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Abstract

We present a canonical quantization framework for static spherically symmetric spacetimes
described by the Einstein–Hilbert action with a cosmological constant. In addition to
recovering the classical Schwarzschild–(Anti)-de Sitter solutions via the Ehrenfest theorem,
we investigate the quantum uncertainty relations that arise among the geometric operators
in this setup. Our analysis uncovers an intriguing relation to black hole thermodynamics
and opens a new angle towards generalized uncertainty relations. We further obtain an
upper and a lower limit of the mass that is allowed in our model, for a given value of the
cosmological constant. Both limits, when evaluated for the known value of the cosmological
constant, have a stunning relation to observed bounds. These findings open a promising
avenue for deeper insights into how quantum effects manifest in spacetime geometry and
gravitational systems.

Keywords: quantum gravity; canonical quantum gravity; spacetime uncertainties

1. Introduction
The need for a quantum theory of gravity emerges from the longstanding foundational

tension between general relativity and quantum field theory. General relativity describes
gravitational phenomena with remarkable accuracy on macroscopic scales, yet its classical
description may not be adequate at the tiniest distances, where quantum effects dominate.
Conversely, standard quantum theories in their present form rely on a fixed background
geometry, and cannot be directly applied in settings where the space–time curvature itself
becomes extreme, such as near black hole singularities or at the Big Bang. Reconciling
these two cornerstones of modern physics within a single self-consistent framework is
the primary goal of quantum gravity research, and underpins a wide spectrum of pro-
grammes ranging from canonical and covariant quantisation to path-integral and other
nonperturbative approaches.

1.1. Canonical Quantum Gravity

The canonical approach to quantum gravity rests on the pillars of the ADM (Arnowitt–
Deser–Misner) approach [1,2]. (For a pedagogical introduction see [3,4]). It proceeds by
decomposing a four-dimensional spacetime M into a foliation of three-dimensional spatial
hypersurfaces Σt labeled by a time coordinate t. Concretely, the spacetime metric gµν is
re-expressed in terms of

ds2 = −N2dt2 + qij(dxi + Nidt)(dxj + N jdt), (1)
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with:

• The three-metric qij on each hypersurface Σt.
• The lapse function N, which governs how these hypersurfaces are separated in the

temporal direction.
• The shift vector Ni, which describes the “horizontal” displacement of spatial coordi-

nates from one time slice to the next.

In this ADM formalism, the canonical variables are typically chosen as the three-metric
qij and its conjugate momentum πij (related to the extrinsic curvature of Σt). The full dy-
namics are then encoded in the Hamiltonian and momentum (diffeomorphism) constraints

H(qij, πij) ≈ 0, Hi(qij, πij) ≈ 0, (2)

which reflect the invariances of general relativity under time reparametrizations and
spatial diffeomorphisms, respectively. The choice of a distinct time slicing, signaled by the
lapse function N and shift vector Ni, is crucial; it effectively picks out a preferred (albeit
dynamically determined and gauge-dependent) temporal evolution of the spatial geometry.

From this classical Hamiltonian structure, different paths to canonical quantum gravity
diverge. The traditional approach, often termed quantum geometrodynamics, aims to
promote qij and πij directly to operators acting on wave functionals Ψ[qij]. Imposing
the Hamiltonian constraint at the quantum level leads to the Wheeler–DeWitt (WDW)
equation [5–7]:

Ĥ Ψ[qij] = 0. (3)

Defining this equation rigorously is a profound challenge, largely due to the singular nature
of the operators involved and the difficulty of constructing a well-defined inner product on
the space of three-geometries (superspace) over which Ψ[qij] is defined.

The distinct canonical quantization program called Loop Quantum Gravity (LQG) [8–10]
also starts from the Hamiltonian formulation, but employs a different set of fundamental
canonical variables called Ashtekar variables, consisting of an SU(2) connection and its
conjugate densitized triad. This choice facilitates a nonperturbative and background-
independent quantization. While LQG also faces constraint equations analogous to the
WDW equation, they are formulated in terms of these new variables, and the Hilbert
spaces are constructed differently based on spin networks. Despite their differences, both
geometrodynamics and LQG adapt the Hamiltonian viewpoint in tackling the quantum
dynamics of gravity.

A major challenge common to full canonical quantum gravity, particularly in geometro-
dynamics, is the infinite-dimensional nature of superspace; solving the WDW equation or
its LQG counterpart in such a setting is notoriously difficult. This difficulty has motivated
researchers to look for tractable truncations, leading to minisuperspace models. Minisu-
perspace models reduce the infinite degrees of freedom to a finite (often small) number by
imposing symmetry assumptions (e.g., homogeneity, isotropy, or spherical symmetry) on
the metric (or connection/triad variables) prior to quantization [11]. Examples include ho-
mogeneous cosmologies, which form the basis of Loop Quantum Cosmology (LQC) [12,13]
(a symmetry-reduced application of LQG principles), as well as models for spherically
symmetric black holes [14–18]. In these reduced models, the constraint equations become
ordinary (or partial, if some inhomogeneity remains) differential equations, making them
more amenable to analytical and numerical treatments. Despite their simplifying assump-
tions, minisuperspace models often capture essential physical features anticipated from a
full theory, including singularity resolution or modified horizon dynamics, and have played
a key role in providing insights into quantum cosmology and black hole quantization.
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1.2. The Problem of Time

A key conceptual hurdle in canonical quantum gravity is the “problem of time” [19–22].
In general relativity, the Hamiltonian is a constraint vanishing on-shell, precluding an
explicit “external” time parameter; this contrasts with typical quantum theories, where a
Hamiltonian generates temporal evolution. The resulting tension, emphasized by Anderson
and others, emerges when GR constraints are promoted to quantum operators, causing the
standard Schrödinger-like notion of time evolution to disappear. Attempts to resolve this
include redefining time via internal degrees of freedom (e.g., matter fields or geometric
variables) or relational interpretations of Wheeler–DeWitt equation solutions. Nevertheless,
the problem of time remains a crucial open question in forging a consistent theory of
quantum gravity.

1.3. Research Idea and Structure of the Paper

The idea of this paper is to work within the realm of minisuperspace models and
explore the quantum structure of static spherically symmetric spacetimes. However, given
the problem of time mentioned above, we do not insist on an ADM-type quantization.
To circumvent this type of issue, we can remember the fact that the choice of the quan-
tization hypersurface can strongly affect the constraints and algebraic structure of the
corresponding quantum theory. This effect has been extensively explored along with its
physical implications, for example in the context of light-cone quantization in Quantum
Chromodynamics [23–25], or more recently in QG [26]. Even more, it has been argued that
a quantization surface should be chosen by the symmetry that best reflects the physical
situation of a given problem [27–29]. In this spirit, we exploit the previously imposed
spherical symmetry and introduce and explore a Static Equal Radius (SER) quantization
prescription instead of the more frequently used equal time or light-cone quantization.
This is realized by implementing the following steps:

A Choose a theory expressed in terms of a Lagrangian. Restrict to spherically sym-
metric settings by adopting spherical coordinates t, r, θ, ϕ. Then, reduce the action
to the radial degrees of freedom and fix the gauge if necessary. Write the action as
a functional of the remaining degrees of freedom S = S( f , h) and integrate over the
decoupled coordinates such that S =

∫
dr L( f (r), g(r)).

B Perform a Legendre transformation of the Lagrangian to obtain a Hamiltonian
L → H(p, q), treating the non-trivial direction, which is orthogonal to the quanti-
zation hypersurface, as the direction of evolution. This evolution is then described by
the aforementioned Hamiltonian H(p, q). For the case of static spherical symmetric
surfaces, this direction is the radial variable r. Please note that in order to give these
Hamiltonian equations the usual dimensions, we will eventually redefine r → r/c.
Note further that even though this variable then has units of time, and one may
somewhat misleadingly call it radial time, it is by no means the “time” which is
given from the metric signature, which in the classical context even changes sign at
the crossing of a horizon. Thus, it is the choice of quantization hyper-surface which
defines the direction of the Hamiltonian evolution parameter r, and not the special
entrance in a given classical space–time metric.

C From here on, one can proceed with the standard machinery of the canonical ap-
proach to quantum mechanics; this allows us to derive uncertainty relations for the
observables of the theory.

