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1. Introduction

Physical geodesy is the study of the gravity field and of the figure of the Earth. One classical way
to describe the “figure of the Earth” is to study the geoid, which is defined as one of the equipotentials
of the Earth’s gravity (Newtonian) potential, which best coincides with the (mean) surface of the
oceans. Therefore, heights are both physically and geometrically defined, and the objects of study
of physical geodesy are both the physical Earth (underground masses, Earth and ocean topography,
Earth rotation, etc.) and the gravitational field it generates. It implies a high intricacy between the
three main pillars of geodesy—the determination of variations of Earth’s rotation, the geometric shape
of the Earth and the spatial and temporal variations of its gravity field—but also with geodynamics
and geophysics. Therefore, the International Association of Geodesy (IAG) established a “flagship”
project named GGOS (Global Geodetic Observing System); it aims at connecting different communities
in order to have a global understanding of the Earth system and to develop a common theoretical
framework of high accuracy, which has to be based consistently (whenever this is necessary with
respect to the measurement accuracy goal) on Einstein special and general relativity.

Many different techniques are used to monitor the Earth’s system: space geodetic techniques
(VLBI, SLR/LLR, GNSS, DORIS, altimetry, INSAR and gravity missions), as well as terrestrial
techniques (leveling, absolute and relative gravimetry, gradiometry and tide gauges). Moreover, the
advent of space and ground transportable atomic clocks [1,2] will bring a completely new observable
in geodesy: the direct measurement of gravity potential differences [3-5]. The high accuracy of most of
these techniques necessitates their description in a relativistic framework. A review of several space
geodetic techniques in a relativistic framework can be found in [6], as well as a detailed relativistic
model for VLBI observations in [7].

In this article, we develop a general framework for relativistic geodesy with a focus on relativistic
gravimetry, gradiometry and chronometric geodesy. An extensive review of these scientific fields is
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given in Section 2. In Section 3, we introduce some theoretical tools necessary to do the calculation of
relativistic geodesy observables: the local frame, the geodesic equation and a theoretical description
of the observables of relativistic gravimetry, gradiometry and chronometric geodesy. In Section 4,
we calculate these observables for the special case of a parameterized post-Newtonian (PPN) metric of
a stationary spacetime. Finally, in Section 5, we apply further our calculations to the case of a static
clock relative to the Earth surface and give orders of magnitude.

2. Review of Past Work in Relativistic Gravimetry, Gradiometry and Chronometric Geodesy

Probably the first author who began the theoretical investigation of relativistic effects in gravimetry
was Will [8]. He determined the Newtonian gravitational constant G as measured locally by means
of Cavendish experiments in a parametrized post-Newtonian (PPN) framework [9-11], showing that
in such a theoretical framework, an anisotropy appears in the locally measured G. This anisotropy
implies a variation in gravimeter readings, such that Ag/g = «(AG/G), which have periods of 12 h
sidereal time. By comparing with gravimeter data (measurements of “Earth tides”), he was able to rule
out Whitehead’s theory, which predicted an effect 200-times larger than the experimental limit, as well
as putting an upper limit on the parameter combination (A, + ¢ — 1) to within three percent.

2.1. Chronometric Geodesy

The next application of relativistic geodesy to be explored, and probably the most interesting and
promising, is the use of clocks to determine the spacetime metric. Indeed, the gravitational redshift
effect discovered by Einstein must be taken into account when comparing the frequencies of distant
clocks. Instead of using our knowledge of the Earth gravitational field to predict frequency shifts
between distant clocks, one can revert the problem and ask if the measurement of frequency shifts
between distant clocks can improve our knowledge of the gravitational field. To do simple orders of
magnitude estimates, it is good to have in mind some correspondences:

A
1 meter ¢ 7” ~ 10710 <5 AW ~ 10 m2 - s~2 )

where one meter is the height difference between two clocks, Av is the frequency difference in
a frequency transfer between the same two clocks and AW is the gravity potential difference between
the locations of these clocks.

From this correspondence, we can already recognize two direct applications of clocks in geodesy: if
we are capable to compare clocks to 10~ 1¢ accuracy, we can determine height differences between clocks
with one-meter accuracy (leveling) or determine geopotential differences with 10-m?-s~2 accuracy.

The first article to explore seriously this possibility was written in 1983 [12]. The article is named
“chronometric leveling”. The term “chronometric” seems well suited for qualifying the method of
using clocks to determine directly gravitational potential differences, as “chronometry” is the science
of the measurement of time. However, the term “leveling” seems too restrictive with respect to all of
the applications one could think of for using the results of clock comparisons. Therefore, we will use
the term “chronometric geodesy” to name of the scientific discipline that deals with the measurement
and representation of the Earth, including its gravitational field, with the help of atomic clocks. It is
sometimes named “clock-based geodesy” or “relativistic geodesy”. However, this last designation is
improper as relativistic geodesy aims at describing all possible techniques (including, e.g., gravimetry
and gradiometry) in a relativistic framework. The natural arena of chronometric geodesy is the
four-dimensional space-time. At the lowest order, there is proportionality between relative frequency
shift measurements, corrected from the first order Doppler effect, and (Newtonian) gravity potential
differences. To calculate this relation, one does not need the theory of general relativity, but only
to postulate local position invariance. Therefore, if the measurement accuracy does not reach the
magnitude of the higher order terms, it is perfectly possible to use clock comparison measurements,
corrected for the first order Doppler effect, as a direct measurement of (the differences of) the gravity
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potential that is considered in classical geodesy. Comparisons between two clocks on the ground
generally use a third clock in space. In this article, we calculate explicitly the higher order terms in the
PPN formalism.

