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Abstract

We investigate the dynamical stability of circular orbits around a Kerr black hole embed-
ded in a Dehnen-type dark matter halo. The effective spacetime metric of the combined
system is constructed using the Newman-Janis algorithm, and the effective potential for
test-particle motion in the equatorial plane is derived. The stability of circular orbits is
analyzed through the Hessian matrix of the effective potential, while the stability strength
and restoring-force distribution are employed to quantify the orbital response to small
perturbations. Our results show that the presence of the dark matter halo significantly
alters the spatial structure of stable circular orbits, leading to non-continuous stable regions
whose location and extent depend sensitively on the halo’s characteristic density, scale
radius, and the black hole spin. The innermost stable circular orbit (ISCO) is shifted relative
to the vacuum Kerr case, with its position determined by the combined effects of the spin
and halo parameters. Two-dimensional heatmaps, parameter scans, and three-dimensional
visualizations systematically illustrate how the black hole spin and dark matter halo prop-
erties influence the ISCO and the distribution of stable orbits. Finally, we analyze the
influence of the dark matter halo on the structure of the black hole event horizon. These
results provide a detailed theoretical investigation of orbital dynamics around rotating
black holes in dark-matter-rich environments.

Keywords: Kerr black holes; ISCO; Dehnen-type dark matter halo; orbital stability

1. Introduction

Einstein’s General Theory of Relativity predicts the existence of black holes, regions
of spacetime with extreme curvature where gravity dominates all other forces [1,2]. Since
the first detection of gravitational waves from a binary black hole merger in 2015 [3], black
holes have become a central topic in both theoretical physics and astrophysics. Among
different types of black holes, Kerr black holes, characterized by their spin and angular
momentum, have attracted particular attention due to their rich spacetime structure and
complex dynamical behavior [4-7].

With growing understanding of dark matter in the universe, it has become clear that
widely distributed dark matter may significantly influence the physical properties and
dynamics of black holes. Dark matter neither emits nor absorbs light and interacts very
weakly with electromagnetic radiation, yet it constitutes a substantial fraction of the total
mass of the universe [8-10]. Its presence is strongly inferred from galactic rotation curves,
large-scale structure, and cosmic microwave background observations. Recent studies
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suggest that dark matter may cluster around black holes, modifying the surrounding
spacetime and potentially leaving observable imprints in black hole shadows or extreme-
mass-ratio inspirals (EMRIs) [11-14].

The influence of dark matter on black hole spacetimes manifests primarily through
modifications of the gravitational potential, which in turn affects the location of the
innermost stable circular orbit (ISCO) and the dynamics of particles orbiting the black
hole [15-17]. Previous works have explored various dark matter profiles, including uni-
form distributions, Navarro-Frenk-White (NFW) halos, and other phenomenological
models, providing insights into how orbital stability is altered [18-20].

Recent studies from 2020 to 2025 have further examined the role of Dehnen-type
dark matter halos around black holes. For example, the effects on gravitational lensing
and geodesic structures around Schwarzschild black holes have been analyzed [21,22],
while periodic orbits and associated gravitational waveforms have also been studied in
these backgrounds [21-24]. Strongly interacting dark matter spikes have been proposed
to influence EMRI gravitational waves [25], and fully relativistic models of EMRIs in
collisionless or dense environments have highlighted the potential for detecting subtle
signatures of dark matter halos through space-based GW observations [26]. Despite these
advances, a systematic study of circular orbit stability around Kerr black holes embedded
in Dehnen-type dark matter halos remains lacking, representing a clear gap in the literature.

In addition, Nakashi and Igata systematically investigated stable circular orbits and
orbital structures in multi-black-hole systems [27,28], revealing detailed stability features
of circular motion in complex gravitational environments. Wang et al. (2025) [29] further
demonstrated that dark matter annihilation and the resulting halo structures can leave
measurable imprints in EMRI gravitational wave signals. Since the ISCO location directly
determines the maximum frequency and phase evolution of these waves, detailed studies
of ISCO properties in black holes embedded in dark matter halos are crucial for accurate
EMRI waveform predictions.

Moreover, recent studies have systematically investigated the stability of circular
orbits in multi-black-hole systems and in configurations of charged black holes. Fan, Z.;
Wang, Y.; Wang, X. [30] systematically investigated the structure and continuity of stable
circular orbits in multi-static black hole systems, focusing on configurations of multiple
Reissner-Nordstrom (RN) black holes. They found that as the number of black holes
and the inter-black-hole distance « change, the peaks of the effective potentials of stable
circular orbits transform from single-peaked to double-peaked, altering the continuity of
the stable regions. The study also identified critical parameters that lead to changes in
orbital stability and analyzed the effects of black hole spacing on the three fundamental
frequencies of circular orbits (orbital frequency, radial local frequency, and vertical local
frequency). Earlier, Wang et al. [31] examined the space-time properties of three static
black holes, revealing the complex impact of multi-black-hole interactions on circular orbit
stability. Shen et al. [32] further investigated extreme Reissner-Nordstrom black holes
arranged in a static triangular configuration, analyzing how the arrangement of charged
black holes regulates stable circular orbits and potential multi-stable structures. These
studies highlight that both the black hole environment and the presence of additional
matter play a crucial role in determining circular orbit stability, providing important
guidance for understanding orbital dynamics in extreme-mass-ratio inspirals (EMRIs) and
multi-black-hole systems [33].

