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Abstract

We investigate the shadow of a rotating black hole in the infrared limit of asymptotically safe 
gravity (ASG), focusing on how different plasma distributions affect photon propagation 
and shadow properties. Using the Hamilton–Jacobi formalism, we derive the photon 
equations of motion in plasma and calculate the shadow boundary for three different 
plasma distributions. Relative to the case without plasma, a homogeneous plasma increases 
the shadow size, whereas radially and angularly inhomogeneous plasma distributions 
reduce it. The inhomogeneous plasma models make the shadow more circular, whereas 
the effect of a homogeneous plasma on the shadow shape depends on the ASG parameter 

˜𝜉 . The angularly inhomogeneous plasma has a stronger effect on the shadow size, whereas 
the radially inhomogeneous plasma has a greater influence on the shadow shape. For fixed 
plasma parameters, increasing ˜𝜉  reduces the shadow size and increases its departure from 
circularity. Overall, plasma has a more pronounced effect on the shadow size than on its 
shape. Finally, we use the EHT observations of Sgr A* to constrain the ( ˜𝜉 , 𝐾𝑟) parameter 
space for the radially inhomogeneous plasma model. Under the conditions adopted in this 
work, the EHT observations mainly disfavor regions where both ˜𝜉  and 𝐾𝑟 take relatively 
large values.

Keywords: asymptotically safe gravity; rotating black hole; black hole shadow; plasma; 
Event Horizon Telescope

1.  Introduction
General relativity (GR), the standard theory of gravity, has passed a wide range of 

experimental and observational tests [1,2]. Alternative gravitational theories [3,4] and 
cosmological models [5,6] have also been investigated in the context of gravitational physics 
and cosmic evolution. However, within the conventional framework of perturbative quan-
tization, GR is nonrenormalizable [7,8]. Nevertheless, GR can be consistently treated as 
a low-energy effective field theory, while its ultraviolet (UV) completion remains a cen-
tral issue in quantum gravity [9]. The asymptotic safety scenario proposed by Weinberg 
provides a possible route to a nonperturbatively renormalizable and UV-complete theory 
of gravity [10,11]. Subsequently, Reuter derived a nonperturbative evolution equation 
governing the gravitational renormalization group flow within the effective average action 
framework [12]. The central idea of asymptotic safety is that the dimensionless gravitational 
couplings run with the renormalization group scale and approach finite values correspond-
ing to a non-Gaussian fixed point in the ultraviolet [13,14]. In recent years, asymptotic 
safety has been explored in a wide range of contexts, including cosmology, gravitational 
collapse, and black hole (BH) physics [15–21].
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Black holes provide a natural theoretical laboratory for investigating quantum correc-
tions in asymptotically safe gravity (ASG) [22–24]. Early studies applied renormalization 
group improvement to BH spacetimes by introducing a running Newton coupling to probe 
quantum gravity effects [25,26]. Subsequent studies obtained static, spherically symmetric 
BH solutions and constructed rotating BH spacetimes within ASG [27,28]. Various ASG BHs 
have also been extensively studied in terms of accretion, gravitational lensing, quasinormal 
modes, and greybody factors [29–36]. In the infrared limit of ASG, Haroon et al. used an 
approximate form of the running Newton coupling to construct a rotating BH spacetime 
characterized by a new parameter [37]. For this rotating BH spacetime, the Lense–Thirring 
effect, iron-line profiles from accretion disks, accretion flows, and chaotic particle motion 
have also been investigated [37–42].

The physical properties of compact objects, including black holes and traversable 
wormholes, have attracted considerable attention [43–48]. Strong gravitational lensing 
provides an important means of investigating photon motion in the vicinity of black holes. 
Virbhadra and Ellis investigated strong gravitational lensing and relativistic images around 
a Schwarzschild black hole [49]; Bozza developed an analytical method for gravitational 
lensing in the strong deflection limit of static, spherically symmetric spacetimes [50]; and 
Tsukamoto further improved this method [51]. These studies have provided an important 
theoretical basis for understanding light propagation in strong gravitational fields. In addi-
tion, light rays passing near a BH are significantly deflected by its strong gravitational field, 
while some photons are captured by the BH, producing a dark region on the observer’s 
sky known as the BH shadow [52–54]. The shadow boundary is closely associated with 
the critical photon trajectories that separate photon capture from escape, while the shadow 
size and shape are strongly influenced by the BH spacetime geometry [55–60]. Therefore, 
the size and shape of BH shadows can provide valuable information about the spacetime 
geometry in the strong field regime and enable tests of gravity theories [61–73]. Advances 
in very-long-baseline interferometry (VLBI) have enabled significant progress in observa-
tions of BH shadows [74,75]. In 2019, the Event Horizon Telescope (EHT) Collaboration 
presented the first image of M87*, revealing a bright ring-like emission structure [76–78]. 
Subsequently, in 2022, the EHT Collaboration presented the first horizon-scale images of 
Sgr A*, providing a new observational window into the strong field regime around the 
BH [79,80].

