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Abstract

We review the general formalism of duality rotations for A-extended (super)conformal
gauge multiplets of arbitrary (super)spin in four dimensions, with ' > 0. Self-dual
models for a vector field (N = 0) and for V' = 1 and N = 2 vector supermultiplets are
naturally formulated on general (super)gravity backgrounds. For all other (super)spin
values, the corresponding self-dual systems are realised on arbitrary conformally flat
backgrounds. Every U(1) duality-invariant model is demonstrated to be self-dual with
respect to a Legendre transformation. Methods are described to generate such self-dual
models, including superconformal ones. We show that every model for self-dual nonlinear
electrodynamics admits a higher-spin extension. Throughout this review, we make use of
the formalism of conformal (super)space, which is the geometric setting to describe the
gauge theory of the (super)conformal group.

Keywords: self-duality; nonlinear electrodynamics; conformal higher-spin theories;
supersymmetry; (super)conformal geometry

1. Introduction

Since the construction of simple supergravity in four dimensions [1,2], its extended
versions and generalisations beyond four dimensions (see, e.g., [3] for a review), the
field-theoretic landscape has changed dramatically. Progress in supergravity has led to
conceptually new developments in theoretical high-energy physics, including the following:

e Pure N = 2 supergravity in four dimensions [4] fulfilled Einstein’s dream of unifying
gravity and electromagnetism, albeit using a symmetry principle that was not known
to Einstein—local supersymmetry.

*  New types of gauge theories (compared with the standard Yang-Mills theories) were
introduced. Their specific features in the Lagrangian formalism are: (i) open gauge
algebra and/or (ii) linearly dependent gauge generators. These imply that covari-
ant quantisation of such theories cannot be carried out using the Faddeev-Popov
approach [5]. A powerful formalism to quantise general reducible gauge theories with
open algebra has been developed [6-10], known as the BRST-BV or antifield formalism
(see [11] for a review).

*  Supergravity was argued to be the only viable Kaluza—Klein theory [12,13]; see
also [14] for a recent reassessment.
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¢  Following the patterns of electric-magnetic duality invariance observed in extended
supergravity [15-18], the general formalism of nonlinear self-duality was developed
in four [19-24] and higher [21,25-28] dimensions for non-supersymmetric theories.
Supersymmetric extensions of the formalism were given in [29,30].

*  Supergravity stimulated the construction of gauge-invariant models for free mass-
less higher-spin fields [31-34], interacting theories for massless higher-spin fields in
AdSy [35-37], and the development of conformal higher-spin theory [38—40].

Renaissance of electric-magnetic duality (in the form of nonlinear self-duality) is one of
the many remarkable developments inspired by the progress of supergravity. This review is
devoted to the generalisations of the concept of nonlinear self-duality to higher-spin fields
and supermultiplets proposed in [41,42]. To start with, it is worth giving a brief history of
duality invariance in (nonlinear) electrodynamics.

Maxwell’s electrodynamics in Minkowski space M* is the simplest and oldest example
of a duality-invariant theory. Its Lagrangian is constructed in terms of the electromagnetic
field s’rrength1 Fun = —Fu, and has the form

1

LMaxwell(F) = _*anpmn =

1 (E>—B?),  Fun=0mAn— 9nAn. (1)

N —

The Bianchi identity and the equation of motion [43] are
OuF™ =0,  9u,F™ =0, 2)

with F .= %em’”s Fs the Hodge dual of F. Since both differential equations have the same
functional form, one may consider electric-magnetic duality rotations

F+iF »e ™(F+iF) <= E+iB—e ™(E+iB), A€R. (3)

These duality transformations change the Lagrangian Lyjaxwel (F), but the energy—
momentum tensor

.~ R 1
Ton = (F + 1F)mr(F - 1F>n517rs = anl:nsﬂrS - EﬂmnFrsFrs 4)

N —

remains invariant.

A nonlinear extension of duality transformations was put forward by Schrédinger
ninety years ago [44]. He studied the model for nonlinear electrodynamics proposed in
1934 by Born and Infeld [45]:

1 1
Lyt (F) = ?{ 1= /= det(am + gFmn) } = = F""Fun + O(F*)

= ;2{1\/1+g2(1§217:2)g4(ﬁ«§)2}, )

with g the coupling constant. Born and Infeld were not guided by considerations of duality
invariance. Their theory was designed to provide a solution to the problem of the infinite
self-energy of a point charge in Maxwell electrodynamics®. However it was Schrédinger
who observed that the Born-Infeld theory possesses a reformulation with manifest U(1)
duality invariance. In a modern setting, the U(1) duality invariance of the Born-Infeld
theory was first described by Bialynicki-Birula [46].

Born and Infeld viewed their model as a new fundamental theory of the electromag-
netic field. As is well known, their great expectations have never come true. However
the Born-Infeld action re-appeared in the spotlight of theoretical physics in the 1980s as
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a low-energy effective action in open string theory [47] and the world-volume action of
D-branes [48].

Long before the Born-Infeld theory resurfaced in string theory [47,48], it had been
observed that ungauged extended supergravity theories in four dimensions exhibit electric-
magnetic duality symmetry [15-18]. These observations motivated Gaillard and Zumino to
develop the general theory of duality invariance for Abelian vector fields non-minimally
coupled to scalar and spinor matter fields [19,20]. In particular, they demonstrated that the
maximal duality group for a system of n interacting field strengths is the compact group
U(n). In the presence of scalars, the duality symmetry can be enhanced to the non-compact
real symplectic group Sp(2n,R). The Gaillard—Zumino formalism is very powerful and
arguably applicable to more general dynamical systems than those considered in [19,20].
Ref. [19] determined the most general nonlinear o-model form of the scalar field sector in
any duality-invariant theory, assuming its Lagrangian to be at most quadratic in the field
strengths, as is typical for extended supergravity theories. However, it turns out that this
restriction on the gauge field sector can be relaxed. In 1995 Gibbons and Rasheed found
the general structure of models for U(1) duality-invariant nonlinear electrodynamics [21]
(including the Born-Infeld action) and demonstrated that the coupling of such a theory
to the dilaton and axion is completely fixed by the requirement of SL(2,R) = Sp(2,R)
duality invariance [22]. Two years later, Gaillard and Zumino explained how one could
have derived the results of [21,22] by applying the formalism developed in [19]. Since the
general structure of self-dual nonlinear electrodynamics and the corresponding SL(2, R)
coupling to the dilaton and axion was developed in [19-24], it is natural to refer to the
corresponding techniques as the Gaillard—Zumino-Gibbons—Rasheed (GZGR) formalism.

The GZGR formalism admits a natural extension to higher dimensions [21,25-28] (see
also [30,49,50] for a review). In four dimensions, this setting has been generalised to U(1)
duality-invariant models for N=1land N =2 supersymmetric nonlinear electrodynamics,
both in the globally [29,30] and locally [51-53] supersymmetric cases. The formulation for
self-dual supersymmetric nonlinear electrodynamics has been further generalised to the
general formalism of duality rotations for A/-extended (super)conformal gauge multiplets
of arbitrary (super)spin, with N’ > 0 [41,42].

In 1981, Gaillard and Zumino [19] made the following comment: “It appears that
the duality invariance of supergravity theories is implied by supersymmetry, a fact which
still remains very mysterious.” Some twenty years later, it was pointed out [30] that “self-
duality turns out to be intimately connected with spontaneous breaking of supersymmetry
(for still not completely understood reasons).” The latter phenomenon was perhaps the
main motivation to study supersymmetric self-dual systems at the turn of the millennium.
The intimate connections between nonlinear self-duality and supersymmetry include
the following:

e In the case of partial spontaneous N' = 2 — N = 1 supersymmetry breaking, the
Maxwell-Goldstone multiplet [54,55] (coinciding with the A/ = 1 supersymmet-
ric Born—Infeld action [56]) and the tensor Goldstone multiplet [55,57] were shown
in [29,30] to be invariant under supersymmetric U(1) duality rotations. The Maxwell—
Goldstone multiplet for partial N' = 2 — AN = 1 supersymmetry breaking has
also been extended [58] to the following maximally supersymmetric backgrounds:
(i) R x S3; (ii) AdS3 x R; and (iii) a supersymmetric plane wave’. This theory possesses
U(1) duality invariance.

¢ [Extending the earlier incomplete proposal of [61,62], it was suggested in [30] that
the Maxwell-Goldstone multiplet for partial N' = 4 — N = 2 supersymmetry
breakdown (proposed to be the N' = 2 supersymmetric Born-Infeld action) is a
unique N = 2 vector multiplet theory with the following properties: (i) it possesses
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U(1) duality invariance; and (ii) it is invariant under a nonlinearly realised central
charge bosonic symmetry. Within the perturbative approach to constructing the N = 2
supersymmetric Born-Infeld action elaborated in [30], the uniqueness of the action
was demonstrated to order W0 in powers of the chiral superfield strength W. A year
later, a powerful formalism of nonlinear realisations for the partial N' =4 — N =2
supersymmetry breaking was developed [63], which supported the uniqueness of
the N/ = 2 supersymmetric Born-Infeld action and reproduced [64] the perturbative
results of [30]. Further progress towards the construction of the N = 2 supersymmetric
Born-Infeld action has been achieved in [65,66].

e  For a large family of U(1) duality-invariant models for N’ = 1 supersymmetric
nonlinear electrodynamics [29], it was demonstrated [52] that the component fermionic
action, which is obtained by switching off the bosonic fields, is equivalent (modulo a
nonlinear field redefinition) to the Akulov—Volkov action for the Goldstino [67-69].

There are two theoretical developments that have proved to be of primary impor-
tance for the construction of self-dual models for N-extended (super)conformal gauge
multiplets of arbitrary (super)spin [41,42], which are: (i) the Ivanov—Zupnik (IZ) auxiliary-
field formulation for self-dual nonlinear electrodynamics [70-72]; and (ii) the ModMax
theory [73].

*  The IZ approach is a powerful formalism for generating self-dual models for nonlin-
ear electrodynamics. This formalism has been extended to the N' = 1 and N = 2
supersymmetric cases [74,75]. Some time ago there was a revival of interest in the
duality-invariant dynamical systems [65,76-78] inspired by the desire to achieve a
better understanding of the UV properties of extended supergravity theories. The
authors of [76-78] put forward the so-called “twisted self-duality constraint” as a
systematic procedure to generate duality-invariant theories. However, it has been
demonstrated [79] that the non-supersymmetric construction of [76-78] naturally
originates within the more general approach previously developed in [71,72]. Specifi-
cally, the twisted self-duality constraint corresponds to an equation of motion in the
approach of [71,72].

e The ModMax theory is a unique U(1) duality-invariant and conformal model for
nonlinear electrodynamics constructed by Bandos, Lechner, Sorokin and Townsend. It
is a one-parameter deformation of Maxwell’s theory, which is why it was called the
modified Maxwell theory. The ModMax theory has been generalised to the N’ = 1
supersymmetric case [80,81] and conformal higher-spin fields [41]. There also exists a
supersymmetric nonlinear -model analogue of the ModMax theory [82], known as
the MadMax o-model.

This paper is a review of the general formalism of nonlinear self-duality for N/-
extended (super)conformal gauge multiplets of arbitrary (super)spin in four dimensions,
with A/ > 0. In fact, self-dual models for an Abelian vector field (N = 0) and for N =1
and N = 2 vector supermultiplets are naturally formulated on general (super)gravity
backgrounds. In this paper, all models for self-dual nonlinear electrodynamics (including
the higher-derivative deformations of the ModMax theory) are formulated on an arbitrary
gravitational background. In the supersymmetric case, our discussion is restricted to con-
formally flat backgrounds in order to keep the length of this review under one hundred
pages. Being mainly a review of the known results, this work contains a few original points,
which are:

* A unified (super)conformal approach to formulate U(1) duality invariance for arbitrary
spin, superspin and supersymmetry types.
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¢  The demonstration that every model for self-dual nonlinear electrodynamics admits a
higher-spin extension.

*  The composite primary field defined in (A21) is derived in this work for the first time.
The significance of this composite field is that it offers a manifestly conformal and
SL(2,R) invariant formulation for the higher-derivative nonlinear sigma model (137)
that describes the dynamics of the dilation and axion fields taking their values in
SL(2,R)/SO(2).

This paper is organised as follows. Section 2 contains a pedagogical review of confor-
mal gravity as the gauge theory of the conformal group in D dimensions. The language
of conformal geometry reviewed in Section 2 will then be used throughout Sections 3-6
to describe conformal gauge fields and the U(1) duality-invariant models of such fields.
Section 3 discusses conformal fields of arbitrary spin. Section 4 provides a modern re-
view of models for self-dual nonlinear electrodynamics and their fundamental properties.
Section 5 is devoted to U(1) duality-invariant systems for real conformal gauge fields, while
Section 6 extends the discussion to the case of complex conformal gauge fields, such as
the conformal gravitino. N -extended superconformal gauge multiplets are discussed in
Section 7. Self-dual models for superconformal gauge multiplets are reviewed in Section 8.
Section 9 is devoted to self-dual models for the A = 2 superconformal gravitino multiplet.
A discussion and conclusions are given in Section 10.

The main body of this paper is accompanied by three technical appendices. Ap-
pendix A derives the commutation relations for the conformal algebra, so(D, 2), by making
use of the conformal Killing vector fields on Minkowski space MP. Appendix B discusses
an algebraic derivation of several conformal differential operators. Appendix C contains
the graded commutation relations for the N-extended superconformal algebra. Finally,
degauging of the N -extended conformal superspace with a flat connection is reviewed in
Appendix D.

Throughout this paper we often make use of the convention whereby indices denoted
by the same symbol are to be symmetrised over, e.g.,

1
oc(m)Voc(n) = u(rxl...zxm Vam_*_l..‘ocmﬂ,) = (m T Tl)! (ual...:xm Va,,,+1...am+n + - ) ’ 6)

with a similar convention for dotted spinor indices.

2. Conformal Geometry

This section is devoted to a brief review of conformal gravity as the gauge theory of the
conformal group O(D, 2)/Z,. This approach was pioneered in four dimensions by Kaku,
Townsend and van Nieuwenhuizen [83,84], as a generalisation of the MacDowell-Mansouri
construction [85] of anti-de Sitter (super)gravity as the gauge theory of the anti-de Sitter
(super)group. The formalism of conformal geometry, which is reviewed below, is a natural
development of the ideas put forward in [83]. In fact this formalism was introduced as a
byproduct of the N' = 1 and N = 2 conformal superspace formulations in four dimensions
developed by Butter [86,87], and subsequently generalised to N = 3 [88] and N = 4 [89]
conformal supergravity theories in four dimensions, A/-extended conformal supergravity
in three dimensions [90-92], conformal supergravity in five dimensions [93], and (1,0) [94]
and (2,0) [95] conformal supergravity theories in six dimensions. Here we closely follow
the presentations given in [90,94]*.

It should be pointed out that there exists a different approach to formulating con-
formal geometry. It was developed by mathematicians and is often referred to as tractor
calculus [97,98], with its roots going back to the work of Thomas [99]. The two approaches
to conformal geometry are essentially equivalent and complementary.
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Conformal gravity in D > 2 dimensions is obtained by gauging the conformal algebra,

s0(D,2), which is spanned by the translation (P,), Lorentz (M,;), dilatation (D) and special

conformal (K?) generators. Their non-vanishing commutation relations’ are:

[Map, Mea] = 211, = 214, My, (7a)
[Map, Pe] = 2114 Py) [Dr P =Py, (7b)
[Map, Ke] = 277 Kb] , D Ke] ==K, (7¢)

[Ka, Py) = 217D + 2M,y, , (7d)

with 77, as the mostly plus Minkowski metric. It is convenient to think of so(D, 2) as the
direct sum of two Lie subalgebras generated by the operators

Pi & Xa= (Mg, D,K), )
respectively. Then, the conformal algebra (7a) may be rewritten as follows:

[er Xb] = _f @QXQ ’ (9a)
[Xﬂ/ Pb] = _fszXg - fgbcpc ’ (9b)

where the structure constants can be read off from (7a).

