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Abstract

A warped extra dimension in a five-dimensional (5D) anti-de Sitter (AdS) background
was introduced in 1999 by Lisa Randall and Raman Sundrum to solve the gauge hierarchy
problem in particle physics. As a bonus, a holographic interpretation in terms of four-
dimensional (4D) conformal field theories (CFIs) was found. Interestingly enough, another
5D background, linear dilaton (LD), was found to have a holographic interpretation in
terms of Little String Theory. In this review, we will show how a set of 5D backgrounds,
parametrized in terms of a real parameter v, generalizes both theories and gives rise, in
particular, to AdS for v = 0 and to LD for v = 1. Furthermore, working in the 5D theory,
we will consider applications of the LD background to: (i) particle physics, so that the
5D Planck scale can be lowered to sub-Planckian values, and (ii) Brane World Cosmology
(BWC), based on the appearance of an extra vacuum characterized by a 5D black hole.
In all cases, we find a gapped continuum for bulk propagating fields, which makes a
connection with unparticles. In the case of BWC, we also point out the existence of a
pressureless holographic fluid that could play the role of dark matter (DM), with feeble
(gravitational) interactions with the Standard Model (SM), decoupled from the thermal
SM bath, and generated by a freeze-in mechanism after inflation. We also point out the
additional possibility of identifying DM with a long-lived, feebly interacting massive gravi-
ton, as an isolated resonance generated by radiative corrections to the continuum graviton
propagator self-energy.

Keywords: physics beyond the standard model; extra-dimensional models; braneworld
cosmology; dark matter

1. Introduction

Theories with a warped extra dimension were proposed by Lisa Randall and Raman
Sundrum [1] as a solution to the hierarchy problem. These theories contain an anti-de Sitter
(AdS) background metric and two branes: an ultra-violet (UV) brane and an infra-red (IR)
brane where the Higgs is either located, or at least toward which its profile is localized
if the Higgs is propagating in the bulk. Moreover, the theory contains a massless radion,
while the brane distance is undefined, as the radion potential is flat. To make the radion
massive, the conformal invariance of the theory needs to be explicitly broken by a bulk
potential V(¢) and brane potentials A,(¢), in terms of a stabilizing bulk field ¢, which
then gives a mass to the radion and introduces an extra excitation around the interbrane
separation [2]. Moreover, the same authors proposed a theory with an infinite extra warped
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dimension and a single brane where the Standard Model (SM) sector is localized [3]. This
model does not solve the hierarchy problem (one would require, e.g., supersymmetry in
the brane to achieve this task) but gave rise to braneworld cosmologies, where the location
of the brane is subject to the Friedmann equations and plays the role of the scale factor of
the universe. An interesting property of these theories, with AdS geometry, is that they
have an equivalent dual defined in the boundary of the AdS space, the holographic dual,
known to be a non-perturbative conformal field theory (CFT) [4].

Interestingly enough, there is another warped geometry for which the holographic
dual is known: the linear dilaton (LD) background metric, for which the holographic dual
is Little String Theory (LST), a six-dimensional theory compactified on a torus [5,6]. The
particle physics phenomenology of LD metrics was carried out in Refs. [7,8], mainly with
the goal of lowering the string scale to the TeV to find experimental signatures at present
and future colliders. In the case considered in Refs. [7,8], the warped geometry does not
solve the hierarchy problem between the TeV and the Planck scales, which is left to be
solved by string theory. In this review, we will show that there are other possibilities for the
LD metric in particle physics, for which the string scale is some orders of magnitude below
the Planck scale, while the low-energy scale is at the TeV, say midway between the original
LD proposal of Refs. [7,8] and the AdS theory [1]. Moreover, we have explored braneworld
cosmologies based on the LD background, which provides an interesting possibility for the
holographic fluid to describe cosmological dark matter.

The contents and summary of this review are as follows. In Section 2, we will present
the general structure of the dilaton-gravity model in the presence of a general class of
metrics which contain, as particular cases, the AdS and LD versions. The background
vacua in the presence and absence of a 5D black hole (BH) are also computed. Applications
to particle physics are presented in Section 3, where we show that there is a solution for
which M5 ~ 107#M,, where M5 and My are the Planck scales in five and four dimensions,
respectively. The warp factor solves the hierarchy between the low-energy scale 77 ~, TeV
scale and M5, while string theory has to be responsible for fixing the hierarchy between M5
and M. It is also proven that there is a singularity in proper coordinates aty = ys = 1/17,
and, if the interval is extended up to the singularity (y € [0,ys]), the bulk propagator
is a gapped continuum for /s > mg = 31/2. Applications to braneworld cosmology
are carried out in Section 4 for the general class of models presented in Section 2. In the
presence of the BH, there is an unconventional cosmology with a holographic fluid which
red-shifts with the universe expansion in different ways. In particular, for the case of AdS,
the holographic fluid is dark radiation, while for LD, it is pressureless matter. The properties
of the holographic fluid for the case of the LD background are studied in Section 5, where
it is shown that it can be a constituent (or the whole) of the cosmological dark matter (DM)
of the universe. As the holographic fluid is feebly coupled to matter, under the assumption
that the cosmological inflaton is only coupled to the SM, the fluid density will be zero after
inflation and at the reheating temperature. We prove that, by the leakage of gravitons into
the bulk, its density is restored by the freeze-in mechanism; it is UV-dominated, and then it
is controlled by the reheating temperature Ty after inflation. Another possibility provided
by the same class of models is explored in Section 6. The spectrum of the bulk graviton
is a gapped continuum, similar to the case of gapped unparticles. We learned from the
case of general unparticle propagators that interaction with ordinary matter can provide
self-energies that, when resummed, can give rise to an isolated pole in the second Riemann
sheet and a pole mass near (and below) the mass gap. In the case of the continuum of
gravitons, they behave as unparticles with dimension d;; = 3/2 and couple to the SM
fields through their energy-momentum tensors. We have proved that, indeed, an isolated
feebly interacting long-lived graviton can appear in the spectrum. We have studied the

https:/ /doi.org/10.3390/universe12090287


https://doi.org/10.3390/universe12090287

Universe 2026, 12, 287

30f 38

conditions, from all theoretical and cosmological constraints, under which this isolated
state can be cold dark matter. Interestingly enough, it is required that a heavy field, beyond
the SM, be present with a mass of ~Ms. We have proposed such a field as the cosmological
inflaton localized in the brane. The final result is that the isolated graviton can be DM,
provided that its mass is below the MeV range. Moreover, as an existence proof, we have
presented a simple inflationary model localized in the brane, which satisfies all required
properties and has correct predictions of cosmological observables. Interestingly enough,
the model evades Lyth’s bound about super-Planckian excursions. A discussion of the
results and future perspectives is carried out in Section 7. Finally, for completeness, in
the appendices, we compare the orbifold and interval pictures, Appendix A, and present
results for a general class of v-models which are asymptotically AdS, Appendix B.

2. A Class of Dilaton-Gravity Models

We will here consider a slice of 5D spacetime between a brane at the value yg = 0
in proper coordinates y, the UV boundary brane, and a (possible) admissible singular-
ity [9] placed at ys, a value which has to be determined dynamically. In addition, we will
eventually introduce an IR brane at y; < ys, responsible for electroweak breaking, where
we will assume the SM sector to be localized. The considered interval in the downstairs
picture [0,ys] is completely equivalent to the orbifold S'/Z; in the upstairs picture. In
the absence of brane terms in the action, even (odd) fields in the orbifold picture have
Neumann (Dirichlet) boundary conditions in the interval picture. In this article, we will
be working in the interval picture. The relation between interval and orbifold pictures is
described in Appendix A.

The 5D action S of the model, including the stabilizing bulk scalar ¢, with mass
dimension 3/2, reads as

" A s 1 1
s = ot [" d/Idetgunl |- R+ 38 Oug)one) — V(o)
1
- L dyldetguihe) - g [, dtvy/ldetgulk, 1)

where x? = 1/M3, Ms is the 5D Planck scale, V(¢) and A,(¢) are the bulk and brane
potentials of the scalar field ¢, and the index is a = 0, with 1 referring to the UV and IR
branes, respectively. The IR brane is responsible for the generation of the IR scale ~ TeV and
contains the brane Higgs potential, which spontaneously breaks the electroweak symmetry,
thus solving the hierarchy problem between M; and the TeV scale for the considered
value of A(y;), as we will see. In Equation (1), the 4D-induced metric is g,y = e 2A) Nyvs
where the Minkowski metric is given by 7, = diag(1, —1,—1,—1). Furthermore, the
last term in Equation (1) corresponds to the standard Gibbons-Hawking—York boundary
action [10,11], where Ky is the extrinsic UV curvature. In terms of the metric of Equation (2),
the extrinsic curvature term simplifies to [12] Ky = —4A’(yo). It is worth noting that the
determinant’s contribution inherently regulates and cancels any extrinsic curvature effects
at the singularity.

2.1. No Black Hole Background

We will now consider a 5D metric, which generalizes the AdS metric and is given by

ds? = gpndxMdxN = e724W) Huvdxtdx’ — dy? . ()
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The equations of motion (EoM) read then as

1" K2 2 K2

AT = 39 +§Z/\a(¢)5(y—]/a)r €)
2 K2 K> 2

A% = —gv(¢)+ﬁ¢ , 4)
¢ =4AY + V(@) + Y A(@)0(Y — ya), ®)

where the prime symbol () will hereafter stand for the derivative of a function with respect
to its argument. The EoM in the bulk can also be written in terms of the superpotential
W(g) as [13]

, 1ow , K
" =209 AT ©
and 2 )
1 /oW
V() = 8<a¢) - SWAg). )

It can be easily checked that if the superpotential W grows faster than ¢? at large ¢,
the profile ¢(y) diverges at a finite value y = ys [14]. Moreover, the Ricci scalar can be

5 4.9 2 , (W2

so that the curvature in general diverges at y = y;. The physical interpretation is that

written as

spacetime ends at ;.

