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Abstract

We study scalarized extremal black holes in the Einstein–Maxwell-scalar (EMS) theory with
two different scalar couplings to two U(1) fields. This theory is inspired by the dyonic EMS
theory. Two scalarized extremal black holes are found with constant scalar hair. We confirm
that these are precisely obtained from the extremal scalarization and entropy function
approaches. This may imply that it is not easy to find extremal black holes with primary
scalar hair.
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1. Introduction
First of all, we would like to mention that the black holes with primary scalar hair

were found from the (beyond) Horndeski theory, where the shift symmetry of the scalar
(ϕ → ϕ+ const.) exists [1–3]. In this case, the primary scalar charge is an independent one
and is related to the shift-symmetric charge.

A nonminimal scalar coupling to the Gauss–Bonnet (GB) curvature induced the in-
stability of Schwarzschild black holes and thus led to spontaneous scalarization triggered
by a tachyonic scalar [4–6]. This is a modern way to obtain black holes with secondary
scalar hair and it plays a key role in understanding the interaction between gravity and
the scalar [7]. Here, one usually finds secondary scalar charges because spontaneous
scalarization requires the regularity of the horizon scalar and the asymptotic condition,
leading to it being dependent on the known hairs and action variables. Furthermore, a
nonminimal coupling to the Maxwell invariant demonstrated spontaneous scalarization of
Reissner–Nodström (RN) black holes in the Einstein–Maxwell-scalar (EMS) theory. It led to
scalarized non-extremal black holes with secondary scalar hair [8] because the spontaneous
scalarization needed to impose the asymptotic condition.

A comparative analysis of dilaton and scalar couplings revealed that two cases have
provided charged black holes with secondary hair [9]. A difference is that the former did
not accommodate any extremal black holes with scalar hair, while the latter was allowed
to possess scalarized extremal black holes when extending to a dyon with electric and
magnetic charges. However, we wish to point out that their extremal black hole solution
with secondary scalar hair does not seem to be a promising one because the extremal
condition for a metric function (δ(r) = 0) is not imposed on finding the scalarized extremal
black holes.
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Up to now, finding a scalarized extremal black hole with secondary scalar hair has
been considered a quite difficult task analytically and numerically. It is clear that one known
solution is the Bocharova–Bronnikov–Melnikov–Bekenstein (BBMB) black hole found from
the Einstein-conformally coupled scalar (ECS) theory [10,11]. It takes a compact form of the
secondary scalar hair ϕ(r) = m/(r − m) with the black hole mass m, even though it blows
up at the horizon [12]. It is worth noting that the BBMB black hole is regarded as a unique
static and asymptotically flat solution to the ECS theory, evading no hair theorem [13].
Furthermore, this BBMB solution is recovered in a nontrivial way from the numerical series
solution when imposing an asymptotically flat condition [14,15]. Before imposing this
condition, the scalar charge is primary.

On the other hand, spontaneous scalarization of RN black holes was investigated when
approaching extremality by considering the Einstein–Maxwell–Gauss–Bonnet-scalar theory
with a quadratic scalar coupling to the GB term [16]. Two branches of scalarized black
holes appeared when approaching extremality when using the Bertotti–Robinson geometry
(AdS2 × S2) as the near-horizon approximation to the extremal black hole. Also, there
exist some examples of using entropy function approach [17] to find scalarized extremal
black holes [9,18–20]. At this stage, we wish to point out its limitation: this approach is
not suitable for finding extremal black holes with secondary scalar hair because it uses an
attractor mechanism with a constant scalar existing on the degenerate horizon.

In this work, we will introduce the EMS theory with two different scalar couplings to
two U(1) fields to find scalarized extremal black holes. This action is closely related to the
bosonic sector of N = 4 supergravity which has admitted the dilatonic black hole located
at r = r+ = 0 with secondary dilaton hair. Unfortunately, it does not include an extremal
black hole with any dilaton hair [21,22]. We note that this model is also used to explore
spontaneous scalarization of non-extremal (RN) black holes by choosing the exponential
coupling function f (ϕ) = eαϕ2

[23]. Actually, this model is very similar to the dyonic
EMS theory, which was previously used to find scalarized extremal black holes [9,24]. We
find two scalarized extremal black holes with constant scalar hair. It is worth noting that
these solutions are precisely recovered from both the extremal scalarization and entropy
function approaches.