In this work, we focus on Kerr black holes immersed in Dehnen-type dark matter halos.
By constructing the combined spacetime metric using the Newman-Janis algorithm [34,35],
we derive the effective potential for equatorial motion and perform a detailed stability
analysis to identify stable circular orbits. In particular, we systematically explore how the
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black hole spin and dark matter halo parameters, such as density and scale radius, affect
the innermost stable circular orbit (ISCO) and the structure of stable orbital regions. Our
analysis shows that for prograde circular orbits, the ISCO shifts inward with increasing
black hole spin or dark matter halo density, and that the stable regions can develop complex
structures depending on these parameters. This framework provides a comprehensive
understanding of how the surrounding dark matter environment influences circular orbit
dynamics. The remainder of this paper is organized as follows: in Section 2, we introduce
the Kerr black hole spacetime with a Dehnen-type dark matter halo; in Section 3, we present
the two-dimensional effective potential, analyze the stability regions of circular orbits, and
examine the parameter-dependent behavior of ISCO; in Section 4, we study the impact of
dark matter halo spikes on the black hole event horizon; and finally, Section 5 summarizes
our findings and discusses their astrophysical implications.

2. Schwarzschild Black Hole Spacetime with a Dehnen-Type Dark
Matter Halo

In this section, we consider a static and spherically symmetric Schwarzschild black
hole (BH) embedded in a Dehnen-type dark matter (DM) halo. This configuration provides
the non-rotating background spacetime that will later be generalized to the rotating case
using the Newman-Janis algorithm.

2.1. Dehnen Dark Matter Density Profile

The Dehnen density profile is a special class of double power-law models widely used
to describe spherical galaxies and dark matter halos [23]. Its general form is given by

—y aq (y—PB)/a
() (2]

where p; and rs denote the characteristic density and scale radius of the halo, and «, 8, and
v determine the inner and outer slopes of the profile.
In this work, following refs. [36,37], we adopt the commonly used Dehnen parameters

(& B,7) = (1,4,0), (2)

for which the density profile reduces to

pir) = —F . ®)
r
(1+7)
Ts
The corresponding enclosed dark matter mass is obtained from

Mpm(r) = /(; 47T1’%p(1’1)d1’1, 4)

which yields
47104573 ¥(r + 3¢
Mpm(r) = gs s 1 53) (5)
(r+7s)

2.2. Schwarzschild—Dehnen Spacetime

We consider a static and spherically symmetric spacetime described by the line element

2
LA (d92 +sin20 d¢2). ©6)

2 — _£(r) d2
a5 = —f(r) e+ 15
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The metric function f(r) is obtained by solving Einstein’s field equations
Ryy — %gWR = 81Ty, (7)
with the energy-momentum tensor describing the Dehnen dark matter halo,
T, = diagl—p(r), P:(r), Pi(r), Pi(r)]. 8)

Here, p(r) denotes the density of the Dehnen-type dark matter halo, while P, (r) and
P;(r) represent the radial and tangential pressures, respectively. For the cold dark matter
(CDM) assumption adopted in this work, the dark matter is effectively pressureless:

P.(r) = Pi(r) = 0. )

Including the pressure terms in the tensor allows for a general relativistic formulation.
Under the CDM assumption, the pressures do not contribute significantly to the metric,
and the spacetime is fully determined by the density profile p(r).

The resulting exact Schwarzschild—Dehnen solution reads [36,37]

_2M drtpsr3 (rs + 2r)

T 3(rs+1)2 7 (10)

f(r)=1
where M denotes the mass of the central Schwarzschild black hole.
In the limit p; — 0, the metric function reduces to the standard Schwarzschild form,

fir—1-24, an

as expected.

2.3. Event Horizon

The event horizon radius ry, is determined by the largest real root of

f(r) =0. (12)

The presence of the Dehnen-type dark matter halo modifies the horizon structure compared
to the vacuum Schwarzschild case. In particular, increasing either the characteristic density
ps or the scale radius rs enhances the gravitational potential, leading to an increase in the
event horizon radius.

This Schwarzschild-Dehnen spacetime provides a well-defined and exact non-rotating
black hole solution surrounded by a dark matter halo. In the following section, we extend
this framework to the rotating case by applying the Newman-Janis algorithm, constructing
a Kerr-like black hole spacetime immersed in a Dehnen-type dark matter halo.

3. Two-Dimensional Effective Potential of Kerr Spacetime Influenced by
a Dehnen-Type Dark Matter Halo

We begin with the Kerr black hole metric, which provides an exact vacuum solution of
Einstein’s field equations describing a rotating black hole characterized by its mass Mgy
and spin parameter a. To model a more realistic astrophysical environment, we extend this
spacetime to include the gravitational influence of a surrounding dark matter (DM) halo.
In particular, we consider a Dehnen-type DM density profile [11,21,23], which is commonly
used to describe cuspy or spiky halo distributions near galactic centers and can naturally
arise through adiabatic growth around a supermassive black hole.

https:/ /doi.org/10.3390/universe12030068


https://doi.org/10.3390/universe12030068

Universe 2026, 12, 68

50f21

The presence of a DM halo modifies the spacetime geometry through its contribution
to the gravitational potential. Rather than solving the full Einstein equations with a rotating,
self-gravitating DM distribution, which would be highly nontrivial, we adopt an effective
approach based on the Newman-Janis algorithm [38,39]. This procedure generates a
stationary and axisymmetric rotating metric from a spherically symmetric seed solution
via a complex coordinate transformation. Although approximate, this method has been
widely employed to incorporate environmental effects into rotating black hole spacetimes
and captures the leading-order impact of rotation on the background geometry.

