
Academic Editor: Choong Sun Kim

Received: 22 December 2025

Revised: 24 January 2026

Accepted: 3 February 2026

Published: 11 February 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Communication

Scale-Independent Relations Between Neutrino Mass Parameters
Mu-Chun Chen , Shaheed Perez and Michael Ratz *

Department of Physics and Astronomy, University of California, Irvine, CA 92697-4575, USA;
muchunc@uci.edu (M.-C.C.)
* Correspondence: mratz@uci.edu

Abstract

Theories of flavor operate at various scales. Recently it has been pointed out that in the
context of modular flavor symmetries, certain combinations of observables are highly
constrained, or even uniquely fixed, by modular invariance and holomorphicity. We find
that even in the absence of supersymmetry, these combinations are surprisingly immune
against quantum corrections.
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1. Introduction
Theories of flavor accommodate, or even predict, fermion masses, mixing angles and

CP phases, which constitute a significant fraction of the standard model (SM) parameters.
The scale of new physics underlying the corresponding models, which we will denote
by Λflavor, generally are different from scales at which experimental measurements are
made. This means that quantum corrections to the model predictions have to be taken into
account. This raises the question of whether there are predictions that do not depend on
the scale Λflavor at which the model is defined.

In the context of modular flavor symmetries [1] (for reviews, see, e.g., [2–7]), it has
recently been pointed out that there are certain combinations of entries of the Weinberg
operator that are independent of the modulus τ [8]. In addition, these combinations are
known to be renormalization group (RG)-invariant at one-loop [9]. This latter statement
holds both in the SM and minimal supersymmetric standard model (MSSM).

The purpose of this analysis is to discuss the impact of quantum corrections on
the above invariance in the absence of supersymmetry (SUSY). This is also motivated
by the recent proposal of non-holomorphic modular flavor symmetries [10–12], in non-
supersymmetric setups.

2. Neutrino Masses Described by the Weinberg Operator
We consider scenarios in which neutrino masses are described by the Weinberg op-

erator. In the supersymmetric context, the superpotential of the lepton sector is then
given by

Wlepton mass = Yg f
e Lg · Hd E f +

1
2

κg f Lg · Hu L f · Hu . (1)

Here, the superfields L f and E f denote the three generations of the SU(2)L charged lepton
doublets and singlets, respectively. The flavor indices are f and g. The superfields Hu/d

stand for the MSSM Higgs doublets. In (1), “·” indicates contractions with the Levi–Civita
symbol. mν = v2

u κ is the neutrino mass matrix, with κ being the effective neutrino mass
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operator. Finally, Ye denotes the charged lepton Yukawa couplings. In models based on
modular flavor symmetries, κ and Ye are given in terms of the modular forms.

In the SM amended by the Weinberg operator, the lepton masses are described by

Llepton mass = −Yg f
e ℓL,geR g · ϕ − 1

4
κg f ℓ

g · ϕ ℓ f · ϕ + h.c. . (2)

Here, ℓL, f denote the lepton doublets, eR g the right-handed charged leptons, and ϕ the
SM Higgs.

Apart from the charged lepton masses, m f = y f vEW with vEW denoting the vac-
uum expectation value (VEV) of the electroweak Higgs ϕ, the lepton sector has nine
flavor parameters,

{ξi} = {m1, m2, m3, θ12, θ13, θ23, δ, φ1, φ2} . (3)

Out of these parameters, two mass squared differences, ∆m2
ij ··= m2

i − m2
j , and the mixing

angles θij have been measured with relatively good precision; see, e.g., [13]. The recent
JUNO results [14] have significantly reduced the error bars of θ12 and ∆m2

12 ··= m2
2 − m2

1;
see, e.g., [15]. On the other hand, the absolute neutrino mass scale and the Dirac phase δ

are subject to constraints but not determined precisely. We currently do not know whether
neutrinos are Majorana fermions and thus have no knowledge of the values of the Majorana
phases φi.

3. Lepton Flavor Parameters and Quantum Corrections
Equations (1) and (2) contain the Weinberg operator,

Lκ = −1
4

κg f ℓ
g · ϕ ℓ f · ϕ + h.c. . (4)

κ is a symmetric matrix of mass dimension −1.
Throughout this study, we will work in a basis in which the fields are canonically

normalized and Ye is diagonal and positive,

Ye = diag(ye, yµ, yτ) with y f > 0 for f ∈ {e, µ, τ} . (5)

In this basis, all the renormalizable interactions in the lepton sector are diagonal in
flavor space.