In his article, Martin Vermeer explores the “possibilities for technical realization of a system
for measuring potential differences over intercontinental distances” using clock comparisons [12].
The two main ingredients are of course accurate clocks and a means to compare them. He considers
hydrogen maser clocks. For the links, he considers a two-way satellite link over a geostationary
satellite, or GPS receivers in interferometric mode. He has also to consider a means to compare the
proper frequencies of the different hydrogen maser clocks. Today, this can be overcome by comparing
primary frequency standards (PFS), which have a well-defined proper frequency based on a transition
of cesium 133, used for the definition of the second. Secondary frequency standards, i.e., standards
based on a transition other than the defining one, may nevertheless be used if the uncertainty in
systematic effects has been fully evaluated, in the same way as for a PFS. It often happens that this
evaluation can be done more accurately than for the defining transition. This is one of the purposes of
the European project “International timescales with optical clocks” [13] (projects.npl.co.uk/itoc), where
optical clocks based on different atoms are compared to each other locally and to the PFS. It is planned
also to do a proof-of-principle experiment of chronometric geodesy, by comparing two optical clocks
separated by a height difference of around 1 km using an optical fiber link. For more information
about atomic clock relativistic time and frequency transfer, see [3,14].

Few authors have seriously considered chronometric geodesy. Following the Vermeer idea, the
possibility of using GPS observations to solve the problem of the determination of geoid heights has
been explored in [15]. They consider two techniques based on frequency comparisons and direct clock
readings. However, they leave aside the practical feasibility of such techniques. The value and future
applicability of chronometric geodesy has been discussed in [16], including direct geoid mapping
on continents and joint gravity-geopotential surveying to invert for subsurface density anomalies.
They find that a geoid perturbation caused by a 1.5-km radius sphere with a 20 percent density anomaly
buried at a 2-km depth in the Earth’s crust is already detectable by atomic clocks of achievable accuracy.
The potentiality of the new generation of atomic clocks has been shown in [17], based on optical
transitions, to measure heights with a resolution of around 30 cm.

The possibility of determining the geopotential at high spatial resolution thanks to chronometric
geodesy is thoroughly explored and evaluated in [18]. The authors consider the Alps-Mediterranean
area, which comprises high reliefs and a land/sea transition, leading to variations of the gravitational
field over a range of spatial scales. In such type of region, the scarcity of gravity data is an important
limitation in deriving accurate high resolution geopotential models. Through numerical simulations,
the contribution of clocks comparisons data in the geopotential recovery is assessed in combination with
ground gravity measurements. It is shown that adding only a few clock data (around 30 comparisons)
reduces the geopotential recovery bias significantly and improves the standard deviation by a factor of
three. The effect of the data coverage and data quality are explored, as well as the trade-off between the
measurement noise level and the number of data.

2.2. The Chronometric Geoid

Arne Bjerhammar in 1985 gave a precise definition of the “relativistic geoid” [19,20]:

“The relativistic geoid is the surface where precise clocks run with the same speed and the
surface is nearest to mean sea level”

This is an operational definition, which has been translated in the context of post-Newtonian
theory [21,22]. A different operational definition of the relativistic geoid has been introduced based on
gravimetric measurements: a surface orthogonal everywhere to the direction of the plumb-line and
closest to mean sea level. They call the two surfaces obtained with clocks and gravimetric measurements
respectively the “u-geoid” and the “a-geoid”. They prove that these two surfaces coincide in the case
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of a stationary metric. In order to distinguish the operational definition of the geoid from its theoretical
description, it is less ambiguous to give a name based on the particular technique to measure it.
The term “relativistic geoid” is too vague, as Soffel et al. have defined two different ones. The names
chosen by Soffel et al. are not particularly explicit, so instead of “u-geoid” and “a-geoid”, one can call
them “chronometric geoid” and “gravimetric geoid”, respectively. There can be no confusion with the
geoid derived from satellite measurements, as this is a quasi-geoid that does not coincide with the
geoid on the continents [23]. Other considerations on the chronometric geoid can be found in [6,24,25].

We notice that the problem of defining a reference isochronometric surface is closely related to the
problem of realizing terrestrial time (TT). This is developed in more detail in Section 3.4.

Recently, extensive work has been done aiming at developing an exact relativistic theory of Earth’s
geoid undulation [26], as well as developing a theory of the reference level surface in the context
of post-Newtonian gravity [27,28]. This goes beyond the problem of the realization of a reference
isochronometric surface and tackles the tough work of extending all concepts of classical physical
geodesy (see, e.g., [23]) in the framework of general relativity.

2.3. Gravimetry and Gradiometry

Following Will’s work, a PPN theory of gravimetric measurements was developed [21] taking
into account only PPN parameters v and B [11], with an accuracy of 107! g. In particular, they
take into account the influence of all bodies in the Solar System and show that the relative second
order corrections to gravimetric measurements (of order c~2) are of the form (y + 28 — 2)Ug /c* and
(7 — 4B + 3)U, /c?, where U and U, are respectively potentials related to the Earth and to all other
Solar System bodies. It is claimed in [29] that it is impossible to measure the second order corrections
to gravimetric measurements with two measurements, one at the South Pole and another one at the
Equator, because of the errors induced by the uncertainty in the Earth’s flatness and mean equatorial
radius. However, the study could go further and consider using more points at different latitudes.

