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Abstract

We review the main neutrino emission mechanisms operating in dense quark matter under
strong magnetic fields, with particular emphasis on conditions expected in the interiors of
compact stars. We discuss the direct Urca and neutrino synchrotron processes in unpaired
quark matter, incorporating the effects of Landau-level quantization. For the direct Urca
process, the quantization of the electron energy spectrum plays a critical role, whereas quark
quantization can often be neglected at sufficiently high baryon densities. The resulting
field-dependent neutrino emissivity is anisotropic and exhibits an oscillatory behavior
as a function of magnetic-field strength. We explore the implications of these effects for
magnetar cooling and for possible anisotropic neutrino emission that could contribute to
pulsar kicks. In addition, we review the v synchrotron emission process, which, although
subdominant, provides valuable insights into the interplay between magnetic fields and
weak interactions in dense quark matter. Overall, our analysis highlights the nontrivial
influence of strong magnetic fields on neutrino production in magnetized quark cores, with
potential consequences for the thermal and dynamical evolution of compact stars.

Keywords: quark matter; weak interactions; magnetic field; Landau levels; neutrino
emission; quark stars; pulsar kicks

1. Introduction

Compact stars provide a unique natural laboratory for studying matter under extreme
conditions of density, temperature, and magnetic field strength. At densities exceeding a
few times nuclear saturation, baryonic matter is expected to undergo a phase transition
to a deconfined quark phase, possibly leading to the formation of quark cores in compact
stars [1,2]. The existence of such exotic matter in stellar interiors is of profound theoretical
interest, as it can substantially alter the structural, thermal, and transport properties of
compact stars.

Many compact stars, particularly magnetars, host extraordinarily strong magnetic
fields, reaching up to 10’ G at the surface and potentially much higher in their cores [3-5].
These intense fields can substantially modify the physical processes that govern stellar
evolution, most notably neutrino emission, which dominates the cooling of young neutron
stars over the first 10°~10° years [6]. Because neutrinos carry away the bulk of the thermal
energy from the stellar interior, a detailed understanding of their production mechanisms
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is essential for interpreting observed cooling rates and constraining the properties of
dense matter.

Magnetic fields influence neutrino emission through two main mechanisms: (i) by
modifying reaction rates, and (ii) by introducing anisotropies in the emission pattern.
The first directly affects the overall cooling efficiency, while the second may contribute to
large-scale dynamical effects such as pulsar kicks [7-9]. These effects have been investigated
extensively in nuclear matter [10-16]. By contrast, systematic studies of neutrino emission in
magnetized quark matter remained comparatively sparse [17-20] until very recently [21,22].
This lack of comprehensive studies constituted a notable gap, particularly in light of the
possibility that quark matter may be realized in some of the densest and most strongly
magnetized astrophysical environments known.

In this report, we provide a comprehensive overview of recent advances in the quan-
titative description of neutrino emission from unpaired dense quark matter in strong
magnetic fields. We focus in particular on detailed calculations of direct Urca and neutrino
synchrotron emission rates, emphasizing the underlying theoretical framework developed
in Refs. [21,22].

1.1. Weak Processes Producing Neutrinos

In the absence of magnetic fields, the dominant neutrino emission mechanism in quark
matter arises from the direct Urca processes:

d—u+e +7, ut+e —d+ve, (1)

which govern the cooling dynamics of unpaired quark matter [23,24]. The corresponding
Feynman diagrams are shown in Figure 1a. In Section 2, we examine how strong magnetic
fields modify the associated emission rates.

In addition to inducing corrections to the direct Urca processes, magnetic fields also
open new neutrino emission channels that are otherwise forbidden by energy-momentum
conservation. An important example is neutrino—antineutrino synchrotron emission:

qr = qr+vi+7;, 2)

where g denotes a charged quark ( f = u,d) and v; a neutrino of flavor i = e, i, T. This
process, represented by the Feynman diagram in Figure 1b, is associated with the cyclotron
motion of charged fermions in a magnetic field. It has been studied extensively in the
context of magnetized electron gases in white dwarfs and neutron stars [25-29]. In contrast,
its analogue in quark matter has received far less attention.

(a) (b)

Figure 1. Feynman diagrams for (a) direct Urca (anti)neutrino emission and (b) neutrino-antineutrino
synchrotron emission in magnetized quark matter.

The aim of this review is to present a coherent overview of neutrino emission mecha-
nisms in magnetized quark matter, including both the modification of conventional direct
Urca processes [21] and field-induced neutrino—antineutrino synchrotron emission [22].
We outline the theoretical framework based on the Kadanoff-Baym transport formalism,
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summarize the main theoretical results, discuss their implications for cooling and kick
phenomena, and identify open questions relevant to astrophysical applications, particularly
in the contexts of magnetars and hybrid stars. This discussion is intended to connect
novel theoretical developments with observable phenomena, providing a comprehensive
perspective on how strong magnetic fields influence the neutrino emissivity and thermal
evolution of quark matter in compact stars.

1.2. Setup and Model Assumptions

We consider unpaired two-flavor (1, d) quark matter in B-equilibrium and electrical
neutrality at temperatures below the neutrino trapping threshold [30], such that p, = 0.
The quark and electron chemical potentials satisfy the following relation: p; = py + pe.

To obtain a rough estimate of the relative number densities of quarks and electrons, one
may employ the thermodynamic relations for a non-interacting Fermi gas at B = 0. For a
fermionic species f with degeneracy g, mass my, and chemical potential i ¢, the number
density at temperature T is:

_ & [T 1 3 1 )
ny= 2772 Jo (E(Efyf)/T—i—l e(Ef+;¢f)/T+1)P dp, 3)

where Ef =\ /p? + m}% The first term corresponds to particles and the second to antiparti-
cles. For cold dense matter relevant to compact stars (T < ), the antiparticle contribution
is exponentially suppressed and the zero temperature limit provides a good approximation.
The corresponding number density relation for a non-interacting Fermi gas reads_

B () = S @

=\ my) R

where, in the second expression, the fermion mass has been neglected. This approximation
is sufficient for obtaining an order-of-magnitude estimate in the ultrarelativistic regime,
mg < py. For the quarks, the degeneracy factors are g, = g4 = 2N = 6, accounting for
two spin states and three color degrees of freedom, whereas for electrons g. = 2, reflecting
spin degeneracy only. Imposing electric charge neutrality:

%nu — %nd —n, =0, (5)
and solving it together with beta equilibrium relation, py = py + pe, one finds approx-
imately y, ~ 0.8y4 and p, ~ 0.2u,. Since the number density in Equation (4) scales as
gf‘u‘:}, this implies 1, ~ 0.5n; and 1, ~ 3 x 1073 n, [31]. Although the electron density
is small (with less than about one electron per 500 quarks), electrons play a key role in
neutrino emission.