2.1. Gauging the Conformal Algebra

Let MP be a curved D-dimensional spacetime parametrised by the local coordinates
x™. To gauge the conformal algebra so(d, 2), we associate a connection one-form with each
generator in (8),

P, = e =dx"e,?, (10a)

Xy =My, D,K) = wh= (0" 0b,f) = dx"wp . (10b)

The vielbein one-forms e” = dx™e,,”(x) are assumed to form a basis of the cotangent
space T} MP at each point p € MP, ¢ := det(e,") # 0; hence, there exists a unique inverse

vielbein
eqa =" (x)0y , ea"em? = 6,0, enledt = 0" . (11)

The vector fields e, constitute a basis for the tangent space T, MP at each point
p € MP. The inverse vielbein is used to express the connection w” as

w® = ebw,?, wpt = ey wpt . (12)
Our next step is to introduce a conformally covariant derivative
V=¢V,=d— %d)bchc — 6D —§K,, (13a)
where the first-order operator V, replaces the translation generator P,
Pp — Va=e"0m — waXp = ea"dm — %c&abchC — b, — §, K" . (13b)
It is postulated that a commutator [X,, V| is obtained from (9b) by replacing P, — V,,

[Xgr Vb] = *fzngg - fgbcvc . (14)
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The commutation relation [P,, Py] = 0 turns into

1
[va/ Vb] = *Ebcvc - ER(M)udeMcd - R(D)abD - R(K)uchc ’ (15)

where the right-hand side is given in terms of the torsion tensor 7, and the curvature
tensors R(M) 5,4, R(D) ., and R(K) e They have the following explicit expressions:

T’ = —Cap® + 207  + 26,8, (16a)
R(M)ap® = Rop®™ + 85,07, (16b)
R(K)abe = —Cap"Fac — 2001c"Foja — 261afp)c + 2€(aFe / (16c)
R(D)ap = —Cap e + 4f[qp) + 2¢[3by; - (16d)

Here we have introduced the anholonomy coefficients C,;° defined by

lea, ep) = CapCec, (17)

and the standard curvature tensor®

A

Rop™ = —Copf 05 + 20,0 ™ — 200, oy (18)

constructed from the Lorentz connection &,.

We have used the term “gauge covariant derivative” for (13). By definition, the gauge
group of conformal gravity is generated by local transformations of the form

0kVa=1[K, Vi, (19a)

K =V, + AbX, = &V, + %K“Mbc + oD + ApKY, (19b)
provided we interpret

vagb = eagb + wag‘:dfdgb ’ vaAk = eaAb + wagcdfdgh + waQAif@k ’ (19¢)

where the structure constants are defined by (9a). These gauge transformations act on a
conformal tensor field U (with its indices suppressed) as

S = KU . (19d)

Of course, it is necessary to have a realisation of the conformal algebra on /. Such a
realisation exists for conformal primary fields.

We say that U/ is a primary field of dimension A if the following conditions hold:

(i) U is annihilated by the special conformal generator,

K'U = 0; (20a)
(ii) U is an eigenvector of the dilatation generator, D, with eigenvalue A
DU =AU . (20b)

Thus Vo U = (ea"0m — 3@4" My, — 6b,)U.
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2.2. Conformally Covariant Constraints

In order for the above geometry to describe conformal gravity, it is necessary to impose
certain covariant constraints, such that the only independent geometric field, modulo gauge
freedom, is the vielbein. Such constraints are:

T =0, (21a)
NP"R(M) gpea =0 . (21b)

The first constraint determines @, in terms of the vielbein and dilatation connection
bar

1
E (Cabc - Cacb - Cbca) ’ (22)

Wape = Wape — 277a[bbc] ;s Wape =
where wyp. = wype(e€) is the torsion-free Lorentz connection. Constraint (21a) is conformal
since K, ’E,Cd = 0; see [90] for the technical details. Constraint (21b) determines the special
conformal connection fah in terms of ¢” and b,,

A

Rop + (23)

1 1 A
b = =375 —3) 2D —1)(D —2) 1R~

where R, = 5°“R 4 is the (non-symmetric) Ricci tensor, and R = 3R, is the scalar
curvature. Constraint (21b) proves to be conformal; see [90] for the technical details.

Upon imposing the constraints (21) we stay with two independent gauge fields, the
vielbein e? and dilatation connection b. However, the latter is a purely gauge degree of
freedom since

Ok (A) b, = —2A,.
Thus we can choose the gauge condition
b, =0, (24)
which fixes the special conformal gauge freedom.

2.3. Conformal Gravity in D > 3 Dimensions
Making use of the constraints (21) and analysing the Bianchi identity

0= [Va, [V, Vel] + [Vi, [Ve, Val] + [Ve, [Va, Vb]] (25)

one observes that the covariant derivatives obey the algebra

1 1
[vﬂ/ vh] = _*CabchCd -

d c
5 5 3) S)V CapeaKE - (26)

Here C,, is the Weyl tensor satisfying the algebraic properties”

71" Cabed =0, Cabed = Clajjea) »  Clabeja = 0, (27)

and the Bianchi identity

. 2
ViuCog™ = —5—V a6 (28)
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https://doi.org/10.3390/universe12060179

Universe 2026, 12, 179

9 of 59

The Weyl tensor proves to be primary, K°C,p.y = 0. Therefore, it is independent of
the dilatation connection b. In other words, when the explicit expression for the Lorentz
connection is used, all dependence on b, drops out of the Weyl tensor.

It follows from (26) that all curvatures are expressed in terms of the Weyl tensor.
Spacetime is conformally flat if Cjp.qy = 0.

2.4. Degauging to Lorentzian Geometry

In the gauge (24), the special conformal gauge freedom is fixed, and the conformally
covariant derivative takes the form

1
Vi=Dy— fath , Dpi=eq— EwabCMbc ’ (29)

with D, as the torsion-free Lorentz covariant derivative,
1 cd
[Dme] = _ERah M . (30)
The special conformal connection takes the form

1 1

Rub +

1
fap = _Z(D _2)

where Ry := 3P Rpc4 is the Ricci tensor, R := 5%’ R,; is the scalar curvature and P, is the
Schouten tensor. The Riemann tensor is

Ry = Cop + 40Py (32)

In the gauge (24), two types of residual gauge transformations remain:

e  Combined general coordinate and local Lorentz transformation

0kDa=[K,Da), K=¢"Dy+ %K“Mbc, (33)
acting on a tensor field ¢/ (with indices suppressed) as
U = KU . (34)
e Weyl transformation
K(o) = oD+ %VbaKb = x(nba =0, (35)
acting on a primary field ¢ of dimension A as (J¢ = Jx(,))
el = oAU . (36)
The Weyl transformation of the covariant derivative
66Dy = 0D, + DPoMy, = 65Caped = 20Capod - (37)

2.5. Conformal Action Principle

In order to formulate conformal field theories, an action principle is required. It is

S:/deeL, (38)

https:/ /doi.org/10.3390/universe12060179
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where the Lagrangian L is a real primary scalar field of dimension D,
K'L=0, DL =DL. (39)

It is a short exercise to demonstrate that S is invariant under the gauge transformation
(19).
As a well-known example, we consider the action for conformal gravity in four dimensions

Sca. = / d*xe CAC 0, (40)

which is evidently conformal.
In six dimensions there are three invariants for conformal gravity [100-102]. They are
generated by two cubic primaries

Lél3) = Cabcdcaefdcebcf ’ (41a)
LE) = CpeaC®f C ™, (41b)
and one COC primary field [94]
1 8
Leoc i= C"0Cspct + 5 VeCaped VC + 5 VCapeg Vo C (42)

The latter can be recast in a different form using the identity [94]

16
LCDC Cabcdmcuhcd + vg( ubcdvecabcd + ?Cabcevdcubcd) gL(ClB) 4 3L( ) . (43)

2.6. Conformal Compensators

All gravity—matter theories can be reformulated to possess Weyl invariance [103,104].
This is achieved by coupling the gravity and matter fields to a conformal compensator ¥,
which is a nowhere vanishing scalar field varying by the law

¥ =0AY, A0, (44)

under the Weyl transformation (37). The Weyl gauge freedom can be used to impose the
condition ¥ = 1 (or, more generally, ¥ = const), and then we are back to the original theory.
As an example, we consider the pure gravity action with a cosmological term

1
SGR:——ZkZ/deeR——/dee (45)
The Weyl-invariant extension of this action is

_1rp a 1D—-2 .2 2D/(D—2)
SGR—E/dxe{D‘PDu — D RYP-AY b, (46)

where the conformal compensator ¥ is chosen to have dimension A = %(D —2). Applying
a finite Weyl transformation allows us to choose the gauge condition

2 |ID-1
T_E D2’ (47)

in which the action (46) turns into (45). The relationship between A and A follows.

https:/ /doi.org/10.3390/universe12060179
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In the manifestly conformal setup, one may describe non-conformal theories by intro-
ducing dependence of the action on ¥, whose conformal transformation law is characterised
by the properties

K'Y =0, DY = AY, A#0. (48)
In this setting, the action (46) turns into
SGrR = —% / dPxe {\Pwva‘f + Ap2P/ <D*2>} . (49)

As another example, we consider the Born-Infeld theory in four dimensions, as in
Equation (5). Its conformal reformulation is

Lpt(F¥) = ¥4{1— \/—det( + ¥~2Fu) }, (50)

where the dimension of ¥ is chosen to be A = 1.
It should be emphasised that truly conformal theories, such as the four-dimensional
conformal gravity (40), do not depend on any compensator.

2.7. Conformal Gravity in D = 3 Dimensions

For completeness, we also include a brief discussion of conformal geometry in three
dimensions. Analysing the Bianchi identity, V(,V;,V ) = 0, in the D = 3 case, one observes
that the conformal covariant derivatives obey the algebra

1
[Va, Vo] = 5 Wap'Ke, (51)

where W, is a conformal primary, K;W,;¢ = 0, and therefore, independent of the dilatation
connection b. One can show that

1
Wape = _4D[afb]c = ZD[aRh]c + Eﬂc[aDh]R ’ (52)

and thus, Wy, is the Cotton tensor. The algebraic properties of the Cotton tensor are:

1
Wb := 5ea“Weap , Wap = W, W =0. (53)

The Cotton tensor also satisfies the divergenceless condition
VW, =0. (54)
Three-dimensional spacetime is conformally flat if W,;, = 0.

3. Conformal Fields of Arbitrary Spin

In the remainder of this work our discussion is restricted to the D = 4 case, and we
make use of the two-component spinor formalism in the conventions of [105], which are
similar to those of [106]. In particular, given a one-form h,, it can equivalently be described
in terms of a valence (1,1) spinor hy; defined by

ha = hag = (07 )aihy <> hy = —%(@)ﬁﬁhﬁg, (55a)
0a = (12,8) = ((0a)az), 0= (1, —7) = ((52)™), (55b)
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with (5,)% = 8&/38&!3(%) BB Given a symmetric and traceless tensor field ha(s> = ha..a

hal...as,zbcﬂhc = 0, it is equivalently described by a spinor field of valence (s, s), Ha(s)a(s) =

h(ocl...ocs)(éq...écs) defined by

ha(S) = gy s = (O )iy -+ (0% ) agisHay oy = hoc(S)éc(S)' (56)
The matrices o,, = —%(Uaﬁb — 0,0,) and 0, = —%([7,10;, — 0p0,) are used to provide an
equivalent description of a two-form F,, = —F, in terms of symmetric rank-two spinors

F"‘,B = Fﬁlx and F, ;, = FBDZ’

14

1 i, 1. b -
FP = EFab(aﬂb),,f, Flp=—3 w(0) = F = (0")gF*P — (57),F*P . (57)

In the two-component spinor setting the algebra of D = 4 conformally covariant
derivatives (26) turns into

[Vair Vg = = (£45CaprsM™ + eapCapysM ™)
1 ; C_
~ (saBV‘SVC,Xﬁ(;V + 806/3V75Ca557)1<77 . (58)

Here Cyp,s and G, pyé are the self-dual and anti-self-dual parts of the Weyl tensor C,p4
defined as follows

1
Capys = i(oﬂb)aﬁ(UCd)'y&Cabcd = Claps) - (59a)
- 1,. 5 _
Caﬁw = E(Uab)aﬁ(UCd)wCabcd = C(,-x/;aﬂs) , (59b)
Caﬁvé&ﬁ*‘y(ﬁ = (O—a)’m((Tb)ﬁ‘g(gc)y'y(gd)&gcabcd = 28[5(5875(:“}575 + 28,,4/3875@&‘575 . (59¢)

Both Cyp,s and C, 446 are primary fields of dimension +-2. The commutation relation (58)
should be accompanied by the relations

[D, Vm] =V, [K,m, vﬁﬁ] = 4(8‘5‘BM“5 + StxﬁM&B — 81,(/58&5]])) . (60)

The Lorentz generators M,, = —Mj, can be turned into operators carrying spinor indices,
M,up = Mg, and M, p= M B which are defined according to (57). The Lorentz generators
act on vectors and two-component spinors as follows:

MapVe =20V, Magpy = €,a¥p),  Mysths = 59 - (61)
The Weyl tensor obeys the Bianchi identity (see, e.g., [107])
B2 = V& V) Caipe) = Vi Ve " Capi) = Baary - (62)

where By (5)4(2) is called the Bach tensor. The equation of motion for the conformal gravity
model is

By(2)a(2) =0 (63)

Such spacetimes are called Bach-flat.
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3.1. Real Conformal Fields

This review is devoted to duality-invariant models for conformal gauge fields. In
general, we will deal with real and complex primary fields for which their dimension is
determined by their spin. Our discussion in this subsection follows [107].

Given a positive integer s, a real conformal spin-s field 11, (5)4(s) = H(a;..a5)(d)...45) 1S @
real primary field® of dimension 2 — s,
Kgshusyas)y =0, Dhys)ais) = (2= 8)ha(s)as) - (64)
The dimension of 11,(4)4(s) is fixed by requiring a gauge variation of the form
Oha(s)a(s) = V (ay (6 Ganrtts )it its) (65)
to be primary provided the transformation parameter {,(;_1)4(s—1) is also primary.
From h,5)4(s) one may construct the following higher-derivative descendant
(CIX(ZS) = V(“l ﬂl e vasﬁshlstrl...les)B(S) (66)
and its conjugate Cd(Zs)' The crucial property of C,,,) is that it is primary,
KgsCaias) =0,  DCyaq) =2. (67)
Since the dimension of C,(,,) is equal to two, the quadratic action functional
s e oo U [ gtee [ Ci2s) 68
free[ ’ ] ) / xe{ a(2s) + d(Zs)} (68)

is conformal in an arbitrary gravitational background. Choosing an opposite relative sign
in the integrand (68) would lead to a total derivative in any conformally flat background

Caped =0 —> / d4xe{C“(25)(Ca(2s)*@MZS)C@(ZS)}:0- (69)

Associated with C, 5, and Ca(Zs) are the primary dimension-(2 + s) descendants

Bas)its) = V" Vi P CapooaeprpBasias) = Vi V)T (70)

15(1...15(5[31...[35 :

It was shown in [107] that the first term in the action (68) can be rewritten, modulo a total
derivative, to the form

/d4xeC"‘(25)(C“(25) = /d4x€ha(s)d(s)Ba(s)&(s) . (71)
Thus the equation of motion for the model (68) is
th(s)éa(s) + Ba(s)d(s) =0. (72)

For a generic background, the local transformation (65) leaves the field strength C, 5
invariant only in the s = 1 case. In this case the field strength F,;, = V,h, — V;h, varies as

1
0cFap = [Va, ViJT = =5 CapeaM™g = 0. (73)
The Bianchi identity

V[anc] = [v[arvh]hc] = _C[abc]dhd =0 (74)
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holds in an arbitrary curved background. The field strength F,j, is equivalently described
by two symmetric rank-two spinors F,g and F; p defined by (57),

1

1 .
in terms of which the above Bianchi looks like
A vuﬁﬁw =0. (76)

Inthe s > 1 case, C,(y,) is gauge invariant only if the background is conformally flat,
Capca =0 = 5§(C“(25) =0. (77)
For example, the variation in C, 4) is given by

\Cuay = 5Cuta) VP Cpp = Cps VP Cuta) = 2CP (100, Viay) P - (78)

Due to (77), the action (68) is invariant under the gauge transformation (65) in any confor-
mally flat background. For such backgrounds, the following properties hold:

Bysyas) = Bags)ats) - (79a)

VAPBs 1pas1) = O- (79b)
The former property is the higher-spin analogue of (76). Unlike (76), it holds only if
Caped = 0. The latter relation expresses the gauge invariance in the action (68).