In parallel, a theory of gradiometry measurements was developed, with a particular emphasis on
measurements on-board a satellite and the feasibility of such measurements with superconducting
gradiometers [30-35]. Recently, a test of the Chern-Simons modified gravity has been proposed with
such an experiment [36], as well as a test of post-Newtonian physics of semi-conservative metric
theories [37].

3. Theoretical Tools of Relativistic Geodesy

The theoretical background for relativistic geodesy is general relativity. We consider the spacetime
as a Lorentzian manifold (M, g) of dimension four. We consider the components of the metric g, to
be given in an initial coordinate system (x*), defined in an open subset ¢/. The infinitesimal interval
ds? = g,ydx”dx” between two neighboring events is invariant under coordinate transformation.

All of the theoretical tools introduced in this section can be applied to any initial metric g,
which is an exact or approximate solution of the Einstein equations and the components of which
are given in any coordinate system. For applications in the vicinity of the Earth or in the Solar
System, the International Astronomical Union (IAU) recommends to use respectively the GCRSor
the BCRS, which both use harmonic coordinates. Explicit expressions of the metric components in
these coordinate systems are given in [38]. Other approaches exist in this context based on generalized
Fermi coordinates [39-41], or a perturbed Schwarzschild metric [42]. In the different context of a
slowly-rotating astronomical object, the Kerr metric is used in [35].

The goal of this section is to describe a local experiment, such as a gravimeter, a gradiometer or a
clock. To do so, we need to introduce a local frame and local coordinates adapted to the apparatus.
There are several ways of introducing a local frame and coordinates [43]. From the principle of general
covariance, any coordinate system can be used to describe the local measurements. Here, we use
Fermi normal coordinates, which have the advantage of displaying “beautiful ties” to the Riemann
curvature tensor, as well as to the physical acceleration and rotation of the observer. Indeed, the metric
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components in the Fermi normal coordinates can be expressed with the help of the Riemann tensor,
as well as the accelerations and rotations measured by the observer. The metric components are the
same as the ones of special relativity up to the first order in the local coordinates, such that they are
“as Minkowskian as possible” [44,45]. As a consequence, the Fermi normal frame can be spatially fixed
w.r.t. to an observer in any kinematical state.

The use of Fermi coordinates is not adapted for a self-gravitating body, the mass-energy of which
contributes to the determination of the initial metric g when solving the Einstein equations. For this
reason, harmonic coordinates are preferred and recommended for the definition and realization of
relativistic celestial reference systems [25,38,46,47], where the frame origin can be centered on the
center-of-mass of a massive body. However, a local apparatus is a test body that does not contribute
to the background metric. Therefore, the definition of the Fermi coordinates is not a problem in this
context. On the contrary, they have the advantage of separating the problem of the determination of
the background metric and the observer trajectory in the initial coordinate system, on the one hand,
and from the definition, description and modelization of the observables of the local experiment, on
the other hand.

When using Fermi normal coordinates, unlike the harmonic coordinates approach, no matching
procedure between the initial frame and the local frame is required in order to obtain the metric in
the local frame, and the explicit coordinate transformations from the initial coordinate system to the
local one are not required. Moreover, all frames obtained from a spatial rotation of the Fermi normal
frame are still Fermi normal frames. This is not the case for the harmonic frame, as the harmonic
gauge condition does not admit the rigidly rotating frames of [25] (Chapter 8). Therefore, obtaining
a harmonic frame with a spatially-fixed axis w.r.t. the apparatus is a priori not possible. For all these
reasons, we believe that using a Fermi frame and corresponding Fermi coordinates is a better choice in
order to describe a local experiment. When possible, we will compare the results from both approaches:
the Fermi normal frame and the harmonic frame.

3.1. Notations and Conventions

In this work, the signature of the Lorentzian metric g is (+, —, —, —). Greek indices run from
zero to three, and Latin indices run from one to three. The partial derivative of A will be noted
A, = dA/dx". We use the summation rule on repeated indices (one up and one down). 77,4 are the
components of the Minkowski metric. The convention for the Riemann tensor is:

R*

_ 1"”0‘ v I‘Vvarﬂ'lxﬁ 4 I"V‘BOI'(TM/

avp B

av,B

In this section, the indices for tensor components in the proper reference frame and the Fermi
frame are denoted with a hat, i.e., AY = (AO, Af), as well as the partial derivative in the Fermi frame,
ie, A*; = 9A"/0X.

3.2. The Local Frame

Let C be the observer world line; this world line is a timelike path (ds?> > 0). We call 7, the proper
time, that is the integral value [ dt = [ v/ds?/c? along C between a chosen origin O and an arbitrary
event P along C. The observer world line is parameterized with the proper time:

C:xt = fi(7) ()

The four-velocity is u# = df*/dz, and the four-acceleration is y# = Du/ /D1, where D/Dt is the
covariant differentiation along the world line C.
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The Proper Reference Frame

We define the proper reference frame with coordinates (X*) as in [45]. It is entirely determined
by these two conditions:

1.  On the observer world line, the temporal coordinate X0/c of the proper reference frame is equal
to the proper time 7 of the observer, and the spatial coordinates X’ are constant.