Applying the Newman-Janis algorithm to the Schwarzschild—Dehnen solution, the
Kerr-like metric reads

s 3 s . 27T 573(75+2r)
2M1’+w 41151n29<Mr+ Pci)
2= 3(rs+1)* 2 3(rs+r)?
v = - 2 dt do
ZZ
+ Sodr? + 26 0
3
402 sin2 0 ( My 4 270srs (rs42r)
+sin0 | r* +a” + ( 52 3(rstr)? ) d¢?,
where
¥? =12+ a*cos’h, (14)
and 3
A= r2f(r) ta? = 2|1 - 2M Aot 2] o -

3<rs + 1’)2
Here, M is the black hole mass, a is the spin parameter, and p; and r; are the charac-
teristic density and scale radius of the Dehnen dark matter halo. In the limit p; — 0, the
metric smoothly reduces to the standard Kerr solution.
This metric can be used to study geodesic motion, circular orbits, the ISCO, and
gravitational wave emission for a Kerr black hole immersed in a Dehnen-type dark matter
halo. For details of the derivation using the Newman-Janis algorithm, see Appendix A.

3.1. Effective Potential

For a test particle, the conserved energy E and angular momentum L lead to
gut + gipp = —E, (16)

8ot + 8gpd = L, (17)

where a dot denotes a derivative with respect to the affine parameter 7, chosen as the
proper time. From these relations, the components of the 4-velocity are

dt _ Egpp + L&t

AT ghy — 88y
da Egip + L
di’ G e L (19)
T 8ty — 8tt8pp
From the normalization condition g, X"x" = —1, the effective potential for equatorial
motion can be expressed as
Vet (1,6) = g + 8066, (20)
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leading to the explicit form

2 2
V(r,0) = —14 = 8ee T 2ELgy L8 1)
Sty — 81890
E2 in2 9[1,2 I, sin;f M@] B SaELsir;z OM(r) 12 (1 B 2/\;1 Z(r))
v = VIO . @
sin? 9 ¥2 (r2 4+ g2 — ?)
Here
Y2 = 1% +a* cos® 6, (23)
and the effective mass function induced by the Dehnen dark matter halo is defined as
2mpst3 2
M(r) = My + 270575 (s £ 2r) 24)

3(rs +1)2

For prograde circular orbits, the presence of a dark matter (DM) halo deepens the
effective potential well, which allows stable orbits to exist closer to the black hole and leads
to a reduction in the ISCO radius. In contrast, in the absence of the DM halo, the effective
potential becomes shallower, the ISCO shifts outward, and the region of stable circular
orbits shrinks, particularly away from the equatorial plane.

Figure 1 shows the effective potential in the equatorial plane (6 = 71/2) for a test parti-
cle with energy E = 0.999 and angular momentum L = 2.0, in the Kerr-like Schwarzschild-
Dehnen spacetime. The plot illustrates the characteristic potential well near the black hole
and the influence of the Dehnen dark matter halo on the depth of the potential.

Equatorial Plane Effective Potential

5 10 5 20
r/M
Figure 1. Equatorial plane effective potential V(r,0 = 7r/2) showing the distribution of the effec-

tive potential for a test particle in the Kerr-like Schwarzschild-Dehnen spacetime. Parameters are
E =0.999, L =2.0,and ps = 4.14 x 107%.

The corresponding r-6 plane contour plot is presented in Figure 2, where the stable
and unstable regions of circular orbits away from the equatorial plane can be visualized.
The contours reveal how the effective potential varies with both radial distance r and polar
angle 6, demonstrating that orbits near the equatorial plane remain the most stable, while
stability decreases at higher latitudes.

Finally, Figure 3 displays the three-dimensional surface of the effective potential
V(r,0), providing a comprehensive visualization of the potential landscape. The 3D
plot clearly shows the combined effects of the black hole spin and the dark matter halo,
highlighting the deepened potential well near the black hole and the angular dependence
of the stability regions. Together, these figures provide a complete picture of the effective
potential structure and the regions where stable circular orbits are possible in the presence
of a dark matter halo.
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Effective Potential Contour in r—@ Plane
v(r, 6)

0.0377
0.0319
0.0261
0.0203
0.0145
0.0087
0.0029
-0.0029
-0.0087
-0.0145

20
r/M

Figure 2. Contour plot of the effective potential in the -6 plane, illustrating the distribution of stable
regions off the equatorial plane in the Kerr-like Schwarzschild-Dehnen spacetime. Parameters are
E=0999, L =20,and ps = 4.14 x 107,

2D Effective Potential Surface

r/M

Figure 3. Three-dimensional surface of the effective potential, showing how the potential varies
with r and 6 for a test particle in the Kerr-like Schwarzschild—Dehnen spacetime. Parameters are
E=0999 L =20,and ps = 4.14 x 1074,

3.2. Stability Conditions of Circular Orbits

The stability of circular orbits can be analyzed using the Hessian matrix of the effective
potential, whose eigenvalues determine the behavior of small perturbations around the
equilibrium configuration.

h(r,6;L%) = detVy = Vi Vgo — Vi, (25)
k(r,6;L%) = TrVij = Vir + Vo (26)

For circular orbits, these quantities are evaluated at Uy = 0:

ho(r,0) = h(r,6;L§ , 27
olr0) = h(r0L)], @)
ko(r,6) = k(r6L5)| . 28
olr0) = k&I, 8)
The allowed region for stable circular motion is
D:{(r,9)|h0>o, ko > 0, L5>0}. (29)
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3.3. Stable Regions of Circular Orbits

The stability of circular orbits depends sensitively on the black hole spin agy; and the
properties of the surrounding dark matter halo, in particular its characteristic density ps
and scale radius ;. A rapidly rotating black hole embedded in a dense dark matter halo
shifts the innermost stable circular orbit (ISCO) toward smaller radii and significantly alters
the structure of the stable orbital region. Figure 4 illustrates the resulting stability regions
in the (7, 0) plane for the Kerr-like Schwarzschild—-Dehnen spacetime.

