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Abstract

The proper-time method for constructing perturbative dynamical gravitational fields is
presented. Using the proper-time method, a perturbative analytical model of gravitational
waves against the backdrop of an exact wave solution of Einstein’s equations in a Bianchi IV
universe is constructed. To construct the perturbative analytical wave model a privileged
wave coordinate system and a synchronous time function associated with the proper time
of an observer freely moving in a gravitational wave are used. Reduction of the field
equations, taking into account compatibility conditions, reduces the mathematical model of
gravitational waves to a system of coupled ordinary differential equations for functions of
the wave variable. Analytical solutions for the components of the gravitational wave metric
have been found. The stability of the resulting perturbative solutions for the continuum
domain of parameters is proven. The linear stability of the exact solution for a gravitational
wave in the anisotropic Bianchi IV universe for the continuum domain of parameters
is demonstrated.
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1. Introduction
The emergence of gravitational wave astronomy ten years ago in 2015 [1–4] opened

up a new channel, beyond electromagnetic radiation, for obtaining information about the
universe, astrophysical processes, and objects. Obtaining information about nature from
this new, additional channel of information dramatically expanded the possibilities of
observations and theoretical research in astronomy, astrophysics, and cosmology.

Current observational data from ground-based and satellite observatories and their
interpretation have posed a number of complex questions for researchers in these fields:
modeling the early stages of the universe’s dynamics; adequately describing the accelerated
formation of galaxies, stars, and black holes; interpreting observational data of the cosmic
microwave background (CMB), including its anisotropy [5]; investigating the stochastic
gravitational wave background (GWB) of the universe [6,7]; and investigating the phenom-
ena of ”dark energy” and ”dark matter”, among other topics. Research in these areas has
reached the cutting edge of modern physical science. The role of gravitational waves in
this research has greatly increased.
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Gravitational waves in the early stages of the universe’s dynamics [8–10] could have
played a significant role in the accelerated formation of inhomogeneities in the primordial
plasma, dark matter, and matter and in the formation of galaxies, stars, and black holes.
Gravitational waves could have had a significant impact on the formation of the cosmic
microwave background [11] and its observed anisotropy. Detection of gravitational waves,
theoretical interpretation of observational data from ground-based detectors, and obser-
vation of the stochastic gravitational wave background [12] by both direct and indirect
methods using the Pulsar Timing Array [13–15] can provide information about many astro-
physical processes. Projects for satellite gravitational wave detectors and the development
of indirect methods for observing low-frequency gravitational waves are underway.

However, the theoretical basis for gravitational wave research is less well developed
than that for electromagnetic radiation. The models and significance of gravitational waves
in the early stages of the universe’s development are poorly understood. Methods for
detecting low-frequency gravitational waves, which are important for studying the early
stages of the universe and the dynamics of astrophysical processes, are in their infancy.

The complexity and nonlinearity of the field equations of gravity lead to difficulties in
constructing both exact and perturbative solutions for complex gravitational wave models
and in interpreting them. Nevertheless, a number of exact gravitational wave solutions
have been constructed and studied [16,17], including in our papers [18–21]. Perturbative
and numerical research methods continue to develop rapidly [22–28].

Detection of a gravitational wave and electromagnetic signal from the merger of two
neutron stars in 2017 [2–4] showed with high accuracy that the speed of gravitational waves
is equal to the speed of light, which has imposed restrictions on a number of theoretical
models and methods used to describe gravitational waves. The use of coordinate systems
with wave variables along which the spacetime interval vanishes to describe gravitational
waves in theoretical models has thus received experimental confirmation.

Theoretical studies that simultaneously incorporate both electromagnetic and gravita-
tional fields play a significant role [29–34] as the basis for mutually complementary and
mutually controlling sources of information on astrophysical processes from different ob-
servation channels. Work on modified gravity theories, which claim to adequately describe
both the early universe and the phenomena of ”dark energy” and ”dark matter”, is also
of particular interest [35–39]. The selection of realistic theories can use gravitational wave
models and observational data to evaluate them.

The discovery of anisotropy in the cosmic microwave background of the universe [5]
has prompted a number of studies to interpret this fact [40–42]. A number of researchers
have justifiably criticized the proposed kinematic interpretation of the observed anisotropy
of the electromagnetic background [43,44]. Given the anisotropy of the observed microwave
electromagnetic background, anisotropic spacetime models [45–47] in the early stages
of the universe’s dynamics, including Bianchi universe models, are of interest, as are
possible processes of their further isotropization, given the current state of the universe.
Deviations of spacetime from isotropy can significantly influence current estimates of
observational data and their interpretation [48]. Gravitational waves could also have
a significant influence here.

Analytical models of gravitational waves in Bianchi universes are benchmarks, mathe-
matical compasses, and data interpretation tools, used in theoretical physics, cosmology,
and numerical calculations in gravity theory. One of the first analytical models of gravita-
tional waves in the Bianchi VII universe (Lukash plane waves) was first considered in [49]
and played an important role in subsequent research [50]. When we want not just to explore
numerical simulations of phenomena, but to study the mechanisms of phenomena in the
early stages of the universe’s evolution, we need analytical models. Given observational
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data on the anisotropy of the CMB and existing theoretical models, we must consider
the possibility of anisotropy in the universe in its early stages. To interpret anisotropy
phenomena, we must have analytical models of gravitational waves in Bianchi universes.
Analytical models of gravitational waves can reveal new mechanisms: parametric res-
onance, amplitude enhancement, and directional dependence. Models of gravitational
waves in Bianchi universes serve as a testing ground for quantum gravity and modified the-
ories of gravity. For example, the anisotropy of Bianchi universes is a much more efficient
particle generator than isotropic expansion within the Friedman–Robertson–Walker (FRW)
cosmology. The particle production rate is proportional to the square of the anisotropy
shear tensor, which in the early universe yields a huge energy output compared to the
isotropic FRW case [51–54]. Quantum effects in an anisotropic background are orders
of magnitude more powerful, since anisotropy breaks the conformal symmetry of the
metric [55]. In an isotropic FRW universe, the metric is conformally flat. For massless
fields, this means no particle production. Anisotropy breaks this symmetry. Gravitational
waves in anisotropic universes can “convert” gravitational energy into particle production,
unlike in the FRW model. The isotropization of Bianchi universes and the transition to the
currently observed isotropic state of the universe are significant research topics. Thus, the
concept of “mixing” has been proposed, where anisotropy behaves as a high-order chaotic
gravitational wave [56,57]. The stochastic chaotic behavior of gravitational waves in the
universe near the “beginning of time” has been discussed in famous works [58,59].

Perturbative secondary gravitational waves, as perturbations of strong gravitational
waves in the early universe, can play a significant role in the accelerated formation of
inhomogeneities in primordial plasma, dark matter, and matter, in the formation of the
stochastic gravitational wave background of the universe, and in the isotropization pro-
cesses of the universe during its dynamics.

This paper constructs one of the first analytical models of perturbative gravita-
tional waves in the strong gravitational wave background of the Bianchi IV universe.
The underlying strong gravitational wave background is an exact solution to Einstein’s
vacuum equations.

2. The Proper-Time Method
When constructing both exact and perturbative models of dynamic gravitational fields

(gravitational waves) against the backdrop of exact solutions of field gravitational equa-
tions, privileged wave coordinate systems with null variables, along which the spacetime
interval vanishes, are often used. On the other hand, the dynamic nature of the gravitational
field in the models under consideration implies the possibility of an explicit dependence
of the metric on the time variable. Therefore, in our proposed method for constructing
perturbative dynamic models, we assume that the functions of perturbative corrections
to the base (background) metric depend on both the wave variable and time. As a func-
tion of time, we propose using the proper time of free particles on geodesics of the base
(background) spacetime. Therefore, we call this method “the proper-time method”. In this
paper, this approach is successfully tested using the example of an exact wave solution and
a perturbative wave solution for a Bianchi IV universe.