3.1. Invariants

In the basis chosen as given in (5), we define the invariants

I f g ··=
(mν) f f (mν)gg(

(mν) f g
)2 =

κ f f κgg(
κ f g

)2 , (6)

where no summation over the flavor indices f and g is implied. We are interested in
quantum corrections to these combinations. In order to obtain the second equality in (6),
we have to assume that the normalizations of the three lepton doublets coincide at a given
scale. The focus of this study is on the RG stability of I f g (6).
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A key feature of these expressions is that they can be entirely expressed in terms of
observable flavor parameters. Explicitly,

I12 =
a0
[
m̃1(c23s12 + e−iδc12s13s23)

2 + m̃2(c12c23 − e−iδs12s13s23)
2 + m3c2

13s2
23
][

m̃1c12(c23s12 + e−iδc12s13s23)− m̃2s12(c12c23 − e−iδs12s13s23)− eiδm3s13s23
]2 (7a)

I13 =
a0
[
m̃1(e−iδc12c23s13 − s12s23)

2 + m̃2(e−iδc23s12s13 + c12s23)
2 + m3c2

13c2
23
][

m̃1c12(e−iδc12c23s13 − s12s23) + m̃2s12(e−iδc23s12s13 + c12s23)− eiδm3c13c23
]2 (7b)

I23 =

[
m3c2

13s2
23 + m̃1

(
c23s12 + e−iδc12s13s23

)2
+ m̃2

(
c12c23 − e−iδs12s13s23

)2
]

×
4
[
m3c2

13c2
23 + m̃2

(
e−iδc23s12s13 + c12s23

)2
+ m̃1

(
e−iδc12c23s13 − s12s23

)2
]

[
(m̃1a1 + m̃2a2)− m3 sin(2θ23)c2

13
]2 , (7c)

sij ··= sin θij, cij ··= cos θij, tij ··= tan θij, and

a0 ··= m̃1c2
12 + m̃2s2

12 + e2iδm3t2
13 (8a)

a1 ··=
[(

s2
12 − e−2iδc2

12s2
13

)
sin(2θ23)− e−iδ cos(2θ23) sin(2θ12)s13

]
, (8b)

a2 ··=
[
e−iδ cos(2θ23) sin(2θ12)s13 +

(
c2

12 − e−2iδs2
12s2

13

)
sin(2θ23)

]
. (8c)

The invariants I f g depend on m1, m2, φ1 and φ2 only via the combinations m̃1 ··= m1 eiφ1

and m̃2 ··= m2 eiφ2 . As I f g are complex, each of them contains two real flavor parameters.
This means that, unless there are degeneracies, six independent linear combinations out of
the nine flavor parameters ξi in (3) are described by I f g. As discussed in [8], the zeros and
poles of I f g correspond to the texture zeros of the Weinberg operator.

Why are we interested in these invariants, I f g? There are two main reasons. First of
all, they are RG-invariant at the one-loop level [9], as we shall discuss in more detail in
Section 3.2. Additionally, they turn out to have remarkable properties in the framework
of modular flavor symmetries. For instance, in the Feruglio model [1], I12 = −2, and
I13 I23 = −32, independently of the value of the modulus [8]. That is, these invariants carry
a large amount of information on modular symmetries. As we shall see next, they are not
only independent of the modulus but also, for all practical purposes, insensitive to the
definition flavor scale Λflavor of the model.

3.2. Renormalization Group Equations

In [9], it was found that I f g defined in (6) are independent of the renormalization
scale at one-loop. In the supersymmetric context, one may view this as being a simple
consequence of the non-renormalization theorem. Only the wave function renormalization
constants depend on the scale, and the latter cancel in the I f g expressions [16]. The RG
invariance of I f g thus holds at all loop levels in supersymmetric models. So in the following,
we will focus on the non-supersymmetric case.