In the following subsection, we revisit some standard notation from canonical quantum
mechanics. Then, in Section 2, we apply the same method to General Relativity (GR). The
results in terms of uncertainty relations are calculated and discussed in Sections 3 and 4
before our final conclusions are presented in Section 5.
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1.4. The Free Particle: A Brief Review

To establish essential notation and concepts for the subsequent analysis, we concisely
review the non-relativistic free particle. The system is described by the action

SPP =
∫

dt L =
∫

dt m
ẋ2

2
. (4)

From this Lagrangian L = mẋ2/(2), the conjugate momentum p = ∂L/∂ẋ leads to the
Hamiltonian H = p2/(2m). Canonical quantization then replaces classical variables with
operators and Poisson brackets with commutators, yielding the Heisenberg equation of
motion for an operator Â:

ih̄
d
dt

ÂH = [ÂH , Ĥ] + ih̄

(
∂ÂS
∂t

)
H

(5)

where the labels H and S indicate the operator in the Heisenberg and Schrödinger pictures,
respectively. Further details, including the explicit definition of Poisson brackets, classical
equations of motion, and the derivation of expectation values ⟨Ô⟩ for relevant operators,
are textbook material. One of the results which is relevant for the later discussion is based
on the Robertson uncertainty principle, which for any two Hermitian operators Â and
B̂ states

σ2
Aσ2

B =
(
⟨Â2⟩ − ⟨Â⟩2

)(
⟨B̂2⟩ − ⟨B̂⟩2

)
≥
∣∣∣∣ 1
2i
⟨[Â, B̂]⟩

∣∣∣∣2. (6)

For the particular case of x̂ and p̂, this shows how quantum uncertainties

σ2
x(t)σ

2
px (t) = (p2,0 − p2

0)

[
(x2,0 − x2

0)− t
2
m
(p0x0 − C1,1) +

t2

m2 (p2,0 − p2
0)

]
≥ h̄2

4
(7)

evolve (grow) over time. Here, x0, p0, x2,0, p2,0, and C1,1 are the integration constants
that arise from integrating the expectation value of (5) for the operators x̂, p̂, x̂2, p̂2, and
(x̂ p̂ + p̂x̂)/2. For more details regarding this section, and in particular the derivation of
Equation (7), see Appendix A.

With this foundational quantum mechanical framework outlined, we proceed to our
objective, namely, the quantization of spherically symmetric spacetimes, which will follow
the philosophy summarized in this subsection.

2. Quantization in General Relativity
Let us now consider the Einstein–Hilbert action with a cosmological constant

SGR =
∫

d4x
√
−gc3 R + 2Λ

16πG
. (8)

We apply steps A–F sketched in the previous section to the action in (8).

2.1. Coordinates

Imposing static spherical symmetry, the line element reads

ds2 = n2(r)g(r)c2dt2 − 1
g(r)

dr2 − r2dθ2 − r2 sin2(θ)dϕ2. (9)

This line element only has two unknown functions, n(r) and g(r).
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2.2. Reduced Action

Inserting the metric (9) into the action (8), integrating over
∫

dθdϕ, and factorizing
the time integral

∫
dt = Z (this could be understood as an arbitrary finite interval of time),

we are left with

S =
∫

drL(n(r), g(r)) (10)

=
∫

− c4Zdr
4G

(
r2 ġṅ + n(−2 − 2r2Λ + 2g + 4rġ + r2 g̈)

)
, (11)

where we use the change in notation ∂rg → ġ. The Lagrangian in (10) can be more
conveniently written by integrating g̈ by parts. We get

S = B −
∫

dr n(r)
c4Z
2G

(
−1 − r2Λ + g + rġ

)
, (12)

where the boundary term reads

B =
c4r2Z

4G0 |n|
d
dr

(
n2g
)∣∣∣∣r f

ri

. (13)

In what follows, we will use and discuss properties in the bulk of the theory ri < r < r f ,
where the contribution of the boundary term is just a constant, which can be factored out.
However, for global properties such as entropy or global Bondi mass, one has to consider
the non-trivial contribution of B.

2.3. Legendre Transformation and Poisson Brackets

When passing to a Hamiltonian formulation, we want to make sure that the remaining
variable has the convenient unit of time. For this purpose we introduce the change of
variables r̃ = r/c. After this change, we drop the tilde notation, but remember that from
here on (or more precisely from now on) the variable denoted as r is measured in seconds.
Now, we obtain the dimensionless canonical momenta for the fields n and g from (12):

pn =
∂L
∂ṅ

= 0, (14)

p =
∂L
∂ġ

= n(r)
c5Zr
2G

. (15)

With these momenta, we can write the canonicial Hamiltonian as

Hc = pnṅ + pġ − L (16)

=
(1 + r2(−Λ)c2 − g)p

r
.

This Hamiltonian is not unique. It has to be extended by the two relations (14) and (15),
which can be implemented in terms of constraints. We choose

ϕ1 = pn, (17)

ϕ2 =
( p

r
− nΓ

)
, (18)

where we define the constant

Γ =
c5Z
2G

, (19)

which has units of energy.
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With these constraints, the full Hamiltonian reads

H = Hc + λ1ϕ1 + λ2ϕ2. (20)

The Poisson brackets for this system are

{A, B} ≡ ∂A
∂g

∂B
∂p

− ∂B
∂g

∂A
∂p

+
∂A
∂n

∂B
∂pn

− ∂B
∂n

∂A
∂pn

. (21)

Let us first evaluate the canonical equations of motion for the constraints and their La-
grange multipliers

ϕ1 = 0, (22)

ϕ2 = 0, (23)
dϕ1

dr
= {ϕ1, H}+ ∂ϕ1

∂r
= rΓλ2 (24)

dϕ2

dr
= {ϕ2, H}+ ∂ϕ2

∂r
= p − rΓ(n + rλ1). (25)

The form of the constraints cannot depend on r. Since this requirement can be fulfilled by
the Lagrange multipliers, they are second-class. We solve this condition by imposing

λ2 = 0, (26)

λ1 =
p − nrΓ

r2Γ
. (27)

Now, we derive the remaining equations of motion, replace the Lagrange multipliers ((26)
and (27)), and solve p, pn, and g, n:

p = C0,1r, (28)

g = 1 +
C1,0

r
+

1
3

r2(−Λ)c2, (29)

pn = pn,0, (30)

n = n0. (31)

We set the integration constant

C1,0 = −2GM0

c2 (32)

so that the metric function g reproduces the classical Schwarzschild form. In classical GR,
the parameter M0 is itself an integration constant, fixed by demanding that geodesic motion
reduce to Newton’s law in the weak-field limit.

Compatibility with the Schwarzschild time–time component g00 further requires

n0 = 1 =
p

Γr
=

C0,1

Γ
. (33)

With these identifications, the classical field equations are solved consistently.
Note that instead of fixing the constants n0 and C0,1, we also could have rescaled the

time variable of our theory.

2.4. Dirac Brackets

As discussed in [30–32], in order to prepare quantization, we first have to derive the
matrix of the Poisson brackets of the constraints

{ϕi, ϕj} = Pij. (34)
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We find that

Pij = Γ2rd

(
0 1
−1 0

)
, P−1

ij =
1

rdΓ2

(
0 −1
1 0

)
. (35)

To make sure that operators do commute with the constraints ϕi, we define the Dirac brackets

{A, B}∗ = {A, B} − {A, ϕi}P−1
ij {B, ϕj}. (36)

It is straightforward to check that any operator commutes with the constraints ϕi. Thus,
since the constraints ((17) and (18)) are second-class, they become strongly zero, which we
can use as external identities and not just as results of the equations of motion

pn = 0, (37)

n =
p

rΓ
. (38)

2.5. Quantization

The next step consists of quantizing the system. We follow the discussion on quantiza-
tion of Hamiltonian constraint systems with second-class constraints in [30–32] and impose
the usual canonical relations for the Dirac brackets (36) and the variables g and p:

{A, B}∗ → [Â, B̂] (39)

g → ĝ(r) = g(r), (40)

p → p̂ = −ih̄
∂

∂g(r)
, (41)

H → Ĥ =
1 − r2Λc2

r
p̂ − (ĝ p̂)W

r
. (42)

It should be mentioned that the above operators are in the Heisenberg picture. The opera-
tors in the Schrödinger picture are independent of the variable r. The commutation relation
[ĝ, p̂] = ih̄ follows directly. We note that products of operators, such as the ĝ p̂ appearing in
the Hamiltonian, are symmetrized by Weyl ordering in the field and momentum variable
ĝ p̂ → (ĝ p̂)W to make it hermitian. The Weyl ordering prescription applied to an operator
of the form (ĝn p̂m)W contains all different permutations of the operators multiplied by
n!m!/((n + m)!). Different ordering could potentially lead to ordering ambiguities. In the
following, we will stick to Weyl ordering for all operators. For a brief discussion of what
motivates our choice of ordering prescription, see Section 4.3. The Heisenberg equations
allow us to calculate the r evolution of the expectation value of any quantum operator
Â (5). The expectation value of this equation provides us with a generalization of the
Ehrenfest theorem

ih̄
d⟨ÂH⟩H

dr
= +⟨[ÂH , Ĥ]⟩H + ih̄⟨

(
∂r ÂS

)
H⟩H . (43)

Note that in the Schrödinger picture the operators ĝ and p̂ are r-independent; hence, the
last term of (43) will vanish for all operators such as, e.g., (ĝa p̂b). The partial derivative
will only act on manifestly r-dependent expressions, for example as it appears in the
Hamiltonian (42).

Further, we promote the strong identities ((37) and (38)) to operator identities. In par-
ticular, this implies that the operator of the time–time component of the metric (9) reads

ĝ0,0 = (n̂2 ĝ)W =
(ĝ p̂2)W

r2Γ2 . (44)
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https://doi.org/10.3390/universe12030059


Universe 2026, 12, 59 8 of 30

In our work, we set our framework by assuming the existence of a Hilbert space
H = L2(R, dµ) with orthonormal set of basis {ϕn(g)} where our formalism lives. For
more details regarding the discussion on the Hilbert space, we refer the reader to Section 4.5
and Appendix E. In the coming sections where we evaluate the expectation values, we use
the Ehrenfest theorem given in (43). There, we calculate the evolution of the expectation
values; for such calculation, we can assume that the inner product with suitable measure
exists. Given our assumption that such expectation values exist, we can calculate them
directly using their commutator with the Hamiltonian and solving the differential equation
in (43)

2.6. Expectation Values

Applying (43) to quantum operators, we have to make sure that the operators are
properly defined.