The brane potential terms in the EoM are responsible for boundary and jumping
conditions for the fields in the branes. In particular, by integrating the equations in a
neighborhood of each brane and using Equation (6), we get on the UV boundary

W(p(yo)) = Ao(d(v0)), W (¢(yo)) = Ao(¢(yo)), )

where the Z, orbifold conditions have been used. On the other hand, in case there is an IR
brane at y = y;, we have to impose continuity conditions for W(¢) and W’ (¢), i.e.,

AW(P(y1)) =0,  AW'(p(y1)) =0, (10)

where AX is the jump of the function X when crossing the brane. Simple brane potentials
satisfy the boundary, Equation (9), and jumping, Equation (10), conditions, and fixing the
values of ¢ dynamically at the branes, i.e., v; = ¢(y,), is given by

Mo(@) = W) + 271000~ ), M) = 3m(p— o). an

By performing an integration by parts in the bulk of the 5D gravitational Lagrangian,
and subsequently enforcing the background EoM, boundary-localized potential terms

—4A(Ya

emerge in the form of Fe )W [15], where the F sign corresponds to the boundary

Ya = (Yo, Ys). While this contribution vanishes at the singularity at y = y, it yields a non-
trivial piece at the UV boundary, thereby modifying the effective UV brane potential into

Uo(9) = Ao(9) ~ W(9) = 370(9 ~ 20)?, (12)
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which is dynamically minimized for ¢ = vy. Moreover, on the IR brane, there is no
such boundary contribution, and there, the effective potential is U (¢) = A1(¢p), which is
minimized for the value of ¢ = v;.

For convenience, we will define the dimensionless field ¢ = x¢/+/3. The properties of
the 5D theory depend on the superpotential behavior in the limit ¢ — oo [14]. In particular,
when the asymptotic superpotential behavior is exponential e'?, there are the following
possible situations: (i) for v < 1, the spectrum is continuous without a mass gap, (ii) for
v > 1, there is a mass gap and a discrete spectrum, and (iii) for the critical value v = 1, the
spectrum is continuous with a mass gap. These cases can be covered by the superpotential
and potential given by

WiP) = Kot V() = -2 @, )

We can see that the case v = 0 provides a constant bulk potential and corresponds to the
AdS background. The case v = 1 is the so-called linear dilaton background, while the
limiting case v = 2 and the case v > 2 correspond to a zero and positive bulk potential,
respectively. The two cases, v = 2 and v > 2, are excluded, as they lead to a bad singularity
according to Gubser’s criterion [9]. Potentials with exponential behavior in the fields, as in
Equation (13), are ubiquitous in supergravity, and they are quite common in, for instance,
consistent truncations from 10-dimensional supergravity theories: the simplest example
would be to reduce the string theory on a sphere and keep the dilaton, thus leading, in
general, to a single exponential. There are also other stringy origins of this potential; see,
e.g., Refs. [16-18] for the relevant literature on the subject. An analysis and classification of
the top-down deductions of the superpotential presented above is intended to be presented
in a future work. !

The solution of the EoM (6) provides the background in proper coordinates, given by

1
Aly) =~ log(1- L), 1)
1
$ly) = —- log[v’k(ys — )], (15)
where we conventionally fix the metric at y = 0 as A(0) = 0 2. The Ricci scalar is

45-2v%) 1
k= v (ys —y)?

, (16)

so that the naked singularity at y = ys becomes manifest.

2.2. Black Hole/Brane Background

Let us now consider a generalization of the AdS-Schwarzschild solution, in particular
the BH ® metric of the form *

sy = gundxMdxN = e7240) (h(y)dtz - da?2) _ a4y (17)

Wy)/
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where h(y) is a blackening factor which vanishes at the position of the event horizon,
¥ =y < ys. The EoM with this metric reads

1
=, (18)
2
A// — %(P/Z , (19)
W K V(p) «
A/2:7 1_774_7(1)/2 (20)
4h 6 h 127 7
1 !/ h/ / 1 /
"= (44~ T )¢’ + V' (@), (21)

where, to simplify the expressions, we have omitted the boundary terms. The solution
turns out to be the same as in Equations (14) and (15) with the blackening factor

42

hy) =1— (yys_yyh) e 22)

Two of the integration constants have been fixed by the boundary conditions
limy, «h(y) = 1and h(y,) = 0. For v < 2, the condition 0 < h(y;) < 1 requires
y1 < Yn < Ys, which then excludes the singularity from the interval, as it is screened by the
horizon. The Ricci scalar for the BH metric is

471/2
3 ys—yh> 2 1
Rgg =R+ — , 23
oH vz(ys—y (ys —y)? *)

where R is the Ricci scalar in the absence of BH, cf. Equation (16). It is clear from the above
expressions that the case of no BH is recovered for y;, — ys.

2.3. Thermodynamic Relations

From Equation (17), the Hawking temperature Tj, and the entropy density s, of the
BH can be expressed as

1-12

= A Ay _ LA NI
T, = 47_[6 \h (y)|y:yh = I\ 12 1 ” 1 e , (24)
3
_ AT A _ AT\ ?
Sh - F@ h) — F % . (25)

By using these two expressions, we can write the entropy density as a function of Tj,
as follows

3
_4n [4m/2ys] e >

(M) = 5 |G| T 26)

The quantity T}, has a key role in the phase transition. To appreciate this, let us consider
the case where the SM is either located in the IR brane or just propagating in the 5D bulk
along with bulk gravitons and radions, as a thermal plasma with a temperature T. The
temperature T is not necessarily equal to the BH temperature, Tj,. Then, the model would
describe an out-of-equilibrium situation between both subsystems, for which the relevant
thermodynamic relations for the internal and free energy densities are [12,20,21]

Tn o A
pulT) = Tus(Ti) = [ s(f i, @)
T o s
Ty T) = (T=T)s(Ty) — [ s(Ty) aT. 28)
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In fact, by computing 9f,(Tj, T) / 9T}, from Equation (28), it becomes manifest that f;, (T}, T)
has a minimum at T}, = T that amounts to

3
r . A 41— 12 [4mv? 12 4-1?
fmin = fu(T) = — / s(Tp)dT), = [ 4— vy;} T1i-? (29)

Jo k2412
corresponding to the equilibrium situation. Notice that, upon time compactification with
periodicity 1/T, there appears a conical singularity that only cancels at the minimum at
Ty, = T, where the equilibrium is restored [20].

The case v = 0 reproduces the known results from Ref. [20], for which the free energy
decreases as T#, as radiation. For the case 0 < v < 1, it decreases faster than radiation, while
for 1 < v < 2, itincreases with decreasing temperatures. The case v = 1, corresponding to
the linear dilaton background, is ill-defined and will be worked out later on.

3. The Linear Dilaton Background for Particle Physics

We will hereby consider the critical case v = 1, where the superpotential and the bulk
potential are

~ 2

W@ =%, V()= e

2x27 7

where the parameter k < M5 determines the 5D curvature. Crucially, the superpotential

(30)

in Equation (30) introduces a singularity at a finite proper coordinate value, y = ys,
reproducing the characteristic behavior of soft wall setups. It leads to a gapped continuum
spectrum, and the hierarchy problem is, more conventionally, solved in the same way as in
RS theories, with fundamental scales M5 and k, and a derived TeV scale after warping. The
solution for the background in proper coordinates is (cf. Equation (15) %)

B(y) = —loglk(vs — v)], aw=4%ﬁ—y) (1)

Ys

and the BH blackening factor

3
h(y) =1— (H‘) : (32)

We will also consider in this section two branes at y = 0 (the UV boundary) and y = y4
(the IR or Higgs brane), where we assumed the Standard Model and, in particular, the
Higgs, to be located, such that the values of the IR brane location y; and the singularity
ys will be dynamically determined by the brane potentials A4(¢), fixing the field ¢ at the
values 7y = xvg/+/3 and 7; = xv;/+/3 in the UV and IR branes, respectively, such that

% _ o0, (33)

40

kys =e%, ky; =e”

We can then write for the scalar field the background value ¢(y) = 5y — log(1 —y/ys).

Notice that the first expression in (33) demands that kys; > 0. Moreover, the solution
of the hierarchy problem between Ms and the TeV scale is achieved for a given value of the
warp factor at the IR brane A(y;) = A, which imposes the relation

01— 09 = Aq. (34)

As we will see, the squared mass gap of the continuum graviton and radion spectrum
is then given by

9
mg = 11 (35)
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with
n==1/ys. (36)

Using the fact that dz = +e4¥)dy, where + corresponds to the sign of 7, the relation
between conformally flat and proper coordinates in the model of Equation (30) turns out to
be

- (z—z0) = —log(1—y/ys), (37)

and the background in these coordinates is given by
P(z) = A(z) + 9o, A(z) =n-(z—2z0), (38)

where we fix zg = 1/k. Therefore, in conformally flat coordinates, the dilaton ¢ is linear,
and the corresponding model is dubbed the linear dilaton model (LDM).

According to Equation (36), the parameter # can have both signs, and accordingly, two
classes of theories are implemented. The solution with a negative sign of the parameter
7 in (36), i.e., # = —1/ys, was considered in Refs. [8,22]. Here, we will only consider the
solution with 7 = 1/ys.

3.1. The > 0 Case: The Continuum LDM

In this section, we will consider the # = 1/ys > 0 case in Equation (36) [23]. The
IR brane location in conformally flat coordinates z; is dynamically determined, as well
as the value of v, by the IR fixing of the dilaton at the value ;. For simplicity, we will
here fix 71 = 0 and 99 = —A; < 0. Then, one finds from Equation (33) that kys; = e and
k(ys — y1) = 1. The hierarchy problem is then solved by fixing A; such thaty = O(TeV),
as given by Equation (36), for k < Ms with

n=ke A, (39)

The value of M5 is determined by the relation between Ms and k with the 4D Planck
scale. To evaluate the relationship between Ms and My, we must consider that the kinetic
term of the graviton zero mode has to be canonical. As we will see, the zero mode has a
constant profile in proper coordinates, i.e., for the theory defined in the interval [0, ys]

Ys
h;ov)(x,y) =ho-hw(x) = /0 eizA(y)h% dy=1 = ho=/31. (40)

We then obtain © y
M2 =3 / e AWgy = M =gM2, (42)
0

which yields, for 7 = O(TeV), M5 ~ 10'3 GeV ~ 10~°Mj, and correspondingly, a warp
factor A; ~ 23. In conformal coordinates, the location of the branes in units of # are
at nzg = e~41 and Nz = A; + e~41 ~ Ay, while the singularity is located at infinity;,
zs — 0. The length of the fundamental region is y; ~ ys ~ 10717 cm, much larger than
the corresponding one in the RS model ~ 10~3! cm, but still much smaller than that in
ADD theories [24] ~ 1072 cm (for the case of two extra dimensions), where only gravity
propagates in the bulk.
We can, in principle, consider two kinds of fundamental intervals for our theory:

e When the fundamental interval is [0, y1], i.e., [20,z1], in conformal coordinates, the
theory spectrum is discrete, with the first mode mass being O (7).

e When the fundamental interval is [0, ys], i.e., [z9, o), in conformal coordinates (as we
will consider here), this theory predicts a continuum spectrum with an O(7) gap: the
continuum linear dilaton model (CLDM). This is the interval we will consider in this
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review, where we focus on the case 7 > 0. Notice that this makes the main difference
with respect to the 7 < 0 case considered in Ref. [8], in which gravity decouples
(My — o0) when considering the infinite interval, zs — co.

