduce known results at
the leading order in 1/N obtained by [7,8]. Exact results are available only up to correlators with
spin 5 current [9-11], but a simple relation was conjectured for generic s in [11]. We obtain the 1/N
corrections of correlators with spin s < 8 current, and the results for s = 6,7, 8 should be new. We check
that they satisfy the conjectured relation as confirmation of our results.

1 Recently, a different method to the issue has been adopted in [2-4] by analyzing the strongly coupled regime of conformal

field theories in 1/ N expansion. This becomes possible because of recent developments on conformal bootstrap technique,
e.g. in[5].
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We would like to examine the Wy minimal model in 1/N expansion, but we should specify the
expansion in more details. The minimal model has a coset description

su(N), ®su(N); )
su(N)it1
whose central charge is given by
_ N(N+1)
e=N-1) (1_(N+k)(N+k+1)> @)

The model has two parameters N,k. For our purpose, it is convenient to define the
"t Hooft coupling

N

A v )

and label the model by N, A instead of N, k. We then expand the model in 1/N, where each order
depends on the other parameter A. The expansion is almost the same as 1/c¢ expansion because of
¢ ~ N(1—A2) + O(N?), but details are different.

The minimal model is argued to be dual to the higher spin theory of [6], which includes higher spin
gauge fields ¢(®) (s = 2,3,4,...) and complex scalar fields ¢+ with mass m2 = —1 4 A2. The large N
limit of minimal model with A in Equation (3) kept finite corresponds to the classical limit of higher
spin theory, where A is identified with the parameter in bulk scalar mass. The higher spin gauge fields
@) and bulk scalars ¢+ are dual to higher spin currents J*) and scalar operators O, respectively.
Here different boundary conditions are assigned to the bulk scalars ¢+ and the dual conformal
dimensions are given by A4 = 2h4 =1+ A at the tree level.

Basic data of conformal field theory may be given by spectrum and three point functions of
primary operators. Since higher spin symmetry of the minimal model is exact, spectrum does not
receive any corrections in 1/ N. Namely, there is no anomalous dimension for higher spin current J(*).
Therefore, as simple but non-trivial examples, we examine three point functions and specifically focus
on those with two scalar operators and one higher spin current as

(01(21)0x(22)]® (23)) @)

with s = 2,3,4,.... Here O are complex conjugate of O+. In [7,8], the three point functions in the
large N limit of the minimal model have been computed from classical higher spin theory. They were
reproduced with conformal field theory approach in [8,12,13]?, but these methods are applicable only
to the leading order analysis in 1/N. Since the W minimal model is solvable, for instance, by making
use of the coset description in Equation (1), we can obtain the three point functions in Equation (4) with
finite N, k in principle. However, in practice, the computation would be quite complicated, and only
explicit expressions are available only with spin 3,4, 5 currents [9-11] (see also [15] for an alternative
algebraic method).

In this paper, we develop a different way to compute the three point functions in Equation (4)
from the decomposition of scalar four point functions by Virasoro conformal blocks. Our method may

2 The analysis in [12,13] were made in the context of ' = 2 holographic duality in [14], but we can see that the analysis

reduces to that for the bosonic case under a suitable truncation at the leading order in 1/N.
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be explained as follows; Let us consider a generic operator product expansion of scalar operators O;
with conformal weights (h;, h;) as

Ci2
Ol (21)02 (ZZ) - Z hi+hy—hy _ZlJrhzf}_lp Ap (22) T ®)
212 Z1p

where the coefficient Cy5, includes the information of three point function. Moreover, Ay has conformal
weights (1, P_zp), and dots denote contributions from descendants. Using the expansion, we can
decompose scalar four point function as

C12pCsa . =
(01(00)02(1)O3(2) 04(0)) = ;Mz{;ﬁ}-(czhi,hp/z)]'—(clhi/hpzz) (6)

Here F(c, h;, hp,z) is Virasoro conformal block, which can be fixed only from the symmetry
in principle. Once we know scalar four point functions and Virasoro conformal blocks, we can
read off coefficients as Cy, by solving constraint equations coming from Equation (6). For our case
with O; = O or Oy, four point functions can be computed exactly with finite N, k, for instance,
by applying Coulomb gas approach as in [16]. On the other hand, Virasoro conformal blocks are quite
complicated, but explicit forms may be obtained by applying Zamolodchikov’s recursion relation [17],
see also [18,19]. We can find other works on the 1/c expansion of Virasoro conformal blocks in,
e.g., [20-23]. Gathering these knowledges, we shall obtain the coefficients as Cyp, up to the next
leading order in 1/ N expansion.

The paper is organized as follows; In order to study the decomposition in Equation (6), we need to
examine scalar four point functions and Virasoro conformal blocks. In the next section we decompose
scalar four point functions in terms of cross ratio z, and in Section 3 we give the explicit expressions of
Virasoro conformal blocks in expansions both in 1/N and z. After these preparations, we compute
three point functions in Equation (4) by solving constraint equations coming from Equation (6) in
Section 4. In Section 4.1 we reproduce known results at the leading order in 1/N. In Section 4.2 we
obtain the 1/N corrections of three point functions for s = 3,4, ..., 8, and check that they satisfy
the relation conjectured in [11]. Section 5 is devoted to conclusion and discussions. In Appendix A
we examine Virasoro conformal blocks in expansions of 1/¢ and z by analyzing Zamolodchikov’s
recursion relation. In Appendix B we compute three point functions with higher spin currents of
double trace type.