In realistic astrophysical environments, BHs are generally surrounded by plasma [81–83]. 
Plasma is a dispersive medium in which the refractive index depends on the plasma fre-
quency and the photon frequency. Consequently, light propagation in plasma differs from 
that in the absence of plasma [56,84,85]. As a result, plasma can alter the BH shadow, 
whose size and shape depend on the plasma distribution [86–90]. Perlick et al. investigated 
the influence of plasma on BH shadows in static spherically symmetric spacetimes [84]. 
Perlick and Tsupko subsequently extended this analysis to Kerr spacetime and identified the 
condition under which the Hamilton–Jacobi equation for light rays is separable. They then 
analyzed photon motion and the resulting BH shadow under this condition [85]. In this 
work, we investigate photon motion and the shadow of a rotating black hole in the infrared 
limit of ASG in the presence of three separable plasma distributions. We compare the effects 
of these plasma distributions and the ASG correction parameter on the shadow size and 
shape through the shadow observables. For the radially inhomogeneous plasma model, 
we further discuss the estimation of ( ˜𝜉 , 𝐾𝑟) by combining the shadow area and oblateness, 
and investigate constraints on these parameters using EHT observations of Sgr A*.

This paper is organized as follows. Section 2 presents the rotating BH spacetime in the 
infrared limit of ASG and determines the parameter space admitting BH solutions with event 
horizons. In Section 3, we investigate photon motion and the shadow boundary of rotating 
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ASG BHs in plasma. Using the Hamilton–Jacobi equation, we derive the equations of photon 
motion and consider three plasma distributions—homogeneous, radially inhomogeneous, 
and angularly inhomogeneous—to examine their effects on the BH shadow. In Section 4, 
the shadow area, shadow radius, oblateness, and distortion parameter are calculated, 
and we analyze how these shadow observables vary with the plasma distribution and 
the ASG correction parameter. For the radially inhomogeneous plasma, we further use 
the shadow area and oblateness to estimate the model parameters. The ASG correction 
parameter ˜𝜉  and the radially inhomogeneous plasma parameter 𝐾𝑟 are constrained using 
EHT observations of the Sgr A* shadow in Section 5. Finally, Section 6 summarizes our 
conclusions. Unless otherwise stated, we adopt geometrized units with 𝐺𝑁 = 𝑐 = ℏ = 1.

2.  Rotating Black Hole in the Infrared Limit of Asymptotically 
Safe Gravity

Following Ref. [37], we consider an RG-improved rotating BH spacetime in the infrared 
limit of ASG, in which Newton’s constant 𝐺 is replaced by a running Newton coupling 
𝐺(𝑟) that depends on the radial coordinate 𝑟. At large radial distances, the renormalization 
group scale 𝑝 is asymptotically related to the radial coordinate by 𝑝 ∼ 1/𝑟, corresponding to 
the infrared limit [27,37]. In this limit, the running Newton coupling can be approximated 
as [37,91]:

𝐺(𝑟) ≃ 𝐺𝑁(1 −
𝜉
𝑟2 ), (1)

where 𝜉  is a parameter with dimensions of length squared that characterizes the quantum 
correction to the spacetime geometry [91]. As Equation (1) is an infrared approximation, 
its applicability requires the correction term 𝜉/𝑟2 to be sufficiently small. As pointed out 
in [37], this approximation is not valid at very small radial distances. Using this infrared 
form of the running Newton coupling, Ref. [37] obtained the corresponding RG-improved 
rotating BH metric, which in Boyer–Lindquist coordinates can be written as

𝑑𝑠2 = − (1 −
2𝑀𝑟

Σ (1 −
𝜉
𝑟2 ))𝑑𝑡2 −

4𝑎𝑀𝑟 sin2 𝜃
Σ (1 −

𝜉
𝑟2 )𝑑𝑡𝑑𝜙 +

Σ
Δ 𝑑𝑟2 + Σ𝑑𝜃2

+ sin2 𝜃[𝑟2 + 𝑎2 +
2𝑎2𝑀𝑟

Σ sin2 𝜃(1 −
𝜉
𝑟2 )]𝑑𝜙2,

(2)

where
Σ = 𝑟2 + 𝑎2 cos2 𝜃, Δ = 𝑟2 − 2𝑀𝑟 +

2𝑀𝜉
𝑟 + 𝑎2. (3)

Here, 𝑀 and 𝑎 denote the BH mass and spin parameter, respectively. Ref. [37] also 
derived the rotating metric given in Equation (2) from the corresponding static and spheri-
cally symmetric spacetime [27] using a modified Newman–Janis algorithm [92]. The metric 
in Equation (2) is constructed through RG improvement rather than by directly solving 
the full field equations of ASG. Reuter and Tuiran [28] discussed the interpretation of an 
effective source associated with RG-improved Kerr geometries as fictitious “pseudo matter” 
representing the corrections introduced by RG improvement. When 𝜉 = 0, 𝐺(𝑟) reduces to 
Newton’s constant 𝐺𝑁, and the rotating spacetime reduces to the Kerr spacetime.