We obtain the following:

⟨1⟩ = C0,0 (45)

⟨ĝ⟩ = C0,0 +
C1,0

r
+ C0,0

r2(−Λ)c2

3
(46)

⟨ p̂⟩ = C0,1r (47)

⟨(ĝ p̂)W⟩ = rC0,1 +
1
3

r3(−Λ)c2C0,1 + C1,1 (48)

⟨ p̂2⟩ = r2C0,2 (49)

⟨ĝ2⟩ = C0,0 +
2C1,0

r
+

C2,0

r2 +
2C1,0r(−Λ)c2

3
+ C0,0

2r2(−Λ)c2

3
+ C0,0

r4(−Λ)2c4

9
(50)

⟨(ĝ p̂2)W⟩ = rC1,2 + r2C0,2 +
1
3

r4(−Λ)c2C0,2 (51)

⟨(ĝ2 p̂2)W⟩ = C2,2 + 2rC1,2 + r2C0,2 +
2
3

r3(−Λ)c2C1,2 +
2
3

r4(−Λ)c2C0,2 +
1
9

r6(−Λ)c2C0,2 (52)

where Ca,b are the corresponding real-valued integration constants. Each expectation value
is obtained by integrating a first-order differential equation; thus, each expectation value
contributes one new integration constant to the system. The index a of these constants
stands for the power of ĝ operators, while the index b stands for the power of p̂ operators.
We realize that the expectation values of any of these operators can be written as

⟨(ĝa p̂b)W⟩ =
i+j+k=a

∑
i,j,k≥0

rb−j+2kCj,b

(
a

i j k

)(
(−Λ)c2

3

)k

with

(
a

i j k

)
=

a!
i! j! k!

. (53)

Equation (53) can be confirmed by the use of computer algebra programs such as Math-
ematica by explicitly calculating (43) for an arbitrary product of operators ĝ and p̂ with
any power a and b, then comparing the result with (53). We have explicitly checked this
in Mathematica for higher powers of a and b. However, for the scope of our work and
further analyses, we only work with the VEVs explicitly provided above, all of which were
calculated using (43) directly.

2.7. The Spacetime State

The constants Cj,b in (53) parameterize the spherically symmetric quantum state of
spacetime. The first relation, (45), enforces normalization of the associated wave function
|ψ⟩. We might fix this normalization to unity,

C0,0 = 1, (54)

https://doi.org/10.3390/universe12030059
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as in quantum mechanics; however, in the context of a spacetime state this condition might
as well be neglected and the constant C0,0 retained explicitly. The remaining constants
encode additional features of the spacetime state Ψ. For example, we can expect that
the symmetry of Ψ determines many properties and relations among these constants,
just as they do in the example we gave for non-relativistic quantum mechanics (A15).
It remains to be seen how far this analogy holds, but for now we must be content with the
following statement:

The numerical value of the integration constants Ci,j depends on the quantum state
under consideration. Thus, information on these constants has to be obtained by exploring
the spacetime state with measurements and observations.

2.8. Observables

In quantum mechanics, an observable is a physical quantity associated with a Hermi-
tian operator. Measurement outcomes correspond to the eigenvalues of this operator, and
the expectation value represents the average result of many measurements on identically
prepared systems. However, this definition does not make any reference, whether we can
or cannot perform the actual observation. Realizing that a clean definition of an observation
is an open question in the foundations of quantum mechanics, it is even more subject to
discussion in the context of quantum gravity [33].

In this subsection, we will mention three candidates that could serve as “observ-
able quantities”.

• Comparison of circumferences
The expectation value of the operator ĝ−1 is directly linked to an observable radial
quantity. To see this, set dt = 0 in the line element (9) so that radial spatial intervals sat-
isfy ds2 = ĝ−1 dr2. Imagine two neighbouring coordinate circles far outside the black
hole horizon, with circumferences L1 = 2πR1 and L2 = 2π(R1 + δr). By construction
δr = L2−L1

2π , the actual proper distance between the two circles is δs =
√
⟨ĝ−1⟩ δr.

Hence, a measurement of L1, L2, and δs yields

〈
ĝ−1〉(R1) =

(
2π δs

L2 − L1

)2
. (55)

In practice, evaluating the left–hand side of (55) is non-trivial because of the inverse
operator, as discussed in Appendix C. By contrast, the expectation value of ĝ itself is
far easier to obtain; it keeps the same functional form as the classical metric coefficient〈

ĝ
〉
= 1 − 2GM0

c2r

(
1 + ϵ1,0

)
− r2(Λ)c2

3 , where we have adopted the normalization (54)
and defined

C1,0 = −2GM0

c2

(
1 + ϵ1,0

)
. (56)

Here, M0 is the classical mass parameter, while ϵ1,0 quantifies any quantum deviation
from the classical integration constant. In the limit ϵ1,0 → 0, the quantum result
smoothly reproduces the classical metric coefficient, at least for the directly measurable
quantity ⟨ĝ⟩.

• Gravitational redshift
The gravitational redshift is associated with the metric function g00. To simplify the
discussion on redshift, let us briefly assume that the cosmological constant is negligible.
In this case, we can use the time-rescaling symmetry of the initial Lagrangian such
that limr→∞ g00 = 1. In this case, the comparison between the local time dτR of a clock
at radial coordinate R and the time lapse of another clock at radial infinity dτ∞ allows
for a straightforward definition of a measured gravitational redshift z. This redshift is
then related to the metric function f via

https://doi.org/10.3390/universe12030059
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g00 =
1

(1 + z)2 . (57)

The quantum operator for this observable was defined in (44). Using (53), we can
write its expectation value as

⟨ĝ00⟩ =
C0,2

Γ2 +
C1,2

rΓ2 +
r2Λc2C0,2

3Γ2 . (58)

Thus, the functional form of the classical result is recovered for

C0,2 = Γ2(1 + ϵ0,2), (59)

C1,2 = −2GM0Γ2

c3 (1 + ϵ1,2). (60)

As before, the parameters ϵ0,2 and ϵ1,2 account for a possible discrepancy between
our classical expectation and the quantum observable. Yet again, in the limit ϵi,j → 0,
such a discrepancy would vanish. Note that it is not true that (58) is identical to
the product of the corresponding expectation values (⟨(ĝ p̂2)W⟩ ̸= ⟨ĝ⟩⟨ p̂⟩⟨ p̂⟩), even
though some special wave function with the corresponding integration constants
might have this property.

• Geodesic motion
Most of our knowledge about the Universe is obtained by using the concept of
geodesics in one way or another. Thus, it is natural that QG effects on geodesics
have been explored from numerous different angles [34–46]. The geodesic equation
contains combinations of products and derivatives of metric functions. In the con-
text of a quantum background, these metric functions naturally become operators
(gµν → ĝµν and Γµ

αβ → Γ̂µ
αβ), the expectation values of which determine the motion of

a test particle. Let us consider two metric operators Â and B̂. In a quantum theory,
the expectation value of the product of these operators is generally not identical to
the product of expectation values ⟨(ÂB̂)W⟩ ̸= ⟨Â⟩⟨B̂⟩). Thus, we need to rethink
from scratch what it actually means for a particle to travel along a geodesic of such a
background [47]. We have addressed this question in a separate publication [48].

• Conserved quantities
It is natural to associate observables to conserved quantities. From quantum mechanics,
as described in Section 1.4, the first conserved quantity arises from the Hamiltonian,
and the conserved quantity is the energy; in contrast, in the SER quantization, the
Hamiltonian (42) itself depends on the variable r, as does the corresponding eigenvalue

⟨Ĥ⟩ = −C1,1

r
− 2C0,1

3
r2Λ2. (61)

Thus, (61) is not a good observable in this sense (unless C1,1 = C0,1 = 0). However,
it is straightforward to build conserved operators by suitably combining ĝ and p̂ with
the radial variable r. The simplest example for such an operator would probably be
p̂/r, since 〈

p̂
r

〉
= C0,1. (62)

The physical meaning of such conserved quantities and their relation to the no-hair
theorem [49,50] is yet to be explored.

We have suggested a number of quantities which can in principle be used to deter-
mine some of the integration constants Ci,j. However, there are i · j such constants, and
consequently overwhelmingly more constants than the observables we have suggested.
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Can we not know all constants of a given static spherically symmetric quantum spacetime?
This question can be contemplated from complementary perspectives. On the one hand,
there are certainly more possible observables than the few that we just mentioned. On the
other hand, knowing all constants is forbidden no matter how creative we are in coming
up with new observables. As we will see in the following section, these restrictions arise
from the laws of quantum mechanics as a consequence of the uncertainty principle.

3. Uncertainty Relations
We have seen that by calculating expectation values of the corresponding quantum

operators and identifying the integration constants accordingly, our results reproduce the
predictions of classical general relativity in certain limits. Now, let us go beyond this and
explore the effects that cannot be provided by a classical theory. To this end, we now revisit
the concept of uncertainty relations (6) for our gravitational theory.