The construction of the time function τ as a function of the variables of the used
coordinate system can be based on the exact or perturbative solution of the geodesic
Hamilton–Jacobi equation for the test particle action function in the background spacetime
with metric gαβ:

gαβ ∂τ

∂xα

∂τ

∂xβ
= 1. (1)
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Constructing the complete integral of the geodesic Hamilton–Jacobi Equation (1)
allows us to find the time function on the geodesics of the base spacetime and makes it
possible to transition (if necessary) to a synchronous reference frame (SRF) associated with
a freely moving observer [60]. The observer’s proper time τ can be chosen as the uniform
time of the new synchronous reference frame, and the spatial variables can be chosen such
that the observer in the new SRF is at rest.

One of the known methods for constructing the complete integral of the geodesic
Hamilton–Jacobi Equation (1) is the method of complete separation of variables in privi-
leged coordinate systems, which has been developed for this equation by many authors,
beginning with work by Paul Stäckel [61] and finally developed in the works of Vladimir
Shapovalov [62–64].

3. Exact Model of Gravitational Waves in the Bianchi IV Universe
In a privileged wave coordinate system with a wave variable x0 along which the

spacetime interval vanishes, the wave metric for a Bianchi space of type IV can be written
in the following form [45,65]:

ds2 = 2 dx0dx1 −
(
x0)2ω

αγ − β2

[(
α log2(x0) + 2β log(x0) + γ

)(
dx2
)2

− 2 (α log(x0) + β) dx2dx3 + α
(

dx3
)2]

,

(2)

det gαβ = −
(
x0)4ω

αγ − β2 , 0 < x0, β2 < αγ, (3)

where the constants α, β, γ, and ω are the parameters of the wave gravity model in a
Bianchi space of type IV.

The spacetime admits a covariantly constant vector Kα, i.e., it is plane-wave spacetime:

∇αKβ = 0 → Kα =
(
K0, 0, 0, 0

)
, K0 = const (4)

The homogeneity of this space is determined by the system of Killing vectors X(1), X(2),
and X(3), which in the wave coordinate system used can be chosen in the following form:

Xα
(1) =

(
0, 0, 1, 0

)
, Xα

(2) =
(
0, 0, 0, 1

)
, Xα

(3) =
(
−x0, x1, ωx2, ωx3 − x2). (5)

The commutation relations for the Killing vectors have the following form, defining a
Bianchi space of type IV:[

X(1), X(2)

]
= 0,

[
X(1), X(3)

]
= ωX(1) − X(2),

[
X(2), X(3)

]
= ωX(2). (6)

The wave spacetime under consideration has three independent non-zero components
of the Riemann curvature tensor:

https://doi.org/10.3390/universe12040110

https://doi.org/10.3390/universe12040110


Universe 2026, 12, 110 5 of 23

R0202 =

(
x0)2ω−2

4(β2 − αγ)
2

[
−α
(

α2 − 4αγ(ω − 1)ω + 4β2(ω − 1)ω
)

log2(x0)

− 2
(

α2(β − 4γω + 2γ) + 2αβ(β(2ω − 1)− 2γ(ω − 1)ω) + 4β3(ω − 1)ω
)

log(x0)

− 4α
(

β2 + β(γ − 2γω)− γ2(ω − 1)ω
)
+ 4β2(−2βω + β − γ(ω − 1)ω) + 3α2γ

]
,

R0302 =

(
x0)2ω−2

4(β2 − αγ)
2

[
α
(

α2 − 4αγ(ω − 1)ω + 4β2(ω − 1)ω
)

log(x0)

+ α2(β − 4γω + 2γ) + 2αβ(β(2ω − 1)− 2γ(ω − 1)ω) + 4β3(ω − 1)ω
]

,

R0303 =−
α
(

α2 − 4αγ(ω − 1)ω + 4β2(ω − 1)ω
) (

x0)2ω−2

4(β2 − αγ)
2 .

Einstein’s vacuum equations for the metric (2) provide an additional condition relating
the model parameters:

α2 − 4ω(ω − 1)(β2 + αγ) = 0. (7)

The Weyl conformal curvature tensor for the model under consideration, given admis-
sible parameter values, cannot vanish, and the model cannot degenerate into a conformally
flat spacetime.

In the paper [65] for this exact wave model, solutions were found for the equations
of motion of test particles and, thanks to this, a law of transformation from a privileged
wave coordinate system to a synchronous reference system was found, where an observer
freely moving in a gravitational wave is at rest and the time according to the clock of this
observer is used as the unified time of the new synchronous reference system [60].

4. Linear Perturbations of an Exact Gravitational Wave
The background strong gravitational wave metric in a Bianchi IV universe, which is

an exact solution to Einstein’s vacuum equations, can be represented in a privileged wave
coordinate system as follows [65,66]:

ds2 = 2 dx0dx1 +
(

x0)2ω
(

1
4ω(ω − 1)

−
(

µ + log(x0)
)2
)(

dx2
)2

+ 2
(
x0)2ω

(
µ + log(x0)

)
dx2dx3 −

(
x0)2ω

(
dx3
)2

,
(8)

0 < x0, 0 < ω < 1. (9)

where µ and ω are independent parameters of the background gravitational wave and x0

is the wave variable along which the spacetime interval vanishes.
We will seek the perturbative (secondary) gravitational wave metric in a wave coordi-

nate system with the wave variable x0, which determines the background field metric of
the strong gravitational wave. The spacetime interval along the wave variable vanishes. In
the wave coordinate system, we have g00 = g11 = 0.

In accordance with the perturbative approach and using the proper-time method, we
seek the perturbative gravitational wave metric in the form

gαβ = gαβ
B + ϵ Ωαβ

(
x0, τ

)
, (10)

where gαβ
B is the background field metric (8), ϵ is the dimensionless smallness parameter

(ϵ ≪ 1), τ is the synchronous time according to the clock of an observer freely moving
against the background of the basic exact wave solution of the gravitational field equations.
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The background exact gravitational wave model was constructed in [65]. The syn-
chronous time function τ = τ(x0, x1, x2, x3) for the case under consideration can be repre-
sented in the used wave coordinate system in the following form:

τ2 =
(2ω − 1)

(
x2)2(x0)2ω

4ω(ω − 1)

[
4(1 − 2ω)2(ω − 1)ω log2(x0)

− 4(µ − 1)2ω − 1 + 8ω
(

2ω2 − 3ω + 1
)
(µ(2ω − 1) + 1) log(x0)

+ 16µ2ω4 + 16(1 − 2µ)µω3 + 4
(

5µ2 − 6µ + 1
)

ω2
]

− 2 (2ω − 1)2 x2x3(x0)2ω
(

µ(2ω − 1) + 1 + (2ω − 1) log(x0)
)

+ (2ω − 1)3
(

x3
)2(

x0)2ω
+ 2 x0x1 .

(11)

Linearization of Einstein’s vacuum equations for the metric (10) yields very cumber-
some equations, which we will not write out. An example of the format of the resulting
field equations can be found in Appendix B, where the initial form of the equation for the
scalar curvature R = 0 is given. A study of the compatibility of these field equations with
respect to the variables x2 and x3, on which the synchronous time function τ depends,
after rather cumbersome but obvious calculations, leads to the following structure of the
dependence of the components of the perturbative (secondary) gravitational wave metric
on the time τ and the wave variable x0:

Ω00 = Ω11 = 0, (12)

Ω01 = A01(x0), Ω02 = A02(x0), Ω03 = A03(x0), (13)

Ω12 = B12(x0) τ2 + A12(x0), Ω13 = B13(x0) τ2 + A13(x0), (14)

Ω22 = A22(x0), Ω23 = A23(x0), Ω33 = A33(x0). (15)

Here, the arbitrary functions of their arguments Aαβ(x0) and Bαβ(x0) arise as a result of
integrating the compatibility conditions of the field equations over the variables x2, x3, and
τ as “constants of integration”.

We have already partially fixed the coordinate freedom of the metric by choosing a
wave coordinate system and assuming that the two correction functions Ω00 = Ω11 = 0.
Now, after refining the structure of the metric, we have the opportunity to additionally fix
three more arbitrary correction functions in the metric using coordinate transformations
(see Appendix A for details). Since Ω01 is included in g01 and depends only on x0, by
transforming the wave variable x0, we can convert g01 to unity and A01(x0) and Ω01 to
zero. The functions A12(x0) and A13(x0) are included in the correction functions Ω12 and
Ω13 and in the components of the metric g02 and g03 only additively and therefore can be
set equal to zero by coordinate transformations. Thus, the coordinate gauge freedom is
maximally fixed.