2. Expansions of Four Point Functions

We would like to obtain the coefficients as Cyz, by solving Equation (6). For the purpose, we need
information on the both sides of the equation, i.e., scalar four point functions and Virasoro conformal
blocks. In this section we examine scalar four point functions. We are interested in three point functions
of two scalar operators O~ and a higher spin current J(*) as in Equation (4). We consider the following
four point functions with scalar operators O+ as

Gi1(z) = (04(0)0+(1)0+(2)0+(0)) @)
G——(z) = (0-(0)0_(1)0-(2)0-(0)) )
G-+ (2) = (0-(0)0+(1)04(2)0-(0)) )

Exact expressions with finite N, k may be found in [16]. From the expansions in z, we can read off
what kind of operators are involved in the decomposition by Virasoro conformal blocks. In the rest of
this section, we obtain the explicit forms of four point functions in z expansion for parts relevant to
later analysis.
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Let us first examine the z expansion of G4 (z) in Equation (7), and see generic properties of the
four point functions. The expression with finite N, k is [16]

_ AA 2
Gyii(z) = |z(1—2z)| 722+ U(l —2)!"E (1 + N,N;A;z>
, (10)
N 2R (142 — Az
1 257 NN ;
with
T1+A—2)T(=A)TR+A+ 4
IN(—=1-A—-{)I(5 —ML2+A)
Here the exact value of conformal dimensions A = 2h is
_ (N-1)2N+1+k) 11 _3
Ay = NN R =14+A N NZ)H—O(N ) (12)

which is expanded in 1/N up to the N2 order.
In the expansion in z, we would like to pick up the terms corresponding to the three point function
in Equation (4). The operator product of O may be expanded as

- 1 C(f)zs (S)
0+(2)0+(0) =125 +; |Z|2A+] (0)

clsiss’) s , (1%
+ Y T 1o (0) + Y O A (0)
(s1,5238") 22+ i
Here J1525) (2) are higher spin currents of double trace type as
](51,52;5’) _ ](51)85'—51—52](52) N (14)

with s’ > 6as sy, sp > 3and s’ —s; — sy > 0. If we use the normalization as <](5)](5)) « N, then the
two point function of this type of operator becomes (] (s15255') J(s15255') ) o N2, This is related to the fact
that C(f) o« N~1/2, while Cfl’sz;s) o N~L. There could be currents of other multi-trace type, but the
contributions are more suppressed in 1/N. Furthermore, A, ,,) (z) are double trace type operators of
the form as

Ay = 049"3"O + - (15)

and the conformal weights are (hy,m, hnm) = (2h+ + n,2h4 + m). The dots in Equation (13) include
the operators dressed by higher spin currents J)(z), J*)(2) for instance.

The operator product expansion in Equation (13) suggests that the contributions from J*) or its
descendants are included in terms like z51!/ |Z|ZA+, where ! = 0,1,2, ... corresponds to the level of
descendant. In Equation (10), such terms appear as

— —2A AL +1+A A A . .
Git(z) = |z| (1 —2)"2 b |1+ 5 — Az )+ (16)
N N
Note that they also include effects from higher spin currents of double trace type Jl1525) (2)

among others. For the first term in Equation (10), the other contributions involve at least one
anti-holomorphic current J)(z). For the second term in Equation (10), the expansions become
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polynomials of z and Z at the leading order in 1/N, and this implies that double trace type operators
A(y,m) should appear as Ay in Equation (5). At the leading order in 1/ N, we can expand Equation (16)
around z ~ 0 as

Giy(z) ~ |z 2D (17)

This corresponds to the expansion by the identity operator in Equation (13). Thus the non-trivial
contributions to our three point functions come form the terms at least of order 1/N.

At the next and next-to-next orders in 1/ N, there are two types of contributions in Equation (16).
One comes from

(1—z) 8+ = (1 — )N 52 4 O(N73) (18)

which becomes

+O(N73) (19)

1 r(+4) _
@) ==V (%) 2-4) (k-1 4) 0
= (- (1- F B ) + o)
and the definition of harmonic number
"1
H, = 2 - (21)
=17

The other comes from the hypergeometric function, which can be similarly expanded in 1/N as

r(-A) (142 )T (= & 4n) n
2h (1 + %,—%,—A;z) = r(1+%) =y Zn 0 Nr(,nMn)N - i )
=1+ Ay O L (Az +AT(1 = A) £y k2 ) + O(N9)

In total, we have

24, YL TA-ANTm)YN LS )
||+ Gy1(2z) ~ 1+ N n§:1 ( . + ECE ) z" + N2 n§:2f++z (23)
where
( ) e —AT(]) A Hy,1  AT(1—=A)T(n)
fis = Z: O R Ty 4
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First few expressions are

@_1(, 1

f++_2< 2 A) (25)
@ _ 1/ 4 1

f++_3(A2+/\1 A) (26)
(4)_1 _ 18 8 14 _

f++_8(1 Aistaiatao # @7

We would like to move to another four point function G__(z) in Equation (8), whose expression
with finite N, k can be again found in [16]. We use the four point function in order to obtain the three
point function in Equation (4) with the other type of scalar operator O_. As for G, 4 (z), the relevant
part is

G__(z) = |z|_2A*(1—z)% N2, F (1 —, == = A= 'z) +-- (28)

Here we may need

=1-A— (1 =A%)+ HA1 =A%)+ O(N73)
Similarly to G (z) we can expand G__(z) in z as
2A_ 1 - (1 + /\)r(n) n L - (n) _n
|z|*2~G__(z n; ( 7I’(n+)\) 2"+ 7 n;f__z (30)
where () LEENA0 AD(1+A)T (1)
1 H,_ -1 _A 1
f - Zn n l ( ) + ‘|’ 1 + (7’1—1—)\) (2}?21 k_,__)\ - H) (31)
First few expressions are
@_A_ 3 1
o= 7 T (32)
@) & B 13 2 20 - 8
=3 a0 T v T3hry) (2 (33)
@ A 31 3 23 24 63 27 1
S = T i) TOrie T Av2 2P iA+3) igap s O

From the four point functions G+ (z), we can read off the square root of coefficients (Cis))z,
but relative phase factor cannot be fixed. In order to determine it, we also need to examine G_ 4 (
Equation (9), which can be computed as [16]

z) in

2

1—2z
B — 11— g2 5 R |1 35
G4 (2) = [1—2| 22+ 2] |14+ —— 35)
with finite N, k. For later arguments, we need
24 1 ¢n—1 n
1-2P2G iz ~ 14 Y (- 2) (36)

n=2

which is expanded in (1 — z) up to the 1/N order.
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3. Virasoro Conformal Blocks

In the previous section we analyzed the left hand side of Equation (6). In order to obtain
three point functions by solving the equations in Equation (6), we further need information on
F(c, h, hy, z). In general, the forms of Virasoro conformal blocks are quite complicated. In practice,
we actually do not need to know closed forms but expansions in z up to some orders. For this
purpose, a standard approach may be solving Zamolodchikov’s recursion relation in [17]. Following
the algorithm developed in [18] (see also [19]), we obtain the expressions of Virasoro conformal blocks
to several orders in z and 1/c in Appendix A. Related works may be found in [19-23], and in particular,
some closed form expressions were given, e.g., in [20]. Our findings agree with their results after minor
modifications.