Since κ is a symmetric matrix, its renormalization group equation (RGE) has the form

d
dt

κ = ∑
k

κ(k) ··= ∑
k

(
1

16π2

)k [
α(k)κ + P(k) κ + κ

(
P(k))⊺ + Q(k) κ

(
Q(k))⊺] . (9)

Here, the superscript “(k)” indicates the loop order; α(k) denotes the scalar contribution,
which includes gauge couplings and parameters of the Higgs potential; and P(k) and Q(k)
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are implicitly defined by (9). We will provide explicit expressions below in (13). The
t-derivative is the logarithmic derivative with respect to the renormalization scale µ,

d
dt

··= µ
d

dµ
, (10)

i.e., t = ln(µ/µ0) with some reference scale µ0. In (9), k indicates the loop level, and
α(k) are flavor-independent coefficients. The matrices P(k) and Q(k) are composed of the
renormalizable couplings of the theory and diagonal,

P(k) = diag
(

P(k)
1 , P(k)

2 , P(k)
3

)
, (11a)

Q(k) = diag
(
Q(k)

1 , Q(k)
2 , Q(k)

3
)

. (11b)

At one-loop, P(1) = Ce YeY†
e = Ce diag(y2

e , y2
µ, y2

τ) with Ye being the charged lepton Yukawa
matrix (5). Ce = −3/2 in the SM [17] and two-Higgs models [18], and Ce = 1 in the
MSSM [19,20] (see, e.g., [21,22] for reviews). At the one-loop level in (9), there is only one
matrix in flavor space, P(1), and we can choose Q(1) = 1.

In order to have nonzero RG effects, we consider two-loop RGEs [23–26]. The two-loop
contribution in (9) in the SM is given by [27]

κ(2) =

(
1

16π2

)2[
α(2) κ + P(2) κ + κ

(
P(2))⊺ + Q(2) κ

(
Q(2))⊺] , (12)

where there is now a nontrivial Q-matrix,

P(2) =

(
−57

16
g2

1 +
33
16

g2
2 +

5
4

T
)

YeY†
e +

19
4

YeY†
e YeY†

e , (13a)

Q(2) =
√

2 YeY†
e . (13b)

Here, g1 and g2 are the running gauge coupling constants, and T ··= Tr[YeY†
e + 3YuY†

u +

3YdY†
d ], with Yu and Yd being the Yukawa coupling matrices for the up-type quarks and the

down-type quarks, respectively.
Analogously to (9), we can write the loop expansion of the I f g as

İ f g ··=
d
dt

I f g = ∑
k

I(k)f g , (14)

where

I(k)f g =
κ
(k)
f f κgg(
κ f g

)2 +
κ f f κ

(k)
gg(

κ f g
)2 − 2

κ f f κgg(
κ f g

)3 κ
(k)
f g . (15)

Truncating (9) at the two-loop level, i.e., k = 2, and inserting this truncation into (14),
we obtain
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d
dt

I f g =
(κ

(1)
f f + κ

(2)
f f ) κgg

κ2
f g

+
κ f f (κ

(1)
gg + κ

(2)
gg )

κ2
f g

− 2
κ f f κgg

κ3
f g

(κ
(1)
f g + κ

(2)
f g )

=

κ
(1)
f f κgg

κ2
f g

+
κ f f κ

(1)
gg

κ2
f g

− 2
κ f f κgg

κ3
f g

κ
(1)
f g

+

κ
(2)
f f κgg

κ2
f g

+
κ f f κ

(2)
gg

κ2
f g

− 2
κ f f κgg

κ3
f g

κ
(2)
f g


=·· I(1)f g + I(2)f g . (16)

Then, we can calculate I(k)f g as

I(k)f g =
κ f f κgg

(16π2)kκ2
f g

[
α(k) + 2P(k)

f f +
(
Q(k)

f f
)2

+ α(k) + 2P(k)
gg +

(
Q(k)

gg
)2

− 2
(
α(k) + P(k)

f f + P(k)
gg + Q(k)

f f Q(k)
gg

)]
=

κ f f κgg

(16π2)kκ2
f g

(
Q(k)

f f − Q(k)
gg

)2
. (17)

This shows that the α- and P-type terms in (9) do not affect the RGEs of the invariants.
At one-loop, Q(1)

f f = 0, so there is no correction to I f g at this order. At two-loop, Q(2) is a
diagonal matrix with diagonal elements given by

Q(2)
f f =

√
2 (YeY†

e ) f f =
√

2 y2
f , (18)

where we use y f > 0. Therefore, İ f g up to two-loop using Equation (17) is explicitly
given by

dI f g

dt
=

2
(
y2

f − y2
g
)2

(16π2)2 I f g . (19)

Specifically,

dI12

dt
=

2
(
y2

e − y2
µ

)2

(16π2)2 I12 , (20a)

dI13

dt
=

2
(
y2

e − y2
τ

)2

(16π2)2 I13 , (20b)

dI23

dt
=

2
(
y2

µ − y2
τ

)2

(16π2)2 I23 . (20c)

Interestingly, these results show that if I f g vanishes at some scale, it will stay zero at all
scales. Since the coefficients on the right-hand sides of (20) are real, this statement applies
separately to the real and imaginary parts of I f g. That is, if Re I f g or Im I f g vanishes at
some scale, it will remain zero at all scales.