The event horizon of the rotating BH is determined by 𝑔𝑟𝑟 = 0, or equivalently by 
Δ(𝑟H) = 0. According to Equation (3), the horizon radius 𝑟H of the rotating ASG BH satisfies

𝑟3
H − 2𝑀𝑟2

H + 𝑎2𝑟H + 2𝑀𝜉 = 0. (4)
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When Equation (4) admits two distinct positive real roots, the smaller and larger roots 
correspond to the inner and outer horizons, respectively. To further analyze the parameter 
space, we introduce the dimensionless parameters:

˜𝑎 =
𝑎
𝑀 , ˜𝜉 =

𝜉
𝑀2 . (5)

By analyzing Equation (4), we determine the BH region in the ( ˜𝑎, ˜𝜉 ) parameter plane, 
as shown in Figure 1. The red solid curve represents the critical case in which the inner 
and outer horizons merge, separating the BH and naked singularity regions. The blue 
region corresponds to the BH parameter space, while the region above the critical curve 
represents the naked singularity region, where no horizons are present. As shown in 
Figure 1, the allowed range of ˜𝜉  for BH solutions gradually decreases as the spin parameter 
˜𝑎 increases.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

a

ξ

Black hole

Naked singularity

Figure 1. Parameter space of the rotating ASG solution, showing the black hole and naked singularity 
regions.

3.  Photon Motion and Shadow of the Rotating ASG Black Hole in a 
Plasma Environment

Astrophysical BHs are generally surrounded by plasma [81,82], whose refractive 
and dispersive properties can modify the photon propagation in the vicinity of the BH 
and consequently affect the shadow boundary [85,86,93,94]. In this section, we investigate 
photon motion and the shadow of the rotating ASG BH in the presence of plasma. We employ 
the Hamilton–Jacobi formalism to study photon motion and consider plasma distributions 
that allow the Hamilton–Jacobi equation to be separable [85,86]. The shadow boundary is 
then determined by unstable spherical photon orbits. We further consider three plasma 
models with different distributions and compare their effects on the BH shadow boundary.

3.1.  Photon Motion in Plasma
In the geometric optics approximation, photon motion in a nonmagnetized and pres-

sureless plasma can be described by the Hamiltonian [85,86]:

ℋ(𝑥, 𝑝) =
1
2[𝑔μ𝜈(𝑥)𝑝μ𝑝𝜈 + 𝜔2

𝑝(𝑥)] = 0, (6)
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where 𝑝μ represents the canonical four-momentum of the photon, and 𝜔𝑝 is the plasma 
frequency, which is related to the electron number density 𝑁𝑒 by [85]:

𝜔2
𝑝 =

4𝜋𝑒2

𝑚𝑒
𝑁𝑒, (7)

with 𝑒 and 𝑚𝑒 denoting the electron charge and mass, respectively. The refractive index of 
the plasma satisfies [85]:

𝑛2 = 1 −
𝜔2

𝑝

𝜔2 , (8)

where 𝜔 is the photon frequency. Therefore, light can propagate through the plasma only 
when 𝜔 ≥ 𝜔𝑝. Since plasma is a dispersive medium, the black hole shadow can depend on 
the photon frequency [84].

For the stationary and axisymmetric spacetime described by Equation (2), if the 
plasma frequency 𝜔𝑝 is also independent of 𝑡 and 𝜙, photon motion has two conserved
quantities [85]:

𝐸 = −𝑝𝑡, 𝐿 = 𝑝𝜙, (9)

where 𝐸 and 𝐿 denote the conserved energy and azimuthal angular momentum of the 
photon, respectively. The conserved energy 𝐸 corresponds to the photon frequency mea-
sured by a static observer at infinity. To obtain the equations of photon motion, we employ 
the Hamilton–Jacobi formalism [85], and the associated Hamilton–Jacobi equation takes 
the form:

ℋ(𝑥,
𝜕𝑆
𝜕𝑥 ) = 0. (10)

To investigate the separability of the Hamilton–Jacobi equation, we assume the follow-
ing separable form for the Jacobi action:

𝑆 = −𝐸𝑡 + 𝐿𝜙 + 𝑆𝑟(𝑟) + 𝑆𝜃(𝜃). (11)

Substituting Equation (11) into Equation (10) and using the metric in Equation (2), 
we obtain:

0 = (𝑟2 − 2𝑀𝑟 +
2𝑀𝜉

𝑟 + 𝑎2)(
𝑑𝑆𝑟
𝑑𝑟 )

2

−
[(𝑟2 + 𝑎2)𝐸 − 𝑎𝐿]2

𝑟2 − 2𝑀𝑟 + 2𝑀𝜉
𝑟 + 𝑎2

+ (
𝑑𝑆𝜃
𝑑𝜃 )

2

+ (𝑎𝐸 sin 𝜃 −
𝐿

sin 𝜃 )
2

+ Σ𝜔2
𝑝.