5 10 15 20 25 30
r/M
Figure 4. 2D stability region around a Kerr-like Schwarzschild black hole surrounded by a Dehnen-
type dark matter halo. The calculation is performed with a black hole spin agyy = 0.96, a dark
matter characteristic density ps = 6 x 10~*, a scale radius s = 2 M, and a normalized black hole
mass Mgy = 1. The effective potential is expanded around a reference circular orbit at rp = 6 M
on the equatorial plane (6p = 71/2). The blue shaded region indicates the domain where both the

determinant and the trace of the Hessian matrix of the effective potential are positive (2 > 0 and
k > 0), corresponding to stability against small radial and polar perturbations.

Figure 5 presents a three-dimensional visualization of the stable circular orbit region
around a Kerr black hole with spin agy = 0.96, immersed in a Dehnen-type dark matter
halo with density ps = 6 x 10~* and scale radius rs = 2. In the presence of the dark matter
halo, the stable circular orbit region is no longer continuous, but instead splits into multiple
disconnected zones, indicating the existence of several marginally stable circular orbits.
The shape, connectivity, and extent of these zones are determined by the black hole spin
and the dark matter halo parameters, highlighting the impact of the surrounding dark
matter distribution on the orbital structure near the black hole. This figure clearly shows
that a dense dark matter halo can break the continuity of stable orbital regions, which may
be significant for extreme-mass-ratio inspiral (EMRI) systems.

Figure 6 shows the stability regions of circular orbits around a Kerr black hole im-
mersed in a Dehnen-type dark matter halo. Each of the four panels corresponds to a
different combination of the black hole spin parameter 2 and the dark matter halo charac-
teristic density ps, with the specific values labeled in the upper-right corner of each panel.
The plots illustrate how the shape of the stable orbital regions changes under different pa-
rameter combinations. Comparing the panels reveals that variations in black hole spin and
dark matter density can significantly affect the continuity of the stability regions, leading to
gaps, highlighting the combined influence of relativistic rotation and the surrounding dark
matter environment on orbital dynamics.
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20— -20

/‘\

-20.

0
x[M] x[M]
20" 20",

Figure 5. Three-dimensional visualization of the orbital stability region around a rapidly spinning
Kerr black hole. The left panel shows the black hole surrounded by a Dehnen-type dark matter (DM)
halo, with spin apyy = 0.96, DM halo density ps = 6 x 104, scale radius rs = 2, and black hole mass
normalized to Mgy = 1. The right panel corresponds to the pure Kerr case with the same black
hole spin and mass but no DM halo (p; = 0). In both panels, the yellow semi-transparent volume
represents the region where circular orbits are stable, determined by the positivity of both the Hessian
determinant and the trace of the effective potential, # > 0 and k > 0. The central black sphere denotes
the black hole, while the large gray sphere illustrates the spatial extent of the DM halo (left panel
only). A representative equatorial circular orbit at r = 22 M is shown in blue, with the inspiraling
compact object indicated by the red sphere.

30 a=098 ' a=098
ps = 0000414 ps = 000414

25 1

20 .

=15 =

10 ' 1.

05 X

00

2 a4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
/M /M

30 a=09 0 a=09
ps =0000414 ps =000414

25 25

20 20
= s = 15
10 10

2 a4 6 8 10 12 14 16 2 a4 6 8 10 12 14 16
/™M /M

Figure 6. Stability regions of circular orbits around a Kerr black hole immersed in a Dehnen-type
dark matter halo. The four panels correspond to different combinations of black hole spin 2 and dark
matter halo characteristic density ps. The values of 2 and ps are indicated in the upper-right corner of
each panel. Comparison among the panels illustrates how both spin and dark matter density affect
the extent and shape of the stable orbital regions.

3.4. Innermost Stable Circular Orbit (ISCO) Analysis

The presence of a Dehnen-type dark matter halo modifies the Kerr spacetime and
affects the location of the innermost stable circular orbit (ISCO). In order to quantify this
effect, we perform a parameter scan of the ISCO radius as a function of black hole spin a
and dark matter density p;, keeping the scale radius r; fixed at 10 M.

First, Figure 7 presents a 2D heatmap of the ISCO radius in the (a,ps) parameter
space. One can clearly see that increasing the black hole spin or the DM density shifts the
ISCO inward. The white contour lines highlight specific ISCO values, illustrating how
the combined influence of spin and DM density determines the accessible stable circular
orbits. This overview provides a global picture of the parameter dependence and serves as
a reference for the following detailed analyses.
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ISCO in Kerr + Dehnen DM halo (rs = 10M, y = 1.0)

ISCO radius rsco/M

Figure 7. Heatmap of ISCO radius risco as a function of black hole spin a and dark matter density ps
(log scale) for rs = 10 M. White contours indicate selected ISCO levels.