3.1. [g, p]

The simplest non-commuting operators are ĝ and p̂. Even though p̂ is not directly
linked to one of the observables mentioned in the previous subsection, it is instructive to
explore this scenario. Evaluating (6) for the operators ĝ and p̂, we find

σ2
g σ2

p =
1
9
(C2

0,1 − C0,2)
(

r2(r2Λc2 − 3)2(C0,0 − 1)C0,0 + 6r(r2Λc2 − 3)(C0,0 − 1)C1,0 + 9C2
1,0 − 9C2,0

)
≥ h̄2

4
. (63)

Now, after we impose the normalization condition (54), we realize that all r-dependence
cancels out and the uncertainty relation reads

(C0,2 − C2
0,1)(C2,0 − C2

1,0) ≥
h̄2

4
. (64)

At the moment, we have not yet explored observables that would allow for a straightfor-
ward physical interpretation of the integration constants in (64). We provide an attempt at
such an interpretation in these constants in Appendix D. However, it is important to notice
here that the cancellation of the r-dependence in (64) is a remarkable feature. For example,
it means that the uncertainty between ĝ and p̂ remains well-defined even at the black
hole horizon.

3.2. [(pgp), g]

Let us now turn to the uncertainty between the circumference operator ĝ and the
non-commuting part of the redshift operator, which consists of (ĝ p̂2)W . Classically, there is
no reason why the observables g11 and g00 should not be measured with arbitrary precision.
However, in quantum theory both operators do not commute. When we evaluate (6) for
this pair of operators, we get a lengthy and hardly readable expression consisting of a
numerator and a denominator, both of which are functions of r. The inequality must hold
for any value of r and any admittable value of the integration constants. The system could
violate the uncertainty relation if either the numerator gets very small or the denominator
grows stronger than the numerator at r → ∞. It is straightforward to realize that the latter
case does not occur; however, the former case yields a remarkable consequence. For the
sake of simplicity and at the expense of generality, let us now consider a quantum state
in which most of the new integration constants vanish Ci,4 = C2,4 = C2,0 = C1,1 = 0.
Please note that by considering these constants as vanishing, we are implicitly assuming a
particularly symmetric spacetime state (which we imagine to be like assuming that many
higher multi-pole moments vanish for a charge distribution in electrostatics). Thus, all the
findings that result from such a choice are only proven to be true for this class of states.
In any case, for this class of states, the (gp2)W , g uncertainty relation can be written as
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4G2M2
0Γ4

c2r2C2
0,1

(c3r(3 + r2(−Λ)c2)− 6GM0)
2

3 + r2(−Λ)c2 ≥ h̄2. (65)

We explore this relation in two regimes:

• Small radius
When one plots (65), one realizes that this relation is well-defined even in the vicinity
of the Schwarzschild horizon. This feature can be explored in the small radius regime
r2 ≪ 1/Λ, where the numerator of (65) has a minimum at

rMi =
2GM0

c3 , (66)

which is exactly the Scharzschild radius for the classical solution. At this minimum,
the inequality (65) reads

64G5h̄M6
0(2πγ)4(Λ)2c3

(2πC̃0,1)2(3c6 + 4G2M2
0(−Λ)c2)2

≥ h̄2, (67)

where we have written two constants in terms of dimensionless parameters
Γ = 2πγ(Mpc2) and C0,1 = 2πC̃0,1Mpc2 by introducing the Planck mass M2

p = h̄c/G.
If we read the left-hand side of (67) as a function of (Λ), we realize that this function
has a single minimum at Λ = 0. Thus, (67) provides a lower bound on the absolute
value of the cosmological constant, or equivalently, a lower bound on the central mass
in a Universe with a given cosmological constant

M6
0 ≥ 9(2πC̃0,1)

2

64(2πγ)4
c9h̄

G5Λ2 . (68)

Even though we do not know the values of the dimensionless constants C̃0,1 and γ, this
relation suggests that our quantum description is only consistent if the cosmological
constant is not zero.

• Large radius
In the regime of large radii, the numerator of (65) only has a minimum if Λ > 0.
The minimum is reached at the outer radius

rMo =

√
6

(Λ)c2 , (69)

which is not the radius of the outer horizon of the classical solution. At this outer
minimum, the uncertainty (65) reads

2(2π)2G2M3
0γ4

3c6C̃2
0,1

(√
6c2 − 2GM0

√
(Λ)

)2
≥ h̄2. (70)

Again, we do not know the numerical value or physical interpretation of the constants.
Nevertheless, we know as a minimal condition that the parenthesis on the left hand
side of (70) cannot be allowed to vanish. Further, assuming that M0 > 0, that the
range of masses is connected, and using the fact that the other constants outside the
brackets are real provides an upper limit on the cosmological constant, or equivalently
an upper bound on the central mass in a Universe with a cosmological constant

M2
0 <

3c4

2G2|(Λ)| . (71)
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Note that from a mathematical point of view the above inequality could also be in the
opposite direction, but this would not make sense from an observational point of view
since we already know of many black hole masses that obey the inequality (71) and
not the inverted inequality.

We will discuss the implications of the lower bound (68) and upper bound (71) in
Section 4.

3.3. Further Uncertainties

Following the same steps as in the previous subsections, we can calculate the uncer-
tainty relations for all sorts of operators like Ĥ, p̂2, . . .. Using the operator identities, it
is straightforward to see that most of these operators do not commute with each other.
Thus, with sufficient patience one can proceed to use (53) and calculate the corresponding
uncertainty relations. However, since such higher-order uncertainty relations involve
higher-order integration constants, the result cannot be interpreted easily, since we lack
physical intuition on these constants.

Another intriguing issue is the mutual interplay between the gravitational uncer-
tainty relation σ2

g σ2
p ≥ h̄2/4 from (64) and the usual quantum mechanical uncertainty

σ2
x σ2

px ≥ h̄2/4 from (7). Two complementary limits can be distinguished.

• Geometry-dominated regime. Geodesic measurements (Section 2.8) probe space-
time uncertainties, such as the pair (σg, σp) that characterizes the quantum spacetime.
The test particle’s intrinsic spread (σx, σpx ) then acts as a small perturbation; schemati-
cally, we can write

σ2
g σ2

p ≥ h̄2

4

(
1 +

σ2
x σ2

px

S2
GR

)
, (72)

where SGR is the gravitational action defined in (8). Because SGR/h̄ ≫ 1 for a geometry-
dominated regime, the correction term is suppressed.

• Particle-dominated regime. When the particle’s Heisenberg spread is the primary
quantity, the metric fluctuations provide a subleading correction. Now, we can write
this schematically as

σ2
x σ2

px ≥ h̄2

4

(
1 +

σ2
g σ2

p

S2
PP

)
, (73)

with SPP being the world-line action introduced in (4). As long as we are in a particle-
dominated regime, the gravitational correction in the spacetime region under consid-
eration is suppressed.

Thus, each inequality corrects the other in the spirit of a generalized uncertainty
principle; cf. [51–54].

A serious study of the tasks that were only sketched in this subsection is postponed to
future work.

4. Discussion
Now, we would like to touch on a number of different aspects of this work which have

not been elaborated thus far.

4.1. Large Scale Scale-Dependence

Traditional renormalization schemes for quantum gravity on a flat background,
e.g., perturbation theory with a momentum cut-off, suggest that scale dependence sets
in only above the Planck mass, MPl ≃ 1019 GeV [55]. Such a conclusion is of limited
phenomenological use, and in any case fails for observables that vanish in classical GR,
where even tiny quantum corrections are relevant [56–58]. More importantly, perturbation
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theory itself is inadequate for gravity, so scale-dependent effects need not be confined to
trans-Planckian energies.

From a renormalization-group perspective, Wetterich has shown that the argument
of [55] collapses once a positive cosmological constant is included, since infrared instabilities
in the graviton propagator invalidate perturbation theory [59]. Reuter’s functional RG
programme likewise demonstrates that gravity is highly sensitive to such IR dynamics,
motivating extensive investigations of their large-scale implications [60–76]. Similar large-
scale effects have also been predicted in the context of Rindler forces, potentially arising
from QG [77].

The fact that the inequalities (68) and (71) are relevant at enormous mass and distance
scales leads us to a similar overarching conclusion: quantum effects of gravity can remain
important far beyond the Planck length.

4.2. Choice of the Quantization Hypersurface

In our understanding, the only unconventional step of this work is to impose the
SER quantization prescription which works on an equal-radius hypersurface, and con-
sequently identifying the corresponding commutator with a radial derivative. We know
how quantization is performed on the solid ground of a flat equal-time surface. However,
when it comes to gravity, this ground becomes shaky. Usually, one still attempts to define
a constant-time hypersurface (HS) with a time-like normal vector and quantize on this
arbitrarily chosen surface [78]. To the contrary, in our above discussion the hypersurface
is a sphere, and the normal vector is a space-like vector in radial direction. When this is
accepted, all following steps are literally canonical.