(12)

For the Hamilton–Jacobi equation to be separable, the plasma frequency must sat-
isfy [85,86]:

𝜔2
𝑝(𝑟, 𝜃) =

𝑓𝑟(𝑟) + 𝑓𝜃(𝜃)
Σ , (13)

where 𝑓𝑟(𝑟) and 𝑓𝜃(𝜃) are functions only of 𝑟 and 𝜃, respectively.
Under this separability condition, the Hamilton–Jacobi equation separates into radial 

and angular parts, yielding four first-order equations governing photon motion:

Σ .𝑡 =
𝑟2 + 𝑎2

𝑟2 − 2𝑀𝑟 + 2𝑀𝜉
𝑟 + 𝑎2

[(𝑟2 + 𝑎2)𝐸 − 𝑎𝐿] − 𝑎(𝑎𝐸 sin2 𝜃 − 𝐿), (14)

Σ .𝑟 = ± √𝑅(𝑟), (15)

Σ .𝜃 = ± √Θ(𝜃), (16)

Σ .𝜙 =
𝑎

𝑟2 − 2𝑀𝑟 + 2𝑀𝜉
𝑟 + 𝑎2

[(𝑟2 + 𝑎2)𝐸 − 𝑎𝐿] − 𝑎𝐸 +
𝐿

sin2 𝜃
, (17)
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where the overdot denotes differentiation with respect to the affine parameter [85,86]. 
The radial and angular functions are given by

𝑅(𝑟) = [(𝑟2 + 𝑎2)𝐸 − 𝑎𝐿]2 − (𝑟2 − 2𝑀𝑟 +
2𝑀𝜉

𝑟 + 𝑎2)[𝒬 + (𝐿 − 𝑎𝐸)2 + 𝑓𝑟(𝑟)], (18)

and
Θ(𝜃) = 𝒬 + cos2 𝜃(𝑎2𝐸2 −

𝐿2

sin2 𝜃
) − 𝑓𝜃(𝜃), (19)

where 𝒬  is the generalized Carter constant associated with the separation of variables [85,95]. 
For convenience, we introduce the impact parameters:

𝜆 =
𝐿
𝐸, 𝜂 =

𝒬
𝐸2 , (20)

and define 𝐹𝑟(𝑟) = 𝑓𝑟(𝑟)
𝐸2  and 𝐹𝜃(𝜃) = 𝑓𝜃(𝜃)

𝐸2 . With these definitions, the radial function can be 
rewritten as

ℛ(𝑟) = [(𝑟2 + 𝑎2) − 𝑎𝜆]2 − (𝑟2 − 2𝑀𝑟 +
2𝑀𝜉

𝑟 + 𝑎2)[𝜂 + (𝜆 − 𝑎)2 + 𝐹𝑟(𝑟)], (21)

while the angular function becomes

𝛩(𝜃) = 𝜂 + cos2 𝜃(𝑎2 − 𝜆2 csc2 𝜃) − 𝐹𝜃(𝜃). (22)

In addition, the allowed angular motion requires 𝛩(𝜃) ≥ 0.

3.2.  Spherical Photon Orbits
The BH shadow boundary is determined by critical photon trajectories associated with 

unstable spherical photon orbits [96,97]. For a spherical photon orbit located at 𝑟 = 𝑟ph, 
the radial function satisfies [85]:

ℛ(𝑟ph) = 0, ℛ ′(𝑟ph) = 0, (23)

where the prime denotes differentiation with respect to the radial coordinate 𝑟. An unstable 
spherical photon orbit additionally satisfies

ℛ″(𝑟ph) > 0. (24)

The corresponding critical impact parameters for the rotating ASG BH are given by

𝜆(𝑟ph) =
𝑟2

ph + 𝑎2

𝑎 −
𝑟3

ph − 2𝑀𝑟2
ph + 𝑎2𝑟ph + 2𝑀𝜉

2𝑎(𝑟3
ph − 𝑀𝑟2

ph − 𝑀𝜉)

[2𝑟2
ph + √4𝑟4

ph − 2(𝑟3
ph − 𝑀𝑟2

ph − 𝑀𝜉)𝐹′
𝑟(𝑟ph)],

(25)

and

𝜂(𝑟ph) =
𝑟ph(𝑟3

ph − 2𝑀𝑟2
ph + 𝑎2𝑟ph + 2𝑀𝜉)

4(𝑟3
ph − 𝑀𝑟2

ph − 𝑀𝜉)
2

[2𝑟2
ph + √4𝑟4

ph − 2(𝑟3
ph − 𝑀𝑟2

ph − 𝑀𝜉)𝐹′
𝑟(𝑟ph)]

2

− [𝜆(𝑟ph) − 𝑎]
2

− 𝐹𝑟(𝑟ph).

(26)

To project the critical impact parameters onto the observer’s celestial coordinates, we 
consider an observer located at infinity with an inclination angle 𝜃𝑜. The celestial coordinates 
are defined as [86,98]

𝑋 = lim𝑟𝑜→∞(−𝑟2
𝑜 sin 𝜃𝑜,

𝑑𝜙
𝑑𝑟 ) ∣(𝑟𝑜,𝜃𝑜), (27)
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and
𝑌 = lim𝑟𝑜→∞(𝑟2

𝑜,
𝑑𝜃
𝑑𝑟 ) ∣(𝑟𝑜,𝜃𝑜) . (28)

For a given plasma model, the BH shadow boundary is obtained by substituting the 
critical impact parameters 𝜆(𝑟ph) and 𝜂(𝑟ph) into the celestial coordinates over the allowed 
range of 𝑟ph.