To better understand the impact of spin on the ISCO for fixed DM densities, Figure 8
shows ISCO vs. a for several representative values of p;. The curves demonstrate that
higher spin systematically reduces the ISCO, allowing test particles to orbit closer to the
black hole. Moreover, the effect is enhanced in the presence of a denser DM halo: the inward
shift is larger for higher p;. This indicates that DM halos can have a non-negligible effect
on the inspiral trajectory of compact objects, especially for rapidly rotating black holes.

ISCO vs spin for different DM densities

— p=1.0x%1077

— ps=3.6x1077
— p=13x107F
—_— p=7.0%x1076
— p,=58x107%

— p;=32x107*

1SCO radius (M)

0.0 0.2 0.4 0.6 0.8 10
spin a

Figure 8. ISCO radius as a function of black hole spin a for several fixed dark matter densities ps.
Denser halos enhance the inward ISCO shift.

Conversely, Figure 9 shows the ISCO as a function of the dark matter density p;
for several representative black hole spins a. For all spins, denser halos shift the ISCO
inward, as the additional gravitational potential from the dark matter halo effectively
pulls stable circular orbits closer to the black hole. This effect is more pronounced for
high-spin black holes, where relativistic frame-dragging and centrifugal balance near the
innermost stable orbit amplify the influence of the surrounding matter. In other words, the
combined effect of black hole rotation and the dark matter halo modifies both the location
and continuity of the innermost stable orbit. Changes in the ISCO directly impact the cutoff
of the gravitational wave phase integral in EMRI systems, potentially producing observable
effects in the waveform. These results highlight the importance of including dark matter
halos when modeling EMRIs in realistic astrophysical environments.

To directly quantify the deviation from the pure Kerr ISCO, Figure 10 plots the relative
shift in the ISCO compared to the vacuum Kerr case, Arigco / rIKS‘E%, as a function of a. Posi-
tive deviations correspond to inward shifts induced by the DM halo. This representation
makes it clear that the DM effect is typically small but grows with both p; and 4, confirming
that even moderate halo densities can produce observable changes in EMRI dynamics if
the black hole is rapidly spinning.
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ISCO vs DM density for different spins

6 — a=0.00
= a=0.21
— a=042
— a=0.63
5

— 2=0.83
— 2=0.99

&

1SCO radius (M)

w

1077 1076 1075 1074
DM density ps

Figure 9. ISCO radius as a function of dark matter density ps for several fixed spins a. Denser halos
systematically reduce the ISCO radius, with stronger effects for higher spins.

ISCO deviation from vacuum Kerr

Relative shift (%)

— p,=3.6%x1077
—— pe=13x107F
— ps=T7.0x107%

104 — p=58x10"5

0.0 0.2 04 0.6 0.8 10
Spin a

Figure 10. Relative deviation of ISCO from the vacuum Kerr case as a function of spin 4 for selected
DM densities ps. Positive values indicate inward shifts due to the DM halo.

Finally, Figure 11 provides a 3D surface view of the ISCO radius as a function of both
a and p;. The surface visualization allows one to simultaneously assess the joint impact of
spin and DM density on the ISCO location. The plasma colormap clearly shows the gradient
of ISCO values, emphasizing the regions of parameter space where the inward shift is most
significant. This 3D representation complements the 2D heatmap and single-axis plots by
offering an intuitive grasp of the combined parameter dependence.

I1SCO radius risco/M

0.00000 0.0
0.00005
0.00010

0Oy, 000015
”“ﬂsf 0.00020
0, 0.00025
000030

06 502

0.8

Figure 11. 3D surface of ISCO radius ri5co as a function of black hole spin a and DM density ps. The
plasma colormap shows the ISCO value in units of M.

In summary, these analyses demonstrate that the presence of a Dehnen-type dark mat-
ter halo can significantly modify the ISCO location, particularly for rapidly spinning black
holes and denser halos. These inward shifts directly increase the EMRI gravitational wave
cutoff frequency, offering a potential observational signature of dark matter distributions

around supermassive black holes.
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3.5. Analysis of Stability Strength

In this subsection, we analyze the stability of circular orbits around a Kerr black
hole immersed in a Dehnen-type dark matter halo. The orbital stability is determined by
examining the Hessian matrix of the effective potential V(7,6), defined as

7 Vetr  0r0g Vst
H(r,0)=|.""¢ Fe 30
(r:8) <af)arveff 03 Vess (30)

A circular orbit is locally stable if both the determinant and the trace of the Hessian are
positive, i.e.,
detH(r,0) >0, TrH(r,0) > 0. (31)

To quantify the degree of stability, we define the stability strength as the minimum
eigenvalue of the Hessian matrix:

S(}’,G) = Amin(H(rlg))r (32)

which provides a measure of how strongly an orbit resists small perturbations. Points with
larger S correspond to more stable orbits, whereas S — 0 indicates marginal stability, such
as near the innermost stable circular orbit (ISCO).

Figure 12 presents both a two-dimensional and a three-dimensional visualization of
the orbital stability. The left panel shows the region of stable circular orbits in the (r,6)
plane, where the blue shaded area satisfies det H > 0 and TrH > 0. The right panel
depicts the normalized stability strength S in the stable region, where warmer colors
correspond to stronger stability. These results illustrate that the presence of a dark matter
halo modifies both the extent of the stable orbital region and the distribution of orbital
stability in Kerr spacetimes.