It is worth emphasizing that, in this theory, the warp factor solves the hierarchy
problem between the intermediate scale M5 and the TeV scale. This means that the UV
completion of this theory should be a string theory, with the string mass at the intermediate
scale, Ms ~ Ms, thus solving the hierarchy problem between the Planck scale and Ms.

3.2. The Gauge Bosons

As we will see in this section, this class of background does not support gauge bosons
propagating in the bulk of the extra dimension, unless the gauge bosons’ KK modes are in
the 100 TeV range.

To begin with, let us assume that only the Higgs is localized on the IR brane, while
gauge bosons are propagating in the bulk. We will also assume a custodial model based on
the bulk gauge group [25,26]

SU(3). ® SU(2)L @ SU(2)r @ U(1)x, (43)

where X = B — L, with 5D gauge bosons (G, W, W, X), and 5D couplings (g¢, g1, ¢r,$x)
respectively.

The breaking SU(2)g ® U(1)x — U(1)y, where Y is the SM hypercharge with gauge
boson B and coupling gy, is carried out in the UV brane by boundary conditions. There-
fore, the gauge fields (W, W%, X) define (W}, W}Q'z, B,Zg), with (UV and IR) boundary
conditions, as

W (a=1,2,3), (+,+) (44)
_ 8xWR +8rX

B (+,+) (45)
8k +8%
Wllz'z ’ (—, +) (46)
3 _
7g = SRWR — 8xX (= +) 47)

V8 + 8%
The SU(2); ® SU(2)g symmetry is unbroken in the IR brane, where all composite states
are localized, such that the custodial symmetry is exact. After electroweak breaking, the

different fields are denoted by (WLi, Wg, Z1,Zr, AL).
The covariant derivative for fermions is

3 2
D_a—i[gLZWIETZ-i-gRZW%TIbQ-l-gyBY-FgZRZRQZR]/ (48)
a=1 b=1

where ¢y and g7, are defined in terms of gg and gx as

_ _ 8R&X _ /o2 2
8y = I 8zr = \/8r t 8%/ (49)
8rR T 8%

and the hypercharge Y and the charge Qz, are defined by

_ 8k Tr — 8%Qx

Y=Tp+Qx, Qz 2 (50)
R X
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withQx = (B—L)/2.
Electroweak symmetry breaking is triggered in the IR brane by the bulk Higgs

bi-doublet

HY HF

H= % ! > ’ Qx =0, (51)
( Hy H}

where the rows transform under SU(2); and the columns under SU(2)g. We will denote
their VEVs as (HY) = v2/+v/2 and (HY) = v1/+/2 so that we will introduce the angle B as

cosfp=v1/vandsinf = vy /v, withv = \/m

3.2.1. Massless Gauge Bosons

The Lagrangian is 8

Ys
L= /0 dy[—i tr F MY — %e*“‘ tr A;A;} , (52)

where the trace is over the gauge indices. After Fourier transforming the coordinates x*
into momenta p*, we can make the field decomposition A, (p,y) = fa(y)Au(p)/+/¥s, and
the EoM of the fluctuations is given by [27]

P fa+ ;y(e‘“fg (v)) =0. (3)

In conformal coordinates, and after rescaling the field by f4(z) = e4(3)/2f,(z), we obtain
the Schrodinger like form for the equation of motion

—fa(2) + Va(2)fal(z) = pPfalz), (54)

where X = dX/dz, and the effective Schrodinger potential is

1.2 1.
Va(z) = ZA (z) — EA(Z). (55)
Plugging Equation (38) into this equation, we find the following result for the effective
potential
n?

Then, we find the existence of a mass gap in the potential, which translates into a gap
followed by a continuum KK spectrum of gauge bosons.

e Green’s functions: We will compute the Green’s functions for gauge bosons propagating
in the bulk of the 5D spacetime from y to y’, where both y and i’ are considered
arbitrary. To compute the Green'’s function, we have to solve an inhomogeneous
version of the equation of motion, Equation (53). This is given by

d/ _
PGaw i)+ (722G yip) =y —v), (57)
where the prime in G/; denotes a derivative with respect to the variable y. One should
start from the general solution of this equation and choose the integration constants

such that the corresponding boundary conditions are fulfilled. The Green’s functions
are subject to the following boundary and matching conditions

AGA(Y) =0,  AGLY) =), AGa(y1) =0, AGL(y) =0, (58)

https://doi.org/10.3390 /universe12090287


https://doi.org/10.3390/universe12090287

Universe 2026, 12, 287

11 of 38

in addition to boundary conditions in the UV brane, which will be discussed next. In
these expressions, only the behavior on the first variable y is shown in the Green’s
functions, and we define the jump function as Af(y) = lime_,o(f(y +€) — f(y —¢€)).

*  Gauge bosons with Neumann and Dirichlet boundary conditions: While the SM photon
(Ar) is subject to the Neumann boundary condition in the UV brane, in the considered
extension of the SM, we will consider Dirichlet boundary conditions on this brane for
the extra massless gauge bosons (Wi, ZR). Then, the boundary conditions in the UV
brane turn out to be

G o)y =0, G\ M) =0, (59)

for the Green’s functions GI(:H and Gﬁ(ﬂ, respectively. These conditions are sup-
plemented by the other conditions in Equation (58). The results for the IR-brane-to-
IR-brane Green'’s functions for massless gauge bosons for both (+,+) and (—, +)
boundary conditions turn out to be

(++) N YA LR
G, yvyup) = [AA(k) AA} 2427 (AL), (60)
(—+) AR 1 k +
o wman) = (D" 1] ez, e
where
2
AE=46,—1, 6,= —417’72. (62)
We have indicated in Equations (60) and (61) the field(s) to which each propaga-
tor applies.

3.2.2. Standard Model Massive Gauge Bosons

As we are considering the Higgs sector localized on the IR brane, in the case of the
SM massive gauge bosons A, (i.e., W and Z;), there are extra terms in the 5D Lagrangian,
Equation (52), as

1
ALs = (—ZM%Z;% - M%v|Wy|2)5(y ), ML =ysmy, (63)

(for A = Zy, W), which leads to a modification of the equation of motion for the Green'’s
function, as

d
[P = yemy 5(y—y1)]GA,M(y,y’;P)+@(e Gy yip) =8y —y). (64

Using Equation (64), the derivative of the Green’s functions turns out to be discontinuous
at y = y1, with a jump given by ’

NGy m(y1,y') = mAys AW G m(y1,y) .- (65)
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Finally, the results for the IR-brane-to-IR-brane Green'’s functions for massive gauge
bosons for both (+,+) and (—, +) boundary conditions turn out to be

A7 (14— At _k
GI(4+'+)(}/1,]/1;771A;P) = Am<k)2 e ng Agp2’ (Wi', 1), (66)
5A—k]/5(TA) [Af(k) _1}
B UAR k
G yumasp) ) e ©7

o (5 ]

Notice that these results reproduce, in the limit (m4 — 0), the Green’s functions for
massless gauge bosons provided in Section 3.2.1. Notice that the SM massive gauge bosons
(Wi, Z1) have (+, +) boundary conditions. For completeness, we also enclose the (—, +)
boundary conditions for other hypothetical massive gauge fields in the custodial model,
although none of these fields are present in our model.

We summarize in Table 1 the boundary conditions of the gauge fields of the custo-
dial model.

Table 1. Summary of the boundary conditions for the gauge fields in the custodial model.

(++) (= +)
Massless Ar Wlf, ZRr
Massive WLi, Zr —_—

3.2.3. Electroweak Precision Observables

When the electroweak symmetry is broken, there is a mixing between the SM fields
Wy and Z; and the heavy modes of W, g and Zj r induced by the Lagrangian

L=tr|giWIT{H — SR HWRTR %, (68)

where we indicate with the script g5 the 5D gauge couplings, related to the 4D couplings g4

by 85 = g41/Vs-
After putting the Higgs bidoublet #, which we assume to be localized on the IR brane,
w2 H (69)
C\H H

at its minimum, <Hg2> = 01, with U% + v% = v? and v = 246.22 GeV, and the Lagrangian
(68) gives rise to the quadratic terms

2

v 2010
L= T $2Wi (21, X)W (21, %) + g3 Wr(z1, ¥) Wr (21, ) — Ulz ZngRWL(zl,x)WR(zl,x)
1g7 1,5 CR
+ ECTZL(lex)ZL(Zlfx) + EgRCRZR(ZLx)ZR(Zl/x) - ngRaZL(erx)ZR(lex) , (70)

L

where WxWyx = Wy Wy for X = L,R, and WWg = W; Wi + W,/ Wg. One has
v; = v-cosB and v, = v-sinp, and then 2010, /v? = 2t/ (1 + tlzg), where we have
defined tg = tan B. In the custodial limit, tg =1 and v; = vy = v/V/2.

The fields W} and Z; have a zero mode, which is the corresponding SM field, and a

gapped continuum of states, while the fields Wr and Zr do not possess a zero mode and
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only have the continuum of states after the mass gap. For the electroweak observables
contributing to the new physics, the oblique T, S and U parameters are defined as [28]

ITyw(0)  TIzz(0)
miy my
aS = 4522115, (0),

a(S 4 U) = 45711}y (0) .

al =

(71)

For the computation of these parameters, we need to select, as external fields, the zero
modes of either Wy or Z;, and only propagate the continuum of states. We will then define
the Green’s functions propagating only the continuum of states as

Gw,,z. (P71, 71) = Gw,z, (piz,21) — Gy, 7, (p),

(72)
Owr,zr (P:21,21) = Gwyg,zx (P21, 21) -
By the notation G(0) = G(0;z1,2z1), a straightforward calculation yields
U I
al = m%\/ys gWL (0) +tT =R gWR (0> - mZZyS gZL (0) + %C%C%{gZR (0) , (73)
(1+1t5)% 87 81
where tg = v, /v1. Using the results of previous sections, we find
Gw, (0) = Gz, (0) = —ys(kys — 2log(kys)) = G1.(0), 1)
Gwg (0) = Gz, (0) = —ys(kys — 1) = Gr(0),
so that ( 2)
s? 1 (1t
T=mdys-L|[1-5—>" 0)]. 75
. mw]/sc%[< e RO 75)
A similar calculation yields
S%C?a
aS = 4myyssici |G1(0) + 32 Gr(0)|, (76)
R
1 (1—-13)? )
all = 4myyssici | [ 1- %m Gr(0) = G1(0) |, (77)

where the prime stands for iy A and G, (0) = G7 (0) = G;(0), Gy, (0) = G (0) = Gx(0).
Then, we find
G1(0) = —22 (kys — log? (kys) — log(kys) = 1/2),