The compatibility conditions for the linearized field equations contain an autonomous
subsystem of two coupled first-order differential equations for the functions B12(x0) and
B13(x0), which can be reduced to the following form:

B′
12(x0) =

4ω

x0

(
B12(x0)

[ (
4ω3 − 8ω2 + 6ω − 2

)
log (x0)+

µ
(

4ω3 − 8ω2 + 6ω − 2
)
+ ω(2ω − 3)

]
+ 2B13(x0)

[
1 − 2ω3 + 4ω2 − 3ω

])
,

(16)
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https://doi.org/10.3390/universe12040110


Universe 2026, 12, 110 7 of 23

B′
13(x0) =

1
x0

(
2B12(x0)

[
8µ2ω4 + 2

(
6µ2 − 6µ + 1

)
ω2 +

(
−4µ2 + 4µ − 2

)
ω

+ 8(1 − 2µ)µω3 + 4(ω − 1)ω
(

µ
(

4ω2 − 4ω + 2
)
+ 2ω − 1

)
log(x0)

+ 4
(

2ω3 − 4ω2 + 3ω − 1
)

ω log2(x0) + 1
]

− 4ωB13(x0)
[

µ
(

4ω3 − 8ω2 + 6ω − 2
)
+ 2ω2

+
(

4ω3 − 8ω2 + 6ω − 2
)

log(x0)− 3ω + 2
] )

.

(17)

From here on, the superscript denotes the derivative with respect to the variable on which
the function depends.

From the system of Equations (16) and (17), independent equations can be obtained
by increasing the order of the equations. Thus, from Equation (16), we can express the
function B13(x0) in terms of the function B12 (and its derivative):

B13 =
4ωB12

(
2(ω − 1)

(
2ω(ω − 1) + 1

)(
µ + log(x0)

)
+ ω(2ω − 3)

)
− x0B′

12

8ω(2ω3 − 4ω2 + 3ω − 1)
. (18)

Then, from Equation (17) using relation (18), we obtain a second-order differential equation
for the function B12(x0):

B′′
12 = −

(8ω + 1)x0B′
12 + 8ω

(
4ω3 − 8ω2 + 7ω − 1

)
B12(

x0
)2 . (19)

The solution to Equation (19) is as follows (β2 > β1):

B12 = b1
(
x0)β1 + b2

(
x0)β2 . (20)

As shown below, for the stability of the resulting perturbative solution, it will be necessary
to set b2 = 0. Here b1 and b2 are constants of integration, and the parameters β1 and β2 are
solutions of a quadratic equation of the following form:

β2 + 8ωβ + 8ω
(

4ω3 − 8ω2 + 7ω − 1
)
= 0. (21)

The parameters β1 and β2 are determined through the parameter ω of the gravita-
tional wave:

β1 = −4
(

ω +
√

2ω(1 − ω)(ω − 1/2)2
)

, (22)

β2 = −4
(

ω −
√

2ω(1 − ω)(ω − 1/2)2
)

. (23)

The values of parameters β1 and β2 for all allowed values of the gravitational wave
parameter ω are shown in Figure 1.
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Figure 1. Parameters β1(ω) (dark blue line) and β2(ω) (light yellow line).

Using the solution for B12(x0), we obtain the function B13(x0) from Equation (18):

B13(x0) =
b1β1

(
x0)β1 + b2β2

(
x0)β2

8ω(1 − ω)(2ω2 − 2ω + 1)
− ω(3 − 2ω)

(
µ + log(x0)

)
B12(x0). (24)

As shown in paper [65], along geodesics the wave variable x0 is proportional to the
synchronous time τ. Then the correction functions Ω12 = τ2B12 and Ω13 = τ2B13 will be
limited in time when β1 < β2 < −2 for the following region of parameter ω:

1/2 < ω < 1. (25)

Since in the admissible region of parameter ω we have the relation β1 < β2 < −2, at large
times τ we have the following behavior:

lim
τ→∞

Ω12 = lim
τ→∞

τ2B12 → 0, lim
τ→∞

Ω13 = lim
τ→∞

τ2B13 → 0. (26)

From the compatibility conditions of the field equations, we additionally obtain a coupled
system of two second-order differential equations. For the function A02(x0) we have

A′′
02 =

2
x0

(
A′

02

(
2µω2 − 2µω − 2ω + 2ω

(
ω − 1

)
log (x0)

)
+ 2ω

(
1 − ω

)
A′

03 +
(
x0)2B′

12(x0)

− 2x0B12

(
4ω
(

2ω3 − 4ω2 + 3ω − 1
)

log (x0)

+ 8µω4 + (4 − 16µ)ω3 + 6(2µ − 1)ω2 − 4µω + ω − 1
)

+ 8ω
(

2ω3 − 4ω2 + 3ω − 1
)

x0B13

)
.

(27)
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and for the function A03(x0) we have the following equation:

A′′
03 =

1
x0

(
A′

02

(
4µ2ω(ω − 1) + 1 + 8µω

(
ω − 1

)
log (x0) + 4ω

(
ω − 1

)
log2(x0)

)
+ A′

03

(
4µω − 4µω2 − 4ω2 log (x0)− 4ω + 4ω log (x0)

)
+ 2
(

x0)2B′
13 + 4x0B13

(
4ω
(

2ω3 − 4ω2 + 3ω − 1
)

log (x0)

+ 8µω4 + (4 − 16µ)ω3 + 6(2µ − 1)ω2 + (3 − 4µ)ω + 1
)

− 4x0B12

(
4ω
(

2ω3 − 4ω2 + 3ω − 1
)

log2(x0)

+ 4ω(ω − 1)
(

µ
(

4ω2 − 4ω + 2
)
+ 2ω − 1

)
log (x0) + 8µ2ω4

+ 2ω2
(

6µ2 − 6µ + 1
)
+ ω

(
−4µ2 + 4µ − 2

)
+ 8ω3µ(1 − 2µ) + 1

))
.

(28)

Expressing the derivative of A′
03 from Equation (27), taking into account the form of

the previously found derivatives for the functions B′
12 and B′

13, we obtain

A′
03 =

x0 A′′
02 + 4ωA′

02
(
(1 − ω)

(
µ + log(x0)

)
+ 1
)

4ω(1 − ω)
+

x0B12(x0)

ω
. (29)

This equation determines the first derivative of function A03 with respect to functions A02

and B12, which are assumed to be given.
Substituting the derivative A′

03 from Equation (29) into Equation (28) we obtain a
third-order differential equation for determining the function A02(x0):

A′′′
02 =−

(8ω + 1)A′′
02(x0)

x0 −
16ω2 A′

02(x0)(
x0
)2

+
4(1 − ω)B12(x0)

x0

(
4ω
(

4ω3 − 8ω2 + 7ω − 3
)

log(x0)

+ 16µω4 + (8 − 32µ)ω3 + 4(7µ − 3)ω2 + (4 − 12µ)ω + 1
)

+
16ω

(
4ω2 − 4ω + 3

)
(ω − 1)2B13(x0)

x0 .

(30)

We obtain a third-order linear inhomogeneous differential equation with variable co-
efficients, where the inhomogeneous part is defined by functions B12 and B13 from
Equations (20) and (24).

Integrating Equation (30) taking into account the explicit form of the previously found
functions B12(x0) and B13(x0), we obtain a solution in the following form:

A02(x0) =
a1
(

x0)1−4ω

1 − 4ω
−

4a2ω
(
x0)1−4ω

(1 − 4ω)2 +
4a2ω

(
x0)1−4ω log(x0)

1 − 4ω
+ a3

−
2b1(ω − 1)

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)(2ω2 − 2ω + 1)(β1 + 4ω + 1)2

(
x0)β1+2

−
2b2(ω − 1)

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)(2ω2 − 2ω + 1)(β2 + 4ω + 1)2

(
x0)β2+2 ,

(31)

where a1, a2, and a3 are new constants of integration. It is easy to see that for region
1/2 < ω < 1 (β1 < β2 < −2), the function A02 is a bounded function of time.