Normalized Stability
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r/M

o
°
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Figure 12. Orbital stability of circular motion in a Kerr black hole spacetime surrounded by a dark
matter halo. The left panel shows the stable region of circular orbits in the (r, §) plane, determined
from the Hessian matrix of the effective potential Ve (r, ). The shaded blue area corresponds to
configurations with a positive Hessian determinant and a positive trace, indicating local orbital
stability, while the transparent region represents unstable orbits. The right panel displays the
corresponding stability strength within the stable region, quantified by the minimum eigenvalue
of the Hessian matrix. For visualization purposes, the radial coordinate r, the polar angle 6, and
the stability strength are normalized. Warmer colors indicate stronger orbital stability. These results
demonstrate that the presence of a dark matter halo modifies both the extent of the stable orbital
region and the distribution of stability in Kerr spacetimes.

The analysis provides valuable insight into the orbital dynamics of extreme-mass-ratio
inspirals (EMRIs) in dark-matter-rich environments, as the stability of orbits directly affects
the evolution of the system and the phase of emitted gravitational waves.
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3.6. Analysis of Restoring Force Magnitude

To further quantify the system’s stability, we analyze the magnitude of the restoring
force acting on a test particle within the stable region. The restoring force is defined as the
negative gradient of the effective potential:

Vet
3
— — ar
F(rr 9) F aveff 7 (33)
6 )

where Ve (r, 0) is the effective potential of a particle orbiting a Kerr black hole surrounded
by a dark matter halo.
The magnitude of the restoring force can be expressed using the Euclidean norm:

|F(r,0)| = \/F?+ F3. (34)

Figure 13 shows the distribution of the restoring force vectors in the stable region.
The length and direction of each arrow indicate the magnitude and orientation of the
force, respectively. The force is strongest near the inner edge of the stability region and
gradually decreases toward the outer edge. This analysis provides a quantitative measure
of the system’s resistance to deviations from circular orbits and complements the stability
assessment based on the Hessian criteria.

30
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Figure 13. Two-dimensional stability region around a Kerr black hole surrounded by a Dehnen-type
dark matter halo, overlaid with the corresponding restoring force vectors. The black hole spin is
apy = 0.85, dark matter characteristic density is ps = 2 x 104, scale radius r; = 2, and normalized
black hole mass Mpy = 1. The light blue shaded region indicates where the Hessian of the effective
potential satisfies det H > 0 and TrH > 0, representing stable circular orbits against radial and polar
perturbations. The red arrows show the direction and magnitude of the restoring forces, F- and Fy,
driving the system back toward equilibrium.

4. Impact of Dark Matter Halo Spikes on the Event Horizon of Kerr
Black Holes

4.1. Event Horizon of a Pure Kerr Black Hole

In general relativity, the event horizon of a Kerr black hole is determined by the metric
function A(r), appearing in the Kerr metric:

A(r) =r* = 2Mr +a?, (35)
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where M is the black hole mass and a is the spin parameter. The event horizons correspond
to the roots of A(r) = 0, yielding

= M+ VM2, (36)

where ;. and r_ denote the outer and inner horizons, respectively. The spatial radius R in
the embedding diagram is defined as

R =12 +a? (37)

so the outer and inner horizon radii in terms of R are

Ry = /rh + a2 (38)

These expressions illustrate the non-Euclidean geometric structure of Kerr space-
time. For a given spin 4, the coordinate and spatial radii of the horizons can be explic-
itly computed.

4.2. Approximate Event Horizon in Kerr + Dehnen DM Halo

We now derive an approximate formula for the event horizon in the Kerr spacetime
modified by a Dehnen-type dark matter (DM) halo. The metric function in our Kerr + DM
halo model is defined as

2M  Ampsrd(rs + 2r)

_ 2 2 -1 _ =" _
A(?’) =r f(?’) +a ’ f(?') =1 r 3(rs +7’)2 (39)
1. DM Halo Correction
The DM contribution modifies A(r) by
() = () — fn(r)] = — STETE U0 £21) o)
err 3(1’5 + r)z .
2.  First-order Perturbation
Using a Taylor expansion around the Kerr horizons r4:
A(Tj: + 51’;&) ~ AKerr(r:t) + or Ai(err(ri) + 5A(1’:|:) =0. (41)
Since Agerr(7+) = 0, the first-order shift in the horizons is
Sry = _M. (42)
AKerr (ri)
Here,
Aere(r) =2r —=2M = Ay, (re) = £2V M2 — a2, (43)
3. Approximate Horizon Formula
Finally, the perturbed horizons are approximately
2mpsr3r3 2
M T pstsrs (rs + 2r+) ) (44)

3(rs +1r+)?VM? — a?

The upper sign corresponds to the outer horizon r., while the lower sign corresponds
to the inner horizon r_. This shows that the outer horizon expands and the inner horizon
shrinks under the influence of the DM halo.
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Figure 14 compares the metric function A(r) for a standard Kerr black hole (red dashed
line) and a Kerr black hole embedded in a Dehnen-type dark matter halo (blue solid line),
illustrating how the presence of dark matter modifies the gravitational potential. As a
result, the outer horizon expands slightly while the inner horizon contracts, reflected in the
corresponding zeros of A(r). The inset region r € [0.1,6] M highlights the subtle structure
near the inner horizon. These deviations, although small, suggest that the gravitational
influence of a dark matter halo could leave detectable imprints on the apparent shape
and size of the black hole shadow, providing potential observational signatures in high-
resolution black hole imaging.