(78)
Gr(0) = —2y3 (kys —log(kys) — 1)

We can see that, in the limit of a large value of kys = e11, G; r(0), G1 r(0) = O(kys), while
Gr(0) — Gr(0), Gx(0) — G;(0) = O(kys)?, which is the cancelation that appears on the
observables T and U in the custodial limit tp=1.In the custodial limit, the observables T
and U can be written as

(79)
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where the custodial cancellation is explicit. However, the observable S still gives a sizable

contribution as A
22
&S =~ —8<mz> s2c? |1+ @ e, (80)
Ul SR

which should be compared with the experimental values given in Ref. [29]

Sexp = 0.018, o5 = 0.095,
Texp = 0.04, or =0.12, (81)
Uexp = —0.013, oy = 0.086,

where we use the notation X = Xexp & 0x and correlation coefficients p;; = 1, p;; = pj; with
pst =091, psu = —0.66, ory = —0.88. (82)

Using the 3 x 3 covariance C matrix, (C )Z-]- = pjj0;0j, one can build the x? distribution as
X=V-Cl VI,  V=(Sep—5Texp— T, Uexp — U). (83)

For k ~ Ms, we can write the warp factor as e/t ~ (My/7)?/3. Considering the value of
«(n) as that given by the one-loop running

AN S TP -
a(n)  a(mz) 37 z

We plot, in Figure 1, the x? distribution in the plane (77, s%). We can see that, independently

of the value of the angle sg, the absolute 95% CL lower bound on # is ~100 TeV. This

result then excludes, for TeV values of 7, the SM propagating in the bulk and motivates

the localization of the SM on the IR brane. Thus, states that propagate in the bulk are the

graviton and the radion, apart from possible SM singlets.

x?=7.82

1.0F 7

0.8¢

0.6¢

0.4r

0.2r

0.0t

100 120 140 160 180 200
n[TeV]

Figure 1. x? distribution for the S, T and U observables. The line x> = 7.82 provides the 95% CL
lower bound on the parameter 7.

3.3. The Graviton Propagator

The graviton is a transverse traceless fluctuation of the metric of the form

ds? = e 2AWg dxtdx’ —dy?, g = + 2k b (x,Y), (85)
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where hﬁ = 8yhP“’ = 0. The on-shell quadratic action, in the interval, is given by
1 Ys _ _
5= [ /0 dy e 2 [Dhy 0B + e 2AH ] (86)
We will use the ansatz hy, (x,y) = h(y)hyuy(x) from where the EoM can be written as

AW (440N (y)) 4 pPh(y) = 0. (87)

In conformal coordinates, cf. Equation (37), and after rescaling the field by
h(z) = e34(2)/2]i(z), the EoM for the fluctuation can be written in the Schrodinger like
form [14] as

—i"(2) 4+ Vi, (2)h(z) = p*h(z), (88)

where the potential is given by
9 .n 3
Vi(z) = ZA/ (z) — EAH(Z). (89)

An explicit evaluation of this potential with the expression of A(z) given by Equation (38)
leads to a constant value Vj(z) = mé, where mg = 317/2 is the mass gap for the graviton,
typical of a continuum of states with a gap.

The interaction with matter localized at the brane y = vy, is found as

1 r 1
S = 5 / dx \/—g T ogw = Lsp= Ve TH (x ) (%, ¥a)0(Y — Ya) (90)
: 5

where the energy-momentum tensor is defined as

THV — 2 5( Vv _g‘CSD) (91)
/_g (5gyv Hyw

and so it is symmetric by definition.
The Green’s function for h,, (x,y) in the transverse, traceless gauge, is given by [30]

Dyypo = Gh(yry,;p)Pw,pU(P)/ (92)
where

1 1
Puv,po(p) = 2 (©4pOus + ©us®yp) — §®W®W/ Opv = M — p;f o (93)

We are using, for the 5D Green'’s function G;,(y,y’; p), a mixed representation where the 4D
coordinates x# have been Fourier-transformed into 4D momenta p¥. After fixing the value
of i/, one can see that the Green’s function obeys the same EoM as the field h(y), except for
an inhomogeneous Dirac delta term, i.e.,

d ,
PGy y) + M (4G (w,y)) = 2 Woly—y), (94)

where the prime indicates a derivative with respect to the variable y, and, for simplicity, we
omit the p dependence from the argument of the Green’s function. After substituting the
explicit expression for the background A(y), we find that the equation reads as

4
Ys—Y

1 2 ,
Gyl (y,v) - GL(y,y’H(yS_y)z(p) Guly,y') =e*"Vs(y—y),  (95)

U
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whose general solution is given in Ref. [23]. For the particular case where y < i/, we find
the solution

11 3A+ 3a- DS 3+
G (y,y) = — —(1—7)2% [ —(1 —7)2%% + (1 —75)2% |, 92
wyy) = 535.0-7) ( 1-7) +A;< 7) (96)
where we have defined
AF =0 -1, Gy =11 (4/9)-p2/n2. (97)
In particular, in the limit y — yo = 0, one finds
21 1 3 At
Gh(yo,y) = —2=—(1—7)2% 98
0y) = <50 7) 99)

We can consider, in particular, the analytical expressions for the IR-to-IR Green’s
functions, useful when the SM is localized on the IR brane, as is the case in the present
model. These are given by

1 &M A
Ghlyyup) = 3 5 (—1+Aﬁe 3A1‘5’1>. (99)
I

All Green’s functions include the zero-mode contributions, which behave as

. 37
Gy =1lim Gy(y,v;p) = =5, 100
n = I Gy vip) = 5 (100)
so that we can define the Green functions contributed to only by the continuum of KK
modes, with the zero-mode contribution subtracted out, as

G(v,y') = Guly,y') — Gj). (101)

3.4. Coupling of the Graviton with Matter Fields

We are assuming fields located in the brane y = y,. Then, the usual form of the
interaction Lagrangian in the 4D effective theory is given by the Lagrangian

1 v
Lsp = WT” (X, )y (X, ¥)0(y = Ya) , (102)

5

where Ty, (x, /) is the energy-momentum tensor of the matter fields localized at y, '*.
In particular, for the SM fields living in the IR brane at y = v, the energy-momentum
tensor is given by

Ty = DyH'DyH + ipy,Dytp — FuP Fyp — 1y Lom (103)

where D, is the SM covariant derivative, i corresponds to all SM left- and right-handed
fermions, and Fyy is the field strength of different gauge fields F,, = Wﬁw Byy. The term
proportional to 77, does not contribute to the different vertices, as the tensor /1, is traceless.
Notice that, in the broken phase, when (H) = (v/+/2)(0,1)T, the massive gauge bosons
make contributions to T, proportional to m%/ V. Vyy. The graviton zero-mode wave function,
h?w(x,y) = hy (y)hgv, where hy(y) = /31 is canonically normalized as in Equation (40),

couples with the energy-momentum tensor at the IR brane as

1 0
mTVV(xryl)hyu(x) : (104)
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We will now consider the coupling with matter of the continuum of KK modes, with
Green’s function Gy (y,y'). The effective field theory (EFT) for matter localized at the
brane y,, for momenta p < 1, provides the dimension-eight operator Oy,(x, y,) with the
Wilson coefficient c(y,) as

Lepr(Ya) = ¢(Ya) On(x, ¥a) ,
1
On(¥,Ya) = T (%,Ya) Dyupe T (¥, y0) = To T = 5(Th)?, (105)
where the Wilson coefficients here have a mass dimension of —4.

In particular, for the SM that is localized in the IR brane y = 1,

)= g3 (106)

Thus, gravitational interactions are suppressed by the TeV scale 7, reflecting the fact that the
continuum of KK modes is localized toward the IR. On the contrary, if there is some extra
matter localized in the UV brane, as, e.g., SM singlets of a dark sector, the corresponding
Wilson coefficient would be

1 1
c(yo) = —= . (107)
912 Mj
In fact, if we define the effective coupling ge(1/a) as
-2 1
lc(ya)| = 8ett(Va) = (108)

/e
we can see that geg (o) ~ 1/ My, while geg(y1) ~ 1/7.

3.5. Low Energy Constraints

The effective Lagrangian in Equation (105) does give rise, in particular, to the
dimension-eight operators, as in the notation of Refs. [31,32],

2 fSi
Legrr D ) ?Osi , (109)
i=0

where
Os, = (D'H'D'H)(D,H'D,H),

Os, = (D'H'D,H)(D'H'D, H),
Os, = (D'H'D'H)(D,H'D,H),

1 1 1
fSo - 12 f51 ~ 18" sz T 12

(110)

2

The contributions of these effective operators to the observables S, T, U were computed in
Ref. [31] as

15 2 7
o = g/ (fo + i+ 35, ) 1 i) g/, )

where « is the fine structure constant, and sy (cp ) is the sine (cosine) of the electroweak
mixing angle Oy, while S = U = 0. Now, using the values in Equation (110), we get

13 4 2 52
al =~ @(mw/ﬂ) (1+ Cw)% log(n/mw). (112)
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From the experimental bound T < 0.054, see Ref. [29], one gets the mild bound # 2> 140
GeV. The small value of the T parameter occurs mainly because this effect stems from a
dimension-eight operator, and is, thus, suppressed by the fourth power of 1/7.

3.6. High-Energy Constraints

The effective Lagrangian in Equation (105) also gives rise to a number of dimension-
eight operators, which contribute to an anomalous quartic gauge coupling (aQGC) as

[,
Lgrr D Z 174]0@» + ; j;;/ikOMk , (113)
j

where, using the notation of Refs. [31,32], we have

Or, = (WWWVV)(WMSWW)' Or, = (WWW‘/“)(WWWV/S) ’

Or, = (W'W,,) (BygB*F), Or, = (WFW,yq)(B,gB"), (114)
Or, = (B"Buy)(BygB*F), Or, = (B" By )(B,gB'F),
and
Ouy = (W!"Wy)(D'H'DLH), Oy = (WWo) (DLTD'H),
Om, = (BHVBVV)(DaH+DaH)/ Om, = (BWBvuc)(DyHJrDVH) ,
with Wilson coefficients
1 1 1 1 1 1
fTo_E/ sz——gr fT5_§' fT7__§/ fTS_E’ fT9__6’ (116)
1 1 1 1
fmo=—g, fm=3, fmm=-5, fm;=3

The LHC constraints on the above operators are obtained from the CMS experi-
ment [33-35]. The strongest constraints are on the operators Ot and Or,, which translate
into the 95% CL lower bound n; 2 1.3 TeV. Projections in FCC-hh at /s = 100 TeV
and integrated luminosities of up to 30 ab~! have been made on the anomalous WW~+y
couplings [36], which, for leptonic decay channels of the Ws in the final state, yield future
bounds reaching values of mg 2 7 TeV.

