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Abstract

Theories of flavor operate at various scales. Recently it has been pointed out that in the
context of modular flavor symmetries, certain combinations of observables are highly
constrained, or even uniquely fixed, by modular invariance and holomorphicity. We find
that even in the absence of supersymmetry, these combinations are surprisingly immune
against quantum corrections.
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1. Introduction

Theories of flavor accommodate, or even predict, fermion masses, mixing angles and
CP phases, which constitute a significant fraction of the standard model (SM) parameters.
The scale of new physics underlying the corresponding models, which we will denote
by Afavor, generally are different from scales at which experimental measurements are
made. This means that quantum corrections to the model predictions have to be taken into
account. This raises the question of whether there are predictions that do not depend on
the scale Agayor at which the model is defined.

In the context of modular flavor symmetries [1] (for reviews, see, e.g., [2-7]), it has
recently been pointed out that there are certain combinations of entries of the Weinberg
operator that are independent of the modulus 7 [8]. In addition, these combinations are
known to be renormalization group (RG)-invariant at one-loop [9]. This latter statement
holds both in the SM and minimal supersymmetric standard model (MSSM).

The purpose of this analysis is to discuss the impact of quantum corrections on
the above invariance in the absence of supersymmetry (SUSY). This is also motivated
by the recent proposal of non-holomorphic modular flavor symmetries [10-12], in non-
supersymmetric setups.

2. Neutrino Masses Described by the Weinberg Operator

We consider scenarios in which neutrino masses are described by the Weinberg op-
erator. In the supersymmetric context, the superpotential of the lepton sector is then
given by

1
yﬂlepton mass — Yégf Lg'Hd Ef+ EKgf Lg'Hu Lf'Hu . )

Here, the superfields L/ and Ef denote the three generations of the SU(2)| charged lepton
doublets and singlets, respectively. The flavor indices are f and g. The superfields H,, /4
stand for the MSSM Higgs doublets. In (1), “-” indicates contractions with the Levi-Civita

symbol. m, = vf, « is the neutrino mass matrix, with x being the effective neutrino mass
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operator. Finally, Y, denotes the charged lepton Yukawa couplings. In models based on
modular flavor symmetries, x and Y, are given in terms of the modular forms.
In the SM amended by the Weinberg operator, the lepton masses are described by

— 1
«iﬁepton mass — *Yégf éL,geRg P — iKgffg : (Pff ~¢+hec.. (2)

Here, {1 ; denote the lepton doublets, eg, the right-handed charged leptons, and ¢ the
SM Higgs.

Apart from the charged lepton masses, my = yrvgw with vgyw denoting the vac-
uum expectation value (VEV) of the electroweak Higgs ¢, the lepton sector has nine

flavor parameters,

{Si} = {m1, ma,m3,012,613,023,0, p1, 92} . 3)
2 _
angles 60;; have been measured with relatively good precision; seelz, e.g., [13]. The recent

JUNO results [14] have significantly reduced the error bars of 61, and Am%z 1= m% — m% ;

Out of these parameters, two mass squared differences, Am%]. =1m mJZ, and the mixing

see, e.g., [15]. On the other hand, the absolute neutrino mass scale and the Dirac phase &
are subject to constraints but not determined precisely. We currently do not know whether
neutrinos are Majorana fermions and thus have no knowledge of the values of the Majorana
phases ;.

3. Lepton Flavor Parameters and Quantum Corrections
Equations (1) and (2) contain the Weinberg operator,

L = —%Kgffg ol ¢ +he. . (4)

x is a symmetric matrix of mass dimension —1.
Throughout this study, we will work in a basis in which the fields are canonically
normalized and Y, is diagonal and positive,

Y, = diag(ye, yu,y-) withys > 0for f € {e,u, T} . (5)

In this basis, all the renormalizable interactions in the lepton sector are diagonal in
flavor space.

3.1. Invariants

In the basis chosen as given in (5), we define the invariants

(my) fr (my)gq _ Kfrkes
((mv)fg)z (ng)z

where no summation over the flavor indices f and g is implied. We are interested in

Ifg = (6)

quantum corrections to these combinations. In order to obtain the second equality in (6),
we have to assume that the normalizations of the three lepton doublets coincide at a given
scale. The focus of this study is on the RG stability of If, (6).
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A key feature of these expressions is that they can be entirely expressed in terms of
observable flavor parameters. Explicitly,

L, % (1111 (ca3512 + € " c1p813523)2 + fiin (c12023 — € s19513523)% + mzc2ys3, ] (72)
2= —— - ~ . ; 2
[M1c12(C23512 + €7 10012813523) — MMins12(C12023 — €7 19512513523) — €19m3513523]