2. At first order in the new coordinates X%, we want to recover the metric of an accelerated and
rotating observer in special relativity [44].

The new coordinate system (X*) is defined in an ad-hoc subset U C U, so that C is included in
Uc. We select P an event along C, so that x}, = f#(). From Condition (1) we infer:

Xy =ct (3)

where c is the velocity of light in vacuum.

The origin O is defined so that xé = fH#(0), without loss of generality. The coordinate
transformation from (X%) to (x*) is a diffeomorphism ) : X¥(Ue) — x*(Uc). The partial derivatives
of YV at point P are defined by the components of the Jacobian matrix:

=

e ={x3r =7, 4

where xf = xP(X*) are the components of ), and the bar stands for the value of a function at point P
(as P is arbitrary along the world line C, then the bar stands for the value of the function all along C,
which means that all quantities with the bar over them are functions of the proper time 7). The inverse
transformations follow:

N
= R
2=

2T

©)
(6)

I
S

X
eSS
=<

where J is the Kronecker delta. We note that eg =ut/c.

For the sake of simplicity, X'(C) = 0, i.e., the world line constitutes the spatial origin of the proper

reference frame. The vector eg is determined by the observer world line, while the vectors e;f are

chosen, such that (eg ) constitutes a basis of the tangent space for each event along C. (e]fl ) is the spatial
frame of the observer at event P. The transformation relations of the metric tensor are:

8ap = gvaf;x,VB @)

where ¢, p are the components of the metric tensor in the proper reference frame. For simplicity,

we choose the vectors eZ, so that they form an orthonormal basis, so-called a tetrad, such that:

g&}@(C) =Map = guv(C)€§€ 8)

BeSES

where 177, B is the Minkowski metric.
Then, it is shown in [45] that the metric in the proper reference frame can be written, up to first
order in the new coordinates (X?*):

ds? = [1 2y XI + 0 (XZ)] 2d7? + [znmjxf o) (Xz)] dXedt + [qiﬁl +0 (XZ)] dx’dx™ (9)
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where (), ap is the antisymmetric rotation matrix defined with:

O = Lo (b _ rDek (10)
= 28 (4 Dr ~%Dr

and 7; = Q= gW(C)e]f"yV. The function szﬁ( T) defines the tetrad transport along the
observer trajectory:

el (11)
where QOF, = g"”‘QU

B P ) A )
Moreover, we define the vector QF, so that Oy = sMka with €k the Levi-Civita symbol Ok is

the rotation of the observer spatial frame (e ]” ), as it can be measured with three gyroscopes. 7* is the

acceleration vector of the obseryer, as it can be measured with accelerometers. If QF = 0, the frame is
Fermi-Walker transported; if O = 0 and 4* = 0, the frame is parallel transported (i.e., C is a geodesic).

The Fermi Normal Frame

Up to the second order in the coordinates, there is a certain choice of freedom to prolongate the
coordinates lines of the proper reference frame. For the sake of mathematical simplicity, what is usually
done is to define the Fermi normal frame, where the coordinate lines are taken as geodesics [45]. In the
Fermi normal frame, the metric can be written:

Ryt ]Xk+(9( )] dXedt (12)
+ { 4l Axfxﬁ+0(x3)}dxfdxm
M T 3 Ripiink

A different approach is used in [24,25], where harmonic coordinates are used to build the local
frame, named the topocentric reference frame. We prefer to name it the harmonic frame here as
a reference to the corresponding harmonic coordinates. As a result, the metric components are very
different when using harmonic coordinates (HC) [25] (see Equations (8.40) to (8.42)) from the ones
using Fermi normal coordinates (FNC). The cross-component of the metric has no first order term in
the HC, while in the FNC, the first order term depends on the observer rotation as in special relativity.
Indeed, the harmonic frame is dynamically non-rotating [24,48], and therefore, it cannot be adapted to
rotating observers. As in special relativity, there is no first order term in the spatial component of the
metric in the FNC, while there is one when using the HC. The metric calculated in the HC in [24,25]
is an expansion in both the local coordinates and ¢! (post-Newtonian approach), while there in no
post-Newtonian expansion in the approach presented here. Finally, as a consequence of the equivalence
principle, the metric components in the FNC do not depend on the chosen initial coordinate system,
while the metric components in the HC do through the matching procedure. Moreover, the metric
components in the FNC are expressed in terms of the Riemann tensor, acceleration and rotation of the
observer, while in the HC, the metric components are expressed with non-tensorial quantities to be
determined through the matching procedure.

3.3. Geodesic Equation in the Local Frame

The gravimetric and gradiometric observables can be deduced from the general dynamical
equation of a test body written in the local frame:
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dzxa
dA2

N dr 2 N
2

drdX' _, dX'dX) F i
avar trrarar Tw =t (19
where A is an affine parameter along the test body trajectory.