We are not sure how drastic the choice of the SER framework really is from a conceptual
standpoint. In GR, the choice of HS is arbitrary anyhow, since these depend on coordinate choices
and spacetime curvature. What we can note here is that our choice does not lead to any direct
inconsistencies. As we have pointed out in the introduction, the choice of a quantization
hypersurface which represents the symmetry of a given problem has been contemplated in
the literature [27–29], for example in light-cone quantization [23–26]. In this context, we
want to mention Carrollian theories [79,80], where space is absolute (as opposed to time).
Thus, in such theories one needs a quantization prescription for space-like HSs anyhow [81].
Further, there are gravitational theories in which the role of time and radial coordinates
are interchanged, such as Kantowski–Sachs (KS) spacetimes [82–86]. Kantowski–Sachs
spacetimes are homogeneous but anisotropic models with spatial topology R×S2. The line
element of such spacetimes can be written as

ds2 = −N2(t) dt2 + a2(t) dr2 + b2(t) dΩ2. (74)

They describe the interior region of the Schwarzschild solution and similar metrics, where,
as mentioned before, the roles of t and r are interchanged, that is, the radial variable be-
comes timelike while t becomes spacelike. In [84], the quantization of such a spacetime
was discussed; there, the main motivation for quantization was to resolve the singularity
problem. A different prescription was discussed, and it was shown that only one prescrip-
tion was able to resolve the singularity problem in the considered framework (see [84] for
more details). However, quantization in such spacetimes is also along the radial direction,
as in SER quantization prescription. It is worth to note that in the above references for KS
spacetime quantization, the region inside a black hole horizon is being considered, while
in SER we are considering region outside the black hole horizon. For instance, in [87],
nonrotating neutral black holes within a canonical framework were studied with a hybrid
quantization prescription. There, inspired by the interior solutions, the authors extended
their results to the exterior region, and adopted a radial evolution as well. Our motiva-
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tion for the SER quantization prescription was to avoid the problem of time; determining
whether the difficulties in quantization prescription for KS spacetimes could be connected
to SER quantization prescription remains to be explored in future studies.

In general, the study of gravitation systems with a radial Hamiltonian has recently
gained further attention. For instance, in [88], the authors studied the spherically symmetric
spacetime in the context of Einstein–Hilbert action and its effective dynamics, where the
metric functions are functions of radius r and become the canonical variables of the model.
In addition, in [89,90] the link between radial canonical gravity and AdS3−gravity was
studied; in [90] the evolution parameter of the model was the radius r, as in our case.

A more formal understanding of our quantization could be possible within the context
of compositional quantum field theory [29]. This theory is formulated and quantized in
terms of compositional locality instead of temporal locality. The difference between both
types of locality is that temporal locality imposes time-slices, while compositional locality
allows spacetime to be sliced into arbitrary finite regions (e.g., spheres).

From all these discussions about different quantization hypersurfaces arises one ques-
tion: Is the choice of a different quantization hypersurface different physics? If two calculational
methods would give different predictions for the same observables, then they have to be
considered as different theories. However, we do not believe that this is the case when we
discuss the choice of these surfaces in the context of static spherically symmetric spacetimes.
Instead, we believe that a clever choice can help to tackle problems which are much harder
to solve otherwise. This is just like in classical mechanics, where it is helpful to choose
suitable coordinate systems and dynamical variables when solving special problems with
special symmetries.

4.3. Weyl Ordering, Why?

Promoting classical phase-space functions f (g, p) to operators requires an ordering
prescription. Different descriptions can give different quantum operators, which in turn
imply different matrix elements, different expectation values (e.g., real or complex), and
different eigenvalues. There is no universally “best” ordering prescription. Typically, a
choice is made depending on mathematical convenience, the characteristics of the system
under consideration, and its intuitive interpretation. We employ Weyl (totally symmetric)
ordering for three reasons:

• Weyl ordering maps any real classical observable to a Hermitian operator [91,92],
so metric expectation values such as ⟨ĝ⟩ and ⟨ĝ−1⟩ are guaranteed to be real.

• Our canonical model contains no natural split into creation and annihilation operators;
hence, normal or anti–normal orderings rooted in that split [93,94] are not appropriate.

• The Weyl rule preserves a transparent classical–quantum correspondence via the
Moyal bracket, allowing the Ehrenfest theorem to recover the Schwarzschild–(A)dS
solution and to isolate the quantum effects and uncertainty relations presented in
this work.

Alternative prescriptions such as normal or anti-normal ordering [93,94], the Born–
Jordan scheme, or the covariant Laplace–Beltrami choice [95] are indispensable in perturba-
tive quantum field theory or on curved configuration spaces; however, these use creation
and annihilation operators (which we do not have), sacrifice automatic Hermiticity, or
depend on a specific choice of vacuum.

Thus, for our purposes the Weyl prescription appears to be the most economical and
physically transparent option. Having made this natural choice, it goes without saying
that future work may extend our approach by exploring the implementation of alternative
operator ordering prescriptions.
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4.4. A Comparison to LQC Models for Black Holes

The interior region of the classical solution of a spherically symmetric black hole can
be described by a cosmological Kantowski–Sachs metric. This classical analogy triggered
substantial progress in the LQC description of the interior of a black hole, spearheaded by
Ashtekar, Olmedo, and Singh (AOS) [96–98]. In these models with an effective Hamiltonian,
it was possible to resolve the issue of the radial singularity at the origin and replace it
with a finite bridge between a black and a white hole. Further, it was shown that for large
black hole masses the model allows large QG corrections at the horizon to be avoided.
Subsequent work has helped to clarify many aspects and consequences of this proposal
(for an involuntarily incomplete list of references, see [99–102]).

Our findings with the SER approach are complementary to the program pioneered by
AOS in several aspects:

• Hamiltonian:
The LQC approach must contend with theoretical uncertainties and technical dif-
ficulties arising from the “highly intricate nature of the Hamiltonian constraint” [102].
An interesting twist that appears to address the Hamiltonian problem emerges in
unimodular quantum gravity, where the Wheeler–DeWitt equation becomes an evo-
lution equation with respect to the so-called unimodular time [103]. This work also
contains a interesting discussion on the distinction between hermitian and self-adjoint
operators in the presence of boundary conditions [104], e.g., at r = 0.
The SER quantization is free of the delicate issue of a vanishing Hamiltonian. Nev-
ertheless, theoretical uncertainties such as potential operator-ordering ambiguities
(i.e., alternatives to Weyl ordering) remain present in the SER approach as well.

• Spacetime region:
The LQC approach is constructed for the region inside of the black horizon, and this
region is also the focus of its remarkable results concerning the singularity resolution.
Instead, the focus of the SER quantization is on the large radius region, since it is
in principle accessible to observation. In particular, since we include the role of
a cosmological constant Λ in our discussion, we find potential QG effects at large
distances, which have previously gone unnoticed.

• Degrees of freedom:
The number of physical degrees of freedom Ndo f in constraint Hamiltonian systems
is [105]

Ndo f = Ncan − NFCC − NSCC/2, (75)

where Ncan is the number of canonical pairs, NFCC the number of first-class constraints,
and NSCC the number of second-class constraints. Both approaches have two canonical
pairs. In the AOS formulation, there is one first-class constraint and no second-class
constraint. In contrast, the dynamical variables in the SER approach are not subject
to any first-class constraints, but are subject to two second-class constraints (17, 18).
Thus, both AOS and SER have a single physical degree of freedom Ndo f = 1.

• Quantum → classical transition:
In the LQC approach, the transition from the quantum regime to the classical regime
is realized in terms of two control parameters δb and δC, which are introduced in the
effective Hamiltonian. In the SER approach the system is always quantum, but for
certain spacetime wavefunctions the expectation values might be indistinguishable
from classical results. Here, the transition to the classical regime is encoded in the
values of the integration constants Ci,j that characterize the nature of spacetime.

Thus, the AOS and the SER approach are complementary in their technique and region
of interest. However, there is also an interesting regime of overlap, since the Kruskal
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coordinates also apply for the exterior region as well; it is noted that “There is now nontrivial
dynamics as one evolves from one timelike homogeneous surface to another in the radial direction.
While this is somewhat counter-intuitive at first because this evolution is in a spacelike direction,
there is nothing unusual about the setup from the Hamiltonian perspective even for full general
relativity” [97]. This is an encouraging statement, since it is the “motion” in the radial
direction that is at the heart of the SER approach.

4.5. “It’s Heisenberg, Not Schrödinger” and “What About the Norm and Hilbert Space?”

The quantization is performed on a Hilbert space of square-integrable wave functions
Ψ(g) over the configuration variable g. We adopt the standard representation familiar from
canonical quantum mechanics:

H = L2(R, dµ(g)) = L2(R,J dg), ∥Ψ∥2 = ⟨Ψ|Ψ⟩. (76)

The Hilbert space H = L2(R, dµ(g)) is separable, and as such admits a countable orthonor-
mal basis {ϕn(g)} satisfying

⟨ϕm|ϕn⟩ =
∫

ϕ∗
m(g) ϕn(g) dµ(g) = δmn, ∑

n
|ϕn⟩⟨ϕn| = I.

In addition, one may use the continuous set of generalized eigenstates {|g⟩} of the operator
ĝ, which satisfy ⟨g|g′⟩ = J (g)−1δ(g− g′) and the completeness relation

∫
|g⟩⟨g| dµ(g) = I.