Violation of unitarity is an inevitable consequence of the presence of aQGC, e.g., in
longitudinal gauge boson scattering processes involving four vector particles, as the corre-
sponding scattering amplitudes grow with §2, where /3 is the center-of-mass energy, since
the SM cancellation fails. Systematic analyses concerning this behavior for the operators
Os,, Or; and Oy, have been thoroughly investigated in Refs. [32,37]. The unitarity viola-
tion indicates a failure of the EFT to describe the corresponding processes at such large
values of v/3. In particular, using the general results in Ref. [32], the unitarity constraints
imply an upper bound as v/§ < 2my for the validity of the EFT.

4. Braneworld Cosmology

In this section, we will consider a 5D model with just one brane where the SM is
located, the UV brane, and the singularity. In this case, the graviton interactions with the
SM are so feeble that the bulk system (the graviton and radion KK modes) at temperature
Ty is never in equilibrium with the SM plasma (which keeps its own temperature T # Tp).
The bulk system will be dubbed the dark sector (DS). After time compactification, the bulk
system is in equilibrium with the BH, such that T, = T}, and there is no conical singularity
contribution to the free energy from the black hole.

After cosmological inflation by the inflaton field, the SM plasma is heated by the
inflaton interactions to the reheating temperature Tr, while the bulk is not (provided the
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inflaton only interacts with the SM), so its temperature is much lower than the SM one
(Ty < Tr). An energy density for the dark sector can only be provided by freeze-in, as we
will see.

Here, it is convenient to use cosmological coordinates r related to the proper coordi-
nates by
v
1—y:() . = 21 ) (117)

Ys b VYs

where ry is the location of the brane, which corresponds to the UV brane y = 0. Then, the

metric can be written as
—2B(r)

h(r)

e

ds? = gundxMdxN = e 2A0) (h(r)d? — d7?) — dr?, (118)

with

A(r) = —log(r/L),

B(r) = —2 log(r/ry) +log(yr), n= ke, (119)
4 . B}

h(r)y=1-— (—) , ¢(r) =0, —vlog(r/ry),

r

with v, being the value of the field ¢ at the brane, as fixed by the brane-localized potential.
The 7 parameter is a physical scale, and L is an integration constant with a dimension
of length that can be fixed to any value. The h(r) function describes a planar black hole
horizon located at ¥ = r;, < 1 in the bulk. See [38] for a careful treatment of the gauge
redundancies and integration constants. Notice that, with respect to the metric (14), we
have introduced a non-vanishing constant value at the origin y = 0: A(r;,). With this choice,
ap = rp/ L will be identified with the scale factor when solving the equations of motion for
the Friedmann-Lemaitre-Robertson-Walker cosmology in the brane at r = 7y,

We can now apply the thermodynamic relations of Section 2.3 to cosmological coordi-
nates, which yield the relations

4—v2 [r 1-v2

Ty= n(:) , (120)
4t (r 3

sh—Kz( ’;) , (121)
3 " 42

m=an(2) (122)

1—12 (1, 4=
fr=—p == (2) (123)

Using this result, we can infer important information about the thermodynamic
stability of the fluid. We can see that the free energy is negative (positive) for v < 1 (v > 1).
This implies that the existence of the fluid, i.e., of the bulk black hole, is thermodynamically
favored for v < 1, while it is unfavored for v > 1. Notice, however, that this conclusion
assumes r;, < 1. In the v > 1 case, it turns out that the presence of the fluid becomes
favored at larger values of ry, [39].
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Finally, forv =1,

3
Ty = -0, (124)
At (r 3
=7 (;;) , (125)
. 3 Th 3
on = K2'7<rb> , (126)
fu=-P,=0, (127)

so that the free energy vanishes at leading order. Therefore, the next-to-leading order term
must be determined to assess stability, as conducted in Ref. [21].

Braneworld Cosmology and Friedmann Equations

We assume that all the fields of the Standard Model are localized on the brane at 7 = ry,.
The brane Tﬁv stress tensor is identified as the SM stress tensor, Tﬁv = TE}}’[ Following
Ref. [38], the effective Einstein equation has the form
G —L(TSM+T’1)+O Tom (128)
wv — Mi uv uv Mg 7

where the total stress tensor T;f;t = T}S,E/[ + T;‘V contains the contribution T[{V corresponding
to the bulk stress tensor projected on the brane [40—42]. The projection procedure leads to
the structure of a 4D perfect fluid given by

h, .
T, " = g' T}, = diag(—pp, Py, Pu, Py) (129)

so that we will refer to T;‘V as the holographic fluid contribution to the stress tensor.

We assume that the brane is moving, so r, depends on time. Within the low-energy
regime assumed in (128), the brane motion is nonrelativistic, and simplifications occur;
see [41,42] for details. The effective Einstein equation, Equation (128), then produces the
effective Friedmann equations

7y (t
3M32H? = piot, 6M2M = —(prot +3Peot) , (130)

(1)
where 7, (t)/L = a(t) plays the role of the scale factor from the induced metric, with
H = i#y/r, being the corresponding Hubble parameter. In these equations, we have
Ptot = Psm + On and Pt = Poy + P
The energy density and pressure for the holographic fluid (pj, Py, ) receive the following

contributions
V2 4V
o/ =3p} = 3(1 - )szﬁ (h> , (131)
4 Ty
2 412
¢ _ ¢ _ 212 Vo1
p;, = =Py = =3n"Mj X [1 s (Vb) ] , (132)
AZM?
A A bV
— _pA— , 133
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corresponding to the projection on the brane of: (i) the 5D Weyl tensor; (ii) the bulk stress
tensor; and (iii) the brane tension, respectively. The summation of these contributions can
be split into a vacuum (constant) and a fluid contribution, i.e.,

On = Pvacuum T Pfluid - P, = Pyacuum + Pauid - (134)

The fluid contributions turn out to be

2a2( Th A 2y, 2242 ( Th A
Priuid = 317" Mg (Vb) , Pyig = (1 —v7)n°Mg (@) , (135)

while the vacuum contribution is given by
Pvacuum = —Poacuum = A4MZ ’ (136)

where the 4D cosmological constant A4 and the Planck mass My are related to the parame-
ters of the bulk action as

Ay = —3> + A§6, M2 = yM? 1+A—42. (137)
12M8 31

The brane tension can be ultimately tuned to set A4 to (almost) zero, so we will consider
that the 5D Planck mass turns out to be related to the 4D version by M2 = M3, a result
that is consistent with Equation (41). Notice that these quantities are consistent with those
obtained from the BH thermodynamics, Equations (120)-(123).

On the other hand, the SM fields form a thermal bath with temperature T; hence,
psm = psm(T) and Psyp = Psyi(T). The brane position today (i.e., at t = ty) is denoted by

rp(to) = 740 1 Assuming adiabatic expansion of the universe, we have rfb(;) = %, where

To = 0.23 meV is the temperature of the universe today.

5. Dark Sector as a Holographic Fluid for the LD Background

In the background with v = 1, the pressure of the holographic fluid vanishes up to
(9(1’2 / rg) corrections (see Ref. [21]). In the context of a cosmological braneworld model,
we propose the identification [38,41] of the dark sector with a holographic fluid, which can
eventually share all properties of dark matter.

The constant temperature of the DS is a hallmark of Hagedorn behavior. We remind the
reader that the above thermodynamical properties match those of the thermal state of Little

String Theory [6,43]. In LST, the Hagedorn temperature is identified as Ty = 5 éwfm [38],

where M is the string scale.

Let us analyze the condition that guarantees that the holographic fluid can account
for the dark matter abundance today. Using today’s critical density p.,o = 3H3 M2, the DM
abundance is given by the remarkably simple formula

2 3
_ (1 Tn
Opmo = <H0> (%,0) ' (138)

Fixing the dark matter abundance today to its observed value Qpp g >~ 0.27 relates, there-
fore, the ratio ry, /7 to the 7 parameter. Using today’s value of the Hubble parameter
Hy ~ 1.44 x 10~* GeV, we obtain a bound on 7}/ 7p0- The bound can be extended to
any time by considering the adiabatic expansion of the universe (r, « 1/T), from which

2/3
rh —16 T GeV
— ~3. 1 — | — . 1
Y 3.5x10 GeV ( v (139)

we obtain
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As a result, the horizon is typically very far from the brane, and the O(r3} /r}) corrections
relative to the leading orders are tiny, even for the maximum reheating temperature T that
we find in Section 5.2.

Having identified the v = 1 holographic fluid as the cosmological dark matter ob-
served in our universe, we should ask about the cosmological history of such a scenario.
Then, the following question arises: is there a mechanism capable of producing the holo-
graphic fluid with correct abundance in the early universe? In this section, we show that
a mechanism analogous to freeze-in production [44] naturally occurs in our holographic
dark matter framework.

Our main assumption is that the inflaton is brane-localized. As a result, the brane
position 1y, (i.e., the scale factor) grows exponentially during inflation, such that the bulk
can be considered as empty at the end of inflation. It is thus well-motivated to consider
the system at the reheating time with no bulk black hole, i.e., #;, = 0. The corresponding
reheating temperature is denoted by Tg.

5.1. Heating the Bulk: Graviton Radiation from the Brane
The Standard Model particles on the brane couple to bulk gravitons as

1
L5 — T () hyy (23, %) (140)
M5

Therefore, processes of the form ¢ + ¢ — hy,, (Where ¢ are SM fields) happen in the brane
thermal bath. Since the gravitons live in the bulk, this is an emission mechanism through
which energy is transferred from the brane to the bulk.

The rate of this energy transfer process, here denoted Aggyi, was estimated in [15]
and computed in AdSs in [45-47]. We performed a computation of Aggy in the LDs
background using a unitarity cut on the LD propagators computed in [38,48]. The details
of the computation are given in Ref. [21]. For center-of-mass energies much higher than the
local 5D curvature R|ppane & —1272, the result matches the flat space result (as well as the
AdSs with negligible curvature, as carried out in [45-47]).