Given the hierarchy yτ ≫ yµ ≫ ye, we see that the corrections of I12 are even more
suppressed than the RG effects on I13 and I23. Even the latter are basically RG-stable. Since
yτ ∼ 10−2, the coefficient is of the order 10−10. Multiplying this by ln(Λflavor/vEW) still
leads to RG effects at most of the order 10−8. This means that, for all practical purposes,
I f g are invariant under the renormalization group in the SM and thus not sensitive to the
flavor scale Λflavor.
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Using Equation (19), we can estimate benchmark values to the quantum corrections,
given by

∆I f g ≈
2
(
y2

f − y2
g
)2

(16π2)2 I f g∆t . (21)

We chose ye ≈ 2 × 10−6, yµ ≈ 5 × 10−4, and yτ ≈ 7 × 10−3, and between the energy scale
µ = 103 − 106 GeV and for Re I f g, we obtained I12 ≈ −35, I13 ≈ −10, and I23 ≈ 2 from
REAP [28]. The corrections to I f g using Equation (21) are then given by

∆I12 ≈ −1.2 × 10−15 (22a)

∆I13 ≈ −1.3 × 10−11 (22b)

∆I23 ≈ 2.6 × 10−12 (22c)

Clearly, these changes are far smaller than the experimental error bars, including the latest
results reported by the JUNO collaboration [14].

We used a modified version of REAP [28] to verify that, when running the invariants
at two-loop over a few orders of magnitude, they remain practically unchanged. A more
detailed numerical study will be presented elsewhere.

Let us comment on two-Higgs doublet models (2HDMs). Usually one imposes sym-
metries to make sure that the charged leptons only couple to one of the Higgs doublets in
order to avoid flavor-changing neutral currents (FCNCs) [29,30], cf. the discussion in [18].
In these models, yτ may be of the order unity. Even in this case, the corrections (20) remain
well below the percent level.

3.3. Limitations

In our analysis, we focused on the case in which the model gives rise to the SM, MSSM
or a 2HDM below its definition scale. If there are additional renormalizable couplings that
are sensitive to specific lepton flavors, our analysis may no longer apply. Studying such
scenarios is beyond the scope of this work.

4. Summary
Motivated by the analytic properties of certain combinations of the neutrino mass

matrix I f g in the context of modular flavor symmetries, we studied the stability of these
expressions under the renormalization group. While I f g receive corrections at the two-loop
level, for all practical purposes, they remain RG-invariant in the SM and 2HDM, i.e., in
the absence of SUSY. This leads to predictions that are insensitive to the scale Λflavor at
which the model is defined. The conclusions drawn from the analytical properties of I f g

can therefore be confronted to data without the need of a detailed renormalization group
analysis. In other words, experimental measurements can directly probe high-scale physics.

Author Contributions: Conceptualization, M.-C.C., S.P. and M.R.; methodology, M.-C.C., S.P. and
M.R.; software, S.P. and M.R.; validation, M.-C.C., S.P. and M.R.; formal analysis, M.-C.C., S.P. and
M.R.; investigation, M.-C.C., S.P. and M.R.; resources, M.-C.C., S.P. and M.R.; data curation, M.-C.C.,
S.P. and M.R.; writing—original draft preparation, M.-C.C., S.P. and M.R.; writing—review and
editing, M.-C.C., S.P. and M.R.; visualization, M.-C.C., S.P. and M.R.; project administration, M.-C.C.
and M.R.; funding acquisition, M.-C.C., S.P. and M.R. All authors have read and agreed to the
published version of the manuscript.

Funding: Support from the APS Bridge program and the GAANN fellowship funded by the U.S.
Department of Education.