In this review, we adopt representative model parameters appropriate for quark-
matter cores in compact stars. Specifically, we consider quark chemical potentials ¢ of
order 300 MeV (f = u,d) and an electron chemical potential . of order 50 MeV. We also
assume that the temperature is sufficiently low to avoid neutrino trapping, i.e.,, T < 5MeV,
ensuring that T < p, < pis. Generally, the magnetic field is assumed to be strong but
realistic, 1/]eB| < 25 MeV, corresponding to B < 107 G.
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Neutrino emission rates from the direct Urca and synchrotron processes shown in
Figure 1 are computed using the low-energy Fermi theory of weak interactions. The corre-
sponding interaction Lagrangian densities are given by [32]:

Gpcosfc _ _
——— —ay* (1 — y5)d ey, (1 — y5)v,, 6
v A (1 —s)deyu(l—ys)ve (6)

L = %lﬁw"(l —75)y L im(el — sy, @
7

respectively, where Gr ~ 1.166 x 1071 MeV 2 is the Fermi coupling constant and 6 is the

Cabibbo angle (note that cos? O ~ 0.948). In essence, these Lagrangian densities represent

the point-like approximations of the weak interaction mediated by the charged W* and
f f

neutral Z bosons. The vector (cy,) and axial-vector (¢, ) couplings appearing in Equation (7)
are listed in Table 1.

Table 1. Vector and axial-vector couplings in weak interactions for sin? 8y = 0.231.

Particle Process

Uu—u+v+;
d—>d+v+7;

e —e v+t
e e +v 47"

. h (eh)?+ (h)? (e))? = (ch)? cch

3 — 3sin Oy z 0.287 —0.213 0.096

— 2+ 3sin’ 6y -1 0.370 —0.130 0.173
— 1 +2sin? 0y -1 0.251 —0.249 0.019
3 +2sin? Oy 3 1.175 0.675 0.481

* Only neutral-current interaction contributes to synchrotron emission of muon and tau neutrinos; ¥ These effective
couplings incorporate the combined contributions of neutral- and charged-current interactions in v, ¥, synchrotron
emission [25,26].

Let us mention in passing that synchrotron v emission from electrons, unlike the syn-
chrotron emission from quarks or heavy lepton flavors, is mediated by both charged- and
neutral-current diagrams, as shown in Figure 2. As demonstrated in Refs. [25,26], however,
these two contributions lead to rate expressions with similar structures. The total result
can therefore be expressed as a single contribution, provided that appropriate effective
coupling constants c{, and 6{4 are used (see Table 1).

Figure 2. The charged- and neutral-current diagrams contributing to synchrotron v emission
from electrons.

1.3. Kadanoff-Baym Transport Equation for Neutrinos

Instead of the traditional approach to neutrino emission, which relies on explicit
amplitudes for the underlying tree-level electroweak processes represented by the inter-
action Lagrangians in Equations (6) and (7) and shown in Figure 1, and which requires
detailed knowledge of the cumbersome Landau-level wave functions in a background
magnetic field [25,26], we adopt an alternative framework, previously applied in differ-
ent contexts [33-35]. This framework is based on the Kadanoff-Baym formalism, which
replaces explicit wave functions with Green’s functions and thus provides a more compact
and computationally efficient treatment of neutrino emission processes.

Without loss of generality, we assume that the quark matter inside the stellar core
is spatially uniform on macroscopic scales. Under this assumption, the nonequilibrium
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neutrino Green'’s functions G (t, P) depend only weakly on time and can be related to the
(left-handed) neutrino distribution function as follows [33-35]:

iGS(t,P) = —7;1_275(7“& + 1y Y0)
< Afult,p)o(po+ v —p) — [1 = fult, =p)]6(po + v + )}, ®)
iG; (t,P) = ;rl_z%('YAP/\ + v Y0)
x A= fult,p)]o(po + mv — p) — fo(t, =p)d(po + 1w + p) }- ©)
Here P = (po, p) denotes the four-momentum of the neutrino, and p = |p| is the

magnitude of its spatial momentum. Throughout this work, we consider conditions where
neutrinos are not trapped in quark matter, so their chemical potential vanishes (11, = 0). To
avoid potential confusion, we also note that, throughout this review, the subscript v is used
exclusively to denote a neutrino and never as a Lorentz index.

The nonequilibrium dynamics of neutrinos are governed by the Kadanoff-Baym
transport equation:

9 Tr[fyocj(t, P)} = — TG (t, P)S (, P) — £ (t, P)GS(t,P)], (10)

where £5 (t, P) denote the corresponding neutrino self-energies. The left-hand side encodes
the time evolution of the neutrino distribution function included in G; (¢, P), while the
right-hand side represents an implicit collision term that encapsulates all information about
electroweak interactions in Figure 1 through the neutrino self-energies s (t,P).

Since the macroscopic evolution of dense matter occurs on timescales much longer
than those characteristic of weak interactions, the explicit time dependence of the self-
energies and Green'’s functions on the right-hand side of Equation (10) may be neglected. In
certain astrophysical settings, such as core-collapse supernovae and neutron star mergers,
the dynamical timescales may become comparable to those of weak processes [36-38].
While this could appear to invalidate our approximation, this is not necessarily the case.
If the average temperature and the quark and electron chemical potentials vary suffi-
ciently slowly, it remains justified to neglect the time dependence on the right-hand side
of Equation (10). This assumes, of course, that the other assumptions of our framework,
i.e., low temperature and the absence of neutrino trapping, remain valid.

As we demonstrate in the following sections, this Kadanoff-Baym formalism provides
a convenient starting point for calculating neutrino emissivities associated with weak
processes, such as direct Urca reactions and neutrino—antineutrino synchrotron emission.

2. Neutrino Emission from Direct Urca Processes

Using the interaction Lagrangian density in Equation (6), we obtain the following
contribution to the neutrino self-energy:

< .Gz 26 d4 =< ==
5 (R) = 1T [ S 1A )SE (R + Q0 =PI (Q), D

2

which is represented by the Feynman diagram shown in Figure 3. This self-energy effec-
tively encapsulates the collision term in the Kadanoff-Baym Equation (10).
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WA

Figure 3. Neutrino self-energy diagram used in the Kadanoff-Baym formalism to compute the direct
Urca neutrino emission rate in dense quark matter.

Although the presence of a background magnetic field modifies the structure of the
charged-particle Green’s functions, the resulting expression for the neutrino self-energy in
Equation (11) retains a form closely analogous to that in the zero-field case [33-35]. This
can be understood as follows: In coordinate space, the electron Green’s function and the
W-boson self-energy can be written as follows:

S?(u, u') = eiq)(”'”,)ggg(u —u'), H?U(u', u) = e*iq)<”'”,)f[(>§a(u’ —u), (12)

where ®(u,u') is the Schwinger phase and u = (t,7). Formally, the gauge-dependent
Schwinger phases break translational invariance, thereby making a conventional momen-
tum representation impossible. However, in the one-loop expression for the neutrino
self-energy, which involves the product of the electron Green'’s function and the W-boson
self-energy, the Schwinger phases cancel exactly. The remaining parts are translationally
invariant and can therefore be Fourier-transformed in the standard way:

SE(P) = [dtue s (), (13)
M,Q = [due@mii (u). (14)

Substituting these Fourier transforms into the neutrino self-energy expression then
leads to Equation (11).