The brane-to-bulk energy transfer rate is

2(24) gfp"focw%) N9\, (7\,/(9

Apsy = — r(z)r(z)z¢(=)z(= )18 141
pen el (3)r(3)e(3)e(5)™ (141)
wherea; =ay =1,a o 0.75 (s, V and f stand for scalars, vectors and fermions, respec-

tively), and c;, V= (1/12,1/16,1/4). Considering the SM degrees of freedom with g5 = 4,
gv =12and gy =45, we get ), gq,Kéc(paq, = 20.78, where x,, is the number of spin degrees

of freedom of ¢ (ks = 1 and xy = k¢ = 2). Numerically,

TS
Apsnv = —Cp——, C, ~3.919. (142)
(2 UM% (

5.2. Holographic Dark Matter Freeze-In

The 4D effective Einstein equation, Equation (128), leads to a 4D effective conservation
equation. It can be derived either by contracting with V# and using the 4D Bianchi equation
or by starting with the 5D conservation equation and projecting it onto the brane; see [41,42]
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for details and checks. The effective conservation equations for the SM and holographic
energy densities are

psm = —4Hpsm + Apsm , (143)
pn = —3Hpp + 0oy,  Dpsm+ App =0. (144)

For the holographic fluid p; o ri (see Equation (126)), the evolution
Equation (144) can alternatively be thought of as an evolution equation for the r; pa-
rameter. That is, the equation must describe the evolution of the black hole horizon in the
bulk, providing a geometric picture of freeze-in. The evolution equation for r;, is found
to be

iyr?
9Mﬁ112% = Apy. (145)
b

In Ref. [21], we showed that this result can be directly derived from the bulk viewpoint.
We assume that our holographic model is valid during inflation. We further assume
that the inflaton field is brane-localized. Geometrically, this implies that 7}, o eHt ie., the
brane runs away exponentially towards positive r. As a result of the braneworld inflation,
we have r, /1, ~ 0, i.e., the holographic fluid is nonexistent at the end of inflation. In
this section, we call 7;,(T) the value of the horizon as a function of the temperature, while
its constant value at low temperatures (i.e., in standard cosmology) will be denoted as
7. We do not specify the inflation mechanism, and we simply start at the reheating time,
with the corresponding temperature Ty . '? The initial condition for the dark matter energy
density is
on(Tr) = 0. (146)

We now solve the evolution equations, Equations (143) and (144). Let us first notice
that, for low temperatures, the energy transfer terms Apgy , are negligible when compared
to the other terms in the conservation equations. Because of the initial condition (146), we
can also assume that pgp > pj, throughout the evolution of the universe, such that the
Hubble parameter is controlled by the SM thermal bath,

1 1
H= — + 0y~ — . 147
J3M, VvV PsM + O J3M, VPsM (147)

These points imply that, at low temperatures, the scaling of pgp and py, from standard
cosmology is recovered. We denote the corresponding quantities in standard cosmology
with bars,

psm(T) < T, py(T) < T°. (148)

Furthermore, we have that |Apsyv (Tr)| < Hpsp(TR) at reheating. Therefore, the correction
to the SM energy density is small, and we can write
_ ? 4
psm(T) =~ psm(T) = guzs T (149)
to a very good approximation.
Using these simplifications, we now solve the evolution Equation (144). The result is

_ 5 ° o V100G s
on(T) = pn(T) x <1 - Tfé) with g, (T) = WTR . (150)
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This result constitutes the prediction for the dark matter energy density in our holographic
model. From (150), we can see that the freeze-in production occurs within roughly one
order of magnitude in temperature below Tg.

Identifying with (138), the dark matter abundance predicted by freeze-in is found to be

(151)

Qpwmo

_ V10G, <TRTO>3
C 3mygHZ\ My )

Finally, the energy-to-entropy density ratio is given by

on _ 45V10C, T3 -T° 152)
St 270/Sx &5 My

where we used siot & sgpm = g*,s%ﬂ, and g, s is the entropy effective number of degrees
of freedom in the SM. This result is shown in the left panel of Figure 2.

1.7 0.82
3
~ 16 < 0.80
U‘)“ o
g o
15 S
«
g 0.78
1.4
076l 1.
1 5 10 50 100 1 5 10 50 100
TrIT TRIT

Figure 2. (Left panel): Energy-to-entropy ratio pj, /st in eV, normalized by g, s, as a function of
Tg/T. This quantity freezes at temperature T < Tg. (Right panel): Plot of 1037, /L for y = 1 TeV.

The freeze-in production of the dark fluid can equivalently be interpreted as the
freeze-in production of the black hole horizon, as given by (145), with solution

8 V10C, [ LTy \®
3 -3 =3 0 0 3
TY=7rx[1—=1, = — | Ty, 153
rh( ) Ty ( T]{%) Ty 377\/g>*(7’]M4) R ( )
from where we can see that 7, = r,(T < Tg). Then, (150) can be written as
ou(T) = a0 (154)
" \n(T)) -

A plot of 7,/ L is exhibited in the right panel of Figure 2.
From (151), we relate the reheating temperature to the model parameters. Keeping
M5 as the free parameter, we find

1/3
370
Tp = | 2JC-DMOVEx H2] M

Vi nH3 T = 94x1071Ms. (155)

Moreover, considering the bound M5 < My (which corresponds to 7 < My) yields, for
the reheating temperature, the global upper bound

Tr < 2.3 x10° GeV. (156)

This is in good agreement with many realistic inflationary models [50].
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Finally, the value of the reheating temperature Ty in (155) needs to satisfy the consis-
tency requirement psp(Tr) < 7>M3, ensuring the validity of the low-energy approximation
used in the effective Einstein equation, Equation (128). This translates into the mild (suffi-
cient) condition M5 > 10 GeV, valid for T < Tg.

As expected for freeze-in production, the DM sector is never in thermal equilibrium
with the SM, as condition (155) guarantees that p, < pgy at temperatures T < T (radiation
domination). This also justifies one of the assumptions made in the solving of the evolution
equations. The remaining assumption, that |Apgy| < Hpgy for any T < Tg, is verified
explicitly by using the relation (155) in the explicit expression for Ag;, given in (142).

6. An Isolated Massive Graviton as Dark Matter

As we have seen, for the LD background, the graviton propagator is a gapped contin-
uum, with a mass gap of mg = 37 /2. It has the same structure as an unparticle propaga-
tor [51,52], for which it was proven, after the introduction of radiative corrections into the
self-energy, to be able to exhibit an isolated pole near (but below) the mass gap [53,54]. The
main difference between the graviton and a general unparticle is that, for the former, the
interactions with the SM fields are fixed by the single scale M5 (i.e., #7), and the dimension
is also fixed, d;y = 3/2. In this section, we will propose that the isolated massive graviton
that appears after the introduction of radiative corrections has the capabilities of being a
feebly interacting dark matter candidate [55].

6.1. The Graviton Propagator

We will now study the brane-to-brane graviton propagator in the LD model in the
presence of a single brane at ¥ = r}, with the matter located at the brane. This follows
similar steps to those in Section 3.3, so we omit most of the technical details.

The system can also be described in conformal coordinates z, with solution

ds? = ¢ 240 (Wvda?"da?" - dzz) , (157)
A(z) = 5(z—z), P(z) =0, +1(z—z), n=ke", (158)

where ## = a(z,)x" are the 4D physical coordinates, with a(z,) = e~ being the scale
factor. The relation with the brane cosmology coordinates is #z = —log(r/L). The brane
position at r = r;, then corresponds to z; = —% log(ry/ L), while the singularity atrs = 0
corresponds to zs = .

In terms of metric perturbations, the graviton is a transverse traceless fluctuation
parametrized as

ds? = ¢~2A() [(:y,w + 2y (%, 2) ) dEids — dzz} ) (159)

where we are considering conformal coordinates. If one works with the rescaled field
defined by f1,,(%,z) = e~34(2)/2,,,(%,z), the corresponding 5D graviton propagator is
given by

Guvup(z, Z'; Pz) = Gu(z,7; Pz)Pyv;a/S(Pz) , (160)

where Pyy.6( p?) is given by Equation (93), while the coupling of the graviton hy, with the
SM fields is driven by the conserved energy-momentum tensor Tglcl, ie,

1 - o
£h—matter = W Tgl\l;[ (x)h;w (Zbr X) . (161)
5
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After solving the equations of motion of the graviton with Neumann boundary con-
dition on the brane 0,G(z,z’)|,=z, = 0, and with the regularity of the solution in the limit
z — =00, one finds that the scalar part of the 5D brane-to-brane graviton propagator is
given by [21,23]

1 1
M = - 12
Gh(Zb,Zb,S) mgA_lr ( 6 )
where
A= 1-2 . (163)
o m3’ =P g =51

There is a continuum of KK graviton modes for m > mg, where m, is the mass gap. There
is also a massless mode corresponding to the physical graviton in 4D. This can be seen by
computing the limit of the propagator for s — 0, for which one gets

2myg

Gn(zp,zp;8) = —=. (164)

s—0 S
We will define the graviton propagator with the zero mode subtracted out
2m 1 1
— g
;S) = §)— —= = ————. 1
Gn(2p,26:5) = Gn(zp,2p38) — — g A1 (165)

In the following, we will consider the propagator given by Equation (165) (which does not
contain the massless graviton propagator), as the physical graviton mass is protected by
diffeomorphism (general coordinate) invariance (h,y — hyy + 9,8y + 9v¢y), in much the
same way as how gauge invariance protects the photon mass in QED.

6.2. The Isolated Resonance: The Massive Graviton
The brane-to-brane propagator of the massive gravitons was computed in Section 6.1
(see also [21,55]) and is given by

Gals) = ——— (166)

—
mg+,/mg s

In this expression, for the propagator, any graviton zero mode has been subtracted out.
Radiative corrections (see Ref. [55]) generate an isolated pole in the second Riemann

sheet of the complex s-plane at s, = m?3

» — impI'p as the zeros of the equation

Di(sp) — Zr(sp) — iZi(sp) =0, Dy(s) = —mg —/m} —s, (167)

with Xg = ReX and X; = Im X, where X is the self-energy generated by the states localized
in the brane, and m), < my.

We will consider the contribution of all states localized on the brane and simplify the
analysis by assuming that the heaviest state contributing to the graviton self-energy has a
mass of m >> mq. We will consider such a state as a heavy scalar s = ¢, e.g., the inflaton
responsible for cosmological inflation (see Ref. [55]). In that case, the full value of Xy is
dominated by this heaviest state, and, in fact, Xg(s) ~ I} is a constant given by [55]

1 ME-Z) m*

where m is the inflaton mass, while the lighter SM states coupled to the graviton can
contribute to X;.
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In Ref. [55], it was found that there is a pole in the second Riemann sheet of the
complex s-plane parametrized by a € [1,2] at

(a—1)?
a(2—a)

my=/a(2—a)mg, T,=-2 2i(m3), (169)

where the case 2 = 1 corresponds to m, = mg, and a = 2tom, = 0, for a value of the
inflaton mass m given by

1/4
5/2 16 2
m(a) _ ( e xx]>  with  x— 2rAms (170)

M;s —W[— 65/2M5

W is the principal branch of the Lambert function, so we can trade the parameter m with a.