3.3.  Shadow Cast in Different Plasma Distributions
To compare the effects of different plasma distributions on the BH shadow, we consider 

three plasma models that satisfy the separability condition of the Hamilton–Jacobi equation: 
homogeneous, radially inhomogeneous, and angularly inhomogeneous plasmas.
(I) Homogeneous plasma.

We first consider a homogeneous plasma model in which the plasma frequency is 
independent of spatial position [85]. For 𝜔𝑝 = const., Equation (13) gives

𝐹𝑟(𝑟) = 𝐾0𝑟2, 𝐹𝜃(𝜃) = 𝐾0𝑎2 cos2 𝜃, (29)

where 𝐾0 is the homogeneous plasma parameter, with 0 ≤ 𝐾0 < 1. For an equatorial 
observer, the corresponding celestial coordinates are

𝑋 = −
𝜆

√1 − 𝐾0
, 𝑌 = ±√

𝜂
1 − 𝐾0

. (30)

(II)Radially inhomogeneous plasma.

In the Shapiro accretion model, the plasma density decreases with the radial coordinate 
as 𝑟−3/2 [99]. To satisfy the separability condition of the Hamilton–Jacobi equation, we 
adopt a separable, Shapiro-type radially inhomogeneous plasma distribution [85,86]:

𝐹𝑟(𝑟) = 𝐾𝑟√𝑀3𝑟, 𝐹𝜃(𝜃) = 0, (31)

where 𝐾𝑟 is the radially inhomogeneous plasma parameter. For an equatorial observer, 
the corresponding celestial coordinates are

𝑋 = −𝜆, 𝑌 = ±√𝜂. (32)

(III)Angularly inhomogeneous plasma.

Finally, we consider a plasma distribution with angular dependence [85]:

𝐹𝑟(𝑟) = 0, 𝐹𝜃(𝜃) = 𝐾𝜃𝑀2(1 + 2 sin2 𝜃), (33)

where 𝐾𝜃 is the angularly inhomogeneous plasma parameter. For an equatorial observer, 
the corresponding celestial coordinates are

𝑋 = −𝜆, 𝑌 = ±√𝜂 − 3𝐾𝜃𝑀2. (34)

For the plasma distributions considered in this work, the parameters 𝐾0, 𝐾𝑟, and 𝐾𝜃
are defined through the energy-normalized functions 𝐹𝑟 = 𝑓𝑟/𝐸2 and 𝐹𝜃 = 𝑓𝜃/𝐸2. Since 𝐸 is 
proportional to the photon frequency measured by a distant observer, these parameters 
encode the frequency dependence of the plasma effects. Based on the above critical impact 
parameters and the corresponding celestial coordinates for different plasma distributions, 
we obtain the shadow cast by the rotating ASG BH for various parameters, as shown in 
Figure 2. In the numerical calculations, the spin parameter is fixed at ˜𝑎 = 0.5, and we consider 
an equatorial observer with 𝜃𝑜 = 𝜋/2. Figure 2a shows how the shadow changes with ˜𝜉  for 
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fixed 𝐾𝑟 = 2. As ˜𝜉  increases, the shadow size gradually decreases, whereas the change in 
its shape is comparatively small, indicating that, within the parameter range considered, 

˜𝜉  has a more pronounced effect on the shadow size than on its shape. To examine the 
effects of different plasma distributions, we fix ˜𝜉 = 0.1, and Figure 2b–d shows the shadows 
cast by the BH in homogeneous, radially inhomogeneous, and angularly inhomogeneous 
plasmas, respectively. In this work, we choose illustrative values of the plasma parameters 
to examine the effects of different plasma distributions and their strengths on the size and 
shape of the black hole shadow. In the presence of homogeneous plasma, the shadow 
becomes larger as 𝐾0 increases. By contrast, the shadow becomes smaller with increasing 
𝐾𝑟 and 𝐾𝜃 for radially and angularly inhomogeneous plasmas, respectively. These results 
demonstrate that the impact of plasma on the shadow size depends on its distribution: 
homogeneous plasma enlarges the shadow, whereas radially and angularly inhomogeneous 
plasmas reduce it. The effects of radially and angularly inhomogeneous plasmas on the 
shadow size are qualitatively consistent with the effect of increasing ˜𝜉 . Within the parameter 
range explored in this work, the ASG correction parameter and plasma parameters mainly 
affect the shadow size, while their influence on the shadow shape is relatively weak.
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Figure 2. Shadows cast by the rotating ASG black hole for different plasma models and parameter 
values. The spin parameter is ˜𝑎 = 0.5, and the observer is located in the equatorial plane, 𝜃𝑜 = 𝜋/2. 
(a) Shadow for different values of ˜𝜉 . (b) Homogeneous plasma. (c) Radially inhomogeneous plasma. 
(d) Angularly inhomogeneous plasma.
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4.  Shadow Observables and Parameter Estimation for the Rotating ASG 
Black Hole

In Section 3, we qualitatively analyzed the effects of the ASG correction parameter and 
different plasma distributions on the BH shadow. Building on this analysis, we quantitatively 
characterize the shadow size and shape using shadow observables and investigate how 
these observables are affected by different plasma distributions and the ASG correction 
parameter. We further use the shadow area and oblateness to estimate the ASG correction 
parameter and the plasma parameter.