The solution for A02(x0) allows us to obtain the function A03(x0) from Equation (29):
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A03(x0) = a4 −
1

2(ω − 1)ω

[
8a2ω2(x0)1−4ω

(1 − 4ω)2 +
8a2ω2(x0)1−4ω log(x0)

4ω − 1

+
2ω
(

x0)1−4ω

(4ω − 1)3

(
4a2ω(1 − 4ω)2(ω − 1) log2(x0)

+ (4ω − 1)
(

a1

(
4ω2 − 5ω + 1

)
+ 4a2ω

(
4µω2 − 5µω + µ − 2ω − 1

))
log(x0)

+ a1(4ω − 1)
(

4µω2 − 5µω + µ − 3ω
)
+ 4a2ω

(
4µω2 − 5µω + µ − 2ω − 1

))

+
2a1ω

(
x0)1−4ω

4ω − 1
+

2a2ω
(
x0)1−4ω

1 − 4ω
+

2b1(ω − 1)
(
x0)β1+2

β1 + 2
+

2b2(ω − 1)
(
x0)β2+2

β2 + 2

+
4b1(ω − 1)ω

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)2(2ω2 − 2ω + 1)(β1 + 4ω + 1)2 ×

×
(

β1(µ(ω − 1)− 1) + 2µω − 2µ − ω − 1 + (β1 + 2)(ω − 1) log(x0)
)(

x0)β1+2

+
4b2(ω − 1)ω

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)2(2ω2 − 2ω + 1)(β2 + 4ω + 1)2 ×

×
(

β2(µ(ω − 1)− 1) + 2µω − 2µ − ω − 1 + (β2 + 2)(ω − 1) log(x0)
)(

x0)β2+2

−
b1(β1 + 1)(ω − 1)

(
η1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)(2ω2 − 2ω + 1)(β1 + 4ω + 1)2

(
x0)β1+2

−
b2(β2 + 1)(ω − 1)

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)(2ω2 − 2ω + 1)(β2 + 4ω + 1)2

(
x0)β2+2

]
. (32)

It is easy to see that for the region of 1/2 < ω < 1, where β1 < β2 < −2, the function A03

is also time-bounded.
From the system of field equations, only one equation remains, connecting the three

remaining undefined functions A22(x0), A23(x0) and A33(x0):

(
x0)2ω+2 A′′

22

(
4µ2(1 − ω)ω + 1 + 8µ(1 − ω)ω log(x0) + 4(1 − ω)ω log2(x0)

)
+ 6ω

(
x0)2ω+1 A′

22

(
µ2(1 − ω)ω + 4µ(1 − ω) + 1

+ 4(1 − ω)(2µω + 1) log(x0) + 4(1 − ω)ω log2(x0)

)

− 2ω
(

x0)2ω A22

(
4µ2ω

(
2ω2 − ω − 1

)
+ 4µ

(
8ω2 − 9ω + 1

)
+ 2ω − 5

+ 4(ω − 1)
(

4µω2 + 2(µ + 4)ω − 1
)

log(x0) + 4ω
(

2ω2 − ω − 1
)

log2(x0)

)
+ 8(ω − 1)ω

(
x0)2ω+2 A′′

23

(
µ + log(x0)

)
+ 24(ω − 1)ω

(
x0)2ω+1 A′

23

(
2µω + 1 + 2ω log(x0)

)
+ 8(ω − 1)ωA23

(
4µω2 + 2(µ + 4)ω − 1 + 2(2ω + 1)ω log(x0)

)(
x0)2ω

+ 4(1 − ω)ω
(
x0)2ω+2 A′′

33 + 24(1 − ω)ω2(x0)2ω+1 A′
33
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− 8ω2
(

2ω2 − ω − 1
)(

x0)2ω A33 = 0 . (33)

Thus, the solution for the gravitational wave metric contains two arbitrary functions from
the three functions: A22(x0), A23(x0), and A33(x0). Note that for any parameter ω, we
have a trivial particular solution A22 = A23 = A33 = 0.

Let us give an example of a nonzero time-limited solution for Equation (33) of the
following form:

A22 = A23 = 0, (34)

A33(x0) = c1(x0)γ1 + c2(x0)γ2 , γ1,2 =
1
2

(
1 − 6ω ±

√
1 − 20 ω(1 − ω)

)
, (35)

where c1 and c2 are integration constants. The solution (35) will be time-bounded for
the following region of the parameter ω:

1
2
+

1√
5
< ω < 1,

1
2
+

1√
5
≈ 0.94721. (36)

We have thus considered all linearized field equations for all functions included in
the metric of the perturbative wave model based on the exact gravitational wave solution
for a Bianchi type IV universe. We have shown that time-bounded solutions exist for all
functions of the metric.

Let’s write out the final form of the components of the perturbative gravitational wave
metric in a Bianchi type IV universe for the most general variant of the wave parameter
values considered. In the linear approximation with respect to a small parameter ϵ, the
covariant components of the full metric can be written using the notation of the background
exact metric g(0)αβ in the following form:

g00 = 0, g01 = 1, g11 = 0, (37)

g02 = −ϵτ2
(

B12 g(0)22 + B13 g(0)23

)
, g03 = −ϵτ2

(
B12 g(0)23 + B13 g(0)33

)
, (38)

g12 = −ϵ
(

A02 g(0)22 + A03 g(0)23

)
, g13 = −ϵ

(
A02 g(0)23 + A03 g(0)33

)
, (39)

g22 = g(0)22 − ϵ

(
g(0)22

(
2A23 g(0)23 + A22 g(0)22

)
+ A33g(0)23

2
)

, (40)

g23 = g(0)23 − ϵ

(
A22 g(0)22 g(0)23 + A23

(
g(0)22 g(0)33 + g(0)23

2
)
+ A33 g(0)23 g(0)33

)
, (41)

g33 = g(0)33 − ϵ

(
2A23 g(0)23 g(0)33 + A22 g(0)23

2
+ A33 g(0)33

2
)

, (42)

where g(0)αβ are the covariant components of the metric (2) of the exact solution for the
background gravitational wave in the anisotropic Bianchi IV universe.

Finally, in explicit form, in the linear approximation in the small parameter ϵ, the
covariant components of the full gravitational wave metric in the anisotropic Bianchi IV
universe take the following form:

g00 = 0, g01 = 1, g11 = 0, (43)
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g02 = ϵτ2

[ (
µ + log(x0)

)(
b1β1

(
x0)β1+2ω

+ b2β2
(

x0)β2+2ω
)

8ω(ω − 1)(2ω2 − 2ω + 1)

+

(
4µω3 + (2 − 6µ)ω2 − 2ω + 1 + 2ω2(2ω − 3) log(x0)

)
4ω(1 − ω)(2ω2 − 2ω + 1)

×

×
(

b1
(

x0)β1+2ω
+ b2

(
x0)β2+2ω

) ]
,

(44)

g03 = ϵτ2

[
ω(2ω − 3)

(
b1
(
x0)β1+2ω

+ b2
(
x0)β2+2ω

)
4ω3 − 8ω2 + 6ω − 2

−
b1β1

(
x0)β1+2ω

+ b2β2
(

x0)β2+2ω

8ω(2ω3 − 4ω2 + 3ω − 1)

]
,

(45)

g12 =−
ϵ
(

x0)2ω

4(ω − 1)ω

((
1 − 4µ2(ω − 1)ω − 8µ(ω − 1)ω log(x0)− 4(ω − 1)ω log2(x0)

)
×

×
(

a1
(

x0)1−4ω

1 − 4ω
−

4a2ω
(

x0)1−4ω

(1 − 4ω)2 +
4a2ω

(
x0)1−4ω log(x0)

1 − 4ω
+ a3

−
2b1(ω − 1)

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)(2ω2 − 2ω + 1)(β1 + 4ω + 1)2

(
x0)β1+2

−
2b2(ω − 1)

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)(2ω2 − 2ω + 1)(β2 + 4ω + 1)2

(
x0)β2+2

)

+ 4(ω − 1)ω
(

µ + log(x0)
)[

a4 +
x0

2ω(1 − ω)