L. % [t (e c1pca3513 — 512523)* + Tt (€~ P eaasinsna + c12523)* + Maci;c3s] (7b)
13 =

= . — - ; 2
[M1c12(e0c1203513 — 512823) + Mns12 (€7 10¢23812513 + C12523) — €19m3zc13023]

. 2 . 2
2 2 ~ —id ~ —id
Iz = [”136‘13523 + my <023512 +e 612513523) + my (C12C23 —e 512513523> ]

2 2 s —ib 2 | s (a—ib 2
4["13613023 + 711y (e e3512513 + C12523)  + 711 (€70 e203513 — $12523) }

x — — . 2 , (70)
[(7i1a1 4 1ipa2) — m3 sin(2053)c, ]
Sij 1= sin 91‘]‘, Cjj 1= €Os 91']', tjj := tan 91']', and
ag = ﬁllc%z + 77125%2 + e215m3t%3 (8a)
ap = Ks%z — e*Zi‘sc%zs%) sin(2053) — e cos(2623) sin(2912)513] , (8b)
ap 1= {e_w €0s(26,3) sin(2615)s13 + (c%z - e_Zi‘ss%zs%) sin(2923)} . (8c)

The invariants Ir, depend on my, my, ¢1 and @, only via the combinations my := my el
and my := mpe'?2. As Iy, are complex, each of them contains two real flavor parameters.
This means that, unless there are degeneracies, six independent linear combinations out of
the nine flavor parameters ¢; in (3) are described by I fg- As discussed in [8], the zeros and
poles of I, correspond to the texture zeros of the Weinberg operator.

Why are we interested in these invariants, I fg? There are two main reasons. First of
all, they are RG-invariant at the one-loop level [9], as we shall discuss in more detail in
Section 3.2. Additionally, they turn out to have remarkable properties in the framework
of modular flavor symmetries. For instance, in the Feruglio model [1], I;; = —2, and
I13 I3 = —32, independently of the value of the modulus [8]. That is, these invariants carry
a large amount of information on modular symmetries. As we shall see next, they are not
only independent of the modulus but also, for all practical purposes, insensitive to the
definition flavor scale Ag,yor Of the model.

3.2. Renormalization Group Equations

In [9], it was found that 7, defined in (6) are independent of the renormalization
scale at one-loop. In the supersymmetric context, one may view this as being a simple
consequence of the non-renormalization theorem. Only the wave function renormalization
constants depend on the scale, and the latter cancel in the I g €Xpressions [16]. The RG
invariance of I, thus holds at all loop levels in supersymmetric models. So in the following,
we will focus on the non-supersymmetric case.

Since « is a symmetric matrix, its renormalization group equation (RGE) has the form

d 1 \F
S = (k) .— _ (k) (k) (T (k) (T
T ;K ;(1&[2) [oc k+ P9k +x(PY) + QW (QW) } . )

Here, the superscript “(k)” indicates the loop order; (¥} denotes the scalar contribution,
which includes gauge couplings and parameters of the Higgs potential; and PX) and Q)
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are implicitly defined by (9). We will provide explicit expressions below in (13). The
t-derivative is the logarithmic derivative with respect to the renormalization scale y,

d d

— = U 10
ie, t = In(u/pp) with some reference scale yp. In (9), k indicates the loop level, and
a®) are flavor-independent coefficients. The matrices PK) and Q(¥) are composed of the
renormalizable couplings of the theory and diagonal,

Pk — diag(P™, P, PV, (11a)
o = diag(al, 0, ). (e

At one-loop, PV = C, Y, Y! = C, diag(y?, yf{, y2) with Y, being the charged lepton Yukawa
matrix (5). C, = —3/2 in the SM [17] and two-Higgs models [18], and C, = 1 in the
MSSM [19,20] (see, e.g., [21,22] for reviews). At the one-loop level in (9), there is only one
matrix in flavor space, P(l), and we can choose Q(l) =1.

In order to have nonzero RG effects, we consider two-loop RGEs [23-26]. The two-loop
contribution in (9) in the SM is given by [27]

2
@ = (161n2> [,x(z) x4+ Pk +x (PP)T + Q@ « (Q<2))T} , (12)

where there is now a nontrivial Q-matrix,

57, 33, 5 19
p? = (—mg% + Eg% + 4T> Y. Yt + ZYEY: Y.Y!, (13a)
0@ =2y, Yl . (13b)

Here, g1 and g are the running gauge coupling constants, and T := Tr[Y, Y} + 3Y, Y] +
BquY;r |, with Y, and Yy being the Yukawa coupling matrices for the up-type quarks and the
down-type quarks, respectively.