Thus, despite its conventional appearance similar to the zero-field case, Equation (11)
fully incorporates the effects of the background magnetic field through the Fourier trans-
forms of translationally invariant parts of Green’s functions 53 (P) and ﬁfU(Q). It should
be stressed, however, that the transverse components of the four-momenta P and Q cannot
be interpreted as physical momenta. For charged particles in a magnetic field, only the en-
ergy and the momentum component parallel to the field are conserved quantum numbers.
The transverse dynamics, in contrast, is quantized into discrete Landau levels rather than
described by continuous momenta.

The Fourier transform of the electron Green’s functions can be written using a spectral
representation as follows:

iS;(P) = [1—ngp(po)lAe(po+ pe, p), (15)
iS5(P) = —np(po) Ae(po+ pe, p), (16)

where np(po) = [exp(po/T) + 1] ! is the Fermi-Dirac distribution and py is measured rel-
ative to the electron Fermi surface. The electron spectral function A, explicitly incorporates
Landau-level quantization and is given by:

https://doi.org/10.3390/universe12030061
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Ac(po+ pe,p) = 2me” pie Z Z E 5(po + pe — AEe,n){{Ee,n’)/off\r’z'y3+/\me}
A==+ n= en

x{mu@mmfﬂLﬂaﬁﬁyuanmwﬂwU%} 17)

with E,, = \/2n|eB| + p2 + m2, ¢ = 1/+/|eB|, P+ = (1 £is y'9?)/2,and s, = sign(eB).
The greater and lesser components of the W boson self-energy are expressed in terms
of the retarded self-energy as follows:

2[1 + np(qo)]Im ITS, (Q), (18)
2np(q0)Im I}, (Q), (19)

i3, (Q)
i3, (Q)

where n15(q0) = [exp(go/T) — 1] " is the Bose-Einstein distribution function. The retarded
self-energy I1X is generated by a one-loop quark diagram.

Although quarks are electrically charged, magnetic-field effects in quark propagators
can be treated as weak and neglected to a good approximation in dense quark matter.
For realistic magnetic fields B < 10'7 G, the scale \/[eB| is much smaller than the quark
chemical potentials y,;, ytg ~ 300 MeV. Consequently, many quark Landau levels are occu-
pied, and the level spacing near the Fermi surface, Ae, ~ |eB|/ i, is negligible compared
with thermal smearing and interaction-induced broadening. This justifies neglecting the
magnetic-field dependence of I1X at leading order.

In contrast, electrons have much smaller chemical potentials, p, ~ 50 MeV, making
Landau-level quantization essential. For this reason, the electron propagator is treated
exactly in the magnetic field through the spectral function in Equation (17).

2.1. Neutrino Number Production Rate in the Urca Process

By substituting the neutrino Green’s function given in Equation (8), the electron
Green’s functions in Equations (15) and (16), expressed through the spectral function
in Equation (17), together with the W-boson self-energies from Equations (18) and (19),
into the kinetic Equation (10), we derive the following expression for the neutrino number
production rate:

2 ZZ
ofu(t,pv) _GI%COSZGC S n/d3pee PeL B
ot N 2 /\:in;O( Y (277)3PvEennF(Ee'n pe)
X np(pu+ e = Een) LI (pe, po)Im [ T15,(Q)], 20)

where Q = (E¢ — {e — Pv, Pe — Pv)- Note that the distribution function for antineutrinos
satisfies a similar equation. The Landau-level dependent lepton tensor is defined by:

LY (pepv) = Tr H (Ee,wo — APez7’ + Ame) [PiLu(Ep.) — P-Lu-1(Ep.)]

+ 2M(pes YL (E) P17 =27 (vopy = P (1= 27) |- @1)

where {,, = 2;73, 2. Using the explicit expression for the imaginary part of the
W-boson self-energy, one finds that the contraction of the lepton and quark tensors,
L3% (pe, pv)Im 15 (Q)], appearing on the right-hand side of Equation (20), is proportional
to (P-Py)(K-Y,). The latter closely resembles the zero-field particle amplitude [23,24].
In addition to the four-momenta of the down and up quarks, P and K, and the neutrino
four-momentum P,, this contraction depends on Y,, which serves as an effective analog
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of the electron four-momentum. Unlike in the zero-field case, however, Y, encapsulates
all information about the quantized Landau orbits. The explicit components of Y., are

given by:
Yoo = (Ee,n - SLApe,z)Ln ((:pg) - (Ee,n + SL)\Pe,z)Ln—l (é’pe)/ (22)
Ye,z = (APE,Z — SLEe,n)Ln (Cpg) — (Apg’z + SlEg,n)Ln,] (‘:pe)r (23)
Y, = —4Ape Ly 1(Ep). (24)

o

Evaluating the contraction L%, (pe, py)Im[I1R (Q)], where the effects of the magnetic
field on the quark propagators are neglected, we obtain the following expression for the
neutrino number production rate [21]:

afV(trpV) _ Z\ICGIZ—”COS2 tc i(_l)n/ Pkdkdapee_ptz’/iﬁ

) ne(Eepn — n — E
271_’4 = quPvEe,nEkEp (pe) F( en ‘ue) F(Vd P)

k k
x np(Ep — yu){ [Eppv,o - (1 + acos Qeu) (q- py)] <EkYe,o — acosﬁeu(q . Ye)>

1 — cos? 6,

k2
S (R v = S ) - 0)) } 25)

In the derivation, we have used the energy conservation relation p, + p — Ec,p =
Ex — pu — Ep + pg. Also, we kept only the contribution from positive-energy electron
states (A = 1) and neglected the positron contribution (A = —1), which is exponentially
suppressed since the electron chemical potential is much larger than the temperature.

The explicit expression in Equation (25) reveals that the typical energies of the emitted
neutrinos are of the order of the temperature, and that the quark states contributing most
significantly to the direct Urca processes lie in close vicinity of the Fermi surfaces. These
kinematic constraints imply that the quark momenta k and p, as well as the electron
pseudo-momentum p,, are approximately parallel to one another. As in the zero-field
case, such near-collinearity strongly suppresses the neutrino emission rate, particularly
at low temperatures. However, as demonstrated by Iwamoto [23,24], this restriction is
naturally relaxed once Fermi-liquid corrections to the quark dispersion relations are taken
into account. These corrections reduce both the Fermi momenta and the Fermi velocities of
the quarks, leading to the modified energy relations:

E, =~ wug+or(p—pr), (26)
Ey ~ py+vp(k—kg), (27)

where pr = vpyy and kp = vrp, are the Fermi momenta of the d and u quarks, respec-
tively, and vr = 1 — « is the Fermi velocity, with the strong-interaction effects captured in
Kk = 2us/(371) [39,40]. Note that the Fermi-liquid corrections for electrons are negligible (i.e.,
PeE ~ M), since the QED fine-structure constant is much smaller than the QCD coupling as.

After including the Fermi-liquid corrections, one finds that the three momenta are not
collinear any more. Instead, the angle between the electron pseudo-momentum p. and the
up quark momentum k is approximately determined by:

vk (3 — p2) — p?