To check the analytical approximation for the solution of the pole equation, we have
considered a particular simple model where the real part Xy is led by the heavy scalar ¢, so
that we have already incorporated its effect on the propagator

Gi(s) ~ —(,/mg,—s—(a—1)mg+iz:1)_l. (171)

In this expression, Gy, (s) stands for the full graviton propagator, including resummed loop
contributions. The imaginary part of the self-energy is parametrized as

Xi(s) = —’752/m§,, (172)

where 7 is an arbitrary dimensionless constant.

The pole mass and width are given by my(a) = \/a(2—a)mg, so that_ZI(mf,) =
—a%(2 — a)>ymg, and Tp(a) = 2a%/2(2 — a)3/2(a — 1)ymg. Contour lines of |G|, where
Gy = [Gh_l(s) —Yg —iX(s)] 7!, in the plane s = sg — is; are shown in Figure 3 for the case
where 4 = 1.5 and 4 = 10~3. The analytical approximations of masses and widths are
m%, = O.75m§ and T ~ 6.5 x 10~ 3myg. These values are well reproduced by the pole shown
in Figure 3.

log|Gh(s)| [a=1.5, =107

0.00107

T

0.0008}

T

~» 0.0006}

S//m

T

0.0004 |

T

0.0002/

0.0000H l Lo i
0.7490 0.7495 0.7500 0.7505 0.7510

2
sR/mg

Figure 3. Contour lines of |Gy, (s)| in the plane s = sg — is; for a = 1.5 and 7 = 1073. At the pole:
SR = m,zj and s; = m,T'p. The red (green) regions indicate lower (higher) values of |G,(s)].
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The residue of the pole is given by

1

Rimy) = By 24 )

~2(a—1)mg, (173)

2
mp

and the coupling of the isolated resonance ) to the energy-momentum tensor of matter
in the brane is given by

1 [(R(mp) 1/2 3(a—1) _ Ay
Ms M5 My My

where A, is the Wilson coefficient, and the 4D Planck scale My is the cutoff, defined in the
interval A, € [0,/3].

In fact, we can use the Wilson coefficient A, as the free parameter, subject to the
constraint 0 < A, < V3, and the pole mass and width of the isolated resonance are
given by

Y(m?). (175)

In particular, for Ay <1, we have that m, >~ mg, while I'y is strongly suppressed by ~ /\i,
a property that will be used later on.

6.3. The Isolated Resonance as Dark Matter

Depending on the value of ', the resonance can decay on cosmological timescales
or with a lifetime 7, = 1/T, larger than the age of the universe. Only in the latter case
can the resonance be a candidate for dark matter. In the former case, the resonance will
decay and could eventually be detected at future accelerators or by its indirect effects. Both
possibilities depend on the value of 'y, which, in turn, depends on the value of Xj(n1,). In
our model, the width is provided by the imaginary part of X (¥]), which is contributed to
by the SM fields ¢ (see Ref. [55]) such that m%, > 4m?p. 13

There are stringent bounds on decaying DM from indirect production and cosmologi-
cal observations. In particular, DM can be constrained from observations of the galactic and
extra-galactic diffuse X-ray and gamma-ray backgrounds, yielding upper bounds on 7, [56].
Moreover, there are also cosmological constraints on exotic injection of electromagnetic
energy and its effect on the CMB power spectra [57,58], and effects of the decay channels
eTe” and 77 in the 21 cm power spectrum [59,60]. All of them fix a global lower limit on
the DM lifetime, which we take as 7, > 10%” s. In Figure 4, we plot contour lines of 7y in
the plane (Ay, m, ). The thick lines correspond to 7y = Ty, a lifetime equal to the universe
lifetime, and 7, = 10% s, the lower bound imposed by cosmological observations. Dark
matter in the shaded region is then excluded.

The isolated resonance x v then corresponds to a feebly interacting massive particle
(FIMP), a massive graviton that, in the unshaded region of Figure 4, has a lifetime much

0% s, and is thus a candidate for the dark

larger than the age of the universe, as 7, > 1
matter of the universe. Assuming that the inflaton is mainly coupled to the SM fields (as
it is only gravitationally coupled to the massive graviton), after inflation, at the reheating
temperature Tg, the SM is a plasma in thermal equilibrium, while the FIMP is out of
equilibrium with zero density. Its energy density must be produced by the freeze-in

mechanism, as it happened with the holographic fluid.
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|091o[/\x]

Figure 4. Contour lines of the lifetime .. The line for 7, = 1017 s corresponds to the present age of

the universe, and 7, = 10% s corresponds to the lower bound from cosmological observations. The
red (blue) regions indicate lower (higher) values of Ty.

The process p¢ — x is too suppressed to yield a sizable energy density, given that
the inverse process, the decay x — ¢¢, is required to be extremely small for the massive
graviton not to decay on cosmological timescales. The freeze-in production by the 2-to-2
processes @1 @2 — @3x (Where ¢ 5 3 are SM particles) was studied in great detail in Ref. [61].
It was found that the freeze-in is dominated by the channels involving the QCD coupling,
in particular, g5 — gx and qg — g, where g represents the gluons, and q = c, b are heavy
enough quarks to trigger the effect but light enough to be in thermal equilibrium below
the critical temperature T, ~ 160 GeV of electroweak symmetry breaking [62]. Moreover,
the resulting energy density is IR-dominated (the temperature integral is dominated by
temperatures T ~ T;) and, thus, insensitive to the reheating temperature (but sensitive to
the value of the involved quark masses above Tocp ~ 150 MeV), while the UV contribution
is subleading. The final yield gives [55]

(176)

_ GeV\?
Qyh? ~ 52 x107°A% () .

ny

We show, in Figure 5, the available region in the plane (Ay, m, ). The lower shaded
region is excluded by overclosure of the universe, as here, Qxhz > 0.12, while the upper
shaded region is excluded by cosmological observations, as here, 7, < 10% s.

The range for the isolated resonance, as well as the inflaton mass m, to be identified as
DM is then m, < 2MeV and m < 4 x 10!! GeV, while there is no theoretical lower bound,
although Lyman-a forest data [63,64], as well as updated Milky Way satellite counts and
strong gravitational lensing, put experimental lower bounds on warm dark matter (WDM)
mass around m, 2 20 keV [65], which corresponds to m > 8 x 10'° GeV. This yields the
allowed bands in the fundamental parameters of our theory, which are summarized in
Table 2.
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Figure 5. The white region in the plane (A, my) is allowed, as there, Q,h? < 0.12 and 7, > 10?7 s.
The red (blue) regions indicate lower (higher) values of either Q)(h2 (lower shaded region) or Ty
(upper shaded region).

Table 2. Summary of the range of values of the fundamental parameters of the theory.

Fundamental parameters

DM mass 20 keV S my < 2MeV
5D Planck mass 4 x 10" GeV < M5 <2 x 10! GeV
Inflaton mass 8 x 1010 GeV <m <4 x 101 GeV

6.4. Braneworld Inflation

In the case of braneworld cosmology, where matter fields are confined to a three-brane
in a warped 5D space, the Hubble parameter in the brane was computed for the case of the
linear dilaton background [21,38,41] as

3H2M? = pb(l + %) Yon,  A=6ME/ME, = %(rh/rb)s, 177)
where py, is the brane energy density, r, is the location of the horizon of the 5D black hole,
and py,, describes a holographic fluid that can play the role of holographic dark matter [21].
As this term scales as matter, its strength will be negligible in the early universe, during
inflation, where we expect that p, > 2A, and we can approximate the energy density by
using the inflaton ¢ potential p, >~ V(¢) so that

174 1% V2
H~ —— (14— |~ —— . 178
3M3 < 2A) 36M¢ (178

The slow-roll parameters for braneworld cosmology have been worked out in
Refs. [66,67]. For V > 2A, they can be written as

e(¢p) ~ 12M8 (‘;3)2 , (179)
V//
n(¢) ~12Mg 5, (180)

which yield the spectral tilt n; = 1 — 6€ + 2.

https:/ /doi.org/10.3390/universe12090287


https://doi.org/10.3390/universe12090287

Universe 2026, 12, 287

31 of 38

The end of inflation ¢ = ¢y is fixed by the condition e(¢¢) = 1. The beginning of
inflation ¢ = ¢; is related to the number of e-folds before the end of inflation N by

1 ¢r V2
Ne oo / Zdp. 181
12M¢ Jg V'’ ¢ (181)

Finally, the CMB normalization of density perturbations yields

2 1 Ve (i) 9
A= o VR T 21x107°, (182)

while the ratio of tensor-to-scalar perturbations [67] is given by r ~ 24 e(¢;).
In Ref. [55], we studied, as an existence proof for the case of braneworld (non-standard)
cosmology, a simple potential, given by '*

2
%) +u
V(g)=Vox | L —a ], (183)
¢
5+
where & < 1is a real parameter.
In the UV regime, where ¢/ > 1, we get
96u> M 144 M8 m? 4 g
= 1 gt V=g (91 -9h). (184)
In the regime 1 < ¢¢/p < ¢;/p, we get
o 96MS 4 192M8
%g el 4%2 7 N (185)
K mep H meu

and the slow-roll parameters at the beginning of inflation ¢;

1 mu? 1 V3 mu? 1
eizi—‘zgin = r:24ei:——y373/2,

16v3 M: N 2 M3 N (186)
O P
T=TaN TN

We have to compare the prediction on the spectral index with the experimental val-
ues from Planck [68], ns = 0.9649 =+ 0.0042 (leading to N =~ 43), from ACT DR6 [69],
ns = 0.974 £ 0.003 (leading to N ~ 58), and from SPT-3G [70], ns = 0.9679 = 0.0033 (lead-
ing to N >~ 47), although some instability in the ACT DR6 and SPT-3G results has been
recently reported in Ref. [71]. Moreover, the value of A? is given by

2 1
S

~ M B/ 1 w100, (187)
1800+/372 M2

We can now particularize the previous results to our model, for which the inflaton mass
is given in terms of M5 as m =~ e®/8Ms, from Equation (170). Then, the condition (187) gives

60 3/8
1~ 88x103Ms (> , (188)
N
and the values of ¢; r, for N =~ 60, are given by
¢f ~036Ms, ¢; ~7.58Ms, (189)
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which satisfy the assumed condition 1 < ¢/p < ¢;/p and, thus, evade the Lyth’s
bound [72] on trans-Planckian inflaton excursion. Finally, the prediction for the tensor-to-
scalar ratio is given by

r~27x%x1077. (190)

Now, using the relation (188), we can easily check that the initial condition V' (¢;) > 2A
implies an upper bound on M5 (and so on my), as

Ms <34 x1073My ~ 82 x 10" GeV, (191)

which is widely satisfied by our window in Table 2. Furthermore, the Hubble parameter
during inflation is given by

H; =23 %10 9Ms < 4.5 x 10° GeV, (192)

where the last inequality comes from Table 2. Similarly, the maximum value of the reheat
temperature Tz'®¥, assuming good reheating such that all the inflaton energy V; is converted
into radiation, also gets the upper bound

TIax < (0,044 Ms < 8.9 x 10° GeV, (193)
which is satisfied by many realistic inflationary models [50].