It should be pointed out that C, 4 is the linearised Weyl tensor in a conformally flat
(2)

free
backgrounds, we will refer to C, ;) and its conjugate for s > 2 as the linearised spin-s

background, and S/ [C, C] is the linearised action for conformal supergravity. For such

Weyl tensor, and the primary field Ea(s) i(s) = Ba(s)a(s) Will be called the linearised spin-s
Bach tensor.

3.2. Complex Conformal Fields

Particles of half-integer spin are described by complex fields. In general, all fields
transforming in the SL(2, C) representations (1/2,1/2), with m > n, are complex. Given
two positive integers m > n > 1, we are interested in a primary field ¢, (;,)4(,) of dimension
2—1(m+n),

1
Kﬁ‘ngoc(m)lic(n) =0, ]D)(Ptx(m)u‘c(n) = <2 - E(m + n))¢a(m)a(n) : (80)

The conformal properties of @ (,)4(n) are fixed by requiring a gauge variation of the form

SePa(m)a(n) = V (a1 (b2 Lozt )ta.itn) (81)

to be primary provided the transformation parameter £,,,)4(y) is also primary. It should
be pointed out that the m = n = s case, which we considered earlier, may be consistently

incorporated by restricting the field to be real, ¢y (s)4(s) = Pu(s)a(s)- In Minkowski space,
bosonic conformal higher-spin fields of any symmetry were studied by Vasiliev [108].
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/d xeClAl

Associated with @ (,)4(») and its conjugate ¢, (,)a(m) are the following conformally
primary descendants’

B v by b |

e e =V Vel P i) (82a)
[A] — . 'm A R

(C‘X(m+n) o v(“l b e lemﬁ ¢”‘m+1~--0‘m+n),5(m) 4 (82b)

where we have introduced the label 6 = m — n'". In the m = n = s case, the field strengths

(82) coincide, e = ¢l we emphasise that these descendants are primary in an

a(2s) — Ta(2s)”
arbitrary background,
o [A] _ 9\l
KgpClthymy =0, DCYL = (2-3)C0. (83a)
1) [A] YO
Kﬁﬁ(czx(m—&- ) =0, D(Coc(m+n) (2 + 2)Ca(m+n) : (83b)

It follows from (83) that the dimensions of the field strengths (82) are determined by A,
which explains why the field strengths carry the label A.

The conformal properties of @‘Eﬂn ) and C(Eﬁ]m +n) imply that the free action
S, €)= o [ dbxe Gl e (54)
is conformal. It holds that
Carea =0 = 1"t [dbxe@OR0mngl) |y ce —0. (85)

For conformally flat backgrounds, we will refer to @LA(}m ) and CLA(]m ) @S (linearised)
higher-spin Weyl tensors.

In a general curved space, one may construct the following primary descendants from
the higher-spin Weyl tensors,

» A
Bywpom = Vi " Vi )”’”Cz[xl] YL (86a)
v A
Bamypoy = Vg, " Vﬁnﬂ"CU.amvl...w : (86b)

Both (86a) and (86b) have dimension 2 + %(m + n). The proof that they are primary is
similar to that of the higher-spin Weyl tensors. The primary fields (86a) and (86b) originate
from two alternative expressions for one and the same conformal invariant

a(m+n)(CLA(L1+n /d4x eq)a(m)ﬁ H)B /d4xe 4) B (m) - (87)

In a general gravitational background, the primary fields (82) are not invariant under
the local transformation (81). As an example, it is instructive to consider the so-called
conformal gravitino described by a prepotential ¢, ), and its conjugate!!. Associated with
the gravitino are the two primary field strengths [107]

v 1]

o . o e
Ca3 =Coiz) = Vi Pusanp s Cad) = Coz) = V' Vi ?Bigypa) . (88)

and their conjugates, which are primary fields of dimensions +3/2 and +5/2 respectively.
Under the gauge transformation

0tPa2)i = V(ilay) » (89)
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their variations are given by

1 . _ .
5;Cu3) = Ca3s0’ 6:Caz) = Ecrx(3)5vwéé —;V%Coa)s - (90)

For any conformally flat background it may be shown that the descendants (82) are
inert under the gauge transformations (81)

AlA
Caped =0 - 5/3@1& ]

_ A
i) = 9Cog

] _
a(m+n) 0, (91)

and therefore, the conformal action (84) is gauge invariant. For such backgrounds the field
strengths (82) are related via the Bianchi identity

m 7~ [A] J— : .HT[A] .
vﬁl(dl...vﬁ i) Catpm) = v(alﬁl ...van)ﬁ Ci(m)pn) - (92)

4. Self-Dual Nonlinear Electrodynamics

As follows from the discussion in Section 3.1, the electromagnetic field k4 is special
in the family of conformal spin-s gauge fields /1,(5)4(s), In the sense that the primary
descendant (66) is invariant under the local transformation (65) on an arbitrary gravitational
background only in the s = 1 case. This means that any model for the electromagnetic
field in curved space with its action S being a functional of the field strength, S = S[F,;], is
gauge invariant. We assume S[F,;] to be conformal, which is always possible to achieve
by coupling h, to a (nowhere vanishing) conformal compensator ¥ with the conformal
properties (48). Strictly speaking, the action functional also depends on the gauge fields of
conformal gravity and the compensator, S[F; V, ¥]. This dependence will only be explicitly
indicated when necessary.

4.1. Self-Duality Equation

To formulate the equation of motion for the model S[F], we introduce

~ 1 OS[F]
ab abed
F]:= Fl=2
G [F] += 3¢ GulF] = 27—, ©3)
where the functional derivative of the action with respect to F is defined by
55 = / dtreor,, SO (94)
0Fy,

By construction, G, [F] is a primary field of dimension +2. Now the Bianchi identity (74)
and the equation of motion for S[F] are given by

V.FP =0,  V,G"[F]=0. (95)

Since (i) F, and G,;, have the same conformal properties, and (ii) the equations in (95)
have the same functional form, one may consider duality transformations

G'[F] \ _ GIF]
( o >_M< - ) M€ GL(2,R), (96)

such that the transformed quantities F/ and G’ also satisfy the equations in (95), where

58'[F']
SF,

G =G" =2 (97)
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The transformed action, S’'[F|, always exists. To demonstrate this, it suffices to consider the

a b
M:]l+<c d), (98)

with infinitesimal matrix elements 4, b, ¢, d. In this case one finds'?

infinitesimal transformation

65 = §(F] ~ S[F =(a + d)S[F) ~ d [ dixeF,, o)
ab
+%/d4xe{bf~F—cé~G}. (99)

The above consideration becomes nontrivial if the model under consideration is self-
dual, which means

S'[F] = S[F]. (100)

The contributions in the first and second lines of (99) should cancel out independently
of each other'®. In order for the contributions in the first line of (99) to vanish, we must
require one of the two options:

a=d=0; (101a)
SS[F]
b 5F,

i=d40 — /d4xeFa — 25[F]. (101b)

Now let us turn to the contributions in the second lines of (99). Maxwell’s theory is assumed
to belong to the family of self-dual models, which implies the following condition on the
parameters in (98):

b=— — /d4xe{ﬁ-F+é-G}:0. (102)

Option (101b) corresponds to a scale transformation

(1) o), ren .

Such a symmetry transformation exists in the case of conformal theories, including
Maxwell’s theory and its one-parameter deformation (128), known as the ModMax theory.
Scale transformations (103) do not preserve the energy—momentum tensor in the Maxwell
case (4) and should be discarded. As a result, we stay with the conditions (101a) and (102).
We see that the requirement of self-duality leads to the following fundamental properties:

*  Only U(1) duality rotations can be consistently defined in the non-conformal case,

G[F]\ [ cosA —sinA G|F] (104)
F ~ | sinA cos A F )
*  The action is a solution of the self-duality equation [30]

/ dixe (GUFIGy [F] + F'Fy ) =0, (105)

which must hold for an unconstrained two-form F,.
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It is instructive to give an alternative derivation of (105) by directly analysing the U(1)
duality transformations (104). For an infinitesimal duality rotation, we have

- N . 5 1 _
ab[F'] = Gap[F] = AFs = Ggp[F] + 2500 <4A/d4XEF'F> , (106)

where we have used the infinitesimal version of (104). On the other hand, from the
definition of G'[F’], it follows that

- 5S[F] 5 5
oo o o
CF =225 2(5F,5[ |+ 5F(ss> (107)
where S = S[F'] — S[F]. Since F/ = F + AG|[F], one can express 6 /5F’ on the right-hand
side of (107) via 6/4F to result with

- 5 ~
wlF') = GoslF) + 2505 <5s - i)& / d*xeGI[F]- G[F]) : (108)

Comparing the Equations (106) and (108) gives
1 4 ~ ~
S:Z/\/d xe (G[F)- GIF] — FF). (109)
On the other hand, the action can be varied directly to give
55 = /d4 mb OSIF) s _ A./ d*xeG[F] - G[F]. (110)
This is consistent with Equation (109), provided the self-duality Equation (105) holds.

The most well-known family of self-dual theories are U(1) duality-invariant models
for nonlinear electrodynamics

= G™(F). (111)

:/d4xeL(F) —  GU[F =2

For such models the self-duality Equation (105) turns into the equation discovered by
several authors [21,23,46]:

G (F)Gap(F) + F*PFy = 0. (112)

The term “self-duality equation” was introduced by Gaillard and Zumino [23,24].

In the case of U(1) duality-invariant theories with higher derivatives, one must use
the integral form of the self-duality Equation (105)'*. Further aspects of duality-invariant
theories with higher derivatives were studied, e.g., in [49,78,109,110].

4.2. Self-Duality Equation in Spinor Notation

Every real two-form F,;, = —F, can be equivalently described in terms of a symmetric
rank-two spinor F,g = Fg, and its conjugate F, p= Fﬁ&’ which are defined by the rule

(0") (0 )ﬂﬁ ab = 284 Fup + 2¢4pF, ap s (113)
such that the following identities hold:

Fup = —iFg, (114a)

1
EFub Hab

F*Hp + F‘*ﬁﬂm . (114b)
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Here we recast the results of the previous subsection in spinor notation.
The action S[F,;] considered in the previous subsection can equivalently be viewed as
a functional of F,g and its conjugate, S [Fx B Fa /g]. We define

8S|[F]
_ 4
55_/d vedfy Gy e (115)
and therefore,
OS[F] . «p
oy iGYF[F] . (116)

The Bianchi identity and equation of motion (95) take the form
VPiFus = VaPFyy,  VPiGuplF) = VP GylF) . (117)
Finally the self-duality Equation (105) turns into
Im / dixe (GW[FGyp[F] + F¥Ey) =0. (118)

Given a model for nonlinear electrodynamics, its Lagrangian L(F,) is a Lorentz scalar
that can be realised as a real function of one complex variable,

L(Fp) =L(w,®), w=a+ip=FPFg, (119a)
where
1 ab 1 ab T
= ZF Fah, ‘B:: ZF F[lh (119b)

are the independent invariants of the electromagnetic field [43]. The self-duality equation
Im(G"‘ﬁ [F]GaplF] + F”‘ﬁFaﬁ) =0 (120)

takes the form

aL\?
Making the Ansatz

L(w,@) = —% (w+@) +wad Aw,a), (122)

the self-duality equation turns into [30]:

Im{a(g’wA) @ (a(“’A)>2} —0. (123)

Jw

For theories possessing a weak-field limit, such as the Born-Infeld model, A(w, @) is
a real analytic function in a neighbourhood of w = 0. In this case the general solution of
(123) has the form [30]

(o)
ANw,@) = ), ApgwP@?,  Apg=2Agp €R, (124)
n=0 p+q=n

https://doi.org/10.3390/universe12060179


https://doi.org/10.3390/universe12060179

Universe 2026, 12, 179

20 of 59

where the self-duality equation uniquely fixes the level-n coefficients A, ,; with p # g
through those at lower levels, while A, , remain undetermined. This means that a general
solution of the self-duality equation involves an arbitrary real analytic function of one
real argument,

[ee]
2 Apnlw|™ . (125)
n=0

The same conclusion was reached in [21,111] by analysing a different form of (112).

In general, given a model for nonlinear electrodynamics L(w, @), the theory is parity
invariant if L(w, @) = L(@, w). It follows from (124) that self-dual nonlinear electrodynam-
ics is parity invariant.

Two comments are in order. Firstly, in the literature, one finds alternative forms of the
self-duality equation [21,24], but it is Equation (123) that turns out to be most convenient
for supersymmetric generalisations [29,30]. Secondly, let L(w, @) be a general model for
nonlinear electrodynamics. Such a theory is parity invariant if L(w,®) = L(@,w). It
follows from (124) that every self-dual nonlinear electrodynamics is parity invariant [30].

The well-known solutions of the self-duality equation are:

¢ The Maxwell theory

1
LMaxwell(wr‘D) = ) (w + (D) ; (126)

¢ The Born-Infeld theory

Lpi(w, @;¥) = ‘I’4{1 - \/1 +¥ 4 w+o)+ %‘I’*S(w - a;)Z} . (127)

Other explicit solutions of the self-duality equations were given in [111].

4.3. ModMax Theory

Until the year 2020, it was tacitly assumed that physically interesting solutions of
the self-duality Equation (112) should possess the weak-field limit (see, e.g., [111]) and
therefore, the self-interaction A(w, @) must be a real analytic function in a neighbourhood
of w = 0. Omitting the latter requirement, new solutions of the self-duality equation
become possible. A remarkable self-dual theory was discovered by Bandos, Lechner,
Sorokin and Townsend in [73]. Its Lagrangian has the form

1
Lym (w, @) = -3 (w+ @) coshy + Vw@sinhy, (128)

with <y as the coupling constant restricted to be non-negative, y > 0, to avoid superluminal
propagation. This theory is conformal, since there is no dependence on the compensator,
and reduces to Maxwell’s theory for v = 0. It is a one-parameter deformation of the
Maxwell theory, which is why (128) was called the ModMax (modified Maxwell) theory.
ModMax proves to be a unique self-dual and conformal model for nonlinear electrodynam-
ics.

The ModMax theory (128) is characterised by the self-coupling [81]

B _sinh’y 1/1 1
A (@, @) = W75(5+5)(cosh'y—1), (129)

which is evidently not of the form (124).
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The uniqueness of the ModMax theory is lost if one allows for higher-derivative
conformal and duality-invariant deformations [112].

4.4. Fundamental Properties of Self-Dual Theories

Self-dual theories possess several fundamental properties established in [19,22,24].

4.4.1. Duality Invariance of the Energy-Momentum Tensor

The energy-momentum tensor of every U(1) duality-invariant theory is duality in-
variant [19]. In general, given a self-dual theory with action S[F]|, an observable Y|[F] is said
to be duality invariant if it does not change under the duality transformations,

/ d*xe G,y ‘5;1:“: l_o. (130)
a

An example of a duality-invariant observable is
SIF) - [ dixer- Gl (131)

The duality invariance of the energy—-momentum tensor follows from the fact that
the vielbein is duality invariant. More generally, given a self-dual theory with its action
functional S[F; g|, depending on a duality-invariant parameter g (or a field), the following
observable Y[F; g] := 9S[F; g]dg is duality invariant'®. Indeed, applying an infinitesimal
duality transformation to Y[F; g| gives

d ]

_ L9 T oo 19 [ atee(c £LE) —
5%5—%55—2)\ag/dx€G G_zAag/d xe(G-G+F-F)=0, (132

since F is g-independent.