Comparison: Standard Kerr vs Kerr +Dehnen DM Halo

----- Standard Kerr

Kerr+DM Halo

S )

0 1 2 3 4 5
Figure 14. Comparison of the metric function A(r) for a standard Kerr black hole (red dashed line)
and a Kerr black hole embedded in a Dehnen-type dark matter halo (blue solid line), with parameters
agy = 0.95, oppm = 4 X 1074, and s = 2 M. The presence of the dark matter halo slightly modifies
the gravitational potential, causing a small shift in the location of the event horizon, as indicated by
the zero of A(r). The inset region r € [0.1, 6] M highlights the structure of the inner horizon.

Figure 15 shows the three-dimensional structure of the event horizons of a Kerr
black hole surrounded by a Dehnen-type dark matter spike. The radial locations of the
horizons, r?M, are obtained by numerically solving A(r) = 0, where A(r) incorporates the
gravitational potential of the dark matter halo. The spatial radii are defined as R = v/r? 4 a2,
corresponding to the embedding in 3D Cartesian coordinates. The visualization highlights
the differential effect of dark matter: the outer horizon expands, while the inner (Cauchy)
horizon contracts relative to the pure Kerr case. Semi-transparent surfaces are used to
clearly reveal the inner horizon within the outer one, emphasizing how the presence of
dark matter modifies the causal and thermodynamic structure of the black hole. This
representation provides an intuitive geometric understanding of how a surrounding dark
matter spike alters the horizon geometry.

4.3. Horizon Area and Physical Implications

The areas of the event horizons for a Kerr black hole are given by
Ar =4 +a?), ADM —ar (M) 4 a2), (45)

where 74 and ¥?M denote the coordinate radii of the inner (—) and outer (+) horizons in
the absence and presence of a dark matter (DM) spike, respectively. These expressions
immediately indicate that the inclusion of a DM halo systematically increases the outer
horizon area while decreasing the inner horizon area. From the perspective of black
hole thermodynamics, the horizon area is directly related to entropy via the Bekenstein—
Hawking relation

SPM = kg APY

4h

(46)
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Thus, the presence of a DM spike modifies the thermodynamic properties of the black
hole, effectively increasing the entropy associated with the outer horizon and reducing that
of the inner horizon.

3D Event Horizon (Kerr + Dehnen DM Halo)
2

2

Figure 15. Three-dimensional visualization of the event horizons of a Kerr black hole embedded in a

Dehnen-type dark matter halo. The radial coordinates of the horizons, rEM, are obtained numerically

by solving A(r) = 0, where A(r) accounts for the gravitational effect of the dark matter halo with
parameters agy = 0.75, ppp = 9 X 107%, and rs = 2. The spatial radii are defined as R = /72 + a%H.
The inner and outer horizons are visualized using semi-transparent surfaces, highlighting the slight
contraction of the inner horizon and the expansion of the outer horizon due to the presence of the
dark matter halo. The axes (x,y,z) correspond to the embedding coordinates in 3D space.

Physically, the expansion of the outer horizon implies a larger causal boundary, which
enhances the black hole’s ability to hide its central singularity from external observers.
Conversely, the contraction of the inner horizon can have stabilizing effects on the otherwise
problematic Cauchy horizon, potentially mitigating classical instabilities such as mass
inflation that arise due to infalling matter or perturbations. These effects suggest that
the gravitational influence of DM spikes is not merely a perturbative modification of the
horizon radius but can induce qualitatively meaningful changes in the causal structure and
thermodynamic characteristics of the Kerr geometry.

Furthermore, in astrophysical scenarios where supermassive black holes are embed-
ded within dense DM spikes, these modifications may influence observable phenomena
indirectly, such as the shadow radius or the near-horizon photon trajectories. While the
corrections to the horizon radii and areas are typically small for realistic DM densities
(osr3 < M), they provide a direct link between the properties of the surrounding dark
matter environment and the fundamental geometrical and thermodynamic features of
the black hole. This analysis emphasizes the relevance of environmental effects in high-
precision modeling of black hole spacetimes, particularly in the context of gravitational
wave astronomy and horizon-scale imaging.

4.4. Series Expansion for Low-Density Dark Matter

For astrophysical black holes embedded in a low-density Dehnen-type dark matter
(DM) halo, the characteristic DM density satisfies ps72 < M. In this regime, the gravita-
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tional influence of the DM spike on the Kerr black hole horizons is relatively weak, allowing
a perturbative expansion of the inner and outer horizon radii:

2mpsr3rh (rs + 2r4)

DM s’s"£\s 32

ryt Ry F +O((ps75)7), 47
3(rs + r+)2V M? — a? ({pers)’) @)

where the upper sign corresponds to the outer horizon ., and the lower sign corresponds
to the inner horizon r_. It is clear that the outer horizon expands while the inner horizon
contracts due to the gravitational pull of the DM halo.

The corresponding spatial radii can be approximated as

2751313 (1 + 274 ) i
RDM . /(yDMY2 | 2 o R s , 48
+ (r£¥)* +a = 3(rs +7£)>  RivVM2Z —a2 )

where Ry = /13 + a2 are the classical spatial radii of the Kerr black hole horizons.

Even though the corrections to the horizon radii are small for realistic DM densities,
they can have observable consequences in high-precision astrophysical measurements. In
particular, the expansion of the outer horizon and contraction of the inner horizon may
influence the shadow radius and the trajectories of photons near the horizon, providing a
potential link between the surrounding dark matter environment and observable features
of black hole spacetimes, such as those accessible to horizon-scale imaging experiments.