(
2a1ω

(
x0)−4ω

4ω − 1
+

8a2ω2(x0)−4ω

(1 − 4ω)2

+
2ω
(

x0)−4ω

(4ω − 1)3

(
a1(4ω − 1)

(
4µω2 − 5µω + µ − 3ω

)
+ 4a2ω

(
4µω2 − 5µω + µ − 2ω − 1

)
+ (4ω − 1)

(
a1

(
4ω2 − 5ω + 1

)
+ 4a2ω

(
4µω2 − 5µω + µ − 2ω − 1

))
log(x0)

+ 4a2(1 − 4ω)2(ω − 1)ω log2(x0)
)
+

8a2ω2(x0)−4ω log(x0)

4ω − 1
+

2a2ω
(
x0)−4ω

1 − 4ω

+
4b1(ω − 1)ω

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)2(2ω2 − 2ω + 1)(β1 + 4ω + 1)2 ×

×
(

β1(µ(ω − 1)− 1) + 2µω − 2µ − ω − 1 + (β1 + 2)(ω − 1) log(x0)
) (

x0)β1+1

+
4b2(ω − 1)ω

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)2(2ω2 − 2ω + 1)(β2 + 4ω + 1)2 ×

×
(

β2(µ(ω − 1)− 1) + 2µω − 2µ − ω − 1 + (β2 + 2)(ω − 1) log(x0)
) (

x0)β2+1

+
2b1(ω − 1)

(
x0)β1+1

β1 + 2
+

2b2(ω − 1)
(
x0)β2+1

β2 + 2

−
b1(β1 + 1)(ω − 1)

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)(2ω2 − 2ω + 1)(β1 + 4ω + 1)2

(
x0)β1+1

−
b2(β2 + 1)(ω − 1)

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)(2ω2 − 2ω + 1)(β2 + 4ω + 1)2

(
x0)β2+1

)])
, (46)
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g13 = ϵ
(

x0)2ω
(
−(µ + log(x0))

[
a1
(
x0)1−4ω

1 − 4ω
−

4a2ω
(
x0)1−4ω

(1 − 4ω)2

+
4a2ω

(
x0)1−4ω log(x0)

1 − 4ω
+ a3

−
2b1(ω − 1)

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)(2ω2 − 2ω + 1)(β1 + 4ω + 1)2

(
x0)β1+2

−
2b2(ω − 1)

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)(2ω2 − 2ω + 1)(β2 + 4ω + 1)2

(
x0)β2+2

]

− x0

2(ω − 1)ω

[
a4 +

2a1ω
(

x0)−4ω

4ω − 1
+

8a2ω2(x0)−4ω

(1 − 4ω)2 +
8a2ω2(x0)−4ω log(x0)

4ω − 1

+
2a2ω

(
x0)−4ω

1 − 4ω
+

2b1(ω − 1)
(
x0)β1+1

β1 + 2
+

2b2(ω − 1)
(
x0)β2+1

β2 + 2

+
2ω
(

x0)−4ω

(4ω − 1)3

(
a1(4ω − 1)

(
4µω2 − 5µω + µ − 3ω

)
+ (4ω − 1)

(
a1

(
4ω2 − 5ω + 1

)
+ 4a2ω

(
4µω2 − 5µω + µ − 2ω − 1

))
log(x0)

+ 4a2ω
(

4µω2 − 5µω + µ − 2ω − 1
)
+ 4a2(1 − 4ω)2(ω − 1)ω log2(x0)

)
+

4b1(ω − 1)ω
(

β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)2(2ω2 − 2ω + 1)(β1 + 4ω + 1)2 ×

×
(

β1(µ(ω − 1)− 1) + 2µω − 2µ − ω − 1 + (β1 + 2)(ω − 1) log(x0)
) (

x0)β1+1

+
4b2(ω − 1)ω

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)2(2ω2 − 2ω + 1)(β2 + 4ω + 1)2 ×

×
(

β2(µ(ω − 1)− 1) + 2µω − 2µ − ω − 1 + (β2 + 2)(ω − 1) log(x0)
) (

x0)β2+1

−
b1(β1 + 1)(ω − 1)

(
β1
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β1 + 2)(2ω2 − 2ω + 1)(β1 + 4ω + 1)2

(
x0)β1+1

−
b2(β2 + 1)(ω − 1)

(
β2
(
4ω2 − 4ω + 3

)
+ 8ω3 + 4ω + 2

)
(β2 + 2)(2ω2 − 2ω + 1)(β2 + 4ω + 1)2

(
x0)β2+1

] )
, (47)

g22 =−
ϵ
(

x0)4ω

16(ω − 1)2ω2

(
4ω(ω − 1)A33

−
(

1 − 4µ2(ω − 1)ω − 8µ(ω − 1)ω log(x0)− 4(ω − 1)ω log2(x0)
)
×

×
[

A22

(
4µ2(ω − 1)ω − 1 + 8µ(ω − 1)ω log(x0) + 4(ω − 1)ω log2(x0)

)
− 4ω(ω − 1)

(
2A23

(
µ + log(x0)

)
− A33

)])
+

1 − 4µ2ω(ω − 1)− 8µω(ω − 1) log(x0)− 4ω(ω − 1) log2(x0)

4ω(ω − 1)
(
x0)2ω,

(48)
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g23 =
(

x0)2ω(
µ + log(x0)

)
+

+
ϵ
(

x0)4ω

4(ω − 1)ω

[(
µ + log(x0)

)(
4µ2ω(ω − 1)− 1 + 8µω(ω − 1) log(x0)

+ 4ω(ω − 1) log2(x0)
)

A22 + 4ω(ω − 1)
(
µ + log(x0)

)
A33

−
(

8µ2(ω − 1)ω − 1 + 16µ(ω − 1)ω log(x0) + 8(ω − 1)ω log2(x0)
)

A23

]
,

(49)

g33 = −
(

x0)2ω − ϵ
(
x0)4ω

(
A22

(
µ + log(x0)

)2
− 2A23

(
µ + log(x0)

)
+ A33

)
. (50)

Here ω and µ are the parameters of the exact solution for the background strong gravita-
tional wave, ϵ is the dimensionless smallness parameter (ϵ ≪ 1), the parameters β1 and
β2 are defined by the relations (22) and (23), and the parameters a1, a2, a3, a4, b1 and b2

are the constants of integration of the field equations and these constants are determined
by the initial or boundary conditions. The synchronous time function τ is defined by the
relation (11). The three functions of the wave variable A22(x0), A23(x0), and A22(x0) share a
single Equation (33), which leaves two of these functions arbitrary in the resulting solution.

The determinant of the perturbative gravitational wave metric in first order in the
smallness parameter ϵ takes the form

det gαβ =−
(

x0)4ω

4ω(1 − ω)
+

ϵ
(
x0)6ω

16ω2(ω − 1)2

[
4ω(1 − ω)

(
2A23

(
µ + log(x0)

)
− A33

)
+ A22

(
4µ2(ω − 1)ω − 1 + 8µ(ω − 1)ω log(x0) + 4(ω − 1)ω log2(x0)

)]
. (51)

As we demonstrated earlier, studying the time-boundedness of corrections for the
contravariant components of metric gαβ yields a condition of the form 1/2 < ω < 1.
Due to the anisotropy of the model, the time behavior of the contravariant components
of the gravitational wave metric differs from the behavior of its covariant components.
For a contravariant components of metric gαβ additional conditions arise for the time-
boundedness of small corrections for components g02, g03, g12, and g13: β1 + 2 + 2ω < 0
if b1 ̸= 0 and β2 + 2 + 2ω < 0 if b2 ̸= 0. Assuming that b1b2 ̸= 0, the stability of the
perturbative solution is achieved when ω → 1, which is on the boundary of the parameter
domain. Thus, to ensure stability of the perturbative solution (taking into account β2 > β1),
we must set the integration constant b2 = 0. Then the stability of the perturbative solution
for gαβ is achieved in the following parameter region:

ωmin < ω < 1, (52)

where from the condition β1 + 2 + 2ω < 0 we have

ωmin =
1
6

(
2 +

3
√

32 + 3
√

114
22/3 − 1

/
3

√
2
(

32 + 3
√

114
))

≈ 0.72031. (53)

Correction functions A22(x0), A23(x0), and A33(x0) (two of which are arbitrary func-
tions) for their bounded time behavior and constraints on the metric determinant should
generally depend on x0 as 1/(x0)n, where n ≥ 6ω.