4.4.2.SL(2,R) Duality in the Presence of Dilaton and Axion

Given a U(1) duality-invariant theory S[F], the duality group can be enhanced to the
non-compact group SL(2,R) by coupling the field strength to the dilaton ¢ and axion a
fields [19,22], which is achieved by replacing'®

1 -
L(F) — L(F,t,7) :L(e_‘P/ZP)+EaF'F, T=a+ie ?. (133)

The fields ¢ and a are defined to be primary and dimensionless, and therefore, the La-
grangian L(F, T, T) is conformally primary and of dimension +4. The duality group acts
on the fields by transformations:

G\ [ab G , _at+b a b
<F/)_<Cd><F>, = <Cd>€SL(2,R). (134)

In addition to the Lagrangian (133), which describes the electromagnetic field coupled
to the dilaton and axion, a kinetic term for these scalar fields should also be included. There
are two possible cases:

¢ The model for nonlinear electrodynamics is not conformal. This means that its
Lagrangian, denoted above as L(F), explicitly depends on the compensator ¥,
L(F) = L(F;Y). Then, the SL(2, R)-invariant Lagrangian for the dilaton and axion is

TZ

L(T, T,T) - —an'rv”f, (135)
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where

1

ds® = Wdfdf = 2¢.:dTdT (136)

is the Kdhler metric on the Poincaré upper half-plane.
¢  Nonlinear electrodynamics is described by the ModMax theory (128), with Maxwell’s
theory corresponding to v = 0. Then, it is natural to choose the purely dilaton-axion
action to be conformal and SL(2, R) to be invariant. In general, its Lagrangian should

have a higher-derivative form
) = — # 1 + A X7 AT a=x ViAviRy =
L(t,T) = 2(Tm )2 { 2ATAT + (V VAT +V TV,;AT) + VvV TVaVbT}

1

- a b= = a —7b -
+ 12(im 1)} {th TVatVITVyT + VItV TV Tvbr} , (137)

with « and B being dimensionless coupling constants. Here we have denoted!”

o i N

VoVt = (vu n Evar) VT,  ATi= VIVt (138a)
A i
VAT = (vu + Evar) At. (138b)

It follows from the discussion in Appendix B that the Lagrangian (137) is conformal

primary.

As demonstrated by Osborn [113], and re-derived later in [114] in the framework of
induced N = 4 conformal supergravity, the higher-derivative model (137) originates as the
one-loop logarithmically divergent quantum correction in Maxwell’s theory coupled to the
dilaton and axion fields

1 1 .
L(F,7,7) = —Ze"ﬂF”bFub +40F F. (139)

This simple model may be generalised to a system of n Abelian vector fields coupled to
In(n+ 1) complex scalars parametrising the Hermitian symmetric space Sp(2n, R)/U(n).
Such a theory is conformal invariant and possesses the maximal non-compact duality
group Sp(2n,R). The corresponding induced action, obtained by integrating out the vector
fields, was computed in [115]. The induced action, which determines the logarithmically

divergent part of the one-loop effective action, is conformal and Sp(2n, R) invariant.

4.4.3. Self-Duality Under Legendre Transformation

Every U(1) duality-invariant theory is self-dual under a Legendre transformation [24].
Let us recall the definition of a dual formulation for an Abelian gauge theory with action
S[F]. We can associate with S[F] an equivalent first-order model defined by

S[F, Fp)] = S[F] — % / dxeF-Fp,  Fpo™ = Vohp! — VPp?, (140)
in which F,; is an unconstrained two-form (auxiliary field), and hp* is the dual gauge
field. Varying S[F, Fp| with respect to the dual gauge field leads to the Bianchi identity

V.F% =0, and then S [F, Fp] reduces to the original action S[F]. On the other hand, we can,
in principle, eliminate F,;, using its equation of motions G(F) = Fp to yield

SplFo] := (S[F] - %/d‘lxeF-ﬁD) ‘p:p(pD) . (141)
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This relation defines the dual formulation, Sp[F], of the theory. One often refers to (140) as
the parent action; see, e.g., [116].

So far, the action S[F] has been arbitrary. In the case that S[F] is a solution of the
self-duality Equation (105), it holds that

Sp[F] = S[F]. (142)

This result can be proved by making use of the duality-invariant observable (131). Its
duality invariance means that

S[F /d4xeF GIF] —f/d‘*xeF’ G (143)
for any duality rotation (104). For a finite rotation (104) by A = 71/2, this relation reads
1 -
S[F]fi/d‘LxePPD:S[FD], Fp = G[F] . (144)

4.5. The Ivanov—-Zupnik Formulation

A natural framework to generate U(1) duality-invariant models for nonlinear elec-
trodynamics is the Ivanov-Zupnik (IZ) approach developed in [70-72]. In the case of
theories without higher derivatives, it is a reformulation of the GZGR formalism [19,21-24],
which is obtained by replacing L(F,;) — £(F;, Vyp), where V,, = —V,, is an auxiliary
unconstrained two-form. More generally, the IZ reformulation is obtained by replacing the
action functional S[F] with the following:

1 1
S[F, V] = / dixe {41—*“”51,] + Ev”bvah - V“bFﬂb} + Gine[V], (145)

such that imposing the equation of motion,

o

5 SEVI=0, (146)

reduces the action (145) to S[F]. For theories without higher derivatives,

St [y / dxe Line(Vay) (147)

the equation of motion (146) is algebraic.
It may be shown that the self-duality Equation (105) is equivalent to'®

~ 0
/ dixe Vo sy Sime[V] = 0. (148)
Introducing (anti) self-dual components of V defined by
ve =Ly, 1 VE=FiVE, V=V"4+V-
ab_i( ab 11117)/ = F1 ’ - ’

Equation (148) turns into

)

/ dixe (V, v 2 V&V, V] =0. (149)
b b int
Ya (5V+ a 5Vab)
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This means that the self-interaction is invariant under rigid U(1) phase transformations,
Sin[ 7V, e V] = GV, V7], @ ER. (150)

We see that the condition of U(1) duality invariance is equivalent, within the IZ
formulation, to the U(1) invariance of the self-interaction Gint[V, V_]. For theories without
higher derivatives, Equation (147), condition (150) is equivalent to the U(1) invariance of
Sint ( Vi )/

Sint(€PVF,e V) = £n(VE,VT) = SV, V) = f(VT-VIVT.VT), (151)

with f(x) as a real function of a real variable. As follows from our consideration, associated

with such a function f(x) is a U(1) duality-invariant theory. Thus the IZ formulation

provides a powerful formalism to generate self-dual models for nonlinear electrodynamics.
Since £int(V,y) is a Lorentz scalar, it can be recast as a function of two invariants of V,,

Sint(Vi) = Line(v,7),  vi= VPV, (152)
where the symmetric rank-two spinor Vg and its conjugate V, p are defined as usual,
(0 )as (") g Vi = 24pVap + (0)aicl0 )V, = 2eup Vi (153)
The condition of U(1) duality invariance, Equation (151), becomes
Lint(Vap) = Linte (V) (154)
In the case of the ModMax theory (128), it holds that [81]
LintMM = KV VT, (155)

where the coupling constant « is related to by the rule

K

=T (156)

sinhy =

4.6. Higher-Derivative Deformations of the ModMax Theory

As an application of the IZ approach, we discuss, following [112], those higher-
derivative deformations of the ModMax theory that may contribute to a low-energy ef-
fective action of the theory. An important insight is obtained by considering the in—out
vacuum amplitude for the ModMax theory

7= /[QAa][QVab] 6[VaA® — @’]Det(Vz) exp{;lGMM[F, V]} , (157)
where A, is the gauge potential, F,;, = V,A;, — V,A,, and ¢(x) is a background scalar
field"”. In accordance with (145) and (155), the functional h716MM [F, V] is invariant under

re-scalings

h— /\zh ’ Fab(x) - /\Fah(x) ’ Vub(x) - /\Vab(x) : (158)
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Formally, the effective action is expected to possess such a scale symmetry. Thus it is natural
to assume that (a local part of) the effective action has the form

TaalF, V] = Syu[F, V] + 3 #TO[V], (159%)

n=1

and possesses the following properties: (i) hill"MM [F, V] is invariant under (158); (ii) each
functional T(") [V] is Weyl invariant; and (iii) each functional ") [V] obeys the condition
(148)?. A solution to these requirements is given by

e D00
/d Yo (159b)
where g, is a dimensionless numerical factor, and O, := V%V, is the conformal

d’Alembertian®!.
Our next step is to eliminate the auxiliary two-form V;;, by solving its equation of
motion (146). In the spinor notation, this equation is equivalent to

SN[V (160)

and its conjugate. The latter equations can be solved in perturbation theory, say, within the
loop expansion. For simplicity, our analysis will be restricted to the one-loop deformation
in (159), and we also set # = 1. Thus our model is

[0 (1/1/)1/8]

Shr/}Mdef_K'vv—i_g ( )1/4 7

(161)

where ¢ = ¢1. The equation of motion (160) takes the form

va,gzm—va;s{;(_)%ﬁ”[( ﬁ)gmc( ((")fé) (W)i@(w)éy}}. (162)

Eliminating the auxiliary fields gives

L =Ly + Q2 (0.04)°

g3
4(1— (k/2)?) (1 + (x/2))?
« { (3~ 12(x/2)% +20(x/2)*) (@ + @) — 4(x/2) (2 4 5/2 — 5(x/2)?

3 2

(DC(Q*% 0.01) — Q1 (004 )2>

+

+2(x/2)° +9(x/2)* + (x/2)5>0} +0(g%), (163)
where we have defined

Q:

(1+ (x/ 2)? fci“'zliz—)z()"z/ Jw+a) ;(CoshW +1) aLan . (164)

What is the significance of the composite field Q) appearing in (163)? Let S[F, V;g]
be the action corresponding to the self-coupling (161) and S[F; g| denote the U(1) duality-
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invariant model, which is obtained upon elimination of the auxiliary field V,;. Since the
parameter g is inert under the U(1) duality transformations, the functional

¥(g) = 5:SIPsg) (165)
is duality invariant for any value of g, in accordance with our discussion in Section 4.4.1. In
particular, Y(g = 0) is a duality-invariant functional in the ModMax theory. As demon-
strated in [118], any two duality-invariant local observables O (F; g) and O, (F; g), which
originate in self-dual nonlinear electrodynamics without higher derivatives, are functionally
dependent. In particular, every duality-invariant scalar observable O(F; ) in the ModMax
theory can be expressed as a function of (2. However, this is no longer the case if we
allow for functionals involving derivatives of the field strength F,,. Let us consider an
infinitesimal duality transformation in the ModMax theory

OrFpp = 1iAF,p (cosh'y —1/ %sinh 7)

= JHw =2iA (w cosh ¥ — Vw@sinh 7) . (166)
Introducing
I:=vw(1+coshy) —Vawsinhy = II=40Q, (167)
we observe that
oyl =iAl. (168)

This result immediately implies that (2 is duality invariant. Moreover, it also implies the
existence of new primary and duality-invariant observables, such as I (0.VT)?, which are
functionally independent of Q).

4.7. Flows in the Space of Self-Dual Theories

A few years ago, a remarkable result was established [118] for arbitrary self-dual
theories of the form (111). Given a one-parameter family of U(1) duality-invariant theories,
L(F;g), with ¢ as a duality-invariant parameter, the Lagrangian obeys a TT-like flow
equation

iL =5(Tp) (169)
ag T
for some function § of the energy-momentum tensor T,;,. This theorem extends several explicit
examples considered earlier in the literature in the context of TT deformations [119-121]. The
quoted result of [118] has been extended to nonlinear chiral theories in six dimensions [122].

5. Duality-Invariant Models for Conformal Gauge Fields

We are prepared to introduce U(1) duality-invariant models for conformal spin-s
gauge fields with s > 1 [41], as a generalisation of self-dual nonlinear electrodynamics.
For the real conformal higher-spin (CHS) field h, )4 (s), the analogue of Maxwell’s field
strength is the linearised spin-s Weyl tensor, which is described by C, »,), Equation (66),
and its conjugate C; o). Unlike Maxwell’s field strength, these primary fields are invariant
under the gauge transformation (65) only in conformally flat spacetimes, Equation (77). In
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what follows we restrict our attention only to conformally flat geometries. As discussed in
Section 3.1, C,(»,) obeys the Bianchi identity

vh (g - vﬁsé«s)ca(sﬂ%(s) =Viy Pi... vl’ts)BSCd(s)B(s) . (170)

Let us consider a dynamical system describing the propagation of /1, (5)4(s) on a confor-
mally flat spacetime. Its action functional S©*)[C, C] is assumed to depend only on the field
strength C, (5, and its conjugate C&(ZS) ; hence, it is manifestly gauge invariant. Next, we
assume that $)[C, C] is extended to a functional of an unconstrained field Ca(2s) and its
conjugate. We introduce the following primary field of dimension +2:

5sB)[C, C]

iMﬂ‘@S) = 5Cx(2s)

, (171)

where the functional derivative with respect to C*(2%) is defined by the rule

(25)0S@[C, C]

s ™~ _ 4 «
5S9[C,C) = / direoCt® =T e (172)
Varying S [C, C] with respect to Ny (s)a(s) leads to
VP i VP Magpe) = Vi - Vo P W0 - (173)

5.1. Self-Duality Equation

A crucial feature of our analysis above is that the functional form of the equation
of motion (173) mirrors that of the Bianchi identity (170). Consequently, the union of
Equations (170) and (173) is invariant under infinitesimal SO(2) = U(1) duality transfor-
mations:

5/\(Ca(25) = AM[X(2S) ’ 5/\Mo¢(25) = _/\Crx(Zs) ’ (174)

where A is a constant, real parameter. One may then obtain two equivalent expressions for
the variation in $©) [C, C] with respect to (174):

Y
5,80)[C,C) = T / d*xe {CMZS)(CWS) - M“@S)Ma(zs)} +cc.
= 7% / d*x e MM, 5 + .., (175)

as a generalisation of similar derivations in nonlinear electrodynamics [23,24,30]; see
Section 4.1. This implies the self-duality equation [41]:

Im / dixe {CHIC, 0 + MU PIM, 0} =0, (176)

which must hold for an unconstrained field C, 5, and its conjugate.
The simplest solution of the self-duality Equation (176) is the free CHS model

—_ S . —
s® [c,C) = % / d4xe{(C"‘(25)(C,X(2S) +C”‘<2S)Ca(2s)}, (177)

Free

which was introduced in [38,123,124] in the case of Minkowski space and extended to
arbitrary conformally flat backgrounds in [107].
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For models without higher derivatives,
56)[C, ¢ = / d*xel®(C,C), (178)
and the self-duality Equation (176) is equivalent to
Im {(C”‘QS)(C,X(ZS) i M"‘@S)Ma(zs)} =0. (179)

5.2. Examples of Self-Dual Nonlinear Theories

Now we consider several nonlinear solutions of the self-duality Equation (179).
Our first example is the following U(1) duality-invariant model [41]:

LY (c,c) = ‘1f4{1 - \/1 - (—1)5(CZ +C (- } , (180)

4 4y8

with C2 := (C“(ZS)CIX(ZS). This model is a higher-spin generalisation of the Born-Infeld
theory (127).
Another example is provided by the following self-dual and conformal theory [41]:

_ —1)8 _ =
Ll(\fgv[(C,(C) = (T) (C? + C?) cosh y + VC2C2sinh v, 7 €R. (181)
This is a higher-spin generalisation of the ModMax theory (128).

Now let us look for a solution to (179) of the form

LO(C,C) := L(&,9), (182a)

where we have denoted

&= -1 (C+E),  Pi= 5 (C-C). (1820)

For such a model, the self-duality Equation (179) turns into
P(LE — Ly — 1) =26LsLy, (183)

with Lg = dL/0& and Ly = dL/d*B. Equation (183) proves to be the self-duality equation
for nonlinear electrodynamics written in the form given for the first time by Bialynicki-
Birula [46]. The two invariants of the electromagnetic field [43] were defined in [46] as
s:—%(w+w):—}lpﬂb5b, le(w—a‘z):—%l-"”hfab, (184)
and this parametrisation has become popular since the work of Bandos, Lechner, Sorokin
and Townsend in [73]. The self-duality Equation (112) on the Lagrangian L(F,,) = L(S, P)
is
P(L% — 1% —1) = 2SLsLp . (185)

The above discussion implies that every model for self-dual nonlinear electrody-
namics admits a higher-spin extension.”’In particular, we can introduce a higher-spin
generalisation of the algorithm proposed in [126] to generate U(1) duality-invariant models.
Specifically, if the Lagrangian (182a) is a solution of (183), then the following model

—1)s

L9(C,C) ==L P), Q= (T (C? 4 C?) cosh v + V/C2C2 sinh v (186)
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is also a solution of the self-duality Equation (183). For example, applying this algorithm to
the higher-spin Born-Infeld action (180) gives [41]

_1)s
L](Ssl)gen((C’C) = ‘F4{1 - (1 - % [( 21) (C? + C?) coshy + VC2C2? sinhy
_ 1
((CZ _ (CZ)Z 2
s ) (- (187)

For s = 1 this model coincides with that introduced in [127].