5. Summary and Discussion

In this work, we have systematically studied the dynamical stability of circular orbits
around Kerr black holes embedded in Dehnen-type dark matter halo, with a particular
focus on the spatial distribution of stable orbits. The Kerr-like metric was constructed via
the Newman-Janis algorithm, and the effective potentials for test particles on equatorial
and non-equatorial planes were derived. The stability of circular orbits was analyzed using
the Hessian matrix of the effective potential, while the stability strength and restoring force
distributions were employed to quantify the response of orbits to perturbations.

Two-dimensional analysis reveals that stable circular orbits exhibit complex, non-
continuous structures in the (r,6) plane. An increase in black hole spin or dark matter halo
density shifts the innermost stable circular orbit (ISCO) inward and may lead to multiple
disconnected stable regions, indicating a high sensitivity of orbital stability to environ-
mental parameters. Two-dimensional heatmaps, parameter scans, and three-dimensional
visualizations further demonstrate that the extent, shape, and angular dependence of stable
orbit regions are jointly determined by the black hole spin and halo properties, highlighting
the importance of environmental effects in astrophysical contexts. Three-dimensional
visualizations also show that orbits closer to the black hole generally exhibit stronger
stability, while high-latitude orbits away from the equatorial plane are less stable. Analysis
of restoring forces indicates that the inner edge of the stable regions exhibits the strongest
restoring forces, providing maximal resistance to perturbations.

We further examined the influence of dark matter halos on the black hole horizons.
First-order perturbative analysis shows that the outer horizon radius increases while the
inner horizon radius decreases, consistent with the enhanced gravitational contribution at
larger radii and the central stretching effect induced by the halo. These modifications may
impact local spacetime stability and the dynamics near the Cauchy horizon.

Overall, our results indicate that dark matter halos not only significantly alter the
ISCO position but also reshape the spatial distribution of stable circular orbits, providing
important references for modeling orbital evolution and gravitational wave phase shifts
in extreme-mass-ratio inspirals (EMRIs). Future work could extend to the effects of self-

https:/ /doi.org/10.3390/universe12030068


https://doi.org/10.3390/universe12030068

Universe 2026, 12, 68

18 of 21

interacting or annihilating dark matter models on stable regions and horizons, explore
the interactions between halos and accretion disks, and combine theoretical predictions
with EMRI or black hole shadow observations to probe dark matter distributions around
rotating black holes.
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Abbreviations

The following abbreviations are used in this manuscript:

BH Black Hole

Kerr BH Kerr Black Hole

DM Dark Matter

Dehnen DM Halo  Dehnen-type Dark Matter Halo

EMRI Extreme-Mass-Ratio Inspiral

1SCO Innermost Stable Circular Orbit

Hessian Hessian Matrix of the Effective Potential

Appendix A. Rotating Schwarzschild-Dehnen Black Hole via the
Newman-Janis Algorithm

In this Appendix, we outline the derivation of the rotating Schwarzschild—Dehnen
black hole solution using the Newman-Janis algorithm (NJA).

Appendix A.1. Transformation to Eddington—Finkelstein Coordinates

We begin with the static and spherically symmetric Schwarzschild-Dehnen metric
written in Boyer-Lindquist (BL) coordinates:
ar + r%(d6? 4 sin 0 d¢p?). (A1)
f(r)
To implement the NJA, we first transform to the advanced Eddington-Finkelstein (EF)
coordinates (u,r,0, ¢) defined by

ds* = —f(r)dt® +

dr
du = dt — m (A2)
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The metric then takes the form
ds? = —f(r)du® — 2du dr + 1*(d0% + sin” 0 d¢?). (A3)

Appendix A.2. Null Tetrad Representation

Following the Newman-Penrose formalism, the metric is rewritten in terms of a null
tetrad basis {I#, n*, m*,m"} satisfying the orthogonality and normalization conditions.
A convenient choice of null tetrads is

=4l (A4)
1
=5y = S f(r) o, (A5)
1 i
o _— " v sH
" V2r (59 - sin954’>' (46)
1 i
gl — v K
m 7 (59 v 54,) ) (A7)

The contravariant metric can then be reconstructed as
g = —1"n" —1"n" + m"'m" + m'mh. (A8)

Appendix A.3. Complex Coordinate Transformation

To generate rotation, we perform the complex coordinate transformation

U — u—1iacosb, (A9)
r—r+iacosb, (A10)

where a denotes the spin parameter.
Under this transformation, the metric functions are promoted according to

r? = X =r>+a%cos’0, (A11)

and the function f(r) generalizes to a function depending on r and 6 through X.
Following the standard NJA prescription and adopting the non-complexification
procedure, the rotating solution can be expressed in Boyer-Lindquist coordinates.

Appendix A.4. Rotating Schwarzschild—Dehnen Metric

After transforming back to BL coordinates, the rotating metric takes the form

470573 (rs+2) . 0 2710573 (rs+27)
2My + IS T2 4qsin 9<Mr+57>
2 3(rs+r)? > 3(rs+r)?
ds*=—|1- 52 dt= — 2 dtd¢$
ZZ
+ Kdrz + 22462 (A12)
3
4% sin? 0 ( My 4 Zerelrst2r)
+sin?0 |2 +a® + ( 7 3(rs+1) ) d¢?,
where
2M  4mpgrd 2
A=7*f(r)+a* =17 1—r—W]+a2, Y =12 +a%cos’f. (A13)
S
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In the limit ps — 0, the metric reduces to the standard Kerr solution with
A = 1? — 2Mr + a>. (A14)

This confirms that the obtained solution consistently generalizes the Kerr spacetime to
the case of a Dehnen-type dark matter halo.
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