From [49], we can write it in all generality. We will consider the gravimeter/gradiometer to be
made of components that are at rest with respect to the local frame, i.e., dX'/dA = d?2XT/dA? =0,
thanks to some local forces voluntarily applied to the apparatus components. In the local frame, we
decompose a four-vector as (VO, Vi) = (VO, V). Therefore, we deduce from [49] (Equation (25)):

T =+ [ x (Qx X)] + (5 x X)" + X Ry
1 i

+ 25 (1 X)7 = (b X) (Q x X) =29 (Q x X) (O x X)']

. o . ; .
YR XXM — 26X (O x X)* Ry +2X (7 - X) Ry

I 3
+ 5 (Riaoo + R ) XX +0 (%) (14)

where b = %—l—ﬂx'yandq: %.

The geodesic equation using harmonic coordinates can be found in [24,25]. As the harmonic frame
is dynamically non-rotating, all terms depending on rotation are absent. Moreover, the coefficients of
the equation are found through the matching procedure; therefore, they depend on the choice of the
initial metric and coordinate system. Then, it is not possible to compare the terms with Equation (14)
here, which is more general.

3.3.1. Gravimetric Observables

We suppose that we apply a force to the gravimeter mass to keep it at the center of the local frame.
Therefore, Equation (14) reduces to:
=o' (15)

which is simply the physical acceleration of the local frame. We emphasize that here we suppose
that the mass of the gravimeter is kept fixed at the center of the local frame. Therefore, the measured
quantity is the force vector F applied to the mass in order to be still, such that I = F'/m.

3.3.2. Gradiometric Observables

Suppose now that we have a two masses located in the direction e; of the spatial part of the local
frame basis, at a distance //2 and —!/2 from the center of the frame. The local distance [ is supposed to
be constant here, e.g., by putting both accelerometers on a rigid structure. We define the local distance
as the Euclidean distance calculated in terms of the coordinates of the local frame: | = /Y ;(X?)2.
Then, we define the quantities measured by the differential accelerometer, or gradiometer, with:

. R l : l
rlj - % |:rl <T, 23j> _rl (T,—28j>:| (16)

By doing this, we suppose that the geometrical center of the gradiometer is at the origin of the
local frame. From Equation (14), we deduce:

R P P 1 5
I = [Qx (Qxe)]' + (1% ) + Ry + 27 +0 (12) (17)
In case of a free-falling and non-rotating gradiometer, one simply has:

I, = PRy + O (12) (18)
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3.4. Clock Frequency Comparisons and Syntonization

The principle of clock frequency comparison is to measure the frequency of an electromagnetic
signal with the help of the emitting clock, A, and then with the receiving clock, B. We obtain
respectively two measurements v4 and vg. However, in general, one measures the time of flight
of the electromagnetic signal between emission and reception. Then, the ratio v4 /vp can be obtained
by deriving the time of flight measurements with respect to the time of reception.

Let S(x*) be the phase of the electromagnetic signal emitted by clock A. It can be shown that light
rays are contained in hypersurfaces of constant phase. The frequency measured by A/B is:

1 dSs

v = —
A/B 27 dTA/B

(19)

where T4,p is the proper time along the world line of clock A/B. We introduce the wave vector
kA/B = (04S) 4 /p to obtain:

L, a/B
VA/B = Ekzx Buy /g (20)
where 1} ,p = dx} /5 /d7 is the four-velocity of clock A/ B. Finally, we obtain a fundamental relation

for frequency transfer:
va kf,? u’

= 21
VB kE u"é ( )
This formula does not depend on a particular theory and then can be used to perform tests of
general relativity. It is needed in the context of relativistic geodesy, in order to calculate the gravitational
potential difference between two clocks from the measurement of the ratio of the frequencies v4 /vg.
Introducing vt = dxt/dt and k; = k; /Ko, it is usually written as:
kol

VA B u([)qkél_i_isz

C
— _C_ (22)
0 1B i
ve  up kg g4 —k?fB

From Equation (19), we deduce that:

vA_dry _ (dr) diy (de -
VB - dty ~\drt Ath df B
In the case of propagation in free space, if we suppose that the space-time is stationary,
A

ie, dogup = O, then it can be shown that kg is constant along the light ray, meaning that k' = kB.
Then, from Equations (22) and (23), we deduce that:

kol

i 2

A 14 LR

This term depends on how the signal propagates from A to B. For a free propagation in a vacuum,

it is calculated up to order ¢~ in [50], for the more general metric GCRS. Up to second order, it does

not depend on the gravitational field, but only on the relative motion of the two clocks. It is simply

the first order Doppler effect of order £. At third order, there is a term of order %121 2. Itis less than

3.6 x 1014 for a satellite and around 2.2 x 1071 on the ground. In [51], the term (24) is calculated for

the metric given later in Equations (27) to (29) up to the fourth order. It is stressed that the ], term of
the expansion (30) in the third order term can amount to 1.3 x 1071 for a satellite in low orbit.

If the signal propagates in an optical fiber, the term (24) has been calculated up to order ¢~

in [52]. Up to second order, it does not depend on the gravitational field, as for the free propagation in

vacuum. The first order term is due to the variation of the fiber length (e.g., due to thermal expansion)

3
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and of its refractive index. For a 1000-km fiber with refractive index n = 1.5, this term is equal to
3.6 x 10714, The second order term is the derivative of the Sagnac effect, which is of order 10~ or
less for a 1000-km fiber. Finally, the third order term is of the order of 10~2? for a 1000-km fiber.
Syntonization is a different problem and is needed for the realization of coordinate time scales
(such as TAI (Temps Atomique International)). It depends on the particular coordinate system chosen
as a reference and is given by the derivative of proper time with respect to coordinate time. In a metric

theory, one has cd7 = /g,pdx*dxF, so that:

dt | o1 o' vivi] 2
=)= [800 +280i— + 8ij 7 (25)
where we defined the coordinate velocity ol = dxt/dt.