5.3. Self-Duality Under Legendre Transformation

In the case of nonlinear (supersymmetric) electrodynamics, U(1) duality invariance
implies self-duality under Legendre transformations; see Section 4.4.3. This remarkable
property extends to the higher-spin case, as will be shown below.

We start by describing a Legendre transformation for a generic theory with action
S)[C,C]. For this we introduce the parent action

s®)[c, ¢, cP,CP] = sO)[C,C) + / diye (%C“(ZS)CE(Zs) +c.c.> . (188)

D

Here C, 5, is an unconstrained field, and (Ca(

2) has the form

€Dy = Vi, ' .. Vo oD

a(2s) gy 1.-026)B(s) 7 (189)

where haD(S)&(s) is a Lagrange multiplier field (a primary field of dimension 2 — s). Indeed,
upon varying (188) with respect to hE(s)tic(s)’ one obtains the Bianchi identity (170), and
its general solution is given by Equation (66), for some real field h“(s)a(s)B. As a result
the second term in (188) becomes a total derivative, and we end up with the original
action S©)[C, C]. Alternatively, if we first vary (188) with respect to C*(?%), the equation of
motion is

Mas) = —Clias) - (190)

D

which we may solve to express C,5;) as a function of (sz(ZS)

and its conjugate. Inserting
this solution into (188), we obtain the dual model

Sg) [CP,CP) := {S(S)[C, Cl+ /d4xe (%C”‘(ZS)CE@S) +c.c. (191)

)} ‘C:C(CD,CD) '

Now, given an action $¢°)[C, C], obeying the self-duality Equation (176), our aim is to
show that the following property holds:

sg)[c,C) =s9[c,Cl, (192)
which means that the corresponding Lagrangian is invariant under Legendre transforma-

tions. A routine calculation, being analogous to the one given in Section 4.4.3, allows one to
show that the following functional

s©)[c,C] + /d4xe (ica(zs)Mlx(zs) + c.c.) (193)
is invariant under infinitesimal duality rotations (174). Indeed, varying the two terms in an

invariant gives
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5,5¥)[C,C] = f% / dtx e MMM, (o) + cc., (194a)

5, [ a* (3©“<25>M = 1N [ dtxe (MM, ) — CHOIC 194b
A xely a(2s) TCC ) = 1 xe «(2s) (2s) ) T ( )
The sum of these variations is proportional to the left-hand side of the self-duality equa-

tion (176). Thus, the functional (193) is invariant under the infinitesimal transformation

(174). The latter may be exponentiated to obtain the finite U(1) duality transformations

M, (o5 = —sinA Cya5) + cosA My o) , (195a)
(C;(zs) = c0sA Gy oq) + sinA My g5 - (195b)

Performing such a transformation with A = 7 on (193) yields
s©)[c,C) = s¥[cP,CP) - /d4xe (%C“(ZS)CE(ZS) +c.c.) : (196)

Upon inserting this expression into (191), we obtain (192), which completes the proof.

In conclusion, we would like to give a simple proof of the fact that the general solution
of the Bianchi identity (170) in Minkowski space is given by Equation (66), for some real
field iy (5)4(s)- Let Cy(a5) be a field subject to the equation
0% 1) Cae)s) = w0 Cae)p(e) - (197)

(‘5‘1...

Introduce its descendant hi_(s)a (s) defined by

Baoyas) = 104, Cuoppie) = 9y - 0% Cuopprs) + (198a)
which is transverse,

PYs

Ba(s—1)Bi(s—1) — 0. (198b)

The Bianchi identity (197) tells us that hls)d(s) is real, hj(s)&(s) = ht

i (s)i(s)" Now we can

express C, ) in terms of (198a),

Cafas) = 00, P ... 0Pl

s gy 1005 ) B(S)

=0, P P

s Mg qans)B(s) 7

(199)

where O = 90, In the final relation the real field /1,54 (s) is not assumed to be transverse.
This field differs from Dishi_(s)a (s) by a finite gauge transformation,

Ry(s)a(s) = Dfshi(s)a(s) + 94, (i, Sy ts i) 7 (200)
with a real gauge parameter Ca(s—1)i(s—1)-

5.4. General Properties of Self-Dual Higher-Spin Theories

Self-duality under the Legendre transformation studied in Section 4.4 is one of the
fundamental properties of U(1) duality-invariant models for the spin-1 field. We have just
demonstrated that a similar property holds for U(1) duality-invariant higher-spin models.
It is natural to wonder whether other properties of self-dual nonlinear electrodynamics
extend to higher spins. The U(1) duality-invariant higher-spin models introduced in
Section 5.2 may be coupled to the dilaton and axion in such a way that the duality group
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gets enhanced to the non-compact group SL(2,R). Thus the results of Section 4.4.2 admit a
higher-spin generalisation.

Suppose we are given a self-dual theory, such that its action S [C, C; g] depends on
a duality-invariant parameter g. Then, repeating the arguments given in Section 4.4.1,
one observes that d5/dg is a duality-invariant observable. Thus one of the properties of
self-dual nonlinear electrodynamics reviewed in Section 4.4.1 has a natural higher-spin
extension. Unfortunately, the most important property—duality invariance of the energy—
momentum tensor—does not extend to the higher-spin self-dual theories. The point is that
for s > 1 all self-dual theories are formulated on a conformally flat spacetime. However,
the energy-momentum tensor is obtained by varying the action with respect to the vielbein.
Once the vielbein is given an arbitrary infinitesimal displacement, the resulting spacetime
is no longer conformally flat. There is a different derivation of this negative result. As
discussed earlier, the linearised spin-s Weyl tensor C,,,), Equation (66), and its conjugate
Ci(2s) are primary fields on an arbitrary curved background. However, for s > 1, they
are invariant under the gauge transformation (65) only on conformally flat spacetimes,
Equation (77). Given a self-dual theory S(s) [C,C;¥], with ¥ as the conformal compensator,
its action can be uniquely lifted to a generic curved background to remain conformal,
and then the energy-momentum tensor can be computed using the standard procedure.
However, the resulting energy—-momentum tensor T,;, will be neither gauge invariant nor
expressible entirely in terms C,(,,) and @MZS), even in the case of the free model (68).
Since (68) is conformal, the corresponding energy—-momentum tensor Ty(2)3(2) 1s @ primary
field of dimension +4. There_is now a way to express T, ;)55 in terms of the primary
dimension-2 fields C, o,) and Cj ) for s > 1.

5.5. Auxiliary Variable Formulation

As a generalisation of the Ivanov—Zupnik approach [70-72], here we will introduce a
formalism to generate duality-invariant models that makes use of auxiliary variables.
Consider the following action functional

SOIC,C,p,p) = (-1)° /d4xe {ZpC . %CZ} +cec+ 653 0,0 (201)

Here we have introduced the auxiliary variable p, ), which is chosen to be an uncon-
(s)
int
and higher powers of p,(5,) and its conjugate. The equation of motion for p*(%) is

strained primary dimension-2 field. The functional &, [p, p], by definition, contains cubic

G, 5
(=1)° 0Sine o, P
pa(Zs) = (CLX(ZS) + 2 5P‘§(25) .

(202)

This equation allows one to express p, (o) as a functional of C,(5,) and its conjugate. This
means that (201) is equivalent to a CHS theory with action

sOc, ¢l = (_Tl) / d*xeC? +ce. + S [C, O . (203)

int

Thus, (201) and (203) provide two equivalent realisations of the same model.
The power of this formulation is most evident when $©)[C, C] satisfies the self-duality
Equation (176). A routine computation reveals that this constraint is equivalent to

), 5
66, [0, p]
4 a(2s) int _
Im/d xep (5p,x(25) 0. (204)
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Thus, self-duality of action (201) is equivalent to the requirement that 61(1‘2 [0, ] is invariant
under rigid U(1) phase transformations:

&%, e 0] = &) [0,0], @ ER. (205)

For instance we can consider the model

2

il ¥) = [dxewis (2 e + ) (206)

where §(x) is a real analytic function of a real variable. However, such models are not
conformal if the action does depend on ¥. The condition of conformal invariance imposes
additional nontrivial restrictions.

5.6. Conformal U(1) Duality-Invariant Models

The higher-spin extension of the ModMax theory given by Equation (181) is conformal.
Unlike the original spin-1 theory (128), it is no longer unique. There exist other self-dual
conformal spin-s models. In order to construct such more general models, it is advantageous
to make use of the auxiliary variable formulation described above.

We introduce algebraic invariants of the symmetric rank-(2s) spinor p, (), which has
the same algebraic properties as the linearised spin-s Weyl tensor C, 5,):
p2 = (_1)Spa(s)ﬁ(s)p/§(s)a(s) ’ P3 = pzx(s)ﬁ(s)pﬁ(s)v(s)py(s)a(s) AR (207)
If s is odd, all invariants pZ”H, with 7 as a non-negative integer, vanish.

For simplicity, we restrict our analysis to the conformal graviton, s = 2. In this case
the family of invariants (207) contains only two functionally independent invariants [130],
p? and 3. In particular, one may show that

s=2:  pt=2(0?2. (208)

Now we choose the self-interaction in (201) to be of the form

/d4xe ) +x(p°p%)3 } (209)

where 8 and x are real coupling constants. The resulting model is clearly conformal and
U(1) duality invariant. For x # 0, elimination of the auxiliary variables p, (4) and p;(4) does
not result in a simple action like (181). In particular, such an elimination, to quadratic order
in the couplings, yields the following self-dual model:

() /d4xe{ 1 + 5 )(Cz—i—@z) -|-,B((C2(_C2)% +K(C3C3)%
(L (CPC+ (@2 1, (C2+(T2)2
27 (@i 120 (o)

1 ,(C)*(C?)* + (C3)*(C?)?
,ﬂ,{z o) +... } . (210)
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The ellipsis in (210) denotes additional contributions to the full nonlinear theory, which
are cubic or higher order in the coupling constants. We emphasise that for the special case
x = 0 the above action yields (181) upon making the identification

1+ (B/2)?

e =

h vy = .
cosh v 1= (B/2)

With « # 0 the action is ill defined unless C? # and C3 # 0.

For s > 2 the number of functionally independent invariants of p, ;) can be shown
to be 2(s — 1); see, e.g., [131], and therefore, one can define families of conformal U(1)
duality-invariant models.

6. Self-Dual Models for Complex Conformal Gauge Fields

This section is devoted to a review of the formalism of U(1) duality rotations for com-
plex conformal gauge fields developed in [42]. The simplest example of such a dynamical
system is that the free conformal gravitino model [107] is a conformally flat background. It is
described by a prepotential ¢, (3); and its conjugate, and the corresponding superconformal
action is

S [6,€) = [ dixeCOC, ) +ce., (212)

free
where the gravitino field strengths are given by Equation (88).

6.1. U(1) Duality Rotations for Conformal Gauge Fields

We now consider a general dynamical system describing the propagation of a complex
conformal field @y (,)4(n), With m > n > 0, in a conformally flat spacetime. The correspond-
ing action functional, which we denote as 5" [C, ], is assumed to depend only on the

gauge-invariant primary field strengths C 4] and C1! , defined in (82), and their

a(m+n) a(m—+n)
conjugates. We recall that these field strengths obey the Bianchi identity (92).
Considering $("") [C, C] as a functional of the unconstrained primary fields CLA(}n )
CLA(}H +n) and their conjugates, we may introduce the primary fields
sm+n+1p0r(A] — smmIC, €] cm+n-+1(A] — o5t |C, C]
! M“("ZJF”) T sClblalmtn) 7 ! Mtx(ern) T sCBla(mtn) (213)
where the variational derivative is defined in the following way:
s, €] = [ d4xe{(5@wa<m+n>w
4 SClAla(m+n)
y 6smm (€, C)
[Aa(mtn) T2 "1 2]
B ) }+c.c. (214)
The conformal properties of M‘[ﬁ]m +n) and M%ﬂ ) coincide with those of C:E(A(Jn +n) and
CLA(}W ) respectively,
orlal orlal 9\ worlal
KﬁBMlx(m+n) =0, DMa(m+n) - (2 o E)Moc(m+n) ’ (215a)
a VUL CSCAY 1
KﬁBMa(m+n) =0, DMa(m+n) - (2 + E)Ma(m-&-n) ’ (215b)

compare with (83).
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Varying smm) €, €] with respect to P ()4 (m) yields the following equation of motion:

N ; Vi ~[A]
.V'Bmam)M[A} — v(oqﬁl ...V, )/311 a(m)B(n) - (216)

B
VP - () B(m)

1
which is of the same functional form as the Bianchi identity (92).
It is clear from the discussion above that the system of Equations (92) and (216) is
invariant under infinitesimal U(1) duality rotations of the form

A] (4] [A] A[A]
ACotmm = Ml OV = —ACH L (217a)
— Apglal 1y
Ay = ML LGN = AT L (217b)

where A is a real parameter. One may then construct U(1) duality-invariant nonlinear
models for such fields. They may be shown to satisfy the self-duality equation [42]:

— / dhre {@[A]a(mm)@% " _|_M[A]a(m+n)MLA(]m +n)} tce =0, (218)

which must hold for unconstrained fields (@LA(]

ritn) and C‘[XA(]W ) The simplest solution of

this equation is the free action (84).

6.2. Self-Duality Under Legendre Transformations

The analysis given in Section 5.3 naturally extends to the case of complex conformal
fields.

We begin by describing the Legendre transformation of the model described by action
Stmm|[C, C]. To facilitate this, we introduce the parent action

S(E, €, 8, 8) = St (e, 8]+ {imt T [ dtre (CBR0nED

a(m+n)
Ala(m+n) s8]
+él ]"‘(m ")Ca(m+n)> n c.c.} , (219)

where CI[XA(LZ +n) and CLA(}n ) AT€ unconstrained fields, while @LA(]m +n) and éﬁ}n ) take the
form:

58] _ 3 "

Cman) = V(Mﬁl ... Va 13 ¢an+1 ) (220a)

#14] _ ' m (D)

Q:a(ern) = V(“lﬁl Va, :5 (pam“ B (220b)
where (/)(D) .(n) is a Lagrange multiplier field. Now, if one varies Equation (219) with

respect to 47“(1” i
whose general solution is given by (82). As a result, we recover the original self-dual model.

(A]

a(m+n)

()’ the resulting equation of motion is exactly the Bianchi identity (92),

Next, we vary the parent action (219) with respect to the unconstrained fields C

and ((V:LA(]m ) The resulting equations of motion are

(4] _ _ &l Vit _ _xlAl
M a(m+n) — _ro(ern) ’ Moc(ern) - _Q: a(m+n) ’ (221)
: ()] _ ol 5 & (4] _ ol G &
which we may solve to obtain (Ca(ern) = (Ca(ern) (¢,¢) and (Ca(ern) = sz(ern) (¢, Q)
Inserting this solution into (219) results in the dual action
Sprr)[&, €] = st (€, €, €, ] E-C(88) (222)
C=C(&,¢)
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Now, assuming that the action $(") [C, C] satisfies the self-duality Equation (218), we
will show that it coincides with the dual action (222)

sum (e, €] = s (e, ¢ . (223)

A routine calculation allows one to show that the following functional is invariant under
infinitesimal U(1) rotations (217):

sm+n+1
S(m,n)[@, ¢ + {1 ; /d4xe (M[A]a(ern)CLA(anm) + M[A]a(ern)(CLA(anm)) + C.C.} . (224)

Hence, it must also be preserved by the following finite duality transformations:

@;[fn]m) = cosA @LA(]mM) +sinA MLA(}HH) , (225a)
v Q(Arlw) = —sind @LA(]m-&-n) + cosA MLA(LM) , (225b)
Cix%lw) = cosA CLA(}ern) +sinA MLA(LH,I) , (225¢)
Ly = —sACLL L+ cosABILY, L (225d)

Performing this transformation on functional (224) with A = 7 yields

g(mn) [C,¢) = g(mn) & &) — {im+n+1 /d4xe (@[A]a(m+n)QVfLA(]m+n)

5 [A)a(m+n) (< [A)]
+ el ) +ec (226)
Upon inserting this expression into (222), we obtain (223).