2. EMS Theory with U(1) Fields
First of all, we mention briefly the bosonic sector for N = 4 supergravity [21,22,25]

SN4 =
1

16π

∫
d4x

√
−g

[
R − 2∂µϕ∂µϕ − e−2ϕF2 − e2ϕH2

]
, (1)

where ϕ is the dilaton and F = dA and H = dB correspond to two U(1) field strengths. An
analytic black hole solution was found to be

ds2
N4 = − dt2

H1H2
+ H1H2

(
dr2 + r2dΩ2

2

)
, e2ϕ̄ =

H2

H1
, F̄ =

1√
2

dH−1
1 ∧ dt, H̄ =

1√
2

dH−1
2 ∧ dt (2)

with two harmonic functions H1 = 1 +
√

2Q
r and H2 = 1 +

√
2P
r . The event horizon

is unfortunately located at r = r+ = 0. The dilaton ϕ̄ is given by the secondary hair
ϕ̄ = 1

2 ln[H2(r)/H1(r)] and its horizon dilaton takes the form limr→0 ϕ̄ = 1
2 ln[ P

Q ]. In case
of P = Q (becoming extremal black hole), however, one finds that ϕ̄ = 0. This implies that
the extremal black hole could not have any dilaton hair. This is not a desired case.
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Hence, we introduce a new action of the EMS theory with two U(1) fields by replacing
the dilaton coupling e2ϕ with a scalar coupling function f (ϕ) in Equation (1)

SEMS =
1

16π

∫
d4x

√
−g

[
R − 2∂µϕ∂µϕ − F2

f (ϕ)
− f (ϕ)H2

]
. (3)

Then, the Einstein equation is derived as

Gµν = 2∂µϕ∂νϕ − (∂ϕ)2gµν + 2TU(1)
µν , (4)

where

TU(1)
µν =

1
f (ϕ)

(
FµρFν

ρ − F2

4
gµν

)
+ f (ϕ)

(
HµρHν

ρ − H2

4
gµν

)
. (5)

Two Maxwell equations are given by

∂µ

(√
−g

Fµν

f (ϕ)

)
= 0, ∂µ

(√
−g f (ϕ)Hµν

)
= 0. (6)

Finally, the scalar equation takes the form

□ϕ +
f ′(ϕ)
4 f (ϕ)

(
− F2

f (ϕ)
+ f (ϕ)H2

)
= 0. (7)

3. Scalarized Extremal Black Holes
To obtain scalarized black holes, we introduce the metric and fields as [8]

ds2
SCBH = ḡµνdxµdxν = −N(r)e−2δ(r)dt2 +

dr2

N(r)
+ r2(dθ2 + sin2 θdφ2),

N(r) = 1 − 2m(r)
r

, ϕ̄ = ϕ(r), Āt = vQ(r), B̄t = vP(r). (8)

Substituting Equation (8) into Equations (4)–(7) with v′Q = e−δQ f (ϕ)
r2 and v′P = e−δP

r2 f (ϕ) , one
has three ordinary differential equations

m′(r) =
1
2

r2Nϕ′2(r) +
1

2r2

(
f (ϕ)Q2 +

P2

f (ϕ)

)
, (9)

δ′(r) = −rϕ′2(r), (10)

(e−δr2Nϕ′(r))′ +
e−δ

2r2
f ′(ϕ)
f (ϕ)

(
f (ϕ)Q2 − P2

f (ϕ)

)
= 0, (11)

where the prime (′) denotes the derivative with respect to its argument. It is desirable
to note that the second term of Equation (11) gives a hint for obtaining a constant scalar
solution when imposing either f ′(ϕ) = 0 or f (ϕ) = P

Q .
Here, we could obtain three non-extremal and extremal black hole solutions depending

the scalar hair ϕ. Firstly, one finds the dyonic black hole and its extremal black hole for
ϕ = 0 and f (0) = 1:

N(r) = 1 − 2M
r

+
Q2 + P2

r2 , δ(r) = 0, Ne(r) =
(

1 − M
r

)2
for M =

√
Q2 + P2. (12)