Let us consider the four point function in the decomposition of Equation (6) with h; = hy and
h3 = hy. In the decomposition, intermediate operator .Aj, can be the identity or other. As observed in
the examples of previous section, only the Virasoro conformal block with the identity operator (called
as vacuum block) survives at the leading order in 1/ N. This simply means that the four point functions
are factorized into the products of two point ones at the leading order in 1/N. Virasoro conformal
block with A, of single trace type would appear at the next leading order in 1/N. We would like to
examine 1/ N corrections to three point functions, so we need 1/N corrections to the Virasoro block
of A,. This also implies that we need the expression of vacuum block up to the next-to-next leading
orderin1/N.

Let us first examine the vacuum block with h; = h3 = hi. As was explained in Appendix A,
the 1/ c-expansion of vacuum block is given by

Vo(x) = 1+ 2a22)F (2,2;4;2)

(37)
+% [I3h3ka(2) + hihs(hy + h3)ky(z) + hhske(z)] + O(c™3)
with
2826 3477 26878

_n4 5 9
ko(z) =2z" + 42> + 5t 5 T35 +0(z7)
2z 475 3926 4777 26378 9

2z 475 10928 13127 187978 9

ke(2) =25+ 25 * 200 " 200 * eao0 ")

The 1/¢ order term corresponds to the exchange of spin 2 current (energy momentum tensor) in
terms of global block. We need to rewrite the expansion in 1/c by thatin 1/N as

1

1 -
Vo) = (@) + V5 (o) + WP ()55 + O(N ) (39)
The first two terms can be easily read off as
0 1 1/1+A
V92 =1, V() = 5 <m> 2,F1(2,2;4;2) (40)

Since there are two types of contributions to Véz), we separate it into two parts as

VP = v () + v (2) (41)
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One comes from the 1/c order term with the next leading contribution from h?% /c as

(42)
A Z+2+F+E+F+H+F) +0E)
where ffi were given in Equations (25) and (32). Here we have used
2h3 1 (1A 1 ¢(2) -3
5 0 (1) + s+ o) @

which are obtained from the 1/ N expansions of i+ as in Equations (12) and (29) and c in Equation (2) as
— — A2 _ 1 1 -1
c=N1-2)[1- & (A+ L) + o) (44)

The other comes from the 1/¢? order terms in Equation (37) as

(1£1)? (1+ /\)2kb (2) + Lk (2) (45)

(22) .y —
W) = ) are ) s

with k,(z), ky(z), and k(z) in Equation (38).
We also need Virasoro blocks of A, up to the next non-trivial order in 1/N. It is known that the
Virasoro block is expanded in 1/c¢ as (see, e.g., [23])

Vp(2) = 8l0p,2) + < ks iy, 2) + O+ D) fy O 2) + ey, 2)] +O(?) (4

Here g(hyp, z) is the global block of A, and the expressions of f,(hy,z), fy(hp,z), and fc(hp,z)
were obtained in [23]. See also Appendix A. For our application, we set h; = h3 = hy and h), = s.
We need the expansion in 1/N instead of 1/c as

1&4:%%@+%W@%+0m4) (47)

The leading term VF(,O) (z) is given by the global block as

VS(O) (z) = g(s,z) = z°2F1(s,5;2s; x) (48)

The next order contributions in 1/ N are

W@ = i fED + g hled + o) )
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where the functions f,(s,z), f,(s,z), and f.(s,z) are given by

fals2) =2 [272 + (s +2)2° + ALY | (ANAO o )18)2
+0(z%)]

2 3 4
flsiz) = sls— 1)z [y + GEHF + L0

L

+3)(5+4) (5s(s+5)+24)z° (50)
el +O(Z6)]

206 1)2 3 4
fu(s,2) = ;é;rll))zzs [Zz 4 (s+22)z 4 (s+3)(s(10351205(42;1}3?32191)+108)z

5
(SH)(SH)(S(;ESE§ZE§%+243)+144)Z —}—(’)(26)}

+

4. Three Point Functions

After the preparations in previous sections, we now work on the decompositions of four point
functions by Virasoro conformal blocks as in Equation (6). In the current case, the decompositions are

PG () = Vol2) + LCONE) + L (€)oo )
s=3

(s1,5258")

Here G4+ (z) are four point functions defined in Equations (7) and (8), and the expansions in
z were obtained as in Equations (23) and (30). Moreover, Vy(z) is the vacuum block and Vs(z) is
the Virasoro block of higher spin current J(®) (or J(*152)). Their expansions in z can be found in the
previous section.

(s)

Solving constraint equations from Equation (51), we read off the coefficients C}’, which are
proportional to the three point functions in Equation (4). It is convenient to expand the coefficients in
1/N as

() _ _1
G = N1/2

1 _
(cﬁj}o + 5 Ch o 2)) (52)
Then we can see that the constraint equations from Equation (51) at the order NV is trivially
satisfied as 1 = 1. The non-trivial conditions arise from order 1/N terms, and they determine the

(s)

leading order expressions C_; as seen in the next subsection. The main purpose of this paper is

to compute Cis)l, which are 1/N corrections to the leading order expressions. We derive them by

!
solving order N2 conditions up to s = 8 in Section 4.2. Notice that we should take care of C$ 152) iy

Equation (51) for s > 6, which may be expanded as

clr) = Ll o) (53)

The coefficients Cg:lész; *) are analyzed in Appendix B.