Thus, the Lagrangian associated with any duality-invariant theory is invariant under
Legendre transformations.

7. Superconformal Gauge Multiplets

In Sections 8 and 9, we will review U(1) duality-invariant systems for N-extended super-
conformal gauge multiplets. The present section contains the preparatory material devoted to
a brief overview of the conformal superspace approach and superconformal multiplets.

The conformal superspace approach to describing A < 3 conformal supergravity in
four dimensions was developed in [86-88], and its ' = 4 extension has been sketched
in [89]. The formulations for the A' = 1 and N = 2 cases are reviewed in [132] and [133],
respectively. Beyond N = 4, only the conformal superspace with a flat connection [134] is
known (see [135-137] for a review).

7.1. Conformal Superspace with Flat Connection

Before discussing superconformal gauge multiplets, we provide a brief review of the
N-extended conformal superspace with a flat connection [134]. Our starting point will be
an N -extended superspace M**V, parametrised by local coordinates zM = (x™, 6/, 9;.1),
wherem =0,1,2,3, y =1,2, p = i,2and 1 = 1,...,N. We take the structure group to
be the superconformal group SU(2,2|N). Its Lie superalgebra, su(2,2|N), is spanned by
the super-translation Py = (P, f;t, Q_’l"), Lorentz M,;, R-symmetry Y and J i jr dilatation D,
and the special superconformal K4 = (K¢, S%, Si) generators. The graded commutation
relations for su(2,2|\') are collected in Appendix C.
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The superspace geometry is formulated in terms of conformally covariant derivatives
Va = (Va, Vi, V&), which take the form:

1 .
Va=EaMoy— EQAbCMbc — @/ JF —i®,Y — BoD — FapK®

= EaMay — QaPTMp, — QAﬁ"YMBW. — @K —i0AY — BAD — Fapk®,  (227)
where E4M denotes the inverse supervielbein, while the remaining superfields are con-
nections associated with the non-translational generators of the superconformal group.
The graded commutation relations of V4, with the superconformal generators X, =
(M, DY, Jij,KA), [Va,Xp}, are obtained from the relations [P4, Xg}, given in Ap-
pendix C by the replacement P4 — V4.

By definition, the gauge group of conformal supergravity is generated by local trans-
formations of the form

. ., 1 .
Vii=e¥Vie ™, #=0Vp+ EKhCMbC + D +ipY + x'; Vi + ApKP,  (228)

where the gauge parameters satisfy natural reality conditions. Given a conformally covari-
ant tensor superfield % (with its indices suppressed), it transforms under such transforma-
tions as follows:

w =’y . (229)

Within the conformal superspace approach to A-extended conformal supergravity
with A/ < 4 developed in [86-89], the graded commutator [V 4, V} is expressed in terms
of the corresponding super-Weyl tensor and its covariant derivatives. The super-Weyl
tensor Wy, ...«,_,, is covariantly chiral in the N < 4 case [86-88]; its structure is more
involved for ' = 4 [89]. In the case of N-extended conformal superspace with a flat
connection, the graded commutator [V 4, Vp} takes the flat-superspace form [134], which
means that

{Vi, Vf } = —2iiV,F (230)

and the other (anti)commutators are equal to zero. Since the super-Weyl tensor vanishes,
applying a gauge transformation (228) allows one (at least locally) to turn the covari-
ant derivatives V4 into Dy = (9,, Di, D¥), corresponding to N -extended Minkowski
superspace M4V, Upon degauging (A31) (compare with the non-supersymmetric case
described in Section 2.4), one ends up with a complicated algebra of covariant derivatives
given in Appendix D.

7.2. Primary Superfields

A tensor superfield % is said to be primary if it is annihilated by the special supercon-
formal generators K4 = (K7, S%,5),

KA% =0. (231a)
This superfield is said to have dimension (or dilatation weight) Ay and U(1)g charge g4, if
Du =Ny % , YU =qq9% . (231b)

Suppose we are given a primary chiral superfield @,

KA®d=0, Vi®=0. (232)
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Then it follows from the anti-commutation relation (A29d) recast in the form
{8, Py = 81l (2D + ) + 40j e — 46T, (233)

that ® can carry neither iso-spinor nor dotted spinor indices, ® = @, ;). Furthermore, the
U(1)r charge of @ is determined by its dimensions as follows:

Jo = —2As . (234)

There is a regular procedure to construct a primary chiral superfield @, ,,) of dimension
Ag. Let us introduce the following differential operators:

1 ' i it L oiive(@ %
Vo) = i Vi Vi oV (N):mel Nvfll...vlﬁ), (235a)
W_w a(N) -2N_w-, i (N)
N vy Vey V=S¥ VeV . (235b)

Here the totally antisymmetric SU(N') tensor ¢;,_; v is normalised as e N =g N =1
Let us also consider a primary SU(N)g neutral rank-n spinor superfield &,,), with the
superconformal properties

KBE“(H) =0, DEyu =Be—N)Eym), YEymu = 24-N— Aq;)E“(n) . (236)
Then the following descendant of &, ,,),

Doy = VB (), (237)
is a primary chiral superfield of dimension Aa(n).

7.3. Superconformal Actions

In order to formulate superconformal field theories in A/-extended conformal super-
space, there exist two action principles. One of them is given by an integral over the full
superspace,

S = /d4|‘WzE £, d¥WVz.— ¢*xdNed?Na,  E'=Ber(E4M),  (238)
where the Lagrangian is a primary real superfield of dimension 4 — 2/,
KiL=0, L=L, DL=4-2N)L. (239)

Using the superconformal properties of £, one may show that action (238) is invariant
under the gauge transformations (228) and (229).
Another action principle makes use of a primary chiral superfield L. of dimension

4-N,
KALc=0, ViL;=0, DL=(4-N)L. (240)

The associated action is given by an integral over the chiral subspace of the full superspace,

S, = / dxdNoe L., (241)
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with & being a suitably chosen chiral measure. The chiral measure is uniquely fixed by
requiring the following relation between (238) and (241):

/ N EL = / dxdNoe vV e . (242)

This relation allows one to evaluate the chiral measure by making use of superspace normal
coordinates following the procedure described in [138].

The chiral action (241) may be reduced to an ordinary conformal action (38) with
D = 4 by integrating out the Grassmann variables

SC:/d4xeL, L=v?¥gl| . (243)

In fact this result holds upon imposing a gauge condition that reduces the superspace
gauge group to that of conformal gravity.

7.4. N-Extended Superconformal Gauge Multiplets

Superconformal gauge multiplets in a conformally flat background are described by
complex tensor superfields Y, (;)4(n), 1,1 > 0. They are defined modulo gauge transfor-
mations of the form given in [134]:

mn>1: 5§Y¢x(m)ti((n) = Vi@a(m_l)a(n)i - Vaiéa(m)&(n_l)i ’ (244a)
m>1n=0: 5y = Vilam-1)i T ViiGaim)” (244D)
m=n=20: oY = Vijgi]' + vi]‘gij , (2440)

where we have introduced the second-order operators
Vil = V“(iV&) Vij = V&(IV;?‘) ) (244d)
The requirement that (244) is consistent with superconformal symmetry implies that
le(m){x(n) is primary,

B _
K®Y o (myam) =0, (245a)

and its dimension and U(1)g charge are as follows:

1
DYﬂc(m)ét(n) = *E (m +n+ AN — 4) le(m)tk(n) , YY[X(m)tk(n) = (m — n)le(m)&(n) . (245b)

Inthe m = n = s case, the gauge prepotential Y, ,);(s) may be consistently restricted

to be real, Y, (5)4(s) = Ya(s)a(s) (this reality condition will be assumed in what follows).
Then the gauge transformations (244) reduce to:

s>1: 6 Yo5)a(s) = Vabas—1)a(s)i = Vaila(s)a(s—1)' - (246a)
s=0: &Y =VIZ;+V;l. (246b)

It should be pointed out that the flat-superspace version of Equation (246a) first appeared
in [139], as a natural generalisation of the gauge transformation for linearised N' = 1
conformal supergravity [140].

https:/ /doi.org/10.3390/universe12060179


https://doi.org/10.3390/universe12060179

Universe 2026, 12, 179

39 of 59

A few comments are in order regarding the important cases N’ < 2. For N = 1, the
transformations in (244) are equivalent to those given in [107,141,142]:

mn>1: 6 Yymyam) = Valam-1)am) — Valam)i(n-1) - (247a)
m=>1n=0: 5Cth(m) = vﬂlgtx(mfl) + goc(m) ’ vIJ'cgoc(m) =0, (247b)
m=n=0: &Y=0+(, Vi(=0. (247¢)

Transformation law (247b) with m = 1 corresponds to the N' = 1 conformal gravitino
multiplet model [141]. Finally, the transformation law (247c) describes the N’ = 1 vector
multiplet [106].

In the N' = 2 case, the transformation law (244c) describes the linearised N = 2
conformal supergravity multiplet [143].

7.5. Primary Gauge-Invariant Field Strengths

Associated with the gauge prepotential Y, ,,)4(,) and its conjugate le(n) i(m) are the
following chiral descendants:

srlA)] _ 2N ; Ve _
a(m+n+N) (Y)=V (v“ﬁ)nva(N)Ya(M)ﬁ(ﬂ) ’ V?Wa(annJrN) =0, (248a)
WLA(}anrN) (Y) = V2N(v“ﬁ)mVa(N)Ya(n>ﬁ<m) ¢ V?WELA(LMHN) =0, (248b)

with 6 = m — n. It should be emphasised that, if m = n = s, the descendants in (248)
coincide, WLO(]ZS N T W(E(O(]zs LAY since Yy (5)4(s) is chosen to be real’*.
The chiral descendants in (248) have three fundamental properties. Firstly, they prove

to be primary superfields, and their superconformal properties are:

fylo] — 1Al _ 1 1]
KEW i =0, DW= 5 (4 - N) Wity - (249a)

ByylA) _ 5/14] _ 1 314]
KW, oy =0, DW= (44— M)W (249b)

Secondly, these descendants are invariant under the gauge transformations in (244),

5 Wil = 5, W2

a(m+n+N) a(m+n+N) — 0, (250)

and therefore, they may be interpreted as linearised gauge-invariant field strengths. Thirdly,
the field strengths in (82) obey the following Bianchi identity:

Nyl _ N 1 3\ BN) iy 1A
(V‘Ba)mv'g( )Wa(n)ﬁ(m+_/\/') =(-1) (mtn+ )(Wﬁ)”vﬁ( )Wa(m)ﬂ(n+/\/’) . (251)

7.6. Superconformal Higher-Spin Models

The free superconformal action to describe the dynamics of Y, (,)4(») and its conjugate is

SN [y, i) = e / dixd?Vo e Wl W (V) bee (@252)

Here & is the chiral integration measure. The overall factor of i”*" in (252) has been chosen
due to the identity

imntl /d4xd49 £ Wisla(m+n+A) (y iy 4] (Y) +cc. =0, (253)

a(m+n+N)

which holds up to a total derivative. If m = n = s and Y (5)4(s) = Yuc(s)éc(s) = Hy(s)a(s), the
right-hand side of (252) should be multiplied by 1/2.
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For N = 1, the flat-superspace version of (252) was first given” in [141] and then
extended to general conformally flat backgrounds in [107]. The extension to ' > 1
followed shortly thereafter [134].

8. Self-Dual Models for Superconformal Gauge Multiplets

This section provides a brief review of the N' = 1 duality-invariant theories for
superconformal gauge multiplets in N -extended conformal superspace with a flat con-
nection described in [41,42]. The corresponding formalism was modelled for the self-
dual models for N' = 1 and N/ = 2 vector multiplets [29,30], including supersymmet-
ric nonlinear electrodynamics. The latter theories have been studied over two decades;
see [51-53,65,74,75,77,79-81,121] for an incomplete list of references. That is why we will
not discuss them in some detail. However, we should make several related comments.

e Gauge-invariant and U(1) duality-invariant models for ' = 1 and N' = 2 vector
multiplets are defined on arbitrary supergravity backgrounds, which implies that the
supercurrent multiplet is duality invariant.

e The N = 1 vector multiplet corresponds to choice (244c) or, equivalently, (247¢). The
corresponding chiral field strength

W, = V2V, Y (254)

is invariant under the gauge transformation (247c¢) for any N/ = 1 conformal super-
gravity background [86].

e The N = 2 vector multiplet may be described by a primary chiral scalar field strength
W of dimension +1 and its conjugate W,

KAW=0, VW=0, DW=W, (255a)
subject to the Bianchi identity [145]
Viw = Viw . (255b)

This constraint is solved in terms of the curved superspace analogue of Mezincescu’s
prepotential [146] (see also [139]), Vj; = Vj;, which is a primary unconstrained real
SU(2) triplet, V;; = Vi = ke, The expression for W in terms of Vij was found
in [147]:

W= %V‘*Vifv--

i, KYW;=0, DV;=-2V. (256)

The field strength is invariant under gauge transformations of the form [148]:
6V = VL + Yl LM =4, (257)

with £, being primary and unconstrained modulo the algebraic condition given. In
the flat-superspace limit, the gauge transformation law (257) reduces to that given
in [139,146]. It is important to emphasise that W is invariant under the gauge trans-
formations in (257) in an arbitrary supergravity background.

*  Mezincescu’s prepotential V;; does not belong to the family of superconformal gauge
multiplets Y, (,,)4(») introduced in Section 7.4.
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8.1. Self-Duality Equation
Considering S(mmN) [W, W] as a functional of the chiral, but otherwise unconstrained,

superfields Wil Wil and their conjugates, we define the dual tensors

a(m+n+N)” 7" a(m+n+N)
N W TR
PRI _ 68N, W) Cacrl]
P My ) = SV Bla(m+n+A) 7 ViM,ntnary =0 (258a)
+n1gylAl _ 68mmAI [, W] = ienlAl
P Mt nn) = ) 0 Vi Magmenea) = 0 (258b)
where the variational derivative is defined as follows:
N W W
6SmmNIW, W) = [ dixd®Vo e {swislatmn ) oS [, W]
! SWIAla(m+n+N)
‘ (mmN) Wy W
[Ala(mn+N) OS [W, W]
+ 6V e }+c.c. (259)

Here £ denotes the chiral measure. The superconformal transformation law of the dual
superfields in (258) are characterised by the properties:

Byor(Al] (A]

KEW, oy =0, DI, = 5 (40— ) MW) (260a)
Byl _ [A] 1

KOV iy =00 DBy = 5 (408 N)VGE Ly (260b)

Additionally, varying S"N) [W, W] with respect to Y4((") yields the following equa-
tion of motion:

— ()Nt ) (7 By BN i) (261)

B ymBN) Al
(VPa)" VPRI AP )

a(n)p(m+N) —

It is clear that the Bianchi identity (251) and the equation of motion (261) are together
invariant under the following U(1) duality rotations:

s7(8] _ [A] [A] [A]

5)‘Wv<(m+n+./\/) )‘Ma(m+n+/\/) 5?\Ma(m+n+/\/) —AW (m+n+N) 7 (262a)
s7(8] _ [A] (4] s7(8]

5)‘sz(m+n+/\/) AMa(m—i-n—&-N) 5)\Ma(m+n+/\/') )Lwa(m—i-n-i-/\f) : (262b)

Here A = A is an arbitrary constant parameter. A routine analysis then leads to the
self-duality equation for SN [W, W]

smAn+1 4 12N sr[Ala(m+n+N)wylA] orlala(m+n+N) )]
L [ dbed®Vo e (Wikomt R el )
+cc.=0. (263)
We emphasise that this equation must hold for chiral, but otherwise unconstrained, super-
: s7lA] (Al
fields W:x(m+n+./\/) and Wa(m+n+./\/)'

The simplest solution of the self-duality Equation (263) is the free action (252).