7. Discussion

In this review, we have presented the capabilities of the linear dilaton 5D background
from the point of view of particle physics and cosmology.

Application to particle physics consists of models with two branes: the UV and the
IR brane, where the Higgs is localized. This is an alternative to theories based on the AdS
background. In proper coordinates, y, the theory extends from the origin y = 0 to the
singularity at ys = 1/#, which thus provides the fundamental scale of the theory #. For
1 = O (TeV), the 5D Planck scale is around Ms ~ 10~*My, and the warped factor solves
the hierarchy between # and Ms, while the string theory has to provide the solution to the
hierarchy between Ms and My.

The main application of the LD background to cosmology consists in describing un-
conventional, braneworld cosmology, with a single brane where matter is localized. Under
exposure to the Friedmann equations, the location of the brane describes the scale factor of
the universe under expansion. Thermodynamical quantities, or equivalently, the Gauss-
Codazzi equations and Israel junction conditions used to project the energy-momentum
tensors on the brane, imply the presence of a pressureless holographic fluid that can play
the role of dark matter. The difference with respect to the case of an AdS background,
where the holographic fluid is dark radiation, is remarkable. Another remarkable prop-
erty of the LD background is that the graviton propagator is a gapped continuum, unlike
the AdS case, for which the graviton propagator is an ungapped continuum. Both facts
gapped vs. ungapped continuum and holographic dark matter vs. holographic dark radiation are
connected. In both cases, the dark energy density is zero after cosmological inflation and is
then produced by UV freeze-in.

Moreover, for the case of the LD background, the presence of the mass gap in the
propagator allows for the appearance of an isolated massive graviton, out of the continuum,
via the resummation of self-energy radiative corrections. Its energy density is also zero after
cosmological inflation, as it is feebly coupled to the SM and generated after the reheating
temperature by freeze-in. This provides a new (more conventional) candidate for dark
matter, which we have proven to satisfy all theoretical, experimental and cosmological
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constraints in the window [20 keV, 2 MeV]. We have also found a surprising link between
the possibility of the massive long-lived graviton as dark matter and the presence of an
inflaton localized in the brane with a mass similar to the 5D Planck scale. We have presented,
as a proof of existence, a simple model of inflation for the brane cosmology satisfying all
cosmological observables and evading Lyth’s bound.

Future research directions are clearly required to explore the properties and possible ex-
perimental detection of the candidates for dark matter we have presented: the holographic
fluid and the long-lived isolated massive graviton. In fact, a very interesting possibility is
that the holographic fluid and the isolated massive graviton might be independent com-
ponents of dark matter such that Q,h? + Qxh? ~ 0.12, and we have found there is room
in the parameter space where this possibility can be realized. The phenomenology of this
composite dark matter is phenomenologically appealing and will be analyzed in the future.
As for the experimental prospects, its direct detection seems out of the scope of present
facilities, as they are feebly coupled to the SM. More promising are future measurements
of deviations from Newton’s law (fifth force experiments). On the other hand, before
establishing the holographic fluid as a firm candidate for dark matter, the cosmological
perturbation theory should be studied in detail. We leave it to future research.
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Appendix A. Orbifold vs. Interval Picture

In this appendix, we will provide some simple ideas about the two possible (equiva-
lent) descriptions in the case of S! /Z, compactifications. Considering the general metric

ds? = eiZA(y)iywdx”dxv —dy?, (A1)

there are two equivalent ways of describing the fifth dimension. We will do it with
the simplest case of a bulk scalar field ¢, but the generalization to particles with spin
is straightforward.
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Orbifold picture: In this picture, we consider y € [—L, L] and identify the points y = —y.
There are then fixed points at y = 0, L (or equivalently at y = 0, —L as —L = L). The
physical space is then S!/Z,. The field ¢ has a definite Z,-parity, either even [for
which ¢(—y) = ¢(y)] or odd [for which ¢(—y) = —¢(y)]. In the absence of brane
terms in the action, this would automatically impose boundary conditions (BCs) at
the fixed points, either Neumann dy¢ = 0 (for even fields) or Dirichlet ¢ = 0 (for
odd fields).

The KK decomposition in the orbifold picture
Porb (X, y Z (Pn orb (A2)
is such that the normalization of modes

L
[ aye O ) = b = 2 [y [ ) ) ) = b (49

is satisfied, independently of the parity of the field.

Interval picture: In this picture, we consider y € [0, L], an interval with endpointsaty = 0, L.
The field ¢ has BC at the endpoints, either Neumann (if the field is even under Z,)
or Dirichlet (if the field is odd under 7Z,), in the absence of brane terms. The KK
decomposition in the interval picture

‘Pmt X, ]/ 2 (Pn l(nr:) (A4)
is such that the normalization of modes

L
| v O L@ 1) = o (45)

is satisfied. Comparison between (A3) and (A5) gives then the relation
1
fon ) = ffmt (1) o fomly) = —suni(x,y) (A6)

The relation (A6) is easily translated to a similar relation for the Green’s functions
defined by the corresponding KK expansions

fa ) fi ) fl ) fa ()
. AN or or in t int
Gorb(p; ]/,]/ ) - ; pz — m% n ic and Glnt p/ ]// ; pz mz + ic . (A7)
Using relation (A6), we obtain
/ ]' /
Goro (P7Y,Y') = 5Gine(Piy, ') - (A8)

This factor of 2 disappears in the physical amplitudes. For instance, if we couple the
field ¢ to a source J(x) localized at the brane y = y,,, the interaction can be written as

Sorb = /d4x Aorb](x)q)orb(x/yh) and Sint = /d4x Aint](x)q)int(x/yb) ’ (A9)

such that, when using Equation (A6), we get the relation between the couplings

)\orb = \/EAint/ (A10)
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which guarantees that physical amplitudes are equal in both pictures.
The considered case of a scalar field ¢ can be easily generalized to fields with arbitrary
spin as gauge bosons, fermions and the graviton.

Appendix B. Solutions in the AdS-v Model

We will show in this appendix the solutions of the EoM in the asymptotically
AdS v-model (AdS-v). This model is defined by the following superpotential and
potential [14,42,73]

_. 6k > - 6k? 5 (4—12) 55
_ ¢ _ _ v 2v¢p
W) =% (1 +e ) V() = - [1 +200 4 M|, (Al
which behave as the corresponding versions for the AdS metric in the limit where ¢ — —oo.
The background solution in proper coordinates is given by

1
Aly) = ky - V210g<1—;/s>, (A12)
] 1
Ply) = — log[v?k(ys — )] (A13)

The value of the Ricci scalar is then given by

_ i _ 92
R = 20k [1 +2¢" + (1 - 2u2)e2WP] = 20K + — 20k 44(5 2 )2 - (Al9)
5 vAys—y)  viys —y)
The solution in the presence of a BH also includes the blackening factor
[Y. dije*AW)
Then, the Hawking temperature and the entropy density of the BH are given by
2
= Ly Kt gy A
T, = 47'(6 |h (]/)|y:yh = 7_[5 (4k]/5) F[l 4 A] , (A16)
v2’
_ AT sa,) AT sy, —3/1243/12
o= e () — e Vi (4kys) 3V, (A17)

where A = 4k(ys — y;,). This model, with v = 1, has been applied to particle physics in
Refs. [73,74] and to cosmology, including its thermodynamics and braneworld cosmology
properties in Refs. [41,42]. A study of these and/or other applications for other values of
the parameter v is left for future work.

Notes

1

We would like to thank Antén F. Faedo, Sylvain Fichet, Carlos Hoyos and Jestis Huertas for helpful discussions and clarifications
on this issue.

As the warp factor is given by the difference A1 = A(y;) — A(0), an arbitrary constant for A(0) would not change the physical
properties of the metric.

Black holes feature compact event horizons and a point-like singularity, whereas black branes are extended higher-dimensional
objects whose event horizons stretch uniformly along one or more spatial directions, with the latter being higher-dimensional
generalizations of the former. Nevertheless, in line with common practice in the field, in the present work we will refer to black
brane solutions, as the one discussed in Section 2.2, as black hole solutions.

Other kinds of BH solutions, called black strings, have been recently studied in Ref. [19] within the model of Equation (13).
The solution of the EoM, Equation (6), leads, in fact, to A(y) = ¢(y) + ¢, where ¢ is a constant that can be fixed by choosing
A(0) = 0so thatc = —¢(0) = —7p. As for the case of an arbitrary v, the value of ¢ does not affect the warp factor A;.
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®  The expression in Equation (42) is obtained by integrating the action in the extra dimension, i.e.,
1 3/%‘ 240 gy — Mi (41)
2x2 0 27
where we have identified the result in terms of the Planck scale in 4D; see, e.g., Equation (86) below. The factor of 3 in front of the
integral comes from the normalization of the graviton zero mode, i.e., h% =3y whereyp = 1/ys.

7 The5D (85) and 4D (g4) couplings are related by g4 = g5/./¥s.

8 We are using, in this section, the gauge As = 0.

¢ In the following, we will assume that y’ # y;. Then, [ yyl 1;:6 dyd(y —y') = 0, and the right-hand side of Equation (64) does not
contribute to Equation (65). In this way, we compute the Green’s functions G4 a1 (y, ¥1) = limy ., Ga m(y,y). Alternatively, we
could directly compute the Green’s function G4 (v, y1) with a jump at y = y; given by

NG m(y1,y1) = mhys AV G g pr(yr, 1) + 2400,
It is possible to check that both procedures lead to the same result.

10 We are assuming here the simplified case where matter lives in some brane, as, e.g., the SM that is living in the IR brane, or
perhaps some dark sector that could live in the UV brane. For matter (SM singlets) propagating in the extra dimension, one
should replace the interaction term in Equation (102) by [5” dy T*" (x,y)huy (x,y).

" One could assume a(ty) = 1 without loss of generality, in which case, r,(f)) = L. We do not make this assumption in the
present work.

12 Notice, however, that the scenario is well-motivated by, e.g., the trace anomaly driven inflation mechanism of [49].

3" Note that every contribution corresponding to the SM field ¢, with mass m,, contains a step function 6(s — 4m%p) and then
vanishes for s < 4mgp‘

14" In this section, we are just trying to provide the simplest inflationary potential in the brane that triggers the required properties
of the isolated long-lived graviton dark matter. Finding a more motivated inflaton potential is outside the scope of the present
paper and will be postponed to further studies.
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