28
20rfuPe @8

C0S Oy

where p, is the magnitude of p,.
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_ 2 g2
ofu(t,pv) _ NG} cos? 6c - dpe-d(p] | e Pert

This constraint has already been taken into account in deriving Equation (25) when
performing the angular integrations associated with the direction of the u-quark momentum
k. To ensure that | cos 0,,| < 1, the range of allowed values for the pseudo-momentum p, is
restricted to vrppe < pe < vp(pg + pu). This inequality is explicitly enforced in Equation (25)
through the inclusion of unit-step functions inside ©(p.), which is defined as follows:

O(pe) = 0(pe — vrpe)Olvr (pa + pu) — pel- (29)

While the effects of Fermi-liquid corrections are qualitatively similar to those encoun-
tered in the zero-field case [23,24], important differences arise in the presence of a magnetic
field. In particular, in Equation (28), one can no longer assume that p, = /p?/ L i
represents the physical electron Fermi momentum since p, | no longer corresponds to the
physical transverse momentum and therefore does not uniquely determine the electron
energy. As a result, the integration over p, in Equation (25) is not necessarily dominated by
the region near p. ~ j.

Instead, the dominant contribution arises from the vicinity of the true electron Fermi
surface, which, in the presence of a magnetic field, is organized into a discrete set of Landau
levels. In particular, the patch of the Fermi surface associated with the nth Landau level is

defined by longitudinal momenta satisfying \/ 2nleB| + pi ¢ + m2 = .. The corresponding

solutions are given by a discrete set of longitudinal momenta, p, r = 4+/u2 — m2 — 2nleB],
labeled by Landau-level indices n < nmax, where nmax is given by the integer part of
(42 — m2)/ (2]eB]).

It is worth noting that the electron mass appears in the expression for the neutrino
number production rate in Equation (25) only through the electron’s energy E.,. How-
ever, since the rate is primarily determined by the states near the Fermi surface and the
electron mass is much smaller than the chemical potential (m, < p.), its effect is negligible.
Therefore, we can safely neglect it in our calculation below.

Further simplifications of the rate in Equation (25) can be made by replacing the
quark momenta with their Fermi momenta throughout the integrand, except within the
distribution functions, and by setting g = p. — p» = p.. These approximations are
well justified, since the dominant contribution to the rate originates from quarks within
narrow energy bands (~ T) around their Fermi surfaces, and the typical neutrino momenta
are small compared to the electron pseudo-momentum (T < vrp, < pe). Under these
conditions, we obtain:

e Corma (1" [ O(pe) [ e (Ex ~ )

n=0 pf

X np(py — Ex — Een + Hg)np(Eepn — ye){ {1 — (1 + vp& cos 9€u) pezpvz:|

Pe HdPv
Ye0 (Ye'Pe) > 21_C052 Oeu HupPv,z (Yez pBZ(YE 'pe))
X ~ — 7 cos + v = == - 7, 30
(Ee,n F peEe,n o F 2 HdPv Et‘,ﬂ P%Ee,n ( )

where we have also performed the integration over the azimuthal angle ¢, specifying the
direction of the electron pseudo-momentum p, | in the plane perpendicular to the magnetic
field. Note that the scalar product (¥, - p.) remaining in Equation (30) is independent of
the angular coordinate ¢, and takes the following explicit form:

(Ye-pe) = paz[La(Ep) — Lu-1(Ep.)] —s1Eenpez[Ln(Ep.) + Lu-1(Ep.)] —4p2 1 Lu—1(Ep.)- (31)
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2.2. Neutrino Energy and Momentum Emission Rates

The neutrino number production rate in Equation (30) can be used to determine the
corresponding energy and net longitudinal momentum emission rates. These are defined

as follows:
3
& = 2/ d”g Voaf”(;;p”), (32)
. a3 ofy(t,
P = 2/ Pv3 Doz fv(atpv)' (33)

The additional factor of 2 accounts for the combined contributions from both direct
and inverse Urca processes, u +e~ — d + v, and d — u + e~ + 7., one producing neutrinos
and the other antineutrinos.

A nonzero net longitudinal momentum emission rate, 751,,2, implies that neutrinos
are emitted asymmetrically with respect to the direction of the magnetic field. Such an
asymmetry is indeed expected in magnetized quark matter, where the combined effects
of spin magnetization and parity violation induce a spatial imbalance in neutrino emis-
sion [9,19,20].

Substituting the neutrino number production rate from Equation (30) into
Equations (32) and (33), we obtain the following explicit expressions for the rates:

g _ 24NCG12:7:;)S2 OcT° FWM v:;zzﬂ‘u) e (1) { L, [25(1 _ tz)}
o (1— 20 o
and
Py =, CEOP AT, i " ['a o P g e s 00 {1, 251 - )
+ Lo [25(1 - #)] Jgle )_[S(lgtz) (1 - —UF(”‘* i ’*”)262> (1 ”ngz)
P (1 - v%ﬂe(ﬂd;L )l zzjlfsﬂ) < - v%ye(yd;r m)ﬁ)], 35)

respectively. In deriving these results, we performed the integration over the neutrino
three-momentum p,, introduced the dimensionless integration variables s = (p2, + p2 | ) >

and t = \/ p2./(p2,+p e 2 ), and adopted the following shorthand notations:

— 1 : €n\ _ el : €n
glen) = g [Lis(e) — S Lis(e™)], (36)
\/ 2 _
€p = 21 +,]S-; ‘uEE (37)

Note that the electron mass was neglected. This is justified since its value is much
smaller than the electron chemical potential (1, < ).

The direct Urca rates in Equations (34) and (35) constitute the main analytical results
here. These expressions will be used in Section 2.4 to analyze the dependence of the energy
and momentum emission rates on the magnetic field strength. It will be convenient to
normalize our results to Iwamoto’s rate in the zero-field limit, which is reviewed in the
next subsection.
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2.3. Zero Magnetic Field Case

Using the same Kadanoff-Baym formalism, here, we reproduce the well-known zero-
field result originally derived by Iwamoto in the 1980s [23,24]. This serves as a useful
benchmark for studying the neutrino emission rate in the presence of a nonzero magnetic
field. We note in passing that several refinements of Iwamoto’s result, as well as extensions
to color-superconducting quark matter (at B = 0), can be found in Refs. [34,40,41].

Using the same neutrino Green’s function as in Equation (8), together with the zero-
field electron Green’s function and the corresponding W-boson self-energy, in the kinetic
Equation (10), we obtain the following expression for the neutrino number production
rate [34]:

afy(t, N.G?2 cos? 6 © dkd®
fv(atpv) - c 1;7T4 vl—"ﬂuﬂd./ pgpenF(Ee_Ve)
X np(pv—Ek—Eg—f—yd)np(Ek—yu)(l—vae Cos()ég)). (38)
e

This expression is the zero-field counterpart of Equation (30), which was derived for
quark matter in the presence of a magnetic field.