Thus, there always exists a continuum set of parameters for the perturbative solution
of the field equations for a secondary gravitational wave, for which the linear perturbations
do not increase with time.

Checking the Weyl invariants for the resulting solution revealed that the perturbative
solution belongs to Petrov class N, just like the background exact wave solution.
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The solution obtained for the perturbative gravitational wave metric in the Bianchi IV
universe allows for seven independent components of the Riemann curvature tensor,
whereas the background exact gravitational wave had only three independent components
of the curvature tensor.

Thus, perturbative secondary gravitational waves create an additional gravitational
wave background that violates isotropy in exact strong gravitational wave models in Bianchi
universes and can generate complex tidal accelerations. The effects under consideration
provide an additional mechanism for the formation of local inhomogeneities in the early
universe and a mechanism for local spatial isotropization.

5. Discussion
The paper derives one of the first linear perturbative analytical models of gravitational

waves against the backdrop of an exact solution for a strong gravitational wave. The
stability of the resulting perturbative solutions for the continuum domain of parameters
is demonstrated, which also proves the linear stability of the basic exact solution for the
gravitational wave in the Bianchi IV universe for the continuum domain of parameters.
Developing such a model for the Bianchi IV universe allows us to further explore the
role of perturbative gravitational waves in the early universe, including the influence of
strong and perturbative gravitational waves on the accelerated formation of initial inhomo-
geneities in dark matter, primordial plasma, and matter. This opens up new possibilities for
studying the influence of gravitational waves on the formation of the cosmic microwave
background (CMB), taking into account its observed anisotropy, and on the formation of
the stochastic gravitational wave background (SGB). This also allows us to estimate the
influence of perturbative gravitational waves on the isotropization of the universe. The
constructed analytical model of perturbative gravitational waves also enables the verifica-
tion and debugging of numerical methods and computer programs for describing complex
gravitational wave models and their influence on astrophysical processes.

6. Conclusions
The proper-time method for constructing perturbative dynamical gravitational fields

is presented. An analytical perturbative model of gravitational waves based on the exact
wave solution of Einstein’s equations for the Bianchi IV universe is constructed. A priv-
ileged wave coordinate system and a synchronous time function based on the clock of
an observer freely moving (falling) in a background strong gravitational wave were used
to construct the models. Compatibility conditions for the vacuum linearized Einstein
equations for all admissible parametre values were obtained and resolved, and the field
equations were reduced to systems of ordinary differential equations, whose solutions were
found. The stability of the resulting perturbative solutions for the continuum domain of pa-
rameters was proven. This also explicitly demonstrates the linear stability of the basic exact
solution for gravitational waves in the Bianchi IV universe under small perturbations for
the continuum domain of parameters. The resulting gravitational wave models have seven
independent components of the Riemann curvature tensor, compared to three components
for the background exact gravitational wave.
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Appendix A. On Coordinate Transformations in the Wave
Coordinate System

Let’s consider the metric tensor g̃αβ in the wave coordinate system in the following form:

g̃αβ =


0 1 ϵΩ02 ϵΩ03

1 0 ϵΩ12 ϵΩ13

ϵΩ02 ϵΩ12 A + ϵΩ22 B + ϵΩ23

ϵΩ03 ϵΩ13 B + ϵΩ23 C + ϵΩ33

, (A1)

where ϵ is a dimensionless smallness parameter and the functions A, B, and C depend
only on the vave variable x0. The correction functions Ωαβ = Ωαβ(x0, τ) depend on two
variables x0 and τ, where τ = τ(x0, x1, x2, x3) from (11):

τ(x0, x1, x2, x3) =

√
2x0x1 + a(x0)

(
x2
)2

+ 2b(x0)x2x3 + c(x0)
(
x3
)2. (A2)

Coordinate transformations that preserve the fixed choice of wave coordinate system
(Ω00 = Ω01 = Ω11 = 0) have the following form (see [60]):

x0 → ϕ0(x0), x1 → x1 + ϕ1(x0), x2 → x2 + ϕ2(x0), x3 → x3 + ϕ3(x0). (A3)

This coordinate transformations allow us to set the correction functions Ω00, Ω01, and
Ω11 to zero. The correction functions A12(x0) and A13(x0) are included in the metric
components g02 and g03 only additively and can also be set to zero by admissible coordinate
transformations. In fact, we have fixed five arbitrary correction functions in the metric
using admissible coordinate transformations. Thus, the coordinate gauge freedom is
maximally fixed.

As the textbook [60] rightly states, “The initial conditions for an arbitrary gravitational
wave field must be specified by four arbitrary functions of the coordinates: due to the
transverse nature of the waves, there are only two independent components of the metric
that must be specified, and along with them, their first time derivatives must also be
specified. The number 4 here refers to any free gravitational field”.

In our case, the two arbitrary functions of the solution of the field equations are two
components of the three g̃22, g̃23, and g̃33, which are related to each other by one additional
equation following from the field equations. Therefore, the resulting perturbative solution
is complete (the arbitrariness in the gauge is sufficiently fixed) and this solution is a
generalization of the ordinary weak gravitational wave model, but against a special wave
background in the Bianchi IV universe.

Appendix B. Field Equation for the Scalar Curvature
For the gravitational wave metric in the notation (A1) and the proper time τ in the

format (A2), a reduced field equation for the scalar curvature R = R(0) + ϵR(1) = 0 in linear
approximation R(1) = 0 is written:

0 = 2
(

x2)3
(

B2 − AC
)2

a′
(

a
(

Ω02
,τ − τΩ02

,ττ

)
+ b
(

Ω03
,τ − τΩ03

,ττ

))
+
(

x2)2
(

2x3
(

B2 − AC
)2
[

2ab′
(

Ω02
,τ − τΩ02

,ττ

)
+ ca′

(
Ω03

,τ − τΩ03
,ττ

)
+ b
(

a′
(

Ω02
,τ − τΩ02

,ττ

)
+ 2b′

(
Ω03

,τ − τΩ03
,ττ

))]
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+ 2
(

B2 − AC
)[((

Ω33
,τ − τΩ33

,ττ

)
A2 − 2B

(
Ω23

,τ − τΩ23
,ττ

)
A + B2

(
Ω22

,τ − τΩ22
,ττ

))
a2

− 2ab
(

B2
(

Ω23
,τ − τΩ23

,ττ

)
+ AC

(
Ω23

,τ − τΩ23
,ττ

)
+ B

(
C
(

τΩ22
,ττ − Ω22

,τ

)
+ A

(
τΩ33

,ττ − Ω33
,τ

)))
+ x0a′

(
C
(

Ω22
,τ − τΩ22

,ττ

)
− 2B

(
Ω23

,τ − τΩ23
,ττ

)
+ A

(
Ω33

,τ − τΩ33
,ττ

))
+ b2

((
Ω33

,τ − τΩ33
,ττ

)
B2 − 2C

(
Ω23

,τ − τΩ23
,ττ

)
B + C2

(
Ω22

,τ − τΩ22
,ττ

))])
+ x2

(
2(x3)