8.2. Self-Duality Under Legendre Transformations

Earlier, we extended the well-known result, in (supersymmetric) nonlinear electrody-
namics, that U(1) duality invariance implies self-duality under Legendre transformations
to the case of general conformal gauge fields. Here, we will generalise this result to the case
of a superconformal gauge multiplet.
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We begin by introducing the parent action
SmmN) [y, W, 95, 955 =8N W, W]
n {im+n+1 /d4x dNg e (W[A]a(m+n+N)QV1]LA(]Tn+n+N)

4 oplAla(mtnt N )Wt[xA(]m-&-n-i-N)) + C_C_} ) (264)
in which Wle(]m ) and WLA(L fn) ATe chiral, but otherwise unconstrained, superfields,
while QAITI[XA(]m A and Qvﬁl[xA(]m ) take the form:

@LA(L+;1+N) - va(V“ﬂ)nvw(N)YS(Dr)n)ﬁ(n) ’ (2652)
QVBLA(}nﬂwN) - vZN(V""B)mvﬂé(/\f)\_{zgcl(jn))ﬁ(m) ) (265b)

Here YS(),BI)&(”) is a Lagrange multiplier superfield. If one varies action (264) with respect
to Y
a(m)

general solution is given by (248)?°. Consequently, we recover the original model.

(A] s71A]
a(m+n+N) and Wa(m+n+]\/’)

a(n)’ the resulting equation of motion is exactly the Bianchi identity (251), whose

Next, varying (264) with respect to W leads to

orlA)] _ _ognlal s7(8] _ _opll
Ma(m+n+/\/) - 7ma(m+n+]\/’) ’ Wa(m+n+/\f) - 7ma(m+n+/\/) ’ (266)

which we may solve to obtain

W[A] W[A}
®

_ 7 9 o
(m+n+N) — " a(m+n+N) (Qﬂ, QU) , W

a(m+nt+N) — Wz[xA] (QAH’ Qvn) : (267)

(m+n+N)

Inserting this solution into (264) leads to the dual action

(gt (268)
(20,20)

SN (g, 85] = SN (W, W, 9, 99|
W

=W
=W

Now, assuming that the action S(""N) [W, W] satisfies the self-duality Equation (263),
we will show that it coincides with the dual action (268)

S](Drﬁ,;i;/\/ ) [W, W] = SmmN) (W, W] . (269)

A routine calculation allows one to show that the following functional is invariant under
infinitesimal U(1) rotations in (262):

. . im+fl+1 N v
S(m,n,./\/) [W, W] + { 5 / d4x dwe £ (M[A]DC(M+H+N)WLA(]T”+11+N)
R ) ree ) (270)

Hence, it must also be invariant under the following finite duality transformations:

WAL A

w(mtntN) = cosA WLA(L+H+N) + sinA ML(m+n+./\/) , (271a)

v :X[(AH]HHN) = —sinA WLA(LHN) + cosA MiA(L+n+ N7 (271b)
W;[(An]1+n+/\/) = cosA Wt[xA(]m-&-n—«—N) +sinA MLA(],”+n+ K (271c¢)
o any = —SIAWLL L+ cosABILG), (271d)
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Performing this transformation on (270) with A = T yields
Smm) [, W] =) [,
a1l [ g4, 2N frlAla(m+n+N) gy [A]
= {imett [ dixaVee (WislornAgglh
FrlAla (m+n+N) wy[A]
+ et NI ) Feed (272)

and upon inserting this expression into (268), we obtain (269).

9. The N = 2 Superconformal Gravitino Multiplet

In the N/ = 2 case, the gauge-invariant chiral field strengths in (248) contain at least two
spinor indices, with W,z corresponding to the linearised A’ = 2 conformal supergravity.
The index-free field strength W, Equation (255), corresponds to the N/ = 2 vector multiplet.
There exists an N’ = 2 superconformal gauge multiplet, such that its gauge-invariant
chiral field strengths are spinor, W, and W,. This is the /' = 2 superconformal gravitino
multiplet constructed in 2023 [149]. In the same year, U(1) duality models for the N' = 2
superconformal gravitino multiplet were formulated [42].

9.1. Superconformal Gravitino Multiplet

Superconformal gravitino multiplet is described by a primary unconstrained iso-spinor
prepotential Y;, and its conjugate Y/, defined modulo gauge transformations of the form?’

Y = V¥ + V4. (273)

The gauge transformation (273) is superconformal, provided Y; is characterised by the
properties

KBY; =0, DY;=-YY; =-2Y;. (274)

Associated with Y; and Y; are the chiral field strengths W,, W,, which are defined as
follows:

Wa(Y) = VAVLY;:,  Wu(Y) = VAVIV,Y;. (275)

The field strengths prove to be primary in general curved backgrounds:

o o 1.4
KBW, =0, DW,= 5Wa, (276a)
KBW, =0, DW,= %W,X . (276b)

However, the gauge transformation (273) leaves the field strengths in (275) as invariant
only in conformally flat backgrounds:

Wepg=0 = 6W,=5W,=0. (277)

Here W,z denotes the N = 2 super-Weyl tensor (see [133] for a review). Such a geometry
will be assumed in what follows. It is important to note that the field strengths in (275)
satisfy the Bianchi identity

VAVIW, = TV, . (278)

https:/ /doi.org/10.3390/universe12060179


https://doi.org/10.3390/universe12060179

Universe 2026, 12, 179

44 of 59

9.2. U(1) Duality-Invariant Models

Here we consider a dynamical system describing the propagation of the N' = 2
superconformal gravitino multiplet in curved superspace. The associated action functional
S[W, W] is assumed to depend on the chiral field strengths W,, W, and their conjugates.

We now view S [W, W] as a functional of the unconstrained fields W,, W, and their
conjugates. This allows us to introduce the dual chiral superfields

M, := iM, VNI, =0, (279a)
oWe
M, := IM VM, =0, (279b)
oWe
where we have made the definition
SS[W, W] = / dbxdto e { owye S8V W] + sW* OS[W, W] +cc (280)
oW oW

The superconformal properties of the superfields in (279) are:

KBNMI, =0, DM, = -M,, (281a)

1

2
. . 3.
KEM, =0, DM, = EMa . (281b)

Varying S[W, W] with respect to Y; yields the equation of motion
ViV = ViV, , (282)

whose functional form mirrors that of the Bianchi identity (278).
It is clear from the discussion above that the system of Equations (278) and (282) is
invariant under the U(1) duality rotations

Wy =AML, 6N, = —AW,, (283a)
LW, =AM, , 6,M, = —AW, . (283b)

One may construct U(1) duality-invariant models for Y;. Their actions satisfy the self-
duality equation

Im / dixdte £ { W, + NN, | =0, (284)

which must hold for unconstrained fields W, and W,. The simplest solution of this

equation is the free action”®

SFree [W/ W] = /d4Xd49 £ W“Wlx + c.c. (285)

9.3. Self-Duality Under Legendre Transformations

We begin by describing a Legendre transformation for a generic theory with action
S[W, W]. For this we introduce the parent action

S[W, VW, g, 9] = S[W, W] + {i / dixd0 € (Woall, + W) +cc ). (286)
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Here th and W,X are chiral, but otherwise unconstrained superfields, while 9, and 27,
take the form

W= VAVLYP, W, = VIVIVLYY, (287)

where YP is a Lagrange multiplier superfield. Indeed, upon varying (286) with respect
to YP, one obtains the Bianchi identity (278), and its general solution is given by Equa-
tion (275), for some primary iso-spinor superfield Y; defined modulo the gauge transfor-
mations in (273) and characterised by the superconformal properties in (274). As a result
the second term in (286) becomes a total derivative, and we end up with the original model.
Alternatively, if we first vary the parent action with respect to W, and W, the equations of
motion are

~

sz = *Q,\noc ’ Moc = *Qvntx ’ (288)

which we may solve to express W, and W, in terms of the dual field strengths. Inserting
this solution into (284), we obtain the dual model

SDual [QAH, Q"n] =S [W, W! Q,\nr Qvn] ’ (289)

where the vertical bar means setting W = W (213, 95) and W = W (20, 21).
Now, given an action S[W, W], satisfying the self-duality Equation (281), our aim is to
show that it satisfies

SDual [W/ W] = S[W/ W] ’ (290)

which means that the corresponding Lagrangian is invariant under Legendre transforma-
tions. A routine calculation allows one to show that the following functional

SOW, W)+ {5 [ dtxdio € (W, +F1W,) +cc.} (291)
is invariant under (280). The latter may be exponentiated to obtain the finite U(1) duality
transformations

W = cosA W, + sinA M, , M/, = —sinA W, + cosA N, , (292a)
W = cosA W, + sinA M, , M, = —sinA W, 4 cosA M, . (292b)

Performing such a transformation with A = 7 on (291) yields
S[W, W] = S[2, 28] — {i / dxd*6 & (W, + 9, ) + c.c.} . (293)
Upon inserting this expression into (286), we obtain (290).

10. Discussion and Conclusions

In this paper we have reviewed the self-duality equations for (super)fields of arbitrary
(super)spin and supersymmetry types, as the necessary and sufficient conditions for a
theory to possess U(1) duality invariance. One may think of the self-duality equations
as a “periodic table” of self-duality. It is pertinent here to list the self-duality equations
corresponding to the two types of (super)fields that most often occur in practice: (i) m =
n=sand(iiym=n+1=s+1.
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e Ina U(1) duality-invariant theory for the real gauge field 1 s)4(s), with s > 0, the
self-duality equation is

Im / dixe {CIC, 0 + MUBIM, ) | =0. (294)

e InaU(1) duality-invariant theory for the complex gauge field ¢, (s1.1)3(s), with s >0,
the self-duality equation is

Re/d4xe {(Ca(ZSH)Cx(ZsH) +I\7[[“(25+1)M“(25+1)} =0. (295)

This equation is the special case of (218) corresponding to A = 1. The simplest example
of such a gauge field is the conformal gravitino, s = 1.

e InaU(1) duality-invariant theory for the real gauge superfield H,s)4(s), with s > 0,
the self-duality equation is

Im /d4x aNog {W“(ZS+N)Wa(zs+N) JrI\/Ha(szr/\/)MQ(ZSH\[)} —0. (296)

e InaU(1) duality-invariant theory for the complex gauge superfield Yo (s+1)a(s) With
s > 0, the self-duality equation is

v

Re/d4x Ve {W“(ZHHN)W,X@SHJFN) i M“(ZS+1+N)Ma(zs+1+N)} —0. (297)

This equation is the special case of (263) corresponding to A = 1. The simplest example
of such a gauge superfield occurs in the case of N' = 1 supersymmetry and is the
conformal gravitino multiplet ¢, [107,141] corresponding to s = 1.

It follows from Equations (296) and (297) that chiral field strengths carry at least
N undotted spinor indices. In the case of N = 1 supersymmetry, at least three self-
dual superconformal models are known in which the superfield strengths W, ;1) and
WN(ZS +2) Woc(Zs 42 are realised. In the case of N = 2 supersymmetry, making use of the
gauge multiplets in (244) does not allow one to realise chiral superfield strengths W,, W,.
However, we have seen in Section 9 that such field strengths correspond to the N' = 2
superconformal gravitino multiplet.

The case of N' = 3 supersymmetry is quite interesting. Here making use of the gauge
multiplets in (244) does not allow one to realise chiral superfield strengths: (i) with one
spinor index and (ii) with two spinor indices. It is remarkable that option (i) corresponds
to the linearised ' = 3 conformal supergravity [88]?”. The unconstrained prepotential
for N = 3 conformal supergravity is a traceless Hermitian superfield H = (H' j),ttH=0,
which is defined modulo gauge transformations of the form

, } IR o

O H'j = Vidh + Vil — 201 (VEgE + ViLE) - (298)

This transformation law is superconformal, provided H is characterised by the properties:
KBH; =0, DH;=-2H;. (299)

Since H is Hermitian, YH! j=0.
Associated with H is the gauge-invariant superfield strength

W, = sile6kaVfXH"j ’ (300)
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which is a primary chiral superfield:
iy 1
KW, =0,  ViW,=0, DW,= W,, (301a)
which obeys the Bianchi identity
isjklvikV”‘lW,x = isiklvjkVMW”" . (301b)

Using W, and its conjugate Wy, one can construct the superconformal gauge-invariant
functional

Stcesg[W, W] = % / d*x d®0 £ WAW, + c.c., (302)

which describes propagation of the linearised conformal supergravity multiplet in confor-
mally flat backgrounds. The overall numerical coefficient in (302) is chosen in accordance
with the identity

i / d4x d®0 E WAW, +c.c. =0, (303)

which holds up to a total derivative. This action functional (302) extends the one proposed
by Siegel in 1981 [151] to an arbitrary conformally flat background.

It may be shown that the model (302) possesses U(1) duality invariance. This is most
easily seen by noting that the equation of motion for H’ jis

e VEVIM, = iV Vg M* (304)

where M, = —iW,. Hence, the off-shell constraint (301a) and dynamical equation above
are together invariant under the rigid U(1) rotations

Wy =AMy, HMy=-AM,, A€R. (305)

The above realisation serves as a starting point in constructing nonlinear self-dual
extensions of linearised conformal supergravity. Such a duality-invariant nonlinear theory
is described by an action Sy [W, W], which is assumed to depend only on W, and its
conjugate. Considering this as a functional of the chiral, but otherwise unconstrained
primary superfield W, (and its conjugate W), we may define the dual chiral field strength

o 5SNL [W, W]

iM,, :
1 0 5W“ 7

. 1
ViM, =0, KEM,=0, DM,= Mo, (306)

where the variational derivative is defined as follows:

SSnL[W, W]

Ul — 4 6 o«
5Snr[W, W] —/d xdo € swe SN

+ c.c. (307)

Now, varying St [W, W] with respect to H' j yields the dynamical equations in (304), where
M, is defined in Equation (306). This model may then be shown to possess U(1) duality
invariance (305), provided the following self-duality equation holds:

Im / déx d% £ { W W, + MM, } =0, (308)
where W, is taken to be a general chiral spinor.

Funding: This work was supported in part by the Australian Research Council, project DP230101629.

https:/ /doi.org/10.3390/universe12060179


https://doi.org/10.3390/universe12060179

Universe 2026, 12, 179

48 of 59

Data Availability Statement: No new data were created or analyzed in this study.

Acknowledgments: I am very grateful to my collaborators on conformal (super)gravity, conformal
higher-spin (super)fields, and nonlinear self-duality for their contributions to the results reviewed in
this work. My special thanks are extended to Emmanouil Raptakis for fruitful collaboration on the
projects [41,42,88] essential for this review, as well as on an early version of this work. Comments on
this manuscript by Jessica Hutomo and Ian McArthur are gratefully acknowledged. I acknowledge
the kind hospitality of the INFN, Sezione di Padova, the Department of Physics at the University of
Mons, and the Department of Physics at the University of Munich, during my visits in June—July 2025.

Conflicts of Interest: The author declares no conflicts of interest. The funders had no role in the
design of this study, in the collection, analyses, or interpretation of the data, in the writing of this
manuscript, or in the decision to publish the results.