In the context of relativistic geodesy, this quantity is needed for the realization of the chronometric
geoid. An isochronometric surface is a surface where all clocks beat at the same rate with respect to
a reference coordinate time, such that the quantity (25) is constant. This reference coordinate time
is usually taken as TT (terrestrial time), for which TAI is a realization, or TCG (Temps Coordonné
géocentrique). The chronometric geoid is a reference isochronometric surface that should coincide up
to some level with the classical geoid—a level surface of the gravity potential closest to the topographic
mean sea level—so that a possible definition is:

dr
d(TT)

=1 (26)

TT is itself defined with respect to TCG with d(TT)/d(TCG) = 1 — Lg, where Lg is a defining
constant [38], chosen such that the reference isochronometric surface defined from TT (26) coincides
with some level with the classical geoid.

An interesting problem is that the chronometric geoid will differ in the future from the classical
geoid. Indeed, the value of the potential on the geoid, Wy, depends on the global ocean level, which
changes with time. In addition, there are several methods to realize that the geoid is “closest to the mean
sea level”, so that there is yet no adopted standard to define a reference geoid and Wy value (see, e.g.,
the discussion in [53]). Several authors have considered the time variation of Wy (see, e.g., [54,55]),
but there is some uncertainty in what is accounted for in such a linear model. A recent estimate
over 1993 to 2009 is dWp/dt = —2.7 x 1072 m?-s~2-year™!, mostly driven by the sea level change of
+2.9 mm/year [55]. However, the rate of change of the global ocean level could vary during the next
few decades, and predictions are highly model dependent [56]. Nevertheless, to state an order of
magnitude, considering a systematic variation in the sea level of order 2 mm/year, different definitions
of a reference surface for the gravity potential could yield differences in the frequency of order 2 x 1018
in a decade. Comparisons of accurate clocks could therefore help in the future to establish a worldwide
vertical datum.

4. Application to a Stationary PPN Metric Tensor

4.1. PPN Metric of an Isolated, Axisymmetric Rotating Body

In order to calculate the observables of relativistic geodesy with respect to the initial coordinate
system and evaluate the higher order terms, we simplify the Earth metric. We consider that the Earth
is a body in uniform rotation, isolated and axisymmetric. Moreover, in order to assess the potential of
relativistic geodesy for general relativity tests, we generalize the metric to the so-called Will-Nordtvedt
formalism [10,11]. This formalism contains ten parameters vy, B, ¢, a1, ..., @3, {1, ..., (4. The parameters
« and vy are the usual Eddington—Robertson—Schiff parameters used to describe the classical tests of
general relativity (=1 in GR), while other parameters measure preferred-location and preferred-frame
effects and the violation of the conservation of total momentum. They are all zero in GR. Theories
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that possess conservation laws for total momentum, called “semi-conservative”, have five free PPN
parameters (y, B, ¢, a1, az). The PPN parameter v has been constrained to |y — 1| < 2.3 x 10-°
using the Cassini spacecraft [57], B to |8 — 1| < 3 x 1072 thanks to planetary ephemeris [58] and a;
and &, to |ag| < 6 x 107 and |a,| < 3.5 x 10> thanks to refined values of Solar System planetary
precessions [59]. Many other constraints have been put on PPN parameters, and a summary of these
constraints can be found in, e.g., [11,60].

The assumptions done in this article to write the metric are simplistic, and for the analysis
of a particular experiment, one should use a complete description of the metric around the Earth
(see, e.g., [38,61]). This has been done in particular in the context of the detection of the Lense-Thirring
effect in the Solar System (see, e.g., [62,63] and the references therein).

For the sake of simplicity, the only PPN parameters used here are vy, f and aq. @ is the speed of
the Earth center of mass with respect to a preferred rest frame, if one exists. We use a non-rotating
geocentric reference system with initial coordinate system (ct;x') = (ct;¥). This case has been
rigorously studied in [51]; the metric is stationary, and it is given by:

. 2 .2 N
goo(¥) =1— 7z W(T) + C*'fwz(x) + Os (27)
H=21(1 ) (2) + Lo W(E)D| + O 2
so(®) = 5 | (17 + 5 ) WE) + jmW@a| +0s 28)
S 2y s ~
gl-j(x) = —51']' 1+ CTW(JC) +O4 (29)
where:
. GM > R\"
W(F) = - [1 - n;z]n <r> Pn(cosf))] , (30)
- GI&') X X "
WE = —— [ 2 K, () D, 1 (cos 9)] (31)
r = ||¥||, 0 is the angle between ¥ and the axis of rotation of the Earth, & its angular velocity,
assumed constant, R its equatorial radius, the P, the Legendre polynomials, and the coefficients M,
Jo, ooy Ju, ... and I, Ky, ..., Ky, ... are the multipole moments of the multipolar expansion of the

potentials W and W, for which convergence is assumed. The angular momentum of the central body is
J = I&. The order of the metric expansion is:

n/2
Oy = (GM) (32)

rc?
This is a practical notation: the term 611, when it is at the end of a sum, means O(én).