In this representation, any state |ψ⟩ admits the expansion |ψ⟩ =
∫

ψ(g) |g⟩ dµ(g) with
ψ(g) = ⟨g|ψ⟩. As shown in the quantization in Section 2, the commutator relation between
the operators ĝ and p̂ is satisfied as well. In this work, we are considering constraint
Hamiltonian systems. In such systems, one defines a kinematical Hilbert space as the space
of all square-integrable functions. However, defining a physical Hilbert space relies on
the nature of the constraints. If one is dealing with first-class constraints, these constraints
will also be promoted to operator in the quantization prescription. Thus, one imposes the
condition that the physical Hilbert space is defined by acting with the constraints on the
wave functional such that they vanish, χ̂a|Ψ(g)⟩ = 0. Here, χ̂a are the first-class constraints
being promoted to operator after quantization. Therefore, the Hilbert space with the
presence of the first-class constraints is written as Hphysical = {Ψ ∈ Hkin|χ̂a|Ψ(g)⟩ = 0}.

Such a condition would be inconsistent when having second-class constraints only.
When there are second-class constraints, one first goes from Poisson brackets to Dirac
brackets; thus, these constraints become already strongly zero by construction. As such,
the quantization on the constraint surface is performed after imposing these constraints.
Therefore, the kinematical Hilbert space is already the physical Hilbert space.

The Hamiltonian (42) depends explicitly on the evolution variable r. Under this
circumstance, the Heisenberg picture, in which all operators are allowed to be r-dependent,
is the most natural choice. In mathematical physics, how to treat a r-dependent Hamiltonian
is well established as long as it can be considered as a small perturbation of an otherwise
energy-conserving Hamiltonian. However, in our case the r-dependence can not be treated
in this way. Thus, if one would like to translate our results to r-independent operators
with r-dependent wave-functions, as in the Schrödinger picture, a different mathematical
machinery might be needed, which we are currently working on as one of the follow-up
projects to this work. Note that in this context we do not pretend that the radial coordinate
r is actually a “time”, as we only need the statement that one can quantize spherically
symmetric systems on a HS with constant r.

Having decided to stick with the Heisenberg picture, we still can ask questions like
“What does the wave function |Ψ⟩ look like?” and if this question is answered, “How is
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the inner product between two such wave functions ⟨Ψ| . . . |Ψ⟩ actually defined?”. We cannot
answer these questions at this point, but we can revisit the quantum mechanical point
particle system from Section 1.4 for an analogy. There, we can choose the representation
in position space |ψ⟩ = ψ(x) and define the inner product in terms of an integral over
the position. By doing this, we can find the eigenstates of an operator with the associated
eigenvalues (e.g., for the Hamiltonian operator Ĥψ(x, E) = Eψ(x, E)). The quantization of
the energy E into discrete levels labeled by En arises from requiring that the eigenstates be
normalizable ⟨ψn|ψn⟩ = 1. Thus, if the analogy point particle and SER goes through, we
could understand the spacetime states as functions of g, |Ψ⟩ = Ψ(g) and define the inner
product as integral over this variable

⟨Ψ|Ô|Ψ⟩ =
∫ ∞

−∞
dg J

(
Ψ∗(g)ÔΨ(g)

)
W , (77)

where J is a properly defined measure. One can show simply that the operators considered
in this work satisfy the symmetry and self-adjoint properties with a measure J being a
constant and set to one. We will discuss this more precisely in another publication. Now,
we can speculate further by assuming that the eigenvalue of a conserved operator M̂
(for example, such as (62)) associated with the mass M of the central black hole. Then,
requiring that the inner product (77) of such an eigenstate with itself can be normalized
to one could imply a quantization of the eigenvalue M into discrete mass levels Mn, just
as the normalization condition implies discrete energy levels in the quantum description
of a point particle. However, at this stage the possibility of a quantized mass spectrum is
pure speculation.

For the purpose of this paper (uncertainty relations), we will restrict the discussion
and assume the existence of a Hilbert space, an inner product, a reference state, an algebra
of observables, vacuum expectation values ⟨O⟩, and operators that can be written in
the Heisenberg picture. Still, it is also clear that follow-up questions concerning the
Schrödinger picture and the wave function Ψ are certainly justified and interesting, and
deserve separate studies.

4.6. Gauge Fixing and Causal Structure

When implementing the SER quantization, we brutally chose explicit coordinates and
fixed the gauge of the field theory. Such a choice admittedly implies loss of generality
and elegance. However, this shall not bother us so long as the mathematics is correctly
describing the physical system of interest. Here, we have to be careful when we choose
our observables. As discussed in Section 2.8, not every real-valued VEV of an operator is
necessarily an observable. However, quantities which are actually directly linked to real
observations, such as the ones entering geodesic motion, certainly fulfill this requirement.
Further, in the usual geometric dynamics for black holes [14], the author takes care of
respecting the causal structure of the Schwarzschild spacetime represented in the Kruskal
diagram and by introducing the Killing time.

In our case, we choose a symmetry and fix the gauge. Thus, we start by the assumption
that we have a static spacetime. The corresponding Killing symmetry exists and is built into
the framework from the beginning by assuming that we have no time dependency in the
metric-(operators). Since we integrate out time in our action, the corresponding integration
constant can always be absorbed in the other integration constants Cij. However, it is
interesting to note that Killing symmetries provide a valuable tool when evaluating the
motion of test particles in such QG-backgrounds in terms of q-desics [48].
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4.7. The Cosmological Constant Problem

When we started this project, we had no intention of even mentioning this problem;
now, however, since the uncertainty relation for the metric operators ĝ and (ĝ p̂2)W provides
us with two bounds on this constant, we are obliged to address the topic.

The cosmological constant problem arises from the enormous discrepancy between the
vacuum energy density predicted by quantum field theory and the tiny value required by
cosmic acceleration measurements. As the most straightforward estimate, it can be written
as a dimensionless product of the observed value of the cosmological constant (Λ)obs and
the gravitational coupling constant

h̄
c3

(
G · (Λ)obs

)
= 2 × 10−121. (78)

The result is such a small dimensionless number that it marks one of the most severe
fine-tuning puzzles in physics. While the cosmological constant dominates the current
energy budget of the Universe, driving its accelerated expansion, its extreme smallness
remains unexplained. Proposed resolutions span a wide range of ideas, yet no universally
accepted solution has emerged [76,106–117].

Since the uncertainty relation (65), when evaluated at the Schwarzschild radius, pro-
vides us with a lower bound on the absolute value of Λ for a given mass (or equivalently
a lower bound on the allowed central mass for a given value of Λ), let us evaluate the
numerical value of this bound. For this, we use (78). We find

M0 ≥
(

C̃0,1

γ2

)1/3

3 × 1032 kg. (79)

This is reminiscent of the theoretical upper limit of compact objects known for neutron
stars. In particular, if we consider the Tolman–Oppenheimer–Volkoff (TOV) limit, which is
about 1031 kg, the numerical coincidence with (79) might not be accidental. The TOV limit
arises from balancing the Pauli exclusion principle of particles against the gravitational
pull of an object with mass M0. Thus, the upper limit on such stars translates to a lower
limit on the mass of black holes, as in (79). Furthermore, both the TOV limit and (79)
are essentially consequences of the uncertainty principle, one pertaining to particles in a
spacetime background and the other to spacetime itself. Thus, both limits rest on the same
fundamental concept, though realized in very different ways.

Next, we apply the same reasoning to the upper limit (71), which was obtained from
the large-radius expansion of (65). The dimensionless inequality for the maximally allowed
mass reads

M0 ≤ c2

√
3

2 G2 |Λ| = 1.4 × 1053 kg. (80)

This mass is remarkably close to the total mass of ordinary matter in the visible Universe,
M0 = 1.5 × 1053 kg. We find this relation between total mass and the value of (Λ) rather
surprising, since the measurement of (Λ)obs is based on observing the dynamical evolution
of the Universe, while our model arose from the quantization of GR imposing static and
spherical symmetry with a single mass at the center. Note further that the inclusion of dark
matter (if it contributes) would shift the value by a factor of five. Given the many orders
of magnitude in (80) and the uncertainties involved, we should not be overly particular
about this.

Note that we can also invert Equation (80) and state that the observed value of the
cosmological constant (78) takes the maximal value allowed by the known observed mass
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in the Universe. Before getting overly enthusiastic about this surprising result, we have to
mention two factors which limit the universality and applicability of these interesting results:

• First, we have to remember that this result is subject to the prior choice of a highly sym-
metric spacetime state, for which many integration constants vanish. There are three
ways to gain a better understanding of the physical role of the integration constants:

1. Study physical observables and thus identify the role of each constant Ci,j in
these measurable quantities.

2. Use the analogy in the non-relativistic quantum mechanics established in the
appendix and identify the meaning of a constant Ci,j accordingly.

3. Develop a full description in terms of wave functions in the Schrödinger picture,
which then will allow the role and scope of each constant Ci,j to be identified in
terms of the shape of the wave functions Ψ(g).

We are working all these approaches, but it will take some time to make progress.
• Our framework is time-invariant by construction, while the visible Universe with

its 1053 kg is not, which means that the mass coincidence could also be just this,
a coincidence.