Following the original approach of Refs. [23,24] to incorporate the Fermi-liquid
corrections for quarks, the quark dispersion relations are replaced by those given in
Equations (26) and (27). The resulting kinematics constrain the angle between the elec-
tron and u-quark momenta to satisfy:

0 ., UF(Hg—pi) = pe

cos 0,
20F Uy Pe

~vp— (1—0%) fe , (39)

where, in the final approximation, p, has been replaced by the electron Fermi momentum,
Per =~ He. Notably, if the Fermi-liquid corrections for quarks were neglected (i.e., vr — 1),
cos 93(2) would approach unity, indicating that the electron and up-quark momenta become
collinear. Such a highly constrained phase space would result in a parametric suppression
of the direct Urca process rates by a factor of T/ [42].

The integrals in Equation (38) are dominated by contributions from particles near
their respective Fermi surfaces, within an energy range of order T. Hence, we employ
the standard approximation in which the quark and electron momenta are replaced by
their Fermi momenta throughout the integrand, except within the distribution functions.
Under this approximation, the neutrino number production rate becomes:

afy(t, 2N.G? cos? 6,
fV(atpV) — c F7T3 Cvpyuydﬂe/dkdpenl:(Ee—ye)

x  np(py — Ex — Ee + ug)np(Ex — pu) (1 — UF COS 959). (40)

Noting that the antineutrino rate is the same, the total integrated energy rate reads

3
Iwamoto) _2/ d Pv3 vOafV(attpV) ~ @D@G 7 COS Gc,l/lu}ld}leT6+O( 2 5g>/ (41)
u

where we substituted N; = 3 and assumed that p, < .

Some of the approximations used to derive the analytical rate in Equation (41) can
be refined. In particular, one may retain the actual electron momentum p, throughout the
integrand in Equation (38), rather than replacing it with the Fermi momentum p, r ~ p,.
(A similar refinement for the u- and d-quark momenta is unnecessary, since their Fermi
momenta p, r and p,; r are much larger than p, r.) Numerical evaluation of the integral
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over p, with this improvement yields a slightly higher rate, which can be written in the
modified form [21]:

4577t N,

5 (B=0) ~
&7 = Croms

vF(1 — v%) G2 cos® Oc py phapte T (1 + ;:), (42)
u
where Cr is a function of order 1, whose approximate dependence on the temperature is

given by:
T T?
CT%1—|—(31*+C2*2, (43)
He He

where ¢; = 15.70 and ¢ =~ 6.287.

2.4. Numerical Results for Direct Urca Rate

Using the analytical expressions for the direct Urca rates derived in the previous two
sections, we now present our numerical results for neutrino emission in magnetized quark
matter. To reveal the effect of the background magnetic field, it is convenient to consider
the dimensionless ratios &,/ g,SBZO) and P, ./ EV(B:O), which characterize the energy and
longitudinal momentum emission rates, respectively. Note that the latter ratio is normalized
by the zero-field energy emission rate because the net momentum emission vanishes in the

absence of a magnetic field, i.e., P,ngo) =0.

)
magnetic field are presented in Figure 4. For illustrative purposes, we use the following
values of the chemical potentials: y;, = 300 MeV and y. = 50 MeV. It should be noted,
however, that the corresponding rates, when normalized to their zero-field values, are

Our main numerical results for the dimensionless ratio &, / 5'153:0 as a function of the

expected to depend only weakly on the specific values of the quark chemical potentials.
To account for quark Fermi-liquid effects, we take the strong coupling constant to be
as = 0.3.

In Figure 4, we show numerical results for four representative nonzero temperatures:
T = 0.25 MeV, 0.5 MeV, 1 MeV, and 2 MeV, together with the limiting case T — 0.
As expected, the dimensionless ratios of the rates approach unity as B — 0. To cover a broad
range of magnetic fields, from approximately |eB| ~ 50 MeV? to |eB| ~ 5000 MeV?, which is
equivalent to the field strengths in a range from about B ~ 8.5 x 101® G to B ~ 8.5 x 10"/ G,
we use a logarithmic scale on the horizontal axis. Note that the squared-energy units of
|eB| can be converted to gauss using the relation B = 1.69 x 10'* G |eB|/MeV?.

As shown in Figure 4, the rates exhibit a characteristic oscillatory dependence on the
magnetic field, analogous to the de Haas-van Alphen effect in metals. As in the case of the
magnetic susceptibility in metals, these oscillations arise from Landau-level quantization
of electron states near the Fermi surface. Consequently, peaks in the energy emission rate
occur when the Fermi energy coincides with the thresholds of individual Landau levels,
i.e, when |eB|/u2 = 1/(2n) for positive integers n. These peaks become increasingly
pronounced as the temperature decreases and formally diverge in the limit T — 0. We
note, however, that the energy emission rates in Figure 4 are normalized to their zero-field
values given by Equation (42). Therefore, the absolute rates themselves vanish rapidly in
the low-temperature limit, scaling as « T® when T — 0.
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Figure 4. The neutrino energy emission rates for four nonzero temperatures: T = 0.25 MeV, 0.5 MeV,
1 MeV, and 2 MeV, together with the limiting case T — 0. The inset shows a close-up view of the
region with the magnetic field strength below 5 x 10'° G.

Overall, the energy emission rate decreases with increasing magnetic field strength.
However, even for fields as strong as B ~ 107 G, the suppression is limited to only about
20%, suggesting that significant observational consequences are unlikely. An interesting
exception arises in the lowest Landau level (LLL) regime, where the emission rate can be
significantly enhanced. Realization of this regime requires extremely strong magnetic fields,
such that only the lowest Landau level is occupied, i.e., eB > u2, with y, denoting the
electron chemical potential. For the representative value y, ~ 50 MeV adopted here, this
condition translates into B > 4.2 x 1017 G. Although such field strengths are not excluded
in principle, they lie near the upper end of theoretically plausible magnetic fields in stellar
interiors, even when possible amplification mechanisms are taken into account [43,44].

Numerical results for the momentum emission rates are presented in Figure 5 for the
same four nonzero temperatures, T = 0.25 MeV, 0.5 MeV, 1 MeV, and 2 MeV, together
with the limiting case T — 0. As before, we show the dimensionless ratio PV,Z/ '15310)
rather than the net longitudinal momentum emission itself. Similar to the energy emission
rate, the net momentum exhibits an oscillatory dependence on the magnetic field, with the
oscillation peaks becoming increasingly pronounced as the temperature decreases.

We note that while the neutrino energy emission rate is strictly positive, the longitudi-
nal momentum emission rate does not have a definite sign. In other words, the direction of
the emitted net momentum is aligned with the magnetic field for certain values of |eB|/ 2
and opposite to it for others. As discussed in detail in Ref. [21], this behavior arises from
the angular dependence of the underlying weak processes. In particular, electrons near the
equatorial region of the discretized Fermi surface (p,,, ~ 0) predominantly emit neutrinos
&~ Ue).
From our numerical data, we obtain the following order-of-magnitude estimate for

in the direction opposite to those emitted by electrons near the polar regions (|pe,-

the ratio of the net momentum to the energy emission rates:

_5leB|
_ Pz 5y 10-31eBl 44
Ui g, T (44)

which quantifies the momentum asymmetry of the emitted neutrinos. For representative
parameters, y, = 50 MeV and T = 1 MeV, this asymmetry reaches only the percent level
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for magnetic field strengths as large as B ~ 4 x 10'® G. Moreover, even in the extreme-field
limit where all occupied electron states reside in the LLL, the asymmetry remains moderate,
with a peak value 7 < 0.15. These values are significantly smaller than those predicted
by simplified models that estimate neutrino emission asymmetry based on electron spin
polarization alone [9,19,20].