4.2. Clock Observables

From Equations (25) and the given metric (27) to (29), we calculate:

a2 g =1 (e )
D et

+2(7+1+11)W 7+ a1Wv w}—l—(’)(l) (33)

where v = |dX/dt| is the coordinate velocity; from which we deduce that:
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(1%) 4 1 1, 1,
=14+ 5 (Wa—Wp+ 204 — =
(MO)B + 2 A B+ ZUA ZUB
1 S
+ C74 |:(’>/+1)(WAU% —WBU%)_ngi _ gv% _ ZU%’U%
+2 (v +1+ L) (W - Fp — Wa - 5a) o
1 . )
+ Kyuw: (UpWp —TaAWy)
1 ) )
E(WA —Ws) (WA — W +2(1 - B)(Wa + Wg) + 05 —UB)

1
e (Cé)
This result coincides with the one of [51] when putting a7 = 0.

4.3. Gravimetry Observables

We find a tetrad that satisfies e%‘ = u"*/c and Equation (8) for the metric (27) to (29), valid for

a general trajectory with coordinate velocity v':

1 1
0 _ 2
60—1-1-?2 <W—|—v

2
1 3 2 3 2, 3 4
+C4{ ( 2)W+(’Y+Z)Wv+80
o1 -, 1 SN 1
1.
eé—zvzeg (36)
1. 1 ; 1 1
0 _ 2 .
i 5t 2 (Lot 5w ) 10 (L 38
& = Z]+C7 Evv_ ijY + A (38)

where J;; is the Kronecker symbol and go; is given by (28). This tetrad coincides with the results found
elsewhere for the the GR case, e.g., [47] (Equation (5.21)). Here, the tetrad is chosen such that it is
identity at zeroth order: the spatial part is non-rotating with respect to distant stars as for the initial
coordinate system. The case of a rotating tetrad does not change the gravimetry observable, as it is
defined as a local quantity. However, it will be studied for the gradiometry observable.

As in Section 3.3, a four-vector is decomposed in the local frame defined in (35) to (38) as
(Vﬁ, vh = ( Vo, V), while it is decomposed as (V?, Vi) = (V?, V) in the initial coordinate system.

Then, we calculate the antisymmetric rotation matrix with Formula (10). We deduce from this
matrix the physical acceleration experienced by the observer:

+Zay (@W(a W) — (T @W)) + %(6 : 5)6} +0 (1) (39)
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where @ = d7/d¢, and its rotation as measured with gyroscopes:

1
Q=017+ Q45+ O, + O <C4> (40)
where:
1 = 1 H1\ = S A= .
O = —?ng:—c—z[<1+7+11)V><W+11VW><ZU 41)
1 1\, =
Q45 = -2 'y+2>v><VW 42)
1
Qm = @UX’)’ (43)

where (g')f =73 oj- This result coincides with the results found elsewhere (see, e.g., [64] (Equation (3.4.38))
for a1 = 0 and [65] (Equations (5) to (7))).

4.4. Gradiometry Observables

Now, we consider a gradiometer fixed to the surface of the Earth and rotating together with the
Earth. In this paper, we suppose a uniform rotation of the Earth and a stationary metric. Irregularities
in the Earth rotation are not included here. We define a tetrad ¢/’ %) fixed to the gradiometer, such that
the axes of the gradiometer are in the direction of the tetrad axes. This tetrad is related to the tetrad (35)
to (38) aligned with the GCRS system by the following relations:

e?o) = eg =ul/c (44)
e

i
yo= Mg (45)

o=
|

i.e., the spatial part is rotated by a matrix Aj(i) € SO(3). This matrix is a function of a parameter
along the gradiometer path, e.g., Aj(l.) (t) with t being the GCRS coordinate time. The gradiometer
rotates together with the Earth surface, i.e., in cylindrical coordinates (ct, p, ¢, z) related to the GCRS
coordinates (ct,X) = (ct, x,y,z) as x = pcos¢,y = psin¢; its points move along orbits of the vector
field 0; + wdy where w = d¢/dt is the angular velocity of the Earth surface. The tetrad eﬁx) is then Lie
transported (to the order of interest) by this vector field. We obtain:

i _ n(k) 47

A(i)(t) = B(i> A(k)(t) (46)
with:
A cosw(t—tg) —sinw(t—1ty) 0 . .
A](k)(t) = | sinw(t—ty) cosw(t—1ty) 0 |, Béi)) = A](‘Z.)(to). 47)
0 0 1
This leads to: X

@ - Mofav (48)

with ! = (0,0, w).
We can calculate the vector Q) based on Formula (10) for the rotating tetrad eﬁx). We obtain

Q0 = (AHP 0l = AL OF with:

1 1 1
Q—w—‘rCZ<W+202>W+QLT+Qd5+QTh+O<C4> (49)

where O, Q45 and Oy, are defined respectively in (41) to (43).
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Here, a four-vector is decomposed in the rotating local frame defined in (44) to (45) as (V(O), V(i))
(V(©),¥). For the first term of (17), we then obtain:

~ ~ ~ (m) —1\(m) A7 1 7 j 7
[0 x (Oxe)| = A "A, [Ox (Qxe)] = A, A, [0x(@xe)] (0

with:
Qx(@Qxe)] = [wx(wxe)] (1 e (zw+02))
+2w(i07)LT - 2(5]z OJIA(QI%LT
+2w Vg5 — 261w s
+20 0y, — 261w Oy

wo(1) -
C
(1
= [wx (wxe)] (1 t32 (2W+vz)>
1 . , « «
5 (@)™ — 5w d™) (27424 5 ) W + S w0 W,0)
1 L .
5 (@™ — & W™ Yoy (ay — (27 +2) W)
e (14> (52)
C

The second term of (17) containing the angular acceleration is non-vanishing due to the term
with vector @ in the Lense-Thirring part of the angular velocity, which is not axially symmetric. The
)

angular acceleration 7j = i—? is given as /) = (A Yyt = Ai(].)ﬂi with the components 7 given by:

1= (@ YW)w - (0 YW)@D) +0 (;) (53)

For the second term of (17), we then obtain:

(7 % &)™ = (AN (7 % €)' = AL, AL (7 €)' (54)

The third term of (17) can be obtained based on Formula (2.26) of [32]. This formula was derived

for the metric (27) to (29) with @ = 0 and general functions W (%) and W(¥) (U* (x') and V]-(xi) in the

notation of [32]) and using the tetrad (35) to (38). The terms with @ can be added by substitution of
a corresponding function for V;. Thus, we get R g)(u)(0)(n) = Al(m)A](n)R@f@j with:

1
CzROfﬁj = Wit3 [(2(/3 +y—-DW—(r+ 1)02) W
+(2B+2y - YW W,; — 76| VW[
+(2v7 + 1)vkv(iW,j)k — 760" V" Wi

4
+(2r+2+ 71) (O Wi — W je)

o 1
+ %(vkwkwrij — Z)kZU(iW’]')k):| +0 <C4> (55)
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The last term of (17) can be expressed as 7™ y(") = (A‘l)gm)([\_l)]gn)”yi'yf = Af(m)A](n)fyf'y],
where using (39), we obtain:
1 .45 1/ ; 1
6—2717] =3 (al — W/i) (a] — W/]') +0 (c‘l) (56)
with a’ being the centrifugal acceleration (circular motion is considered) of the center of the gradiometer
with GCRS coordinates x., y. given as al = —w?(xe, Ye, 0).

5. Orders of Magnitudes

Let us take a clock that is on the surface of the Earth, at rest in the rotating Earth frame. Then, in
usual spherical coordinates (7,6, ¢), one has:

Z)¢1/_[¢ = Rwsin 91/_[4; (57)

STIEST
Il

a,ity + agily = —Rew? sin @ (sin 0if, + cos Oiiy) (58)

where R and w are the Earth radius and angular velocity. Assuming that W = W (r,8), W = Wi (r,0)ily,
v = B =1and a1 = 0, we deduce from (39):

B 1 0y 1 5 4 vy a(TW¢)
Ve =a {1+C2(v¢+3W)} ~-W, {1+C2(2v¢—w)} + 5t (59)
1 Wg 1 4 O¢p 8(W¢ Sil’l@)
Yo = g [ + 2 (v¢+3W)] 7 [ * c2 ( % W)} + 2 rsinf a0 (60)

Y9 =0 (61)

We take into account the gravitational potential up to second order:

GM R\’
Wr,0) = 1 (1 -1 (7) P2(9>> 6
where P;(6) = % (3cos? 6 — 1) is the Legendre function and J, ~ 1.083 x 1072 is the Earth’s flatness.
Moreover, we take into account only the monopole of the gravitational potential vector:

- GJ x7
W(r,0) = 23

(63)

where | = 13 is the Earth angular momentum. Attempts to measure the monopole of the gravitational
potential vector with orbiting gyroscopes and satellites were performed in recent years (see, e.g., [66—68]
and the references therein).

The order of magnitude of the fourth order relativistic effect in the absolute clock observable (33)
is 2 x 1071%, which is below the current clock accuracy. In terms of geoid height, it corresponds to
2 mm, which is also below the actual accuracy of the geoid determination (which is around 1 to 10 cm).
The different contributions of non-linear terms to the geoid height are given in more detail in [6].

The second order contribution to the local acceleration vy is shown in Figure 1. One can see that
the relativistic effects are below or just at the uGal level (1 Gal = 102 m-s~2), which is the accuracy of
the best absolute gravimeters nowadays.

For gradiometry, the contribution of the relativistic effect is of the order of a few pE
(1E=1eotvos = 1077 s72), when the accuracy of the best gradiometers to date is of the order of
a few 100 uE. However, it has been claimed that by integrating the effect over one year, it could become
observable [32,69].
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Figure 1. Second order (c~2) contributions to the local acceleration .

6. Conclusions

We have reviewed the literature of relativistic geodesy. We introduced the theoretical tools of

relativistic geodesy and applied them for a stationary PPN metric. We applied the calculation to the
case of a stationary clock on the Earth. Some interesting conclusions concerning post-Newtonian

corrections are that:

differences between the chronometric geoid and the Newtonian geoid are of order 2 mm;
post-Newtonian corrections for gravimeters are below or just at the level of current accuracy of
the best absolute gravimeters, which is about 1 yGal;

post-Newtonian corrections for gradiometers are below current accuracy, a few pE, but could be
measurable by integrating for a long time.
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