Data Availability Statement: No new data were created or analyzed in this study.

https://doi.org/10.3390/universe12020046

https://doi.org/10.3390/universe12020046


Universe 2026, 12, 46 7 of 8

Acknowledgments: We are indebted to Michael Schmidt for help with the REAP package. S.P.
acknowledges support from the APS Bridge program and the GAANN fellowship funded by the U.S.
Department of Education.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Feruglio, F. Are neutrino masses modular forms? In From My Vast Repertoire. . . : Guido Altarelli’s Legacy; Levy, A., Forte, S., Ridolfi,

G., Eds.; World Scientific: Singapore, 2019; pp. 227–266. [CrossRef]
2. Feruglio, F.; Romanino, A. Lepton flavor symmetries. Rev. Mod. Phys. 2021, 93, 015007. [CrossRef]
3. Almumin, Y.; Chen, M.C.; Cheng, M.; Knapp-Perez, V.; Li, Y.; Mondol, A.; Ramos-Sánchez, S.; Ratz, M.; Shukla, S. Neutrino

Flavor Model Building and the Origins of Flavor and CP Violation: A Snowmass White Paper. In Proceedings of the Snowmass
2021, Seattle, WA, USA, 17–26 July 2022. [CrossRef]

4. Kobayashi, T.; Tanimoto, M. Modular flavor symmetric models. arXiv 2023, arXiv:2307.03384. [CrossRef]
5. Ding, G.J.; King, S.F. Neutrino Mass and Mixing with Modular Symmetry. arXiv 2023, arXiv:2311.09282. [CrossRef]
6. Ding, G.J.; Valle, J.W.F. The symmetry approach to quark and lepton masses and mixing. Phys. Rept. 2025, 1109, 1–105. [CrossRef]
7. Feruglio, F.; Ramos-Sanchez, S. Quark and lepton masses. arXiv 2025, arXiv:2506.20755. [CrossRef] [PubMed]
8. Chen, M.C.; Li, X.; Liu, X.G.; Medina, O.; Ratz, M. Modular invariant holomorphic observables. Phys. Lett. B 2024, 852, 138600.

[CrossRef]
9. Chang, S.; Kuo, T.K. Renormalization invariants of the neutrino mass matrix. Phys. Rev. D 2002, 66, 111302. [CrossRef]
10. Qu, B.Y.; Ding, G.J. Non-holomorphic modular flavor symmetry. J. High Energy Phys. 2024, 08, 136. [CrossRef]
11. Ding, G.J.; Lu, J.N.; Petcov, S.T.; Qu, B.Y. Non-holomorphic modular S4 lepton flavour models. J. High Energy Phys. 2025, 2025, 191.

[CrossRef]
12. Qu, B.Y.; Lu, J.N.; Ding, G.J. Non-holomorphic modular flavor symmetry and odd weight polyharmonic Maaß form. J. High

Energy Phys. 2025, 2025, 140. [CrossRef]
13. Esteban, I.; Gonzalez-Garcia, M.C.; Maltoni, M.; Martinez-Soler, I.; Pinheiro, J.P.; Schwetz, T. NuFit-6.0: Updated global analysis

of three-flavor neutrino oscillations. J. High Energy Phys. 2024, 12, 216. [CrossRef]
14. Abusleme, A.; Adam, T.; Adamowicz, K.; Adey, D.; Ahmad, S.; Ahmed, R.; Ahola, T.; Aiello, S.; An, F.; An, G.; et al. First

measurement of reactor neutrino oscillations at JUNO. arXiv 2025, arXiv:2511.14593. [CrossRef]
15. Capozzi, F.; Lisi, E.; Marcone, F.; Marrone, A.; Palazzo, A. Updated bounds on the (1,2) neutrino oscillation parameters after first

JUNO results. arXiv 2025, arXiv:2511.21650. [CrossRef]
16. Haba, N.; Matsui, Y.; Okamura, N.; Sugiura, M. Energy scale dependence of the lepton flavor mixing matrix. Eur. Phys. J. C 1999,

10, 677–680. [CrossRef]
17. Antusch, S.; Drees, M.; Kersten, J.; Lindner, M.; Ratz, M. Neutrino mass operator renormalization revisited. Phys. Lett. B 2001,

519, 238–242. [CrossRef]
18. Antusch, S.; Drees, M.; Kersten, J.; Lindner, M.; Ratz, M. Neutrino mass operator renormalization in two Higgs doublet models

and the MSSM. Phys. Lett. B 2002, 525, 130–134. [CrossRef]
19. Chankowski, P.H.; Pluciennik, Z. Renormalization group equations for seesaw neutrino masses. Phys. Lett. B 1993, 316, 312–317.

[CrossRef]
20. Babu, K.S.; Leung, C.N.; Pantaleone, J.T. Renormalization of the neutrino mass operator. Phys. Lett. B 1993, 319, 191–198.