Secondly, we obtain one scalarized non-extremal black hole and its extremal black hole for
ϕ = ϕc and f (ϕc) =

P
Q :

Na(r) = 1− 2M
r

+
2QP

r2 , δ(r) = 0, Nae(r) =
(

1− M
r

)2
for M =

√
2QP = re. (13)
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Finally, the other scalarized non-extremal black hole and its extremal black hole are found
for ϕ = ϕ̃c and f ′(ϕ̃c) = 0:

Nb(r) = 1 − 2M
r

+
Q2 f (ϕ̃c) +

P2

f (ϕ̃c)

r2 , δ(r) = 0,

Nbe(r) =
(

1 − M
r

)2
for M =

√
Q2 f (ϕ̃c) +

P2

f (ϕ̃c)
≡ re. (14)

We note that for Q = P, the second solution becomes the first one without scalar hair.
Also, the extremal condition of δ(r) = 0 plays an important role in obtaining scalarized
(extremal) black holes with constant scalar hair.

4. Extremal Scalarization Approach
Before we proceed, we would like to mention that spontaneous scalarization of non-

extremal black holes was performed with exponential coupling eαϕ2
[23], where the tachy-

onic scalar was used to trigger scalarization. In this case, we found infinite branches of
scalarized non-extremal black holes.

In this section, we use the extremal scalarization approach to find scalarized extremal
black holes. For this purpose, we need to introduce the constraint equation [9]

N′′

2
− Nδ′′ + N′

(1
r
− 3δ′

2

)
+ Nδ′

(
δ′ − 1

r

)
+ Nϕ′2 =

1
r4

(
f (ϕ)Q2 +

P2

f (ϕ)

)
, (15)

which was obtained from combining Equations (9)–(11) with their first derivatives. In this
approach, it is convenient to express Equation (9) in terms of the metric function N by
exploiting a relation of m′(r) = 1−N−rN′

2 .
Now, we consider the near-horizon forms which are suitable for scalarized extremal

black holes

N(r) = N2(r − r+)2 + N3(r − r+)3 · · · , δ(r) = δ0 + δ1(r − r+) + · · · , (16)

vQ(r) = vQ1(r − r+) + · · · , vP(r) = vP1(r − r+) + · · · , (17)

ϕ(r) = ϕ0 + ϕ1(r − r+) + · · · , (18)

where

vQ1 =
e−δ0 Q f (ϕ0)

r2
+

, vP1 =
e−δ0 P

r2
+ f (ϕ0)

. (19)

We note that δ0 is considered a free parameter and ϕ0 denotes the horizon scalar. Two
equations, (9) and (10), determine, respectively,

r2
+ = f (ϕ0)Q2 +

P2

f (ϕ0)
, δ1 = −r+ϕ2

1. (20)

On the other hand, Equation (11) implies

f ′(ϕ0) = 0, f (ϕ0) =
P
Q

, (21)
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while its first derivative indicates the ϕ1 equation as

f ′(ϕ0)

2r+

(
Q2 − P2

f 2(ϕ0)

)
ϕ2

1 +[
2r2

+N2 +
f ′′(ϕ0)

2r2
+

(
Q2 − P2

f 2(ϕ0)

)
+

f ′2(ϕ0)P2

r2
+ f 3(ϕ0)

]
ϕ1 −

f ′2(ϕ0)

r3
+

(
Q2 − P2

f 2(ϕ0)

)
= 0. (22)

Finally, Equation (15) leads to

N2 =
1

r4
+

(
f (ϕ0)Q2 +

P2

f (ϕ0)

)
. (23)

For f ′(ϕ0) ̸= 0 and N2 ̸= − f ′2(ϕ0)P2

2r4
+ f 3(ϕ0)

, Equations (20)–(23) determine

f (ϕ0) =
P
Q

, r+ =
√

2QP, ϕ1 = δ1 = 0, N2 =
1

r2
+

. (24)

Also, for f ′(ϕ0) = 0 ( f (ϕ0) ̸= P/Q), Equations (20)–(23) imply, unless N2 = − f ′′(ϕ0)

4r4
+

(
Q2 −

P2

f 2(ϕ0)