2
(

B2 − AC
)2
[

ac′
(

Ω02
,τ − τΩ02

,ττ

)
+ 2cb′

(
Ω03

,τ − τΩ03
,ττ

)
+ b
(

2b′
(

Ω02
,τ − τΩ02

,ττ

)
+ c′

(
Ω03

,τ − τΩ03
,ττ

))]
+ 4x3

(
B2 − AC

)(
b2
[

B2
(

τΩ23
,ττ − Ω23

,τ

)
+ B

(
C
(

Ω22
,τ − τΩ22

,ττ

)
+ A

(
Ω33

,τ − τΩ33
,ττ

))
+ AC

(
τΩ23

,ττ(x0, τ )− Ω23
,τ

)]
+ bc

[(
Ω33

,τ − τΩ33
,ττ

)
B2 − 2BC

(
Ω23

,τ − τΩ23
,ττ

)
+ C2

(
Ω22

,τ − τΩ22
,ττ

)]
+ x0b′

(
C
(

Ω22
,τ − τΩ22

,ττ

)
− 2B

(
Ω23

,τ − τ Ω23
,ττ

)
+ A

(
Ω33

,τ − τΩ33
,ττ

))
+ a
[

b
((

Ω33
,τ − τΩ33

,ττ

)
A2 − 2B

(
Ω23

,τ − τΩ23
,ττ

)
A + B2

(
Ω22

,τ − τΩ22
,ττ

))
+ c
((

τΩ23
,ττ(x0, τ)− Ω23

,τ

)
B2 + AC

(
τΩ23

,ττ − Ω23
,τ

)
+ B

(
C
(

Ω22
,τ − τΩ22

,ττ

)
+ A

(
Ω33

,τ − τΩ33
,ττ

)))])
− 2
(

B2 − AC
)[

Cτ2
(

2aA′Ω02
,τ + b

(
B′Ω02

,τ + A′Ω03
,τ

))
− Bτ2

(
a
(

3B′Ω02
,τ + A′Ω03

,τ

)
+ b
(

C′Ω02
,τ + 3B′Ω03

,τ

))
+ 2B2

(
a′Ω02

,τ τ2 + b′Ω03
,τ τ2 + aΩ02

,0ττ2 + bΩ03
,0ττ2

+ x0aΩ12
,τττ + x0bΩ13

,τττ − x0aΩ12
,τ − x0bΩ13

,τ

)
+ A

(
τ2
(

aC′Ω02
,τ + aB′Ω03

,τ + 2bC′Ω03
,τ

)
− 2C

[
a′Ω02

,τ τ2 + b′Ω03
,τ τ2 + aΩ02

,0ττ2 + bΩ03
,0ττ2

+ x0aΩ12
,τττ + x0bΩ13

,τττ − x0aΩ12
,τ − x0bΩ13

,τ

])])
+ 2c′(x3)

3
(

B2 − AC
)2(

b
(

Ω02
,τ − τΩ02

,ττ

)
+ c
(

Ω03
,τ − τΩ03

,ττ

))
+ x1

(
4x2
(

B2 − AC
)2(

a
(

Ω02
,τ − τΩ02

,ττ

)
+ b
(

Ω03
,τ − τΩ03

,ττ

))
+ 4x3

(
B2 − AC

)2(
b
(

Ω02
,τ − τΩ02

,ττ

)
+ c
(

Ω03
,τ − τΩ03

,ττ

))
+ 4x0

(
B2 − AC

)(
C
(

Ω22
,τ − τΩ22

,ττ

)
− 2B

(
Ω23

,τ − τΩ23
,ττ

)
+ A

(
Ω33

,τ − τΩ33
,ττ

)))
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+ 2(x3)
2
(

B2 − AC
)(

b2
((

Ω33
,τ − τΩ33

,ττ

)
A2 − 2AB

(
Ω23

,τ − τΩ23
,ττ

)
+ B2

(
Ω22

,τ − τΩ22
,ττ

))
− 2bc

((
Ω23

,τ − τΩ23
,ττ

)
B2 + B

(
C
(

τΩ22
,ττ − Ω22

,τ

)
+ A

(
τΩ33

,ττ − Ω33
,τ

))
+ AC

(
Ω23

,τ − τΩ23
,ττ

))
+ x0c′

(
C
(

Ω22
,τ − τΩ22

,ττ

)
− 2B

(
Ω23

,τ − τΩ23
,ττ

)
+ A

(
Ω33

,τ − τΩ33
,ττ

))
+ c2

((
Ω33

,τ − τΩ33
,ττ

)
B2 − 2C

(
Ω23

,τ − τΩ23
,ττ

)
B + C2

(
Ω22

,τ − τΩ22
,ττ(x0, τ)

)))
− 2x3

(
B2 − AC

)(
Cτ2

(
2bA′Ω02

,τ + c
(

B′Ω02
,τ + A′Ω03

,τ

))
− Bτ2

[
b
(

3B′Ω02
,τ + A′Ω03

,τ

)
+ c
(

C′Ω02
,τ + 3B′Ω03

,τ

)]
+ 2B2

[
b′Ω02

,τ τ2 + c′Ω03
,τ τ2 + bΩ02

,0ττ2 + cΩ03
,0ττ2

+ x0bΩ12
,τττ + x0cΩ13

,τττ − x0bΩ12
,τ − x0cΩ13

,τ

]
+ A

[
τ2
(

bC′Ω02
,τ + bB′Ω03

,τ + 2cC′Ω03
,τ

)
− 2C

(
b′Ω02

,τ τ2 + c′Ω03
,τ τ2 + bΩ02

,0ττ2 + cΩ03
,0ττ2

+ x0bΩ12
,τττ + x0cΩ13

,τττ − x0bΩ12
,τ − x0cΩ13

,τ

)])
+ τ2

(
B4
(

4bΩ23
,τ − 2cΩ33

,τ

)
+ B3

(
4(cC + 2)Ω23

,τ − 4b
(

CΩ22
,τ + AΩ33

,τ

)
+ 8x0Ω23

,0τ

)
− B2C

[
2cΩ22

,τ C2 + 5x0C′Ω22
,τ + 14x0B′Ω23

,τ + 4AΩ33
,τ + 5x0 A′Ω33

,τ + 4x0 AΩ33
,0τ

+ C
(

4Ω22
,τ − 2cAΩ33

,τ + 4x0Ω22
,0τ

)]
+ 4B

[
bAC

(
CΩ22

,τ + AΩ33
,τ

)
− cAC2Ω23

,τ + 3x0 A
(

C′Ω23
,τ + B′Ω33

,τ

)
+ C2

(
3x0B′Ω22

,τ + 3x0 A′Ω23
,τ − 2A

(
Ω23

,τ + x0Ω23
,0τ

))]
+ 2cAC3Ω22

,τ + 4AC2Ω22
,τ − 6x0C2 A′Ω22

,τ

− x0 ACC′Ω22
,τ − 4bA2C2Ω23

,τ − 10x0 ACB′Ω23
,τ + 4A2CΩ33

,τ

− x0 ACA′Ω33
,τ − 6x0 A2C′Ω33

,τ + 4x0 AC2Ω22
,0τ + 4x0 A2CΩ33

,0τ

− 2a
(

B2 − AC
)(

A2Ω33
,τ − 2ABΩ23

,τ + B2Ω22
,τ

))
, (A4)

where the prime denotes the derivative with respect to x0 for functions of one variable.
Commas with subscripts in the functions Ωαβ(x0, τ) denote partial derivatives with respect
to the time variable τ or the wave variable x0.
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Appendix C. Examples of Ricci Tensor Components
For the gravitational wave metric in the notation (A1) and for the proper time τ in

the format (A2), the most compact components of the Ricci tensor in linear approximation
Rαβ = R(0)

αβ + ϵR(1)
αβ . . . are presented:

R(1)
11 =

x0

2(B2 − AC)τ3

[
2x2a

(
B2 − AC

)(
Ω02

,τ − τΩ02
,ττ

)
+ 2b

(
B2 − AC

)(
x2Ω03

,τ + x3Ω02
,τ − τ

(
x3Ω02

,ττ + x2Ω03
,ττ

))
+ x0

(
AΩ33

,τ − AτΩ33
,ττ − 2BΩ23

,τ + 2BτΩ23
,ττ + CΩ22

,τ − CτΩ22
,ττ

)
+ 2x3c

(
B2 − AC

)(
Ω03

,τ − τΩ03
,ττ

)]
, (A5)