4.1. Leading Order Expressions in 1/ N

We start from three point functions at the leading order in 1/N. We examine the constraint
equations from Equation (51) up to 1/N order. Up to this order, the vacuum block is given by
(see Equation (37))

Voz) =1+ %(Cf}ﬁzzzza(z 2:4;2) + O(N™?) (54)
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where we have defined

2(hy)? 11+A
C(iz')oz (ci) “Va2iga %5)
O(N-1/2)
The Virasoro block of | () is
Vs(z) = 2% F (s,5;25;2) + O(N 1) (56)

as in Equation (47) with Equation (48). Therefore, the expansion in Equation (51) can be written as
1 ()
2|24 Gat(z) =1+ N Y (C is) 225, F (s, 5;25;2) 4 - - - (57)
up to the order of 1/N. The four point functions G+ (z) can be expanded as

1 & 1 T(AFAT
G (2) 1 g 1 (—n+W) e (59)

as in Equations (23) and (30) up to the same order. On the other hand, the global blocks can be

written as
r(2s) & (T(s+m)? 2
s D) —
2°Fi(s,s;2s;z) T()2 y;) T2 tn) nl (59)
Comparing the coefficients in front of z", we obtain
1 TAFAI() i (25)(c( b2 ©0)
n T(nFA) & (T(s))2I( s+n)(n—s)!

They are the constraint equations for (Ci)o) withs =3,4, ...
In order to fix relative phase factor, we examine G_ (z) in Equation (9) as well. The decomposition
in Equation (6) become

1 o
122G () ~ 14 Zz(q)sc(_s}ocf}ou —2)%F (s, 5251 — 2) (61)
s=
in this case. The extra phase factor (—1)° may require explanation; Now we need to use a slightly

different expression of operator product expansion as

0+ (104 (2) = € H 11+ ©

Then the coefficients in front of global blocks are given by
CHO- ()] (1)0-(0)) = CF (-1)(0- ()0 ()] (0)) & (-1 (63)

Here the factor (—1)* can be obtained from the coordinate dependence of three point function,
which is completely fixed by conformal symmetry, see Equation (65) below. Therefore, we have
constraint equations for three point functions as

n—1_ n (~1)°T(2s)CY) Csf,)o
n Z $)2I( s+n)(n—s)!

(64)
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by comparing the coefficients in front of z".

Now we have three types of constraint equation as in Equations (60) and (64), and we would like
to show that the known results satisfy these equations. At the leading order in 1/ N, the three point
functions have been computed as [8]

(s)
(0 (20)0x (22)]) (z3)) = L= o e (zlz:-;lzzzs

2rT(2s— 1) T(1£A) >5 (0+(21)0+(22)) (65)

(5 (6) _q

The phase factors 7.’ depends on the convention of higher spin currents, but we may set 77}’

and r]@ = (—1)°. The two point function of higher spin current J*) in Equation (65) is (see (6.1) of [8])

BO N sin(7A) r(s)r(s—A)lr(sM) (66)
2

(S) (5) _ = S)
(J¥(z1)] (22)>—Z%;’ B T 2275/2 ) I(s—3)

at the leading order in 1/N. The coefficients CS)O are given by normalization independent ratios as

., J )
o= <0i<gf>(<ofj<2]>f<s>>>”2 on-12) 7
which become
cly = ”(isv r(giszzn ?8 E; ?Ei i 2; (68)
The first few coefficients are
C(ig)o_ﬂf)\/1(2¢)o(1i)\), Cg;)()_\/l@i)\)(zj:)\)(l:t}\) )
, PEFVERY 2=\ B EFNET AT

along with Equation (55) for s = 2. Using these explicit expressions, we can check that the constraint
equations in Equations (60) and (64) are indeed satisfied>.

4.2. 1/ N Corrections

We would like to move to the main part of this paper. In this subsection, we derive 1/ N corrections
to three point functions by examining the equations in Equation (51). With the help of analysis in
previous sections, we have already ingredients necessary to the task. For examples, the expansions of
G+ (z) were given in Equations (23) and (30) up to order 1/N2. Moreover, the vacuum block and the
Virasoro block of J(*) are expanded as in Equations (39) and (47), respectively. Using these expansions,
the equations in Equation (51) become

Lo Sz = Véz) (z) + Xo2s zcgs,)lcgf,)ovs(o) (z) + Z?is(Cfo)zvs(” (2)
/ (70)
+ Z(sl,sz;s’) (CESQ/SLS ))ZV(/O) (Z)

S

at the order of 1/ N?2. Here ffj[) are defined in Equation (24) and Equation (31). At this order we should

include the effects from higher spin currents of double trace type as (Cg:}ész’sl) )? in Equation (70) with

s’ > 6.

3 We have confirmed this for Equation (60) with spins = 2,3, ...,70 and for Equation (64) with all spin.



Universe 2017, 3, 70 12 of 24

Let us examine the equations in Equation (70) from low order terms in z. There are no z° and z!
order terms in the both sides. We can see that the equality in Equation (70) is satisfied at the order of z
from Equation (42). Non-trivial constraint equations appear at the z3 order as

£ = f2 420 (71)

2,1)

where ffi comes from Vé in Equation (42). Solving them we find

)

Cr_ 1 1 4 11 1 4

%——z(—/\ﬂLu—ﬁrm)/ —31—§<—)‘+A—+1+A—+2—6) (72)
+, /

The z* order constraints are

3) ~(3)3
+2c8yc >

£ A£d) 1 w8

@0
£ 7EET0 T 8(1FA)2 T 10(1FA)2 T 50(1F A)2 +0%-£,1

where the contribution from Equation (45) starts to enter. The constraints lead to

(®)
a1 6 20 _ 45

W 10 <5)‘+ s et A—I-S)
+
(4

A _ 1 6 1 20 45
€ —m<—57\+m—m+ﬁ+?_60>

0O ﬁ‘ﬁ
=

(73)

@
=

We would like to keep going to the cases with s > 5, where f,(s,z), f;(s,z), and f.(s,z) in
Equation (50) contribute. For s = 5, the conditions become

(5) _ @4 (1£A?  (1£A) 1 )¢, 4 2ct®) )
fii=fiig t 11T + 5(1FA)2 T 25(1F 1) +2CL0C +2CL 000 2 o
@6 12 @) [11£4 6 18
L R (Coo’ 21FA T 7(1FA) * 49(1— A2?)
We then find
ﬂ_é+ 2 5 2 9 _ 8
C<+5)0 — 2T 7A-1) T 14(A+1) T A+2 T 2(A43) A4
6 (75)
oS I + 125 + + 525 10
c® T 21 7(A-1) 14(A+1) A+2 (/\+3) /\+4
-0

by solving the constraints.
For s > 6, the contributions from higher spin currents of double trace type should be considered.
They are given by

JB30) o O B) . JBAT) . jB) (4 (76)

7

for s = 6,7 and*

](4,4;8) ~ ](4)1(4) . ](3,5;8) ~ ](3)](5) . ](3,3;8) ~ ](3)32](3) . (77)

4 There could be another current J@48) ~: J®)3]®) but it does not give any contribution as shown in Appendix B.
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for s = 8. Their precise forms are fixed such as to be primary in the sense of Virasoro algebra as
derived in Appendix B°. Once we have the expressions of these currents, we can obtain the coefficients

( C(is,ldSz;S’) )2, which are defined as

o A (sl,sz;s')>2
C(sl,sz,s) 2 _ goioi] 78
( +,0 ) <0:t Oi>2(](51'52;5/)](51'52;5/)> O(N*Z) ( )

In Appendix B we also compute the three point functions (O @i](sl'SZ?s/)> and the two point
functions (J (s1,5235) ] (51'52"5,)> for the currents in Equations (76) and (77) at the leading order in 1/N.