4.1.  Shadow Observables
To quantitatively characterize the size and shape of the BH shadow, we consider four 

shadow observables: the shadow area 𝐴, shadow radius 𝑅𝑠, oblateness 𝐷, and distortion 
parameter 𝛿𝑠 [100,101]. Among these quantities, 𝐴 and 𝑅𝑠 characterize the overall size of the 
shadow, whereas 𝐷 and 𝛿𝑠 describe its shape. For the equatorial observer considered in this 
work, the shadow is symmetric with respect to the 𝑋 axis. We denote the leftmost, rightmost, 
top, and bottom points of the shadow by (𝑋𝑙, 0), (𝑋𝑟, 0), (𝑋𝑡, 𝑌𝑡), and (𝑋𝑏, 𝑌𝑏), respectively. 
We first introduce a reference circle passing through the top, bottom, and rightmost points 
of the shadow, and define its radius 𝑅𝑠 as the shadow radius [100]:

𝑅𝑠 =
(𝑋𝑡 − 𝑋𝑟)

2 + 𝑌2
𝑡

2|𝑋𝑟 − 𝑋𝑡|
. (35)

The center of the reference circle is located at (𝑋𝑐, 0), where

𝑋𝑐 =
𝑋2

𝑡 + 𝑌2
𝑡 − 𝑋2

𝑟
2(𝑋𝑡 − 𝑋𝑟)

. (36)

Accordingly, the leftmost point of the reference circle on the 𝑋 axis is given by

𝑋′
𝑙 = 𝑋𝑐 − 𝑅𝑠. (37)

The horizontal displacement between the leftmost point of the shadow and that of the 
reference circle characterizes the distortion of the shadow. The distortion parameter 𝛿𝑠 is 
therefore defined as [100]

𝛿𝑠 =
|𝑋′

𝑙 − 𝑋𝑙|
𝑅𝑠

. (38)

For a circular shadow, 𝛿𝑠 = 0, while a larger value of 𝛿𝑠 indicates a greater deviation in 
the shadow from the reference circle.

In addition to the shadow radius 𝑅𝑠 and distortion parameter 𝛿𝑠, the shadow size and 
shape can also be characterized by the area 𝐴 and oblateness 𝐷, respectively. The shadow 
area 𝐴 is defined as [101]

𝐴 = 2 ∫
𝑟+

ph

𝑟−
ph

𝑌(𝑟ph)
𝑑𝑋(𝑟ph)

𝑑𝑟ph
𝑑𝑟ph, (39)

where 𝑟−
ph and 𝑟+

ph denote the radii of the prograde and retrograde circular photon orbits, 
respectively. The oblateness 𝐷 of the shadow is defined as the ratio of its horizontal diameter 
to its vertical diameter [101]:

𝐷 =
𝑋𝑟 − 𝑋𝑙
𝑌𝑡 − 𝑌𝑏

. (40)

For the equatorial observer considered in this work, the shadow is symmetric about 
the 𝑋 axis, so that 𝑌𝑏 = −𝑌𝑡, and Equation (40) reduces to

𝐷 =
𝑋𝑟 − 𝑋𝑙

2𝑌𝑡
. (41)
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For a circular shadow, 𝐷 = 1, while the deviation of 𝐷 from unity reflects the difference 
between the horizontal and vertical extents of the shadow.

Based on the shadows cast by the rotating ASG BH in Section 3, we calculate the shadow 
radius 𝑅𝑠 and shadow area 𝐴 using Equations (35) and (39), respectively. Figures 3 and 4 
show the variations of 𝐴/𝑀2 and 𝑅𝑠/𝑀 with the corresponding plasma parameters for 
a fixed spin parameter ˜𝑎 = 0.5, where the black, red, and blue curves correspond to

˜𝜉 = 0, 0.1, 0.2, respectively. When 𝐾0, 𝐾𝑟, and 𝐾𝜃 are set to zero, the three plasma models 
all reduce to the cases without plasma. For the homogeneous plasma, both 𝐴/𝑀2 and 𝑅𝑠/𝑀
increase as 𝐾0 increases. In contrast, for the radially and angularly inhomogeneous plas-
mas, both 𝐴/𝑀2 and 𝑅𝑠/𝑀 decrease monotonically with increasing 𝐾𝑟 and 𝐾𝜃, respectively. 
Moreover, within the parameter ranges considered in this work, the variations of 𝐴/𝑀2 and 
𝑅𝑠/𝑀 with 𝐾𝜃 are larger than those with 𝐾𝑟, indicating that the angularly inhomogeneous 
plasma produces a stronger change in the shadow size. On the other hand, for fixed plasma 
parameters, both 𝐴/𝑀2 and 𝑅𝑠/𝑀 decrease with increasing ˜𝜉  in all three plasma models.
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Figure 3. Variation in the shadow area 𝐴/𝑀2 of the rotating ASG black hole with the plasma parameter 
for different plasma models. The spin parameter is ˜𝑎 = 0.5, and the black, red, and blue curves 
correspond to ˜𝜉 = 0, 0.1, 0.2, respectively. (a) Homogeneous plasma. (b) Radially inhomogeneous 
plasma. (c) Angularly inhomogeneous plasma.
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Figure 4. Variation in the shadow radius 𝑅𝑠/𝑀 of the rotating ASG black hole with the plasma param-
eter for different plasma models. The spin parameter is ˜𝑎 = 0.5, and the black, red, and blue curves 
correspond to ˜𝜉 = 0, 0.1, 0.2, respectively. (a) Homogeneous plasma. (b) Radially inhomogeneous 
plasma. (c) Angularly inhomogeneous plasma.