)
,

r+ =

√
f (ϕ0)Q2 +

P2

f (ϕ0)
, ϕ1 = δ1 = 0, N2 =

1
r2
+

. (25)

At this stage, one has to match Equations (16)–(18) with the asymptotic forms in the
far region

m(r) = M − f (ϕ∞)Q2 + P2/ f (ϕ∞) + Q2
s

2r
+ · · · , δ(r) =

Q2
s

2r2 + · · · ,

vQ(r) = ΦQ − Q
r
+ · · · , vP(r) = ΦP − P

r
+ · · · ,

ϕ(r) = ϕ∞ +
Qs

r
+ · · · , (26)

where Qs, ΦQ, ΦP, and ϕ∞ denote the scalar charge, the electrostatic potentials at infinity,
and the scalar field at infinity, in addition to the ADM mass M and two electric charges
(Q, P). It is reseonable to choose ϕ∞ = ϕ0. We stress that the key ingredient to obtain an
extremal black hole with scalar hair is to impose an extremal condition of δ(r) = 0. This
suggests strongly that δ0 = δ1 = 0 and Qs = 0.

For any f ′(ϕ0) ̸= 0, considering Equations (24) and (26), one recovers the scalarized
extremal black hole Equation (13) exactly when choosing ϕ∞ = ϕ0 = ϕc.

For f ′(ϕ0) = 0, taking into account Equations (25) and (26), we find the scalarized
extremal black hole Equation (14) for ϕ∞ = ϕ0 = ϕ̃c.

Finally, we wish to note that the scalarized extremal black hole solution found in [9]
does not seem to be a promising one because the extremal condition for a metric function
(δ(r) = 0) might not be imposed on finding scalarized extremal black holes. If this condition
is further imposed, their solution may lead to our solutions.

5. Entropy Function Approach
The previous construction of scalarized extremal black holes has showed extremal

black holes with constant scalar hair. In this section, we wish to adopt the entropy function
approach to finding scalarized extremal black holes by considering Bertotti–Robinson
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geometry AdS2 × S2 as the near-horizon approximation of an extremal black hole. For this
purpose, we introduce the line element with two unknown parameters v0 and v1 as

ds2
BR = v0

(
−r2dt2 +

dr2

r2

)
+ v1(dθ2 + sin2 θdφ2) (27)

as well as the matter fields ansatz on the horizon as

ϕ = ϕ0, A = erdt, B = prdt. (28)

Here, we note that there is no room to accommodate δ(r) ̸= 0 when considering the
near-horizon approximation of the extremal black hole. Hence, we may choose δ(r) = 0
as an extremal condition. Five parameters {v0, v1, ϕ0, e, p} satisfy a set of algebraic rela-
tions which result from Equations (4), (6) and (7). Here, instead of attempting to solve
these, we wish to determine these parameters by making use of the entropy function
approach [17,26,27]. This approach allows us to also compute the black hole entropy which
is considered as the only physical quantity to describe scalarized extremal black holes.

For this purpose, we introduce the Lagrangian density

L =
1

16π

∫
dθdφ

√
−g

[
R − 2∂µϕ∂µϕ − F2

f (ϕ)
− f (ϕ)H2

]
=

1
2

[
v0 − v1 +

v1

v0

(
e2

f (ϕ)
+ f (ϕ)p2

)]
. (29)

Now, we are in a position to define the entropy function E by taking the Legendre transform
of the above density with respect to two electric charges Q and P as

E = 2π
(

eQ + pP −L
)

. (30)

The equations for five parameters {v0, v1, ϕ0, e, p} are given by

∂E
∂v0

= 0 → −1 +
v1

v2
0

( e2

f (ϕ0)
+ f (ϕ0)p2

)
= 0, (31)

∂E
∂v1

= 0 → 1 − 1
v0

( e2

f (ϕ0)
+ f (ϕ0)p2

)
= 0, (32)

∂E
∂ϕ0

= 0 →
(
− e2

f 2(ϕ0)
+ p2

)
f ′(ϕ0) = 0, (33)

∂E
∂e

= 0 → Q = e
v1

v0

1
f (ϕ0)

, (34)

∂E
∂p

= 0 → P = p
v1

v0
f (ϕ0). (35)