[CrossRef]
21. Xing, Z.Z.; Zhang, H.; Zhou, S. Updated Values of Running Quark and Lepton Masses. Phys. Rev. D 2008, 77, 113016. [CrossRef]
22. Xing, Z.Z. Flavor structures of charged fermions and massive neutrinos. Phys. Rept. 2020, 854, 1–147. [CrossRef]
23. Machacek, M.E.; Vaughn, M.T. Two Loop Renormalization Group Equations in a General Quantum Field Theory. 3. Scalar

Quartic Couplings. Nucl. Phys. B 1985, 249, 70–92. [CrossRef]
24. Machacek, M.E.; Vaughn, M.T. Two Loop Renormalization Group Equations in a General Quantum Field Theory. 2. Yukawa

Couplings. Nucl. Phys. B 1984, 236, 221–232. [CrossRef]
25. Luo, M.X.; Wang, H.W.; Xiao, Y. Two loop renormalization group equations in general gauge field theories. Phys. Rev. D 2003,

67, 065019. [CrossRef]
26. Schienbein, I.; Staub, F.; Steudtner, T.; Svirina, K. Revisiting RGEs for general gauge theories. Nucl. Phys. B 2019, 939, 1–48.

Erratum in Nucl. Phys. B 2021, 966, 115339. [CrossRef]
27. Ibarra, A.; Leister, N.; Zhang, D. Complete two-loop renormalization group equation of the Weinberg operator. J. High Energy

Phys. 2025, 2025, 214. [CrossRef]
28. Antusch, S.; Kersten, J.; Lindner, M.; Ratz, M.; Schmidt, M.A. Running neutrino mass parameters in see-saw scenarios. J. High

Energy Phys. 2005, 2005, 024. [CrossRef]

https://doi.org/10.3390/universe12020046

http://dx.doi.org/10.1142/9789813238053_0012
http://dx.doi.org/10.1103/RevModPhys.93.015007
http://dx.doi.org/10.48550/arXiv.2204.08668
http://dx.doi.org/10.48550/arXiv.2307.03384
http://dx.doi.org/10.1088/1361-6633/ad52a3
http://dx.doi.org/10.1016/j.physrep.2024.12.005
http://dx.doi.org/10.48550/arXiv.2506.20755
http://www.ncbi.nlm.nih.gov/pubmed/41363103
http://dx.doi.org/10.1016/j.physletb.2024.138600
http://dx.doi.org/10.1103/PhysRevD.66.111302
http://dx.doi.org/10.1007/JHEP08(2024)136
http://dx.doi.org/10.1007/JHEP01(2025)191
http://dx.doi.org/10.1007/JHEP11(2025)140
http://dx.doi.org/10.1007/JHEP12(2024)216
http://dx.doi.org/10.48550/arXiv.2511.14593
http://dx.doi.org/10.48550/arXiv.2511.21650
http://dx.doi.org/10.1007/s100529900152
http://dx.doi.org/10.1016/S0370-2693(01)01127-3
http://dx.doi.org/10.1016/S0370-2693(01)01414-9
http://dx.doi.org/10.1016/0370-2693(93)90330-K
http://dx.doi.org/10.1016/0370-2693(93)90801-N
http://dx.doi.org/10.1103/PhysRevD.77.113016
http://dx.doi.org/10.1016/j.physrep.2020.02.001
http://dx.doi.org/10.1016/0550-3213(85)90040-9
http://dx.doi.org/10.1016/0550-3213(84)90533-9
http://dx.doi.org/10.1103/PhysRevD.67.065019
http://dx.doi.org/10.1016/j.nuclphysb.2018.12.001
http://dx.doi.org/10.1007/JHEP03(2025)214
http://dx.doi.org/10.1088/1126-6708/2005/03/024
https://doi.org/10.3390/universe12020046


Universe 2026, 12, 46 8 of 8

29. Weinberg, S. Gauge Theory of CP Violation. Phys. Rev. Lett. 1976, 37, 657. [CrossRef]
30. Glashow, S.L.; Weinberg, S. Natural Conservation Laws for Neutral Currents. Phys. Rev. D 1977, 15, 1958. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/universe12020046

http://dx.doi.org/10.1103/PhysRevLett.37.657
http://dx.doi.org/10.1103/PhysRevD.15.1958
https://doi.org/10.3390/universe12020046

	Introduction
	Neutrino Masses Described by the Weinberg Operator
	Lepton Flavor Parameters and Quantum Corrections
	Invariants
	Renormalization Group Equations
	Limitations

	Summary
	References