Utilizing these results, we obtain 1/N corrections to three point functions with single trace
currents of s = 6,7,8. The constraint equations for s = 6 are

6 2 1+A 9(1£A 6 6
fj(:j): = fij):% + 20((1;)3)2 + 140E ;2 + 19601((1)9$A)2 +2C(i})ci,)1 + 2C§z%)c£_t)1 %

4 3 3
+2 5 + 2Bl B + (2 11

90
+ 7(1:F/\) T a2 (79)

4 3,3,6
+(Cly)? {%% + s 9(13\2)} + (B

where the effect of J(330) in Equation (76) enters. Solving these equations we find

6
c®) _A_ 5 4 15 18 1 _9 8
c® T 27302 TE(A-T) T BT T 3(A42) T 2(A43) T A+
© 25

2(A 45
o ) (80)
i _ A 5 L5 173, 114 9 8
c® T 27302 TE(A-T) T BT T 302 T 2043) T A

25

+2(A+5)_15

1347

For spin 7, another double trace operator in Equation (76) should be considered as

7 2 846(1+£A 6
fﬂ(:l ii 14 + 402 ;2 + 2520%1;A§2 + 19601(E13l$)x)2 + ZC( )C(i)l + Zci)()c( ) -3

+284cl) - 8 +2clicl) - W +2cP)cl) - B + (PP TamERnY) (g1

HELDPFE + OV LY + (5 3+ (547

From the decomposition by Virasoro conformal blocks as in Equation (6), we can read off three point functions among

primary operators including intermediate one Ap by construction. For s < 5, only ](S) starts to contribute as the intermediate
operator at the z° order, so we do not need to worry about if the operator is primary or not. However, for s > 6, there are

degeneracies among J©®) and J1525), and the 1/N corrections C(is)1 could be read off once we have the information of
(s1,5239)
+,0

ng}os‘z #), see Equation (70). Since we compute C° by hand as explained in Appendix B, we have to explicitly construct
primary operators of double trace type. We only need the leading order expressions, so it is enough to use commutation

relations surviving in the large ¢ limit as in Equation (A15) and higher spin charges at the leading order as in Equation (A18).
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which lead to
)
Sel A 490 8183 8249 . 424 9
c? T 27 B2 T IRA-T) T RO+ T B(3+2) T 2(49)
JE M T
+4 2(A+5 A+6
c” el (82)
=1 A _ 49 + 8183 _ _ 8117 + 556 + 9
Cj)o 2 33(;\-2) 182(A—1) ~ 132(A+1) ' 33(A+2) ' 2(A+3)
8
+/\_+4+2( +5) +A+6 —21
The constraint equations for C(f,)l are
(8) _ ((2) 7 1£A) 2687 A) 263 1879 (8) ~(8)
b= filin T El¢/\§2 5600 T ((1@))2 708 T oz 00 +2C0Cin
+2c) )z +2c O Y7 4+ 2cf) ™28 4 1ocl e 25 4 2T ]
(3) \2 [ 3874418111372 (4) \2 [ 7(47977+4116214-8833A2)
+(C0) ( 40(1-12) ) +(Cip) ( 21780172 ) (83)

5 31£11A) 6 43:t13A 3,3,6 3,4;7
HCE () + (CE0 (S + (CE0 P4 + (2377

+(C$’g;8))2+(c(358))2+( ( 8))2

Here we have taken care of double trace operators | (448) 1558) and J(338) in Equation (77).
We then have

C+,)1 _ Ay 55 12572 | 101311 203051 . 12286
c® — 2 T W3(A-3)  13(A-2) T 29(A-1)  858(A+1) | 143(A+2)
+,0
_ 2337 8 _ 25 _ 18 _ 49
286(A+3)  A+d T 2(A45) A6 2(A+7) (84)
8
c® A 55 12572 4 101311 202193 12858
c® 2 T 13— 3) T43(A—2) " 429(A— 1) 858(A+1) ' 143(A+2)

237 25 18
Taeis T Tt 45 T ave 2(A+7) —28

as solutions to the constraint equations.

Since the three point functions were already obtained with finite N, k in [9-11] for s = 3,4,5,
they can be compared to our results in principle. Instead of doing so, we utilize a simpler relation,
which is on the ratio of three point functions (see (4.52) of [11])

(0,0,]%) (kN 51:[1 nk+ (n+1)N+n
(O_O_J6)y (k+N) nk+ (n —1)N

(85)

n=1

The relation was derived for s = 2,3, 4,5 by using the explicit results and conjectured for generic
s based on them. The expression up to the 1/ N order becomes

B
—_
w

<O+@+](s)> _ CS»)O+NCS~I
7 s - s s + O( )
(0-0-J4)) ) (86)
= () IE () [1+ & (A+ D ) + 0N )
Thus, at the leading order in 1/ N, we have
() s—1
C n=1

7!

O
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We can easily check that Equation (68) satisfy this condition. The relation in Equation (86) at the
next leading order in 1/N implies

(s) (s) _
C C s—1 A
+,1 —,1 m
- —==A+ — (88)
C(+S,)(J C(f,)o '"X::l mtA

We have confirmed our results (and the conjectured relation in Equation (86)) by showing that
our results on Cgf)l fors = 3, ..., 8 satisfy this equation.