R(1)
12 =

1
4(B2 − AC)τ3

[
−2CΩ12

,τ x02
+ 2BΩ13

,τ x02
+ 2CτΩ12

,ττx02 − 2BτΩ13
,ττx02

+ 2x1CΩ02
,τ x0 +

(
x2)2Ca′Ω02

,τ x0 + 2x2x3Cb′Ω02
,τ x0 +

(
x3)2Cc′Ω02

,τ x0 − 2x1BΩ03
,τ x0

−
(

x2)2Ba′Ω03
,τ x0 − 2x2x3Bb′Ω03

,τ x0 −
(
x3)2Bc′Ω03

,τ x0 − 2x3cCΩ23
,τ x0 + 2x3cBΩ33

,τ x0

− 2x1CτΩ02
,ττx0 −

(
x2)2Cτa′Ω02

,ττx0 − 2x2x3Cτb′Ω02
,ττx0 −

(
x3)2Cτc′Ω02

,ττx0

+ 2x1BτΩ03
,ττx0 +

(
x2)2Bτa′Ω03

,ττx0 + 2x2x3Bτb′Ω03
,ττx0 +

(
x3)2Bτc′Ω03

,ττx0

+ 2x3cCτΩ23
,ττx0 − 2x3cBτΩ33

,ττx0 − 2Cτ2Ω02
,0τx0 + 2Bτ2Ω03

,0τx0 + 2
(
x3)2c2C2Ω02

,τ

− 2cC2τ2Ω02
,τ − 2Cτ2Ω02

,τ + 2Bτ2Ω03
,τ + 2cBCτ2Ω03

,τ − 2
(
x3)2c2BCΩ03

,τ − 2
(
x3)2c2C2τΩ02

,ττ

+ 2
(

x3)2c2BCτΩ03
,ττ + 2

(
x2)2a2B

(
B
(

Ω02
,τ − τΩ02

,ττ

)
+ A

(
τΩ03

,ττ − Ω03
,τ

))
− 2
(

x3)2c2C2τΩ02
,ττ + 2b2(x3B + x2C)

(
x2C

(
Ω02

,τ − τΩ02
,ττ

)
+ x3 A

(
τΩ03

,ττ − Ω03
,τ

)
+ B

(
x3Ω02

,τ − x2Ω03
,τ + τ

(
x2Ω03

,ττ − x3Ω02
,ττ

)))

+ 2a
(
−B2Ω02

,τ τ2 + ABΩ03
,τ τ2 + x0x2BΩ23

,τττ − x0x2 AΩ33
,τττ − x0x2BΩ23

,τ + x0x2 AΩ33
,τ

+ x2x3c
((

τΩ03
,ττ − Ω03

,τ

)
B2 + 2C

(
Ω02

,τ − τΩ02
,ττ

)
B + AC

(
τΩ03

,ττ − Ω03
,τ

))
+ x2b

((
2x3Ω02

,τ − x2Ω03
,τ + τ

(
x2Ω03

,ττ − 2x3Ω02
,ττ

))
B2

+ 2
(

x2C
(

Ω02
,τ − τΩ02

,ττ

)
+ x3 A

(
τΩ03

,ττ − Ω03
,τ

))
B + x2 AC

(
τΩ03

,ττ − Ω03
,τ

)))

+ 2b
(

B2Ω03
,τ τ2 + ACΩ03

,τ τ2 + x0x2CΩ23
,τττ − x0x3 AΩ33

,τττ − x0x2CΩ23
,τ + x0x3 AΩ33

,τ

+ x3c
(

B2
(

x3τΩ03
,ττ − x3Ω03

,τ

)
+ 2BC

(
x3Ω02

,τ − x2Ω03
,τ + τ

(
x2Ω03

,ττ − x3Ω02
,ττ

))
+ C

(
2x2C

(
Ω02

,τ − τΩ02
,ττ

)
+ x3 A

(
τΩ03

,ττ − Ω03
,τ

)))
+ B

(
x0
(
−x3Ω23

,τ + x2Ω33
,τ + τ

(
x3Ω23

,ττ − x2Ω33
,ττ

))
− 2Cτ2Ω02

,τ

))]
, (A6)
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R(1)
13 =

1
4(B2 − AC)τ3

[
−2AΩ13

,τ x02
+ 2AτΩ13

,ττx02
+ 2x1 AΩ03

,τ x0 +
(
x2)2 Aa′Ω03

,τ x0

+ 2x2x3 Ab′Ω03
,τ x0 +

(
x3)2 Ac′Ω03

,τ x0 + 2x2bCΩ22
,τ x0 + 2x3cCΩ22

,τ x0 − 2x3bAΩ23
,τ x0

− 2x1 AτΩ03
,ττx0 −

(
x2)2 Aτa′Ω03

,ττx0 − 2x2x3 Aτb′Ω03
,ττx0 −

(
x3)2 Aτc′Ω03

,ττx0

− 2x2bCτΩ22
,ττx0 − 2x3cCτΩ22

,ττx0 + 2x3bAτΩ23
,ττx0 − 2Aτ2Ω03

,0τx0 + 2bACτ2Ω02
,τ

− 2x2x3b2 ACΩ02
,τ − 2

(
x3)2bcACΩ02

,τ + 2
(
x3)2b2 A2Ω03

,τ − 2Aτ2Ω03
,τ + 2x2x3b2 ACτΩ02

,ττ

+ 2
(

x3)2bcACτΩ02
,ττ − 2

(
x3)2b2 A2τΩ03

,ττ + 2
(
x2)2a2 A2

(
Ω03

,τ − τΩ03
,ττ

)
− 2B2

(
x2b2

(
x3Ω02

,τ − x2Ω03
,τ + τ

(
x2Ω03

,ττ − x3Ω02
,ττ

))
+ b
(

x3c
(

x3Ω02
,τ − 2x2Ω03

,τ + τ
(

2x2Ω03
,ττ − x3Ω02

,ττ

))
− τ2Ω02

,τ

)
+ x2a(x2b + x3c)

(
Ω02

,τ − τΩ02
,ττ

)
+ c
(

c
(

τΩ03
,ττ − Ω03

,τ

)(
x3)2

+ τ2Ω03
,τ

))

− 2aA
(

AΩ03
,τ τ2 − x0x2Ω23

,τττ + x0x2Ω23
,τ + x2x3cC

(
Ω02

,τ − τΩ02
,ττ

)
+ x2b

(
x2C

(
Ω02

,τ − τΩ02
,ττ

)
− 2x3 A

(
Ω03

,τ − τΩ03
,ττ

)))

+ B
(

2Ω12
,τ x02 − 2τΩ12

,ττx02
+ 2x3bΩ22

,τ x0 − 2x2bΩ23
,τ x0 − 2x3cΩ23

,τ x0 + 2x1τΩ02
,ττx0

+
(

x2)2
τa′Ω02

,ττx0 + 2x2x3τb′Ω02
,ττx0 +

(
x3)2

τc′Ω02
,ττx0 − 2x3bτΩ22

,ττx0

+ 2x2bτΩ23
,ττx0 + 2x3cτΩ23

,ττx0 + 2τ2Ω02
,0τx0

− Ω02
,τ

(
2a2 A

(
x2)2

+ 4x3bcCx2 + 2x0x3b′x2 − 2cCτ2 − 2τ2 + 2x0x1 + 2
(
x3)2c2C

+ 2b2
(

C
(

x2)2
+
(

x3)2 A
)
+ 2aA

(
2x2x3b − τ2

)
+ x0a′

(
x2)2

+ x0(x3)2c′
)

− 4bAτ2Ω03
,τ + 4x2x3b2 AΩ03

,τ + 4
(

x3)2bcAΩ03
,τ

+ 2
(

x2)2a2 AτΩ02
,ττ + 2

(
x3)2b2 AτΩ02

,ττ + 2
(
x2)2b2CτΩ02

,ττ + 2
(
x3)2c2CτΩ02

,ττ

+ 4x2x3bcCτΩ02
,ττ − 4x2x3b2 AτΩ03

,ττ − 4
(
x3)2bcAτΩ03

,ττ

+ 2x2a
(

2x3cA
(

Ω03
,τ − τΩ03

,ττ

)
+ 2bA

(
x2Ω03

,τ + τ
(

x3Ω02
,ττ − x2Ω03

,ττ

))
+ x0

(
Ω22

,τ − τΩ22
,ττ

)))]
. (A7)

Here, the prime denotes the derivative with respect to x0 for functions of one variable.
Commas with subscripts in the functions Ωαβ(x0, τ) denote partial derivatives with respect
to the time variable τ or the wave variable x0.
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