0.15 — T-0MeV 1e=50 MeV
T=0.25 MeV
[ — T=0.5 MeV
0.10ro0. — T=1 MeV
— — T=2MeV
S
T _
B 0.05¢
S
W I .
N
N
0.00 4 H—\
* v
-0.05} \ R
L I A | A L | L L L L i L L |
1x10'® 2x10'® 5x10'® 1x10"7 2x10"7 5x 10"
B [Gauss]

Figure 5. The neutrino net momentum emission rates for four nonzero temperatures: T = 0.25 MeV,
0.5MeV, 1 MeV, and 2 MeV, together with the limiting case T — 0. The inset shows a close-up view
of the region with the magnetic field strength below 5 x 101° G.

2.5. Estimate of Pulsar Kick Velocity

Since the background magnetic field induces a nonzero net momentum emission,
neutrinos may, in principle, contribute to pulsar kicks. An estimate of the corresponding
kick velocity, vy, is given by:

47R3
%= T3M

L 47R3 ;
Puadt = 205 [y éuat 45
[ Pt = 57 [ n&s )
where R, denotes the radius of the quark core and M is the neutron-star mass. In the last
expression, the momentum emission rate has been expressed in terms of the corresponding
energy emission rate using the function # introduced in Equation (44).
Assuming that the neutrino emission is the main cooling mechanism, the correspond-

ing rate £, determines the cooling rate of the stellar quark core:

dT &

= __zv 46

dt Cy (46)
where Cy is the specific heat of dense quark matter. At small temperatures, its analytical
expression is given by [45]:

CwUU—3W§+%ﬂ(1—%f)+OCﬁ) (47)

with subleading terms suppressed by a factor on the order of T2/ ‘ujzc. Note that the electron
contribution to the specific heat can be neglected here, as it is suppressed by a factor of the
order of (pe/pu)?.
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Using Equation (46) to change the integration variable from time f to temperature T in
Equation (45), we obtain:

_4nR? [Ty
3M

R¢ JeB]

20
Cy(THdT' ~ 81 x 1073 §+2(1—5) T, — Tf), (48
nCv(T) Mo I (o + 1a) — ) 7), (48)

O =
where T; and Ty denote the initial and final temperatures of the cooling stage. For typical
compact stars with quark-core masses of the order of the solar mass, M ~ M, core radii
R¢ ~ 10 km, the resulting numerical estimate yields a pulsar kick velocity of only a few
kilometers per second, even for temperature differences as large as T; — Ty ~ 10 MeV. This
is clearly insufficient to account for the observed pulsar kick velocities, which are typically
in the range 100 to 1000 km/s.

3. Neutrino—Antineutrino Synchrotron Emission

Unlike the direct Urca process, neutrino—antineutrino synchrotron emission, g =
q¢ + v; + 7j, occurs in dense quark matter only in the presence of a magnetic field. The back-
ground field accelerates charged fermions, such as quarks or electrons, allowing them
to radiate v¥ pairs. This mechanism is analogous to ordinary synchrotron photon emis-
sion, but instead proceeds via neutral Z-boson exchange and results in the emission of a
neutrino—antineutrino pair, as illustrated by the Feynman diagram in Figure 1b.

Here, we review the derivation of this process using the Kadanoff-Baym formalism,
as developed in Ref. [22] and briefly summarized in Section 1.3. Rather than computing
particle amplitudes directly from wave functions [26], the derivation is formulated in terms
of the neutrino self-energy. Working entirely with Green’s functions, this approach provides
a conceptually transparent and computationally efficient framework for evaluating neutrino
emissivity in dense, magnetized quark matter.

Both quarks and electrons can contribute independently to the total neutrino luminos-
ity from synchrotron emission. For clarity, we first consider a single quark flavor emitting
a single neutrino—antineutrino pair via the weak interaction shown in Figure 1b. This
simplified setup captures the essential physics while allowing for compact analytical ex-
pressions. The formalism can then be readily generalized to astrophysical applications,
such as quark stars, by including all quark flavors, all neutrino species, and the electron
sector. As demonstrated below, the electron contribution reproduces the well-known results
obtained using the standard amplitude-based formalism [26].

3.1. Neutrino Number Production Rate in the Synchrotron Process

Using the interaction Lagrangian density in Equation (7), we obtain the following
contribution to the neutrino self-energy mediated by neutral Z-boson exchange:

z§<P>=iGi 40 %(1-9°)GZ(Q)77 (1 — I, (P - Q) (49)
1 2 (27_[)4’)/ ’)/ v ’)/ ’Y §g 7

where H?U(P — Q) are the lesser and greater Z-boson self-energies. The corresponding
diagrammatic representation of this contribution is shown in Figure 6.

We emphasize that, although Equations (11) and (49) share a similar structure, they
arise from distinct physical processes: the former corresponds to charged-current direct
Urca emission mediated by W-boson exchange, while the latter describes neutrino syn-
chrotron emission via neutral-current Z-boson exchange.
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Figure 6. Neutrino self-energy diagram used in the Kadanoff-Baym formalism to compute the

neutrino-antineutrino synchrotron emission rate in dense quark matter.

By substituting Green'’s functions given in Equations (8) and (9) into Equation (49) and
neglecting neutrino trapping (i.e., assuming that the neutrino and antineutrino distribution
functions vanish), we obtain the following expression for the self-energies:

< G: r d*Q
=P =5 ] Grrg

1—15 <
P (1= Q=580 £ 401 (1 = )T (P - Q). (50)
Finally, by inserting this expression into the Kadanoff-Baym transport Equation (10),
we derive the neutrino-number production rate:

2 3

PP E [ it L@ P+ i [P+ Q)] 6D
where Py = (po, p) and Q) = (qo, q) denote the four-momenta of the neutrino and antineu-
trino, respectively, with the on-shell conditions py = p and g9 = q imposed. In deriving
Equation (51) from Equation (50), the lesser and greater Z-boson self-energies were ex-
pressed in terms of the imaginary part of the retarded self-energy, as given in Equations (18)
and (19). Also, the change in variables § — —g was performed. The shorthand notation
L%7(Q, P) in Equation (51) stands for the lepton tensor, which is defined by the following
Dirac trace:

L7QP) = Te[(por" =7+ p)7’(1=2") (007" = v- 97" (1 - 77)]
= 8[Q°P7+ PIQ7 - g7(PPQ,) +ie" QP |, (52)
where €%7% denotes the conventional Levi-Civita tensor.

Note that an expression analogous to Equation (51) can be also derived for the antineu-
trino production rate 0; fy(t, p). As expected, it produces an identical result.