Before ending this section, we would like to make comments on normalized three point functions

) _ (0.04]2))
G = (OLOL)(J2)]2))1/2 (89)

with the energy momentum tensor T « J(2). They do not appear in the decomposition of Virasoro
conformal blocks but can be fixed by the conformal Ward identity as

2 1 2 1 2 _ 2K
=15 (ci}, + 5 CE+OWN 2)) == (90)

In particular, they lead to Equation (55) and

aclycy =72 o
with Equation (43), or equivalently
2 2
S NP S S B S .
Cio 2 2A+1) C_o 2 2(A+1)

As a consistence check, we can show that they satisfy Equation (88) as well.

5. Conclusions and Open Problems

We have developed a new method to compute three point functions of two scalar operators
and a higher spin current in Equation (4) in 2d Wy minimal model. This model can be described
by the coset in Equation (1) with two parameters N, k, and we analyze it in 1/N expansion in terms
of 't Hooft parameter A = N/(N + k) in Equation (3). We decompose scalar four point functions
G++(z) in Equations (7) and (8) and G (z) in Equation (9) by Virasoro conformal blocks. The four
point functions were computed exactly with finite N, k in [16], and Virasoro conformal blocks can
be obtained including 1/N corrections, say, by analyzing Zamolodchikov’s recursion relation [17].
Solving the constraint equations from the decomposition, we can obtain three point functions including
1/ N corrections. At the leading order in 1/ N, we can easily reproduce the known results in [8] because
Virasoro conformal blocks reduce to global blocks in this case. At the next leading order, we have
obtained 1/N corrections to the three point functions up to spin 8. Previously exact results were
known for s = 3,4, 5 in [9-11], and our findings for s = 6,7, 8 are new. We have confirmed our results
by checking that the conjectured relation in Equation (88) is satisfied.

We have evaluated 1/ N corrections only up to spin 8 case because of the following two obstacles.
One comes from 1/c¢ corrections to Virasoro conformal blocks. Up to the required order in 1/¢, closed
forms can be obtained, for instance, by following the method in [23] except for fc(s,z) in Equation (49).
In Equation (50) (or in [23]), the function f.(s,z) is given up to the order z°*%, but we need the
term at order z0** with s = 3 for spin 9 computation. We have not tried to do so, but it should be
possible to obtain the terms at higher orders in z without a lot of efforts. Another is related to the
contributions from higher spin currents of double trace type as analyzed in Appendix B. In order
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to obtain primary operators of this type, we have used commutation relations in Equation (A15),
which are borrowed from [24]. For spin 9, a current of the form | (369) ~: 7B (6 : would give some
contributions. However, in order to find its primary form, we need the commutation relation between
W, Y, which is currently not available. At the order in 1/c which do not vanish at ¢ — oo, we can derive
the commutation relations involving more higher spin currents, for instance, from dual Chern-Simons
description as in [25-28]. The computation is straightforward but might be tedious. In any case, it is
definitely possible to obtain the 1/ N corrections of three point functions for s > 9, and it is desired to
have expressions for generic s.

There are many open problems we would like to think about. Because of the simplicity of our
method, it is expected to be applicable to more generic cases. For example, it is worth generalizing the
current analysis to supersymmetric cases. Recently, it becomes possible to discuss relations between
3d higher spin theory and superstrings by introducing extended supersymmetry to the duality by [1].
Higher spin holography with A/ = 3 supersymmetry has been developed in a series of works [29-31],
while large or small N = 4 supersymmetry has been utilized through the well-studied holography with
symmetric orbifold in [32,33]. Previous works on the subject may be found in [34-36]. As mentioned
in introduction, the main motivation to examine 1/N corrections in 2d W minimal model is to learn
quantum effects in dual higher spin theory. We would like to report on our recent progress in a separate
publication [37].
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Appendix A. Recursion Relations and Virasoro Conformal Blocks

In this appendix we derive the expressions of Virasoro conformal blocks in expansions of 1/¢
and z by solving Zamolodchikov recursion relation in [17], and we compare our results to those
previous obtained especially in [23]. We decompose a four point function by Virasoro conformal blocks
F(c, hi, hy, z) as in Equation (6). In the following we set /i; = hy and h3 = hy. The recursion relation
for Virasoro conformal blocks is [17]

F(c, hi by, z) = 2y Fy (hp, hp;2hy; z)

o0 Ryun (hi 1) (A
+ Y m>10>2 Tn(hs)}—(cmn(hp)’ hi, hy +mn, z)
Here the poles for c are located at ¢ = ¢ () with
Cun(lty) =13 — 6 (tmn(hp)—1 + by (h,,)) (A2)
where
tn (hp) = <2hp +mn—1+ \/4hp(hp +mn—1)+ (m— n)z) /(n*—1) (A3)

The residua are

Rinn(hiyhp) = Awn(hp) Prn (hi, hyp) (A4)
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where
L L\ (L)
Pauli ) =T (2n-%) (2-%) (3)
—12(t, ) — ¢ 1
Aun(hy) = U — ) L (A5)
(mZ = Dty — (”2 = Dtmn ab Lab
Lic(m,n,hp) = (j = ktwn) b/, Li(m,n, hi hy) = (i + 1, /4)1/?
The sum is taken over j = —m+1,-m+3,....m—1,k = —n+1,-n+3,...,n—-1,

a=-m+1,-m+2,...,mb=—-n+1,-n+2,...,nwithout (4,b) = (0,0), (m,n).
For our purpose, it is enough to obtain first several terms of Virasoro blocks in z expansion,

and we obtain them by following the strategy of [18], see also [19]. We decompose Virasoro conformal
blocks by global blocks as

F(c,hihyp,z) = Zl Z Xq(c, hi, hp)z92F (hy +q,hp + q;2(hp 4 q); 2) (A6)
q=0

The generic expressions of x, are given in (2.28) of [18]. With h; = hj and h3 = hy, it can be shown
that x; = 0 for odd g. The explicit expressions for g = 2,4, 6 can be found in (C.1) of the paper as

XZ(C/ ) 712(‘3/ hp)
xa(e, hp) = v1a(c, hp) + v22(c, hyp) + v12(c, hp)v12(c12(hp, by +2))
m6(c, hp) +

+
Xe6(c, hp) = 116(c, hp) +v23(c, hp) + v32(c, hp) + Y12(c, hp)y1a(cr2(hp), by +2) (A7)

+r12(c, p)y22(c12(hp), by +2) + v1a(c, hp)v12(c1a(hp), by + 4)
+v22(c, hp)y12(caz(hp), hp +4) + v12(c, hp)y12(c12(hp), by + 2)y12(c12(hp +2), hp +4)
with
Rmn(hi/ hp)
Vhy) = ——¢ A8
i (¢ 1ty ¢ — cmn(hyp) (48)

Inserting these expressions into Equation (A6), we can obtain the Virasoro conformal blocks up to
the order of z"*7.