Analogously to (9), we can write the loop expansion of the I, as

; d (k)
Iry = alfg = ;Ifg , (14)
where
(k) (k)
p _ Tpr es  KppReg o KrfRgg (k) (15)

(k) (kpe)® (pe)” S

Truncating (9) at the two-loop level, i.e., k = 2, and inserting this truncation into (14),
we obtain
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1 2) 1) (2)
Ay Uy TR ) e gy e Rse) | gr s o)
dr /8~ 2 2 3 f& " "fs
f8 fs f8
(1) (1) (2) (2)
TpfTes | Kpikgs  HKirRes (| | KA Tss  KifKes KrfRes ()
N %2 %2 ©3 fg %2 K2 ©3 fg
f8 f8 f8 f8 f8 f8
_. 1 (2)
= Ipg + 1) (16)
Then, we can calculate IJ((? as
(ky _ Krrksgg (k) (k) (k)\2 (k) (k) (k)y2
Iy = 7(16112)’%% [a +2P; + (fo) + a4+ 2P + (Qg¢)
k k k) ~(k
—2(«® + Py + P + Qo)
_ _"friksg *) _ ~0)?
= = (of) - Q) (17)

2\k2
(1672) Ko

This shows that the a- and P-type terms in (9) do not affect the RGEs of the invariants.

At one-loop, Qg) = 0, so there is no correction to I fg at this order. At two-loop, Q(z) isa
diagonal matrix with diagonal elements given by
Q) = V2 (vl = V23, (18)
where we use yy > 0. Therefore, i g up to two-loop using Equation (17) is explicitly
given by
2
dly,  2(vF —v3) 19)
dt (1622 f&-
Specifically,
2 _ 23?2
dhy _ 200 —vi)", (20a)
dt (l62)2 127
dhi _ 22 -43)°
. e T
dt = (167’[2)2 Il?) ’ (20b)
dly _ 205}~ 12)°
z = £ T 123 . (20C)

dt (16n2)2

Interestingly, these results show that if I, vanishes at some scale, it will stay zero at all
scales. Since the coefficients on the right-hand sides of (20) are real, this statement applies
separately to the real and imaginary parts of Ir,. That is, if Re I¢, or Im I7, vanishes at
some scale, it will remain zero at all scales.

Given the hierarchy y: > y, > y., we see that the corrections of I, are even more
suppressed than the RG effects on I13 and I»3. Even the latter are basically RG-stable. Since
yr ~ 1072, the coefficient is of the order 10~ 0. Multiplying this by In(Agayor/vEW) still
leads to RG effects at most of the order 10~8. This means that, for all practical purposes,
Iy, are invariant under the renormalization group in the SM and thus not sensitive to the
flavor scale Agayor-
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Using Equation (19), we can estimate benchmark values to the quantum corrections,

given by
2(y3 —2)°
Mg ~ — gy isht (21)

We chose 1, ~ 2 x 1076, y, ~ 5 x 1074, and yr ~ 7 x 1073, and between the energy scale
U= 103 — 10° GeV and for Re Ire, we obtained I\, =~ —35, I13 = —10, and I3 ~ 2 from
REAP [28]. The corrections to If, using Equation (21) are then given by

12 ~ —1.2 X B a
Al 1.2x 1071 (22a)
ALz ~ —13x 1071 (22b)
ALy ~ 2.6 x 10712 (22¢)

Clearly, these changes are far smaller than the experimental error bars, including the latest
results reported by the JUNO collaboration [14].

We used a modified version of REAP [28] to verify that, when running the invariants
at two-loop over a few orders of magnitude, they remain practically unchanged. A more
detailed numerical study will be presented elsewhere.

Let us comment on two-Higgs doublet models (2HDMs). Usually one imposes sym-
metries to make sure that the charged leptons only couple to one of the Higgs doublets in
order to avoid flavor-changing neutral currents (FCNCs) [29,30], cf. the discussion in [18].
In these models, iy may be of the order unity. Even in this case, the corrections (20) remain
well below the percent level.

3.3. Limitations

In our analysis, we focused on the case in which the model gives rise to the SM, MSSM
or a 2HDM below its definition scale. If there are additional renormalizable couplings that
are sensitive to specific lepton flavors, our analysis may no longer apply. Studying such
scenarios is beyond the scope of this work.

4. Summary

Motivated by the analytic properties of certain combinations of the neutrino mass
matrix I, in the context of modular flavor symmetries, we studied the stability of these
expressions under the renormalization group. While I, receive corrections at the two-loop
level, for all practical purposes, they remain RG-invariant in the SM and 2HDM, i.e., in
the absence of SUSY. This leads to predictions that are insensitive to the scale Af,yo, at
which the model is defined. The conclusions drawn from the analytical properties of I,
can therefore be confronted to data without the need of a detailed renormalization group
analysis. In other words, experimental measurements can directly probe high-scale physics.
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