We further analyze the changes in the shadow shape using the oblateness 𝐷 and dis-
tortion parameter 𝛿𝑠, with the results shown in Figures 5 and 6, respectively. Within the pa-
rameter ranges considered in this work, for fixed plasma parameters, 𝐷 generally decreases 
while 𝛿𝑠 increases as ˜𝜉  increases, indicating that the ASG correction increases the deviation 
in the shadow from circularity. For radially and angularly inhomogeneous plasmas, 𝐷
generally increases while 𝛿𝑠 gradually decreases with increasing 𝐾𝑟 and 𝐾𝜃, respectively, 
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showing that both inhomogeneous plasma distributions make the shadow progressively 
more circular. A further comparison shows that the radially inhomogeneous plasma has a 
more pronounced effect on the shadow shape than the angularly inhomogeneous plasma 
and makes the shadow closer to circularity. Notably, the influence of the homogeneous 
plasma on the shadow shape depends on the ASG quantum correction. In the Kerr limit 
( ˜𝜉 = 0), 𝐷 decreases slightly while 𝛿𝑠 increases slightly as 𝐾0 increases. By contrast, when 

˜𝜉 = 0.2, the trends are reversed, with 𝐷 increasing and 𝛿𝑠 decreasing. This indicates that the 
ASG quantum correction can alter the way homogeneous plasma affects the shadow shape. 
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Figure 5. Variation in the oblateness 𝐷 of the rotating ASG black hole with the plasma parameter 
for different plasma models. The spin parameter is ˜𝑎 = 0.5, and the black, red, and blue curves 
correspond to ˜𝜉 = 0, 0.1, 0.2, respectively. (a) Homogeneous plasma. (b) Radially inhomogeneous 
plasma. (c) Angularly inhomogeneous plasma.
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Figure 6. Variation in the distortion parameter 𝛿𝑠 of the rotating ASG black hole with the plasma pa-
rameter for different plasma models. The spin parameter is ˜𝑎 = 0.5, and the black, red, and blue curves 
correspond to ˜𝜉 = 0, 0.1, 0.2, respectively. (a) Homogeneous plasma. (b) Radially inhomogeneous 
plasma. (c) Angularly inhomogeneous plasma.

Overall, as the ASG correction parameter ˜𝜉  increases, the overall size of the shadow 
decreases, while its deviation from circularity increases. Homogeneous plasma enlarges 
the shadow, while its effect on the shadow shape depends on the ASG quantum correction. 
Radially and angularly inhomogeneous plasmas, in contrast, reduce the shadow size and 
make the shadow more circular. Between the two inhomogeneous plasma distributions, 
angularly inhomogeneous plasma has a more pronounced effect on the shadow size, whereas 
radially inhomogeneous plasma has a more significant effect on the shadow shape.

4.2.  Parameter Estimation Using Shadow Area and Oblateness
Kumar and Ghosh proposed a method for estimating BH parameters by combining 

the shadow area 𝐴 and oblateness 𝐷, and applied it to the parameter estimation of Kerr, 
Kerr–Newman, and rotating regular BHs [101]. This method was subsequently employed 
to estimate the parameters of other rotating BH models [102,103]. The method involves 
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plotting the contours of the shadow area 𝐴 and oblateness 𝐷 in a two-dimensional parameter 
space. When the two contours intersect at a unique point, the corresponding two parameters 
can be determined from the intersection [101].

Based on the above method, we take the radially inhomogeneous plasma as an example 
and fix the spin parameter at ˜𝑎 = 0.5. We plot the contours of the shadow area 𝐴/𝑀2 and 
oblateness 𝐷 in the ( ˜𝜉 , 𝐾𝑟) parameter plane, as shown in Figure 7. Given the ranges of 
𝐴/𝑀2 and 𝐷 shown above, several values are selected to plot the corresponding contours. 
It can be seen that, for a given value of either 𝐴/𝑀2 or 𝐷, the corresponding contour 
represents a series of ( ˜𝜉 , 𝐾𝑟) parameter combinations, and thus a single observable cannot 
simultaneously determine the two model parameters. Furthermore, the contours of 𝐴/𝑀2

and 𝐷 exhibit different trends and intersect in the parameter plane. For a given pair of 𝐴/𝑀2