Let us start from vacuum block. As discussed in the main context, we need its expression up to
the 1/¢? order. For hy, = 0 the coefficients ), can be found in (2.15) of [18], and they are expended in
1/cas

2h1h
XZ(C/ hi/ 0) = i >
2(5h% + hy)(5K2 + h _
X4(Clhi/0) = ( ! 215)(:(2 2 2) +O(C 3) (A9)
 (14h% 4 hy)(14h3 + h3) 5
X6(Cl hl/ 0) - 44106'2 + O(C )

Note that there is no 1/c-correction to x»(c, h;,0). Using

2Fi(4,48z) = 1422+ 222+ Y281+ 0(z4)

(A10)
2F1(6,6;12;2) =1+ 3z + O(z )

and Equation (A6), we find Equation (37) with k,(z), kj(z), and k.(z) in Equation (38) but up to the
order z7.
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We would like to compare the expressions to Equation (3.14) in [23]. Firstly, there is no contribution
like k,(2)®. Secondly, our k;(z) is twice of the corresponding one in [23]. Finally, we can see that k.(z)
reproduces their expressions. In conclusion, we find very similar but different results. After carefully
repeated the analysis, say, in [23], we obtain

ka(z) = 22*(2F1(2,2:4;2))?

ky(z) = g((z —2)zlog(1 —z) +2(1 — z)log?(1 — z) — 42?) (A11)

ke(z) = 1—3(12(2 —2)zLip(z) + 162% + 6(z — 1)*log?(1 — z) + (z — 2)zlog(1 — z))

This version matches the above expressions in z expansion. Using these closed form results,
we can go to more higher orders in z as in Equation (38).

Let us move to the case with non-trivial hp, where expressions are needed up to the 1/c order.
Using the expressions of x, in Equation (A7), we obtain

1 h%(hp_l)z hy(hp —1) -2
XZ(C/hp) = E (W + (l’ll +h3)m +2h1h3 + O(C )
hy —1)2h3 (hy + 3
xalehy) = iy ~ 0y 19 (A12)
¢ \ 80(2hy, +1)(2hy, 4 3)2(2h, 4 5)
(hp — )3 (hp + 3) hy(hy +3)
hi+h £ hih Bl O(c?
T+ ) ae @, ¥ T2k, +3) @y 5) T MB5@R, 1 1)@, 45y ) TOC)
With the expansions of hypergeometric function in z such as
_ 24k, (2+4hy)(B+hp)?,
(hp +2)(hp +3)(hp +4)* 5 4
Al
24(2h, +5) Z+0() (AL3)
4+ h
oFi(hy +4,hy +4;2h, +8z) =1+ + pz+(’)(zz)

we find Equation (46), where the functions f,(hy, z), fy(hp,z), and fc(hp, z) are given by Equation (50)
but with s = h),. These were analyzed in [23] and, in particular, closed forms were obtained for f, (hp, z)
and fy(hy,z) as

falp,z) = =122 713 F) (hy, hp; 203 2) (22 + (22 + (2 — 2) log(1 — 2)))
foltp,2) = 122" (21 (i, iy 21p;2) (log(1 = 2) (271 = 1) +1) (A14)
+31og(1 —2) oFy (hy, hp; 2y + 1;z)>
Our results match with their findings in this case.

Appendix B. Higher Spin Currents of Double Trace Type

In this appendix, we analyze higher spin currents of double trace type with s’ = 6,7,8 in
Equations (76) and (77). We first present basics on higher spin algebra, which are needed to obtain

6 Tt seems that the authors of [23] did not consider this type of contribution because it is not new but essentially given by the
square of 1/c order term in Equation (37).
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the precise expressions of these currents primary with respect to Virasoro algebra. We then derive the
o
three and two point functions of these currents, which are used to obtain (Cg:lo’sz’s ))2 in Equation (78).

Appendix B.1. Higher Spin Algebra

In order to find out higher spin currents of double trace type, which are primary to Virasoro
algebra, we utilize commutation relations among higher spin currents given in [24] (see also [15,27,28]).
The currents are denoted as W, U, X, Y, which are proportional to ](s) with s = 3,4,5,6. In order to
obtain the leading order expression (CEALS}O’SZ’IS/) )2, we only need commutation relations up to the terms

vanishing at ¢ — oo as’

Cc
Em(m2 —V)8min,  [Lo, Wa] = (2m — 1) Wyiin

[Lm, Un] - (3111 - n)Um+n ’ [Lm, Xn] - (4m - n)Xm+n ’ [Lm, Yn] - (51’71 - n)Ym+n

[Lm/ Ln] = (m - n>Lm+n +

N
(Wi, W] = 2(m — n)Up4n — 1—23(711 — n)(Zmz +2n% —mn — 8) Li+n

N3C
- mm(m2 —1)(m? = 4)8pin
N,
(Wi, Up] = (3m — 20) Xopgn — ﬁ(# —5m° — 3mn® + 5m>n — 9n + 17m) Wy
3
(U, Un] = 3(m — 1) Y10 — ngg(m — ”)(mz — mn +n* — 7 Unsn (A15)
=N (108 — 39m2 + Bm* + 20mn — 2mPn — 3902 + dmPn? — 2mn® + 3 Litn
360
Ny o 2 _ 2
43Zom(m 1)(m* —4)(m” —9)dmin
(Wi, Xu] = (4m —21) Yy + %% (28m> — 21m*n + 9mn® — 21> — 88m + 32n) Uy,
4
Xy, X] = —=N5_ 12 — 1) (2 — &) (2 2 _16)s
(Xin, Xn] = —241920H1(m —1)(m* —4)(m* —9)(m*= —16)dy4n + - - -

The constants are

N3 =1(A2—4), Ny=-(A2—4)(A2-9)
1

(Al6)
N5 = 135 (A2 —4) (A2 = 9)(A2 —16), nyy = 55(A* —19)
in the current notation.