Abbreviations

The following abbreviations are used in this manuscript:
BRST-BV  Becchi-Rouet-Stora-Tyutin Batalin—Vilkovisky
GZGR Gaillard—Zumino-Gibbons—Rasheed

1z Ivanov-Zupnik
CHS Conformal higher-spin

Appendix A. Conformal Algebra

For completeness, in this appendix, we re-derive the conformal algebra (7a) from
the algebra of conformal Killing vector fields on Minkowski space MP parametrised by
Cartesian coordinates x* = (x,x!,...,xP~1). Let & = &(x)d, be a vector field on MP. Tt
is called conformal Killing if the following equation holds:

[&,04] = —K"[¢]0p — (€100, Kaup[&] = —Kpal€], (A1)

for some descendants K, [¢] and ¢[¢]. The equation implies that

(0uly — ), old] = =t (A2)

Kgpg] = a[agb] = D

1
2
and the vector field & obeys the standard conformal Killing equation
) = 5 (Oals + 0da) = nar[E]. (A3)
The general solution of (A3) is
& (x) = a” 4 ox® — K%x? +2xb - x — b°x?, (A4)

with b - x = 17,,b"x". The constant parameters in (A4) correspond to a spacetime translation
(a%), Lorentz transformation (K,; = —Kp,), scale transformation (¢), and special conformal
transformation (b”). The explicit expressions for the parameters in (A2) are:

Kap[¢] = Kap +4bpxyy,  0lf] =0 +2b-x. (A5)

Given two conformal Killing vector fields ¢; and ¢, their commutator ¢y, ¢» is also
conformal Killing. The Lie algebra of conformal Killing vectors on MP is isomorphic to
s0(d,2). Let Xz = (Pu,Mab,]D), K?) be the generators of s0(d,2). The conformal Killing
vector fields corresponding to X; will be denoted as {;(X). They are given by

‘ga(P) =9da, Cap (M) = Zx[aab] ’ g(D) = xhab ’ §a<K> = xuxhab - xzau . (A6)
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The first-order operator corresponding to (A4) is
i 1
§ = A" = a"Ca(P) + 5Ky (M) +0G(D) +b°Ga(K) , (A7)

and it is associated with the element A?X; € s0(d,2). We can work out the commutation
relations between the operators X;. For this we consider a primary dimensionless scalar
field with the conformal transformation law

6P = A"X;® =P (A8)
Applying two subsequent variations gives
0,05, P = MM XX ® = 05,019 = 6162P, (A9)
and therefore,
[0,/ 02,1 © = MSAT [Xa X5 )@ = — [62,&1] - (A10)

Using this definition and making use of the first-order operators (A6), one can read off the
commutation relations in (7a).

Appendix B. Conformal Differential Operators and Composites

The formalism of conformal gravity, which has been reviewed in Section 2, is quite
powerful for constructing conformal differential operators and primary composite fields.

Let £ be a space of conformal primary fields of a fixed tensor type and dimension. A
differential operator © on this space is defined to be conformal if

K'O¥ =0, VYeg. (A11)

Here we consider simple examples of conformal operators.
Let ¢ be a primary scalar field

K'¢=0, Dp=Ap. (A12)
With O, := V?V, we obtain
KyO,p=4(A+1-D/2)V,®. (A13)

Operator O, is conformal for A = D /2 — 1. The degauged form of this operator is

1 1
Ocp = (D'De —288%)¢,  §'a=—5P%= —mR. (A14)

What about the higher-derivative operator O.0.? A short calculation gives
KpO.0.¢9 =8(A+2—-D/2)V,0:.P . (A15)

We see that the operator 0.0, is conformal for A = D /2 — 2. This is the famous Fradkin-
Tseytlin—Paneitz operator [152-154]*". In the D = 4 case, the degauging of 0.0, gives

0.0 =00 -D"(2R,;, D’ — 2RD,), O=D"D,. (A16)
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It follows that
/d4x eI O = /d4x e {Dlpmgb +2(R% — %ﬂ“bR)DuwDbgb} , (A17)

for any primary scalar fields i and ¢ of dimension 0.

Now let ¥ be a nowhere vanishing primary scalar field of dimension A # 0,
Equation (48), in four dimensions, D = 4. One may check that O.0.In Y is a primary
field [156],

KpOcO:In¥ =80, Vy(D+2—-2)In¥Y =0. (A18)
The degauging of 0.0, In ¥ leads to

0.0:In¥ =00InY — D" (2R, D' In¥ — 2R D, In'¥)

1 1 1
+ A(EDR — SRR+ 8R2) . (A19)

It follows that the primary field cebedc 4+ 4A~10.0,In'¥, introduced in [156], differs
from the Gauss—Bonnet invariant

cbedc,, s —2R™MR,, + §R2 (A20)

by a total derivative. It should be pointed out that the expression in the first line of (A19)
vanishes in a dilatation gauge ¥ = const.

Let T be a primary complex dimensionless scalar, DT = 0. Associated with T and its
complex conjugate T is the following composite primary real field of dimension +4:

Y = (6 — D)O.t0,T+2(D —2) (varvumcf + V”fvumcr)
+(D =2)*V*VPtV,V, T, (A21)
K*Y = 0. The degauged form of this field is
Y = (6 — D)Ot0O% +2(D — 2) (D“TDHDT + D'tD,07 +4(D — Z)f“bDarDbT)
+(D —2)’D*DPtD, D, . (A22)
In the D = 4 case, we obtain
1 4 4 = ab 1 ab -
_E/d xeY = /d XE{DT\:\T+2(R — 3" R)DarDbT} . (A23)

Comparing the relations in (A17) and (A23), we see that the conformal operator 0.0, and
the composite primary field (A21) allow us to generate the same fourth-order conformal
functional in four dimensions. Some o-model applications of the composite primary field
(A23) are described in Section 4.4.2.

In conclusion, we follow [94] and consider a conformal higher-derivative operator is
six dimensions, D = 6,

o~ (V'Y Cea) V' (A24)
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compare with the result in [157] for primary covariants in six dimensions. This operator is
conformal on the space of primary dimensionless scalar fields. Given a nowhere vanishing
primary scalar field ¥ of dimension A # 0, its descendant [94]

(D? - g(VthCabcd)V”VC) InY (A25)

proves to be primary. It may be shown [94] that the D = 6 Euler invariant can be presented
as a linear combination of (A25) and the composite (C3 and COC) primary fields (41) and
(42) constructed from the Weyl tensor.

Appendix C. The N-Extended Superconformal Algebra

In this appendix, we spell out our conventions for the N -extended superconformal
algebra of Minkowski superspace, su(2,2|A')*. The superalgebra su(2,2|\) is spanned by
the super-translation Py = (P,, i, Q’l"), Lorentz M,;, R-symmetry Y and J i jr dilatation DD,
and the special superconformal K4 = (K?, S%, Si) generators. The commutation relations
for the conformal subalgebra su(2,2) of su(2,2|N) are given in Equation (7a).

The R-symmetry group U(\) is generated by the U(1) (Y) and SU(N)g (J7;) generators,
which commute with all elements of the conformal algebra. Amongst themselves, they
obey the commutation relations

7, 3] = 83K, — ok, (A26)
The superconformal algebra is then obtained by extending the translation generator

to P4 = (Ps, Q), Q%) and the special conformal generator to K4 = (K?,5%,5%). The
commutation relations involving the Q-supersymmetry generators with the bosonic ones

are:
[Map, Q1) = (0)2°Q5, [Map, QF] = (00) 7507, (A27a)
Q] =30, [BQY =50k, (A27b)
i1 _4-N i N —4 <
[Y,Q;] = TQ,X , Y08 = TQ:‘ , (A27¢)
[17,Qk] = —65Q% + —(S’Q [, Q%] = 6,QF - %5}@%, (A27d)
(K%, Q5] = —i(o") S5, (K%, QF] = —i(o)PgsP . (A27¢)

At the same time, the commutation relations involving the S-supersymmetry generators
with the bosonic operators are:

[Mas, ST] = —(0w)p"SE [Mas, S4] = —(0)P4S}, (A28a)
[D,Sf] = —%s;*, D, 8] = *%5_,@, (A28b)
[Y,8¢] = NN tsr, Y, 8] = %53@ (A280)
1}, 5¢] = &S} — /1/ ISy, [0, 58] = —65S; + N(SZS", (A28d)
(88, P] =i(0y)*5QF ,  [Sh Py] = i(03)ePQf (A28¢)
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Finally, the anti-commutation relations of the fermionic generators are:

{Qh, Qf} = —2i6(0")a P, = —2185P ", (A29a)

{81, 8} = 26l (0")"4 K, = 20]K"%, (A29b)

{81, Qp} = 3l (20— ) — 40]M" s + 40307, (4290)

{5, 00} = 6 (2D + Y ) + 40 M1 — 4000 (A29d)

Appendix D. Degauged Conformal Superspace with Flat Connection

According to Equation (229), under an infinitesimal special superconformal gauge
transformation .# = AgK?®, the dilatation connection transforms are as follows:

6 yBa=—2A4. (A30)

As a result, it is possible to impose the gauge By = 0, completely fixing the special

2

superconformal gauge freedom®”. Hence, the corresponding connection is no longer

required for the covariance of V 4 under the residual gauge freedom and may be extracted
from V 4,

Vi = Dy—Fapk?. (A31a)

Here the operator D4 involves only the Lorentz and R-symmetry connections
1 .
Dy =E Moy — EQAbCMbC — @ 5 —iDAY . (A31D)

The next step is to relate the special superconformal connection § 45 to the torsion
tensor associated with D 4. To do this, one can make use of the relation

[Da, D} = [Va, Vi}+ (Pagsc — (—1)4bDpFac) K + FaclKS, Vi}
—(=1)48Fpc[KS, Va} — (—1)BF 4cFpp [KP, K} . (A32)

In conjunction with the algebra in (230), this leads to a set of consistency conditions that
are equivalent to the Bianchi identities of U(N') superspace [158,159] with a vanishing
super-Weyl tensor. Their solution expresses the components of § 4p in terms of the torsion
tensor of U(N) superspace and determines the algebra [D4, Dp }. We omit such an analysis
here and instead simply present the geometry of D 4 below. The interested reader is referred
to [136] for the complete analysis.

Appendix D.1. N' = 1 Case

In the N/ = 1 case, the algebra of covariant derivatives (A32) may be brought to the
33

form
{D,X, Dﬁ} = 74RM043 , {D,j(, ,D,B} = 4RM’5‘B P (A33a)
{Ds, D} = —2iDys, (A33b)
[Du, Dyy] = ieas (R Dy + G7yDy — DTGP 3M,5) +iDzRMyg
i S i 5
— gSWﬁXWM’y‘B - gﬁlxﬁXBY ’ (A33C)
[Dti(, ’Dﬁlg] = _isdﬁ (R Dﬂ + Gﬂ,Yny — ’Z_)’YG}gJM,w) - IDﬁRMaﬁ
i i

+ 380~(‘BX7M75 - gthBXﬁY . (A33d)
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Here R is a chiral scalar superfield
DiR =0, YR = —6R, (A34a)
while X, is the chiral field strength of a U(1) vector multiplet
DiXe =0, D'Xy=DiX",  YX,=-3X,, (A34b)
and Gy, is a real vector superfield. These are related via
Xy = DyR—D*Gyy, (A34c)
DG, = %D(“Xm : (A34d)

This supergeometry is a U(1) superspace [128,158,159] with a vanishing super-Weyl tensor.

Appendix D.2. N > 1 Case

As was shown in [136], it follows from Equation (A32) that for N > 1, the algebra of

degauged spinor covariant derivatives takes the form™*:

{Di, Dy} = 48T Myp +deap Y M — 4e,55ipT, + 8YS D), (A35a)
(D}, D} = ~2i8iD,f + 4(81G™ +1GP}) My + 4(61Gas +iGay' ) MPT
+8GP I + 461G I — 2(5]GiP +iGaP )Y (A35b)
The dimension-1 superfields introduced above have the following symmetry properties:

Si=8', Y=Y ==Y},  Guii=0, (A36)

and satisfy the reality conditions

ST=Sj, Y=Y, Gpa=Guy, Gpj=—GCuli- (A37)
The U(1)g charges of the complex superfields are®:
YS” _ 2(4;[-/\/-) Sz] , YY;]‘B _ 2(4./:/’-/\/') Yﬂl‘]‘B ) (A38)
Further, they satisfy the Bianchi identities:
DI =0, Dysk —iDPiGY,; = A%(si(f (21‘)0.(15")’ - iDﬂmGﬁ-k)l) , (A39a)
(i i)k kil _ _plicik  pbyil _ N2
D( Yy, =0, ol Y= —Dj sk, DY, _ZDE Gﬁ) i1 (acﬂ)ﬁ (A39b)
(O N SV RPN (N) i g b i)
DGk = 77 7PuCpp 19k - DPuCpp’k = N_lp(aGﬁ)ﬁ 19 (A39¢)
i ~ap i N+2]aﬁz B cij
DG _2(N+1)(N DG D].S). (A39d)

This defines a U(N') superspace with a vanishing super-Weyl tensor. For N < 4, it is the
conformally flat limit of the supergeometry due to [158,159].
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In the literature, the two-form field strength F,;, is often called the Maxwell tensor or the Faraday tensor. In fact, to the best of
our knowledge, it was introduced for the first time by Minkowski in 1908 [43], who also rewrote the Maxwell equations in the
modern relativistic form, including the equations for the free electromagnetic field (2).

At the heart of the solution is the existence of an upper bound on values of the electric field strength in the Born-Infeld theory,
whichis |E| < g1

There exist only five maximally supersymmetric backgrounds in four-dimensional V' = 1 off-shell supergravity [59]: (i) M*;
(ii) AdSy; (iil) R x S3; (iv) AdS; x R (or its covering AdS; x R); and (v) a pp-wave spacetime isometric to the Nappi-Witten
group NW, [60]. The Maxwell-Goldstone multiplet models for partial N' = 2 — A = 1 supersymmetry breaking are known for
all of them except for AdSy.

One may compare this formalism with the Weyl-covariant tensor calculus developed by Boulanger [96].

For completeness, the derivation of these commutation relations is provided in Appendix A.

Owing to its dependence on the dilatation connection, this curvature tensor does not satisfy the Bianchi identity R = 0
unless b, = 0; see the following subsection.

The symmetry property C,pcq = Cegqp is not independent and follows from the others.

In vector notation, this gauge field is equivalently realised as a totally symmetric and traceless rank-s tensor field /) defined by
(=2)°ha(s) = (Fay) ™ . ()" Bys)a(s) -

It is evident that, for the special case m = n = s, these descendants coincide: @[O] = C[O]

w(2s) a(2s)"
We have appended this label to the field strengths in (82) to eliminate ambiguities. In particular, its role may be appreciated by
noting that the field strengths for the gauge fields ¢, (3)4(2) and ¢, 3)4 are of identical tensor types.

The conformal gravitino model can be extracted, e.g., from the action for ' = 1 conformal supergravity [83,84] by linearising it
around a Bach-flat background; see [107] for the technical details.

We often use the notation F - G = F?*G,, implying F-G=F-Gand F-G = —F - G.

In particular, in a parity invariant theory, these contributions involve functional structures of opposite parity.

Duality-invariant theories with higher derivatives naturally occur in N = 2 supersymmetry [29,30].

Partial derivative d/0dg should be replaced with a functional derivative if g is a field.

Our discussion here is restricted to self-dual theories of the form (111).

The Christoffel symbols for the Kahler metric (136) are I = i(Im7) ! and TT#z = —i(Im )L

This condition has a natural generalisation to 4n dimensions [117].

The in—out vacuum amplitude is independent of ¢(x), in accordance with [5].

These properties imply, in particular, that the ModMax coupling (155) cannot be generated as a loop quantum correction.

In four dimensions, the operator [J; is conformal when acting on the space of primary dimension-one scalar fields; see Appendix B.
There is a higher-dimensional analogue of this result. Specifically, every model for self-dual nonlinear electrodynamics in four
dimensions has a U(1) duality-invariant extension to 4p > 4 dimensions [125].

This result may be established by making use of the spin projection operators [107,128,129]; see also an alternative proof given
below.

In the super-Poincaré case, practically all chiral field strengths given in our paper were introduced (perhaps in a somewhat
disguised form) many years ago in [128,144].

Extension of (252) for A = 0 to the case of N = 1 anti-de Sitter superspace was also given in [141].

The latter claim may be proved by making use of the superspin projector operators [128,144].

The prepotentials Y; and Y/ may be embedded into harmonic-superspace prepotentials introduced in [150].

The N = 1 superspace reduction of this action is described in Appendix B.

Option (ii) still remains mysterious so far.

This operator was discovered by Fradkin and Tseytlin in 1981 [152,153] and re-discovered by Paneitz in 1983 [154]. It is known
as the Paneitz operator in the mathematics literature. The same operator was used by Riegert in 1984 [155] for the purpose of
integrating the Weyl anomaly.

Our normalisation of the generators of su(2,2|N) is similar to [38].

Actually, there is a class of residual gauge transformations which preserve this gauge. They lead to the super-Weyl transformations
of the degauged geometry.

We emphasise that this algebra will not coincide with (A32). This is because we have simplified the geometry by performing the

shift Dos — D + 5GPaMyp — §GuP My — 1GaaY.

In the A" = 2 case, the torsion tensor Y;]ﬁ is reducible and should be replaced with %sij Y, B

We note that these torsions are uncharged for N = 4. This follows from Y acting as a central charge in this case.
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