5. Conclusions
In this work, we have developed a canonical quantization scheme for static spherically

symmetric spacetimes described by the Einstein–Hilbert action with a cosmological con-
stant. Employing a reduced phase-space approach, we quantize the gravitational degrees
of freedom and demonstrate that the classical Schwarzschild–(Anti-)de Sitter solutions
emerge in the semiclassical limit via the Ehrenfest theorem. All further information on the
spacetime wavefunction |Ψ⟩ is obtained in terms of integration constants of Heisenberg’s
equations of motion for expectation values.

Beyond the recovery of classical dynamics, the quantized framework has enabled us
to explore nontrivial quantum features of the spacetime geometry. In particular, we derive
uncertainty relations between geometric operators that arise naturally in the quantum
theory. These relations suggest an intrinsic quantum indeterminacy of geometric quan-
tities and reveal conceptual links to both generalized uncertainty principles and black
hole thermodynamics.

A notable outcome of our analysis is the existence of both lower and upper bounds on
the mass parameter, depending on the value of the cosmological constant. Even though we
assumed a simple wave function with several vanishing integration constants for obtaining
the upper mass bound, it is remarkable that when the cosmological constant is set to its
observed value, the minimal mass predicted by our model is below the TOV limit, while
the maximal mass closely approximates the total baryonic mass of the observable universe.
This striking coincidence hints at a deep connection between quantum gravitational effects
and large-scale cosmological structure.

Our findings provide a novel link to the observable effects of quantum gravity at
distance scales far larger than the Planck scale. This was achieved by constraining the
physically admissible spherically symmetric spacetimes. The presence of mass bounds also
opens the door to intriguing phenomenological implications in astrophysics and cosmology.

Future directions include extending the quantization procedure to more general set-
tings, such as charged or slowly rotating black holes, and exploring dynamical or cosmo-
logical scenarios. Our method will further allow for testing of many more observables,
such as the parameters of geodesic motion.

Note added: After this article’s first appearance on arXiv, we became aware of some
closely related approaches:
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• One was formulated by Davidson and Yellin [118,119]. A difference with our results
is that the authors found, e.g., a constant expectation value for ⟨ĝ⟩, which was then
adjusted by modifying the Hamiltonian to get a result which is in agreement with (46).

• Another was developed by Kanatchikov and collaborators, which does not require
spherical symmetry. This formalism is called “precanonical QG” [120,121] and it was
further explored in the context of spin foams [122], quantum Yang-Mills theory [123],
teleparallel gravity [124], and long-range observables [125].
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Appendix A. The Free Particle
In this subsection, we introduce some standard notation used in the SER approach.

We revisit the non-relativistic point particle in quantum mechanics. All readers familiar
with this textbook material may jump directly to the following section. A free particle in
one dimension is described by the action

S =
∫

dt L =
∫

dt
ẋ2

2m
. (A1)

From this formulation in terms of an action, we can switch to a Hamiltonian formulation
by defining the conjugate momentum

p =
∂L
∂ẋ

(A2)

and defining the Hamiltonian as

H = ẋp − L =
p2

2m
. (A3)

The conjugate variables x and p allow us to define Poisson brackets

{A, B} ≡ ∂A
∂x

∂B
∂p

− ∂B
∂x

∂A
∂p

. (A4)

The Hamilton equations for a phase-space function f are

ḟ = { f , H}+ ∂ f
∂t

. (A5)
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Applying the standard rules of canonical quantization, we replace functions by operators
(H → Ĥ, p → p̂ = ih̄ ∂

∂x , . . .) and Poisson brackets by commutators {A, B} → 1
ih̄ [Â, B̂].

The Heisenberg equations of motion for an operator Â then become

ih̄
d
dt

Â = [Â, Ĥ] +
∂Â
∂t

. (A6)

It is straightforward to write down and solve this equation for the expectation values of the
operators x̂, p̂, p̂x̂ p̂, p̂2, x̂2, (x̂ p̂ + p̂x̂)/2, . . .. The solutions read as follows:

⟨1̂⟩ = 1, (A7)

⟨ p̂⟩ = p0, (A8)

⟨ p̂2⟩ = p2,0, (A9)

⟨x̂⟩ =
p0

m
t + x0, (A10)

⟨ p̂x̂ p̂⟩ = h̄2C1,2 +
p2,0

m
t, (A11)〈

x̂ p̂ + p̂x̂
2

〉
=

p2,0

m
t + C1,1, (A12)

⟨x̂2⟩ =
2

m2

(
p2,0t2

2
+ mtC1,1

)
+ x2,0, (A13)

where the integration constants x0, p0, p2,0, C1,2, x2,0, C1,1 are real numbers because the
corresponding operators are Hermitian. Their values depend on the initial conditions
of a given wave function. For example, consider a wave function of some system in the
Schrödinger picture which is in an energy eigenstate and parity-symmetric

ψ(x, t) = eiEt/h̄ψ(x), (A14)

with ψ(x) = ψ(−x). Then, it is straightforward to show that the integration constant
p0 vanishes

⟨ p̂⟩ = ih̄
∫ +∞

−∞
dx ψ(x)ψ′(x) = 0 (A15)

due to symmetry reasons. Thus, the values of the integration constants in ((A7)–(A13))
depend (inter alia) on the symmetry properties of the wave function ψ(x). It is instructive
to use the solutions ((A7)–(A13)) to verify the uncertainty principle:

σ2
Aσ2

B =
(
⟨Â2⟩ − ⟨Â⟩2

)(
⟨B̂2⟩ − ⟨B̂⟩2

)
≥
∣∣∣∣ 1
2i
⟨[Â, B̂]⟩

∣∣∣∣2. (A16)

Using the operators Â = x̂ and B̂ = p̂, we find

σ2
x σ2

p = (p2,0 − p2
0)

[
(x2,0 − x2

0)− t
2
m
(p0x0 − C1,1) +

t2

m2 (p2,0 − p2
0)

]
≥ h̄2

4
. (A17)

We see that for large t, the left-hand side grows, which is consistent with the inequality.
The minimal value of the left-hand side of equation (A17) is reached at t = 0, where the
uncertainty relation becomes

(p2,0 − p2
0)(x2,0 − x2

0) ≥
h̄2

4
. (A18)

Thus, perfect knowledge of the position implies total ignorance of the momentum, and vice
versa; further, we see from (A17) that there is no coherent state of a free particle in quantum
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mechanics. Even if the uncertainty relation is saturated at a given time σxσp|t=tc = h̄/2, it
will evolve away from such a state for later times.

With this, we have introduced all the quantum machinery necessary for this paper
and proceed to our objective, the quantization of spherically symmetric spacetimes.

Appendix B. Useful Relations
Weyl operator ordering is a prescription for assigning a unique quantum operator to a

corresponding classical function of position and momentum. It is especially useful when
the classical quantities do not commute. The key property of Weyl ordering is that it makes
the resulting quantum operator Hermitian if the classical function is real. The general
formula for the Weyl-ordered product of operators is given as follows:

(q̂n p̂m)W =
min(n,m)

∑
k=0

(
−ih̄

2

)k
k!
(

n
k

)(
m
k

)
q̂ n−k p̂ m−k.

Commutators between Weyl-ordered products of ĝ and p̂ can be written as the sum of
Weyl-ordered producs of lower rank. We could not come up with a general formula, but
two useful relations are [

(ĝa p̂b)W , ĝ
]

= −ih̄b(ĝa p̂b−1)W , (A19)[
(ĝa p̂b)W , p̂

]
= ih̄a(ĝa−1 p̂b)W . (A20)

More formally, these can also be written as

[
(ĝa p̂b)W , ĝ

]
= −ih̄

(
∂(ĝa p̂b)

∂ p̂

)
W

, (A21)

[
(ĝa p̂b)W , p̂

]
= ih̄

(
∂(ĝa p̂b)

∂ĝ

)
W

. (A22)

Appendix C. Expectation Values of Inverse Operators
The circumference observable (55) depends on the expectation value of the inverse

metric operator, which is
〈
1/ĝ

〉
; this in turn follows from the line element (9). Assuming

that it actually exists, how can we calculate it? A convenient first step is to evaluate the
commutator [Ĥ, ĝ−n]. Substituting the result into the Heisenberg equation yields

d
dr

〈
ĝ−n

〉
= −n

r

(
1 − r2Λc2

)〈
ĝ−(n+1)

〉
+

n
r

〈
ĝ−n

〉
. (A23)

A glance at this equation for n = 1 already exposes a difficulty that persists for all n ≥ 1,
namely, that the expectation value of a lower inverse power such as

〈
ĝ−1〉 depends on

the expectation value of the next higher inverse power
〈

ĝ−2〉. Attempting to solve the
hierarchy iteratively forces us to determine an infinite tower of expectation values. Due to
cascading behavior, we cannot find expectation values of inverse operators by direct use of
the Heisenberg equation of motion (A23).