3.2. Neutrino Energy Emission Rate

In terms of the neutrino and antineutrino distribution functions, the synchrotron
emission rate is defined as follows:

. [ &p  fu(t,p) dq  3fs(tq)
51/—/(27_[)3;70 ot +/(27r)3q0 ot ®3)

By making use of the neutrino-number production rate in Equation (51) and noting
that the antineutrino rate is the same, we then derive:

_ G} [ dpdq

&= W(Po +4qo)ng(po + 0)L*(Q, P)Im [H§0(P + Q)] : (54)

This latest form can be further simplified by making use of the following identity [22]:
d3pd3q npv LS R 3~n(s2 ~2 S nv 2 AV
| @ e =T [T [ a0 - P)f(Q) (510 +2010"), 69
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where f(Q) is an arbitrary function. Here, we used the following notation for the four-
vectors: Q = (q,9), P = (p,p), and Q = (§0,4) = Q + P. The four-vector Q represents
the total energy (§o = po + 90) and momentum (§ = p + g) of the neutrino—antineutrino
pair produced in a single weak process, g — g + v + 7. Since neutrinos are assumed
massless here, the four-momentum Q is timelike: Q% = 2qopo(1 — cos ¢yy) > 0, where
cos ¢,y denotes the angle between the v and ¥ momenta.

We henceforth drop the tilde in Q and denote the total four-momentum of the neutrino-
antineutrino pair as Q. Then, the neutrino energy emission rate reads:

& = —3(22%; /Ooo ddo /ngq2 Pqqoms(0) (87Q* - °Q7 ) m[1I5,(Q)],  (56)

where the timelike nature of Q is enforced by limiting the integration range to 4> < g3.

Using the Landau-level representation for the quark propagators in a background
magnetic field, it is straightforward to derive the imaginary part of the retarded self-energy,
Im[ITX (Q)], and contract it with the the lepton tensor. For details of the derivation, see
Appendix A of Ref. [22]. Using the corresponding result, we obtain the following expression
for the rate:

nE(En kevq. — HF) {1 —np(Eyk, — ]/‘f)}

NCEY i/w k. [, dqq0
6(27‘[)6£2 n—=0s5—1" —® z ngq% E ’,kz+quﬂ,kz
< (@2 + ()8 + (2= ()?) 82+ S, (57)
where np(E—u) = 1/ {E(E’”)/ T+ 1} denotes the Fermi-Dirac distribution function,

Eyr, = \/ 2nlesB| + k2 + m? is the quark Landau-level energy, £ = 1/, /|esB| is the mag-
netic field length, and s = n’ — n > 1 is the difference between the Landau-level indices of
the initial and final quark states. The total energy of the neutrino and antineutrino pair is

givenby qo = E;v k. 4. — Eng.-
The explicit expressions for the functions S; are given by:

S = [—Z(q%—qﬁ—qi)nz;n/—mz(q%—qﬁ)](f""(éq) . ()

+ [Z(q% —q *qi)njznl — (8- a2 fqi)2+m2(2q% — 24 qi)]

x (I”’”,’l(éjq)+I”’1/”,(Cq)>, (58)
S = —m (" @)+ @) (- 24

- (e + T @) ) (24— 242 - L), (59)
S = 250k g~ kbl [ 20 (2 ) - 7 )

+ (T ) - Ty E) (205 - 242 - 347 ) |, (60)

where §; = g3 (*/2, and the form-factor function Z] ’”, (¢) is defined in terms of generalized
Laguerre polynomials as follows [46]:

73 (@) = e e (@) 61)
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The expression in Equation (57) constitutes the final result for the v¥ synchrotron
emission rate. As can be readily verified, it is consistent with the corresponding result
obtained using a different approach in Ref. [26]. We note, however, that our representation
of the function S; is more compact, as it makes explicit use of the definition of gq together
with the Landau-level energy spectrum.

Although the synchrotron emission rate in Equation (57) is exact, it is not the most
convenient for applications to dense quark matter under compact-star conditions. This is a
consequence of a large hierarchy of energy scales, set by the quark chemical potential j¢
relative to the temperature T and the Landau-level spacing dep, which results in a Landau-
level sum containing a large number of terms. Physically, this reflects the contribution of
many quantum transitions among states near the Fermi surface.

Using the two relevant low-energy scales, i.e., the temperature T and the Landau-level
spacing at the Fermi surface, dep = |efB|/ iy, it is natural to define two qualitatively
distinct regimes: the weak-field, high-temperature regime (b < 1) and the strong-field,
low-temperature regime (b > 1).

In the weak-field regime, many transitions between closely spaced Landau levels
(Smax > 1/b) contribute, effectively suppressing Landau-level quantization effects. How-
ever, the rate vanishes as B — 0 due to kinematic constraints. In contrast, in the strong-field
regime, Landau-level quantization dominates, and the rate is controlled by transitions
between well-separated adjacent levels (s 2 1), leading to an exponential suppression as
the density of thermally excited quarks near the Fermi surface decreases.

Since the Landau-level separation at the Fermi surface dep = [efB| /iy is much smaller
than the quark chemical potential itself, the sum over index #n can be approximated by an
integral, i.e.,:

Zf 2njesB|) = 7/612ka (K2). 62)
Then, the emission rate takes the following form:

L el eyt b IS

?)S1+ ((e )~ <f))sz+c(/f 3. (63)

where g ~ (qu cos 0 + S|efB\) JEx, Ex = VK2 +m?, k, = kcosf, k| = ksinf, and the
argument of the Bessel functions 2/, is replaced with k | g | 2. In the last equation, func-
tions S; are given by the same expressions as before (see Equations (58)—(60)), except that
the form factor functions ZJ"""* (¢, ) are replaced by the following large-n asymptotes [47]:

@) ~ [ (2van)| 69

where s < n is assumed.

Since the rate is dominated by quark states in the vicinity of the Fermi surface, it
is a good approximation to replace the quark momentum by its Fermi-surface value
(k = kp ~ py) throughout the integrand, except in the distribution functions. The resulting
integrals over k and g, can then be carried out analytically, yielding

ZNCG2|€fB|2 (( séep/(1—cos0)

0do
3(27T) Z/ sin —sdep/(1+cosb) 9z

X q(Z) np (QO)(q% - qz)]erl(w)]sfl(w)r (65)

&y
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where gy =~ g;cosf + séep and w = u f€2‘/q% — g2sin6. This approximation captures
all leading-order contributions while neglecting subleading terms suppressed by inverse
powers of the quark chemical potential.

It is worth emphasizing that the rate in Equation (65) does not scale with the Fermi-
surface area, which is o yj% [26,29]. Although one might naively expect such scaling, since
the density of quark states participating in the v synchrotron emission is proportional to
the Fermi-surface area, this dependence is exactly compensated by the emission matrix
element, which is inversely proportional to the squared momentum of the initial quark
state, 1/k2 ~ 1/ ij" As a result, the only remaining dependence on ji¢ enters through the
low-energy parameter dep = |efB|/py.

The final expression is convenient to render in the following form:

. 2N:G2|esBJ*T®
= P (2 + ) o) (66

where b = dep/T = |efB|/(Tpy) is the dimensionless ratio of the two low-energy energy
scales introduced earlier. The scaling function F(b) is defined by

o 1 sb/(1-y) (12y + sb)? | (uzy + sb)* — 12
F(b) ;/_1@/ y)duz [ }Is+1(w)fs1(w)/ (67)

—sb/(1+y elzytsb 1

with @ = }/1—y2\/(yu; +sb)> —u2. Here, we changed the integration variable
from 6 to y = cosf, and introduced the dimensionless variables u, = g¢,/T and
1y = qo/ T = uzy + sb.