With the conventions, higher spin charges are given by
L0|O:|:> = h|0:t> , W0|O:|:> = w|(’)i> , U0|Oi> = M|O:|;> (A17)

Xp|O0x) =x|0+), Y|0+) =y[Ox)

Here |O+) = 04(0)]0) and

h=31+1), w==xl2E£A)(1£A), u=4BEA)(2LA)(1£A) (AL8)

x=254+EA)BEA)2EA)(1£A), y=5505EA)(4EA)BEA)(2+£A)(1£A)

at the leading orderin 1/c.

7 Here we have changed some signs, see, e.g., footnote 6 of [38]. The changes here are associated with redefinitions as
W—iW,U — —U, X — —iX, and Y untouched.
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Appendix B.2. Three and Two Point Functions
We start from spin 6 current | (33:6) ~: ] 3) ] ®) :in Equation (76). Let us assume the form as
J@3)(0)]0) = J%7)(0) = (W_sW_3 +all_g + bL_g)[0) (A19)

Then the coefficients a, b are fixed by the condition L, ] (3.3:6) |0) =0as

0, 5N

a=—y, b= (A20)
We may rewrite
J3)(z) = zm ¥, s gy (Sl o
+ Z (n+2)(n+3)(n+4)(n+5)L, ( )
~1+6
where the prescription of normal ordering is (see, e.g., (6.144) of [39])
:AB = Z ApBu—n + 2 Bn—nAn (A22)
Ylgth H>7hA
with 14 as the conformal weight of A. We then obtain (CS’S ) )2 with the three point function
<Oi|]ég'3;6) |0+) = (O£[(Wi2W_p + Wi W_q1 + WoWy + 10ally + 5bLg)|O+) (A23)
= (Su+ & Noh + 0?) (0] 02)
and the normalization of higher spin current
2
( J(336) ](3,3,-6)> =9 (_SCéV?‘) (A24)

For spin 7 there is a double trace operator I (BA7) ~. ] ] 4) :asin Equation (76). As above, we can
show that

1847)(0)[0) = 154710y = (W_3U_4 +aX_7 + bW _7)|0) (A25)
with
_ 0, 2Ny
=gy, b= o (A26)

is primary. Rewriting

i Wi Uyt 1’l+5 n+6)X,
](3'4'7) (Z) = Zm>1 n pm+n+7 + Xn %
(n+3)( n+4)(n+5)(n+6)W (A27)
+hr, ! )n
we find that
(OLIP*01) = (O] (UaW_3 + UL W_ + UgWo + 150X + 156Wp) |O) 28)

= (Br- ANw+uw) (04]04)
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Normalization is given by

(JBAT) JBAT)Y = (_ 5?3) (_ 7?‘*) (A29)

There are three types as in Equation (77) for s = 8, and we start from JEAS) ~: J@ @)
We assume its form as

7448 (0)10) = J4*)10) = (U_4U_4 +aY g+ bU_g +dL_g)|0) (A30)

The condition L1] (4,48) |O> = 0 fixes the constants as

21 42 7N,
a = B, b—11n44, d= 9 (A31)

The operator [(4#8) is then obtained as

; UmUy: (1+6) (n+7) Yn (n+4 +7)Uy,
JUAB) (2) =%, Lol 2y nz+> + Ly, % )
(n+2) +7)Ly
+6' Zn %
Thus we find
(0157 04)
= (04| (UzU_3+ UpU_p + U U_1 + UpUy + 21aYy + 35bUy + 7dLg| O ) (A33)
_(Ns | 18 27y
—( T 7 T 2+ e (0+£]0x)
The normalization is
2
<](4,4;8)](4,4;8)> —9 (_ 7Cé\]4> (A34)
We then move to J358) ~: J3)J5) : in Equation (77). We find
158 (0)j0) = 1% 10) = (W_5X 5 +aY g + bU_)[0) (A35)
with
_ 0, N
a= EX b= 54N, (A36)
is primary. With this expression, we compute
(04]J87P02) = (OL|(XaW_5 + Xy W_1 + XoWo + 21aYp + 35bUg| O-) (A37)
_(_ 15N5u ZJ
= ( 77Ns twx+ -3 ) (0£]|0x) (A38)

and

(ABSABS) — (_5Cé\’3> <_9Cé\75> (A39)
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For J(338) ~: J3)92](3) : in Equation (77), we define
193810y = (W_sW_3 + aW_yW_ys + bU_g + dL_g)|0) (A40)

where the condition L] (735;3; 8) |0) = 01leads to

a=—1 b_ﬁ’ d= T3 (A41)
Using
) =y B, g
_{_% y (n+4)ér;gr1123+7) Uy, + 4 Zn n+2)zn%+7)Ln
we find
(0418 104) = (OL[L QWL W _, + 6Wy W_q + 12Wo W)
+a(5WoW_p + 8Wi W_1 + 9WoWy) + 21bY + 35dUp| O+ ) (A43)
(h;\g?) ?1! 310 > (0£|04)
Here we have applied the normal ordering prescription as in Equation (A22). For instance,
we may set
Ap=m+3)(m+4)Wy, B, =W, hy=5 (A44)
The normalization is
(338 (338)) — (—5Cf3> (—35C2N~°’) 26 (~5cNs)? (A45)

There could be another spin 8 current of double trace type as | (348) . 7G)9T4) ;. We can see that

1348 (0)]0) = J5H)10) = (W_3U_5 + aW_4U_4 +bX g +dW_g)|0) (A46)
is primary for
4 5 4N,
A B S A47
1=-3 b=73 d=5g (A47)

Since J348)(z) is given by

. Wi —|—4. Uy,: m+3 Wi Uy
JeR(2) = —L,, Zmn+—n+s aYmn Zrnl—n%
(A48)
(n45)(n1+6)(n+7)Xu (n+3)---(n+7)Wy
-ty s - &, LA
we find
BB 0L) = (0L] — (BULW 5 + 5UyW_q + 4UgW,
(O£]]y7710x) = (0| = (6ULW_ 1W_4 oWo) (A%9)

*LZ(Uszz + 2u1W_1 + 3U()Wo) - 35bX0 — 21dW0|O:|:> =0

which means that there is no contribution from J(348),
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