Summation of Equations (31) and (32) leads to the relation

v0 = v1 =
e2

f (ϕ0)
+ f (ϕ0)p2. (36)

Then, two equations, (34) and (35), indicate

Q =
e

f (ϕ0)
, P = p f (ϕ0). (37)
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On the other hand, Equation (33) implies two different conditions

f ′(ϕ0) = 0, f (ϕ0) =
e
p

. (38)

The latter condition implies

v0 = v1(≡ r2
e ) = 2ep = 2QP, (39)

which corresponds to the scalarized extremal black hole found in Equation (13) for ϕ0 = ϕc.
The former condition leads to

v0 = v1(≡ r2
e ) =

e2

f (ϕ0)
+ f (ϕ0)p2 = Q2 f (ϕ0) +

P2

f (ϕ0)
, (40)

which is the same condition as in Equation (14) when choosing ϕ0 = ϕ̃c. Hence, we
confirm that two scalarized extremal black hole solutions are recovered from the entropy
function approach.

Finally, let us compute their entropy. For an exponential coupling f (ϕ) = eαϕ2
, one

finds that the entropy of an scalarized extremal black hole is given by the Bekenstein–
Hawking entropy

E
f=eαϕ2 = 2π

(
eQ + pP − v1

2

)
= πv1 = π(2QP) < π(Q2 + P2), (41)

which shows that the entropy of a scalarized extremal black hole is less than that of a dyonic
extrmal black hole for Q ̸= P. In this case, the constant scalar hair takes the form

ϕ0(Q, P, α) =
1√
α

√
ln

[ P
Q

]
, (42)

which is secondary because it is expressed in terms of all known parameters of Q, P, and α.

This constant scalar hair is similar to the horizon dilaton (ϕ̄ = 1
2 ln

[
P
Q

]
) for a dilatonic non-

extremal black hole. Furthermore, the constant scalar in Equation (42) is considered a fixed
scalar because its value on the degenerate horizon is fixed by two U(1) charges [21,22,25].

For a polynomial form of f (ϕ) = 1 + αϕ2 − βϕ4, one obtains the constant scalar hair
from the condition of f ′(ϕ0) = 0 as

ϕ0(α, β) =

√
α

2β
, (43)

which is still secondary hair since it is fixed by two coupling parameters α and β.
For f (ϕ0) = 1 + α2

4β , the entropy of the scalarized extremal black hole is given by

E f=1+αϕ2−βϕ4 = 2π
(

eQ + pP − v1

2

)
= πv1 = π

[
f (ϕ0)Q2 +

P2

f (ϕ0)

]
. (44)

We find two inequalities such that E f=1+αϕ2−βϕ4 > Edbh for Q > P, while E f=1+αϕ2−βϕ4 < Edbh

for Q < P, with the entropy of dyonic extremal black hole Edbh = π(Q2 + P2). Finally, con-
sidering a quadratic coupling function f (ϕ) = 1 + αϕ2 used for spontaneous scalarization,
one could not obtain non-zero constant scalar hair ϕ0.

6. Discussion
It is known that one famous solution for scalarized extremal black holes is the BBMB

black hole found from the ECS theory [10,11]. Its secondary scalar hair takes the form of
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ϕ(r) = m/(r − m) with m black hole mass, even though it blows up at the horizon. It is
believed that it is not easy to find a scalarized extremal black hole with primary scalar
hair (independent scalar charge Qs) because this requires an asymptotically flat condition
changing a primary scalar into a secondary one [14,15]. Hence, this allows us to find
scalarized extremal black holes with either secondary scalar hair or constant scalar hair.

In the present work, we obtained two scalarized extremal black holes with constant
scalar hair in the EMS theory with two different scalar coupling functions to two U(1) fields.
It is worth noting that these solutions are precisely recovered from the extremal scalarization
and entropy function approaches. We note that similar scalarized extremal black hole
solutions can be found from the dyonic EMS theory with a single scalar coupling [9,24].
Actually, these will be obtained from our result by exchanging “Q ↔ P”.

Finally, we would like to mention that it is not easy to find scalarized (extremal) black
holes with primary scalar hair unless its action possesses a shift symmetry, like internal
symmetry in the (beyond) Horndeski theory [1,3].
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