3.3. Numerical Results for v Synchrotron Emission Rate

Here, we use the final expression in Equation (66) to numerically compute the v7 syn-
chrotron emission rate in dense quark matter. By evaluating the function F(b) numerically,
we find that it decreases monotonically with b and can be accurately approximated by
the fit:

B 11.06 — 0.46b + 1.13b% + 0.017b% + 0.00165b6% —b/2
T 1-0.022b+ 1.4 x 107463 + 7.7 x 10-5b* + 1.5 x 10~75

F(b) (68)
valid over the range 0 < b < 100 (with an accuracy of approximately ~ 3%). Numerical
values of the function F(b) are provided in Supplementary Materials.

The temperature dependence of synchrotron emission for each type of charged fermion
is presented in Figure 7. To highlight the role of the magnetic field, numerical results are
shown for two field strengths: B = 10 G (solid lines) and B = 10" G (dashed lines).
For comparison, we also plot Iwamoto’s direct Urca emission rate (black dotted line) [23,24],
defined by Equation (41).

As illustrated in the figure, synchrotron emission rates from both quarks and electrons
are suppressed by several orders of magnitude relative to the direct Urca rate, even at
an extreme magnetic field strength of B = 107 G. It is quite interesting to note also that
the electron synchrotron contribution becomes comparable to that of quarks, despite the
electron number density being extremely small.

At first sight, the T° temperature scaling of the synchrotron emission rate in
Equation (66) suggests that it could dominate over the direct Urca rate in Equation (41),
which scales as T®, particularly at sufficiently low temperatures. This expectation is par-
tially realized at high temperatures, as seen in Figure 7, where the synchrotron rate exhibits
a smaller slope. However, this apparent advantage is lost once the temperature drops below
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the Landau-level spacing scale, T S [efB|/ i, at which point the synchrotron emission rate
becomes exponentially suppressed.
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Figure 7. Temperature dependence of the synchrotron neutrino emission rates from quarks and
electrons in two-flavor dense quark matter for two magnetic field strengths: B = 10 G (solid lines)
and B = 10" G (dashed lines). For comparison, Iwamoto’s direct Urca emission rate is also plotted
(black dotted line).

4. Summary and Outlook

We have investigated neutrino production in strongly magnetized, unpaired dense
quark matter, focusing on number, energy, and momentum emission rates, using first-
principle field-theory methods. Employing the Kadanoff-Baym formalism, we derived
the neutrino number production rate and obtained from it the corresponding energy and
momentum emission rates. Motivated by compact-star applications, we considered the
regime in which quark chemical potentials greatly exceed those of electrons, retaining
Landau quantization only for electrons while treating quarks in the high-density (many-
Landau-level) limit.

The Landau-level discretization of electron states near the Fermi surface induces an
oscillatory dependence of the neutrino emission rates on the magnetic-field strength for
leB| = mTu,, with the peaks at |eB| = u2/(2n). The oscillation amplitude increases as
the temperature decreases and formally diverges in the limit T — 0. However, thermal
broadening suppresses these effects at weaker fields or higher temperatures. For B < 1017 G,
the oscillations are negligible at T 2 2 MeV. On average, the energy emission rate decreases
with increasing field strength, although the suppression remains modest, at the level of
<20%. The average net momentum emission along the field direction increases with B
but remains small. In particular, the resulting anisotropy, quantified by = P,./&,,
reaches only the percent level for B < 10'¢ G, corresponding to kick velocities of at most
a few kilometers per second, which is far below those required to account for observed
pulsar kicks.

We have also reviewed v7 synchrotron emission in magnetized two-flavor quark mat-
ter. The analytic expression for the emissivity is given in Equation (66) and, apart from its
overall scaling with magnetic field strength and temperature, « |eB|*>T?, it is fully deter-
mined by a universal function F(b) of the single dimensionless parameter b = |eB|/(Ty).
In the weak-field limit, b < 1, the rate receives contributions from transitions among many
Landau levels. In contrast, in the strong-field limit, b >> 1, the emission is dominated by
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transitions between adjacent levels but is exponentially suppressed. A convenient numeri-
cal fit for the function F(b) is provided in Equation (68). Including the electron contribution,
the total synchrotron emissivity remains several orders of magnitude smaller than the direct

Urca emissivity for magnetic fields up to 10'7

G and for typical stellar temperatures. Thus,
it is unlikely to compete with direct Urca processes as a cooling mechanism in realistic
quark cores of compact stars.

As an outlook for future work, at least two directions warrant further investigation.
First, the early deleptonization stage of compact stars, in which neutrino trapping and dif-
fusion are essential, has not been addressed in the present study. In this regime, anisotropic
neutrino diffusion in a strongly magnetized, lepton-rich medium may generate momentum
asymmetries qualitatively different from those found in the free-streaming limit considered
here. This requires detailed microscopic calculations at nonzero neutrino chemical potential
and self-consistent transport modeling.

Second, since quark matter is expected to form Cooper pairs and enter a color-
superconducting state at sufficiently high densities [31,48], it is important to investigate the
impact of diquark pairing on neutrino emission and the associated momentum asymme-
tries. Without detailed calculations, one can argue that the results should depend sensitively
on the underlying diquark pairing pattern [40].

In the two-flavor color-superconducting (25C) phase, a third of quark modes remain
ungapped; so, its emission should resemble that of normal quark matter, with a rate about
three times smaller [41,49]. Indeed, the contribution of gapped modes is exponentially
suppressed at low temperatures, scaling as £, « e=*/T, where A ~ O(10MeV) denotes
the color-superconducting gap. At sufficiently low temperatures, such modes therefore
contribute very little.

By contrast, in the color-flavor-locked (CFL) phase, all quark modes are gapped,
strongly suppressing low-energy excitations and rendering negligible neutrino emission at
low temperatures. Notably, the specific heat of CFL phase is also exponentially suppressed
and, thus, the cooling of compact stars with quark cores in the CFL phase is a delicate
issue [50].

Finally, single-flavor spin-one color-superconducting phases admit multiple possible
pairing patterns, each requiring separate analysis. Of particular interest are those phases in
which the gap exhibits nodes or lines on the Fermi surface. Such gapless phases permit
low-energy excitations and can therefore lead to non-negligible neutrino emission with
potentially nontrivial consequences for stellar cooling [34].

These general arguments established for color superconductors in the zero-field limit
may remain qualitatively valid in the presence of weak magnetic fields. However, the inter-
play between color superconductivity and strong magnetic fields is far from fully under-
stood. Intense magnetic fields can alter the gap structure [51-54], induce anisotropies in
the pairing pattern [55], and preferentially stabilize specific superconducting phases [56].
A systematic treatment of neutrino emission in magnetized color-superconducting quark
matter is therefore crucial for developing reliable models of the thermal evolution and
observable signatures of strongly magnetized compact stars.
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