Below, we use a different strategy and show its utility by calculating the expectation
values of ⟨ĝ−1⟩ and ⟨ ˙̂g/ĝ⟩. For this purpose, we define the auxiliary quantity

Û = 1 − ĝ, (A24)
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which is reminiscent of a potential operator. With this auxiliary operator we can further
define the logarithm of the operator ĝ as an infinite power series of Û

ln(ĝ) = −
∞

∑
n=1

Ûn

n
. (A25)

Powers of Û can now be written as binomials

Ûn =
n

∑
l=0

(
n
l

)
ĝl(−1)l . (A26)

We realize that by inserting (A26) into (A25) we are able to express the logarithm of ĝ as
an infinite sum of operators for which we already know the expectation. Now, we can act
on (A25) with two different derivatives to obtain the desired results ⟨ĝ−1⟩ and ⟨ ˙̂g/ĝ⟩:
• ⟨ĝ−1⟩

If we apply the functional derivative δ̃ with respect to ĝ on (A25), then evaluate the
vaccum expectation value, we find〈

1
ĝ

〉
=

〈
δ̃ ln(ĝ)

δ̃ĝ

〉
=

∞

∑
n=1

〈
Ûn−1

〉
(A27)

= 3 − 3⟨ĝ⟩+ ⟨ĝ2⟩+O
(〈

Û3
〉)

, (A28)

where in the last line we have truncated the sum and only retained the leading and
subleading order in Û. In classical general relativity, this would correspond to a first
post-Newtonian expansion.

• ⟨ ˙̂g/ĝ⟩
If we act with a radial derivative on (A25) and subsequently use the Heisenberg
Equation (43) for the expectation value of the operators, we find

⟨ĝ′/ĝ⟩ =
∞

∑
n=1

⟨Ûn−1 ĝ′⟩ =
∞

∑
n=1

⟨(1 − ĝ)n−1 (1 − r2Λ − ĝ)
r

⟩ = ⟨1 − r2Λ − ĝ
r

⟩+O(⟨Û1⟩) ≈ 1 − r2Λ
r

− ⟨ĝ⟩
r

. (A29)

This expression exclusively contains positive powers of ĝ; thus, for each term we can
insert the corresponding vacuum expectation value (53). The resulting expression
contains an infinite sum of integration constants Cn,0. However, we always can
calculate a Newtonian expansion, just like we did in (A28). Applying this to the
leading order gives

⟨ĝ′/ĝ⟩ = 1 − r2Λ
r

− 1
r

(
(1 + ϵ0,0) +

− 2GM0
c2

(
1 + ϵ1,0

)
r

− r2Λ(1 + ϵ0,0)

3

)
+O(⟨Û1⟩). (A30)

Another interesting scenario is to assume that the spacetime state is an eigenfunction
of the operator ĝ such that ĝ|Ψg⟩ = ⟨ĝ⟩ |Ψg⟩. In this case, the integration constants
are not independent and we can use ⟨Ψg|ĝl |Ψg⟩ = ⟨ĝ⟩l , or equivalently, Cl,0 = Cl

1,0.
Therefore, if we assume such a state |Ψg⟩, we can perform the entire sum over n
and write

⟨Ψg|ĝ′/ĝ|Ψg⟩ =
1 − ⟨ĝ⟩+ r2Λ

⟨ĝ⟩2r
. (A31)

Appendix D. Possible Interpretation of the Integration Constants in [ĝ, p̂]
Let us now discuss several aspects of the uncertainty relation (64) by making a com-

parison to different results in the literature. For the sake of this comparison, we use units
with c = 1.
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• First, we compare the uncertainty relation of spacetime which was previously sug-
gested in [126]:

(δV)2

(δZ)2G2 ≥ h̄2

4
. (A32)

Here, δV ∼ (δl)3 stands for a characteristic volume and Z stands for a characteristic
time. In our case (64), the first parenthesis stands for the square of a characteristic
length and the second stands for the square of some energy with units given from
the definition (19). Inserting this definition, we can write (64) in the same units and
notation as (A32):

δZ2(δl)2

G2 ≥ h̄2

4
. (A33)

We realize that (A32) and (A33) agree if we identify the characteristic length scale
with the characteristic time scale δZ ∼ δt. With this identification, the statement basi-
cally reduces to (δl)2/G ≥ h̄, which could also be guessed from a pure dimensional
analysis. It is worth noting that we can reformulate the inequality and write it as
(δl)2 ≥ h̄G/c3 = (δlPl)

2.
• If one variance in (64) vanishes, the other has to diverge in order to keep the uncertainty

relation intact. Letus see what happens if the uncertainty of the momentum operator
vanishes σ2

p → 0. This happens when the two energy scales coincide:
√

C0,2 = Γ and
C0,1 = MXc2. Now, we use this energy in the definition (19) and invoke the typical
relation between time scales (Z) and inverse temperature:

Z =
h̄

4πkB

1
T

. (A34)

With this, we find an upper limit on the temperature associated with a given central
mass scale:

T ≤ h̄
8πGkB MX

. (A35)

Thus, the saturation of the ĝ p̂ uncertainty yields the Hawking temperature of the mass
MX as the upper bound. In [127], the uncertainty principle was investigated to obtain
the Hawking temperature. Our SER quantization approach also allows us to obtain
the Hawking temperature from the uncertainty relations between the metric operators
and the calculation of the expectation values. It is worth keeping in mind that, as
in quantum/statistical physics, one can switch between Minkowski and Euclidean
signature using a wick rotation t → −it. This allows us to make sense of such an
interpretation, since we are working outside the event horizon of the black hole and
the element does not have terms such as dtdr.

Appendix E. Complementary Material on the Operators
This work has introduced a quantization of the minisuperspace of spherically symmet-

ric static spacetime in which the metric operators, considered as the canonical variables, are
promoted to operators. Even though a pure operator formalism is not necessary within the
scope of this work, we briefly provide some complementary material for the reader on the
domain of the operators and their self-adjointness along with a discussion on the measure.

We first look at the symmetry properties of the operators ĝ and p̂. We set the measure
dµ(g) = dg, which is the typical Lebesgue measure:

⟨ψ(ĝ)|ϕ(ĝ)⟩ =
∫

dµ(ĝ)ψ(ĝ)∗ϕ(ĝ) =
∫

dgψ(ĝ)∗ϕ(ĝ). (A36)
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We want to show that
⟨ĝψ(ĝ)|ψ(ĝ)⟩ − ⟨ψ(ĝ)|ĝψ(ĝ)⟩ = 0 (A37)

and
⟨ p̂ψ(ĝ)|ψ(ĝ)⟩ − ⟨ψ(ĝ)| p̂ψ(ĝ)⟩ = 0. (A38)

The metric operator ĝ is trivially symmetric, confirming (A37). For the momentum operator
p̂, one has to integrate by parts:

⟨ p̂ψ(ĝ)|ψ(ĝ)⟩ − ⟨ψ(ĝ)| p̂ψ(ĝ)⟩ = ih̄[ψ∗ψ]Boundary. (A39)

Further assuming a compact support for the wave functions at the boundaries, one gets
ih̄[ψ∗ψ]Boundary = 0, confirming (A38).

Next, we discuss the domain of the operators and their self-adjointness.
We define the metric operator as ĝ : D(g) → H and ĝψ(g) = gψ(g) ∀ψ ∈ H with the

domain D(g) = {ψ, gψ ∈ H|
∫

dg g2ψ2 < ∞}.
Since ĝ is symmetric, we have ĝ ⊂ ĝ†. In order to show the operator is self-adjoint, we

have to show D(g) = D(g†).

Definition A1. ∀ψ ∈ D(g) and ∀ϕ ∈ D(g†), ∃η ∈ H such that ⟨ϕ, ĝψ⟩ = ⟨η, ψ⟩ is satisfied.
We compute the integral, then define the adjoint of ĝ by setting gϕ = η = ĝ†ϕ. In doing so, we find
the domain of ĝ† to be D(g†) = {ϕ, gϕ ∈ H|

∫
dgg2ϕ2 < ∞}, which is equal to the domain of ĝ.

Thus, we have D(g) = D(g†) → g = g†.

The situation for the momentum operator is not trivial, and the operator is not self-
adjoint in general. However, defining the momentum operator in Sobolev space (1, 2) of
W1,2 = H1 = {ψ ∈ C1

c (R)|ψ being weakly derivable}, one can show that the momentum
operator p̂ has a unique self-adjoint extension. One can generalize the Sobolev space to
H∞, where ψ ∈ C∞

c .
The momentum operator is symmetric, and we have p̂ ⊂ p̂†. We need to show that

D(p) = D(p†).

Definition A2. ∀ψ ∈ D(p) and ∀ϕ ∈ D(p†), ∃η ∈ H such that ⟨ϕ, p̂ψ⟩ = ⟨η, ψ⟩ is satisfied:

⟨ϕ, p̂ψ⟩ =
∫

ϕ∗pψ = −ih̄
∫

dgϕ∗∂gψ = −ih̄{ϕ∗ψ}∞
−∞ + ih̄

∫
dg∂gϕ∗ψ =

∫
dg
(
−ih̄∂gϕ

)∗
ψ. (A40)

The boundary term vanishes due to compact support. We identify η = −ih̄∂gϕ = p̂†ϕ, since
ϕ ∈ D(p†). We find the following domain for the adjoint extension of the momentum operator:
D(p†) = H1 = {ϕ ∈ C1

c (R)|ϕ being weakly derivable}; thus, D(p) = D(p†) → p = p† on the
Sobolev space (1 ≥ 2).
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