and 𝐷, the corresponding ( ˜𝜉 , 𝐾𝑟) can be inferred from the intersection of the two contours 
within the parameter range considered. Table 1 lists several combinations of 𝐴/𝑀2 and 
𝐷 together with their corresponding parameter values. Since observational uncertainties 
and correlations between the observables have not been taken into account in this work, 
the results presented in Figure 7 and Table 1 are mainly intended to illustrate the parameter 
estimation method within the theoretical model.
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Figure 7. Contours of the shadow area 𝐴/𝑀2 and oblateness 𝐷 in the ( ˜𝜉 , 𝐾𝑟) parameter plane for a 
radially inhomogeneous plasma. The spin parameter is fixed at ˜𝑎 = 0.5.

Table 1. Parameter estimates of ( ˜𝜉 , 𝐾𝑟) obtained from the intersections of contours for given 𝐴/𝑀2

and 𝐷 in a radially inhomogeneous plasma. The spin parameter is fixed at ˜𝑎 = 0.5.

𝑨/𝑴2 𝑫 ˜𝝃 𝑲𝒓

67.0 0.9845 0.0782 2.8191
67.0 0.9835 0.1105 2.6987
67.0 0.9825 0.1394 2.5870

72.0 0.9825 0.1198 1.7149
74.5 0.9825 0.1103 1.2779
77.0 0.9825 0.1010 0.8403
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5.  Constraints on Model Parameters from Sgr A* Shadow Observations
Horizon-scale images of supermassive BHs obtained by the EHT provide an important 

observational basis for probing the properties of spacetime in the strong field regime through 
BH shadows [65,67,79]. In recent years, comparisons between theoretically calculated 
shadow observables and EHT observations have been used to constrain the parameters 
of various BH spacetimes [104–109]. In this work, we use EHT observations of the Sgr 
A* shadow to constrain the ASG correction parameter ˜𝜉  and the radially inhomogeneous 
plasma parameter 𝐾𝑟.

We next consider the shadow angular diameter 𝜃sh and its deviation parameter 𝛿
relative to the Schwarzschild shadow diameter. The shadow diameter 𝑑sh is related to the 
shadow area 𝐴 by [102,103]:

𝑑sh = 2√𝐴/𝜋. (42)

When the distance between the BH and the observer is 𝑑, the corresponding angular 
shadow diameter is given by

𝜃sh =
2
𝑑

√𝐴
𝜋 . (43)

On the other hand, taking the Schwarzschild shadow diameter 6√3𝑀 as the reference 
value, the deviation parameter 𝛿 is defined as [65,67]

𝛿 =
𝑑sh

6√3𝑀
− 1. (44)

To compare the shadow of the rotating ASG BH obtained in this work with the observa-
tional results for Sgr A*, we adopt its mass 𝑀 = 4.0×106𝑀⊙ and the distance between the BH 
and Earth, 𝑑 = 8.15 kpc [65,79]. For simplicity, we do not consider the uncertainties in the 
mass and distance measurements of Sgr A* in the present analysis. The EHT Collaboration 
measured a bright emission-ring diameter of 51.8 ± 2.3 μas for Sgr A* [79]. Using simulated 
images, the EHT Collaboration calibrated the relationship between the measured emission-
ring diameter and the geometrically defined black hole shadow diameter, and inferred the 
shadow angular diameter under the adopted model assumptions to be [65]:

𝜃sh = 48.7 ± 7.0 μas. (45)

In addition, based on measurements of the mass and distance of Sgr A* by Keck 
and the Very Large Telescope Interferometer (VLTI), the EHT Collaboration reported the 
corresponding deviation parameters as [65]

𝛿Keck = −0.04+0.09
−0.10, 𝛿VLTI = −0.08+0.09

−0.09. (46)

Within the adopted cold, nonmagnetized, radially inhomogeneous plasma model, we 
obtain approximate constraints on the ( ˜𝜉 , 𝐾𝑟) parameter space by comparing our theoretical 
shadow observables with the shadow angular diameter and deviation parameters reported 
by the EHT Collaboration for Sgr A*. The spin parameter affects the critical impact parame-
ters 𝜆 and 𝜂 of unstable spherical photon orbits, thereby influencing the celestial coordinates 
of the shadow boundary. The observer inclination also affects the projection of critical 
photon trajectories onto the observer’s sky. These effects may change the predicted shadow 
angular diameter and deviation parameter, and hence the region of the ( ˜𝜉 , 𝐾𝑟) parameter 
space consistent with the EHT observations. For the observational constraints considered 
here, we choose an equatorial observer with 𝜃𝑜 = 𝜋/2 and fix the spin parameter at ˜𝑎 = 0.5. 
In addition, the parameter values are required to satisfy the condition for the existence 
of an event horizon obtained in Section 2. According to Equations (43) and (44), we cal-
culate the angular shadow diameter 𝜃sh and deviation parameter 𝛿 as functions of ( ˜𝜉 , 𝐾𝑟), 
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as shown in Figures 8 and 9, respectively. The red dashed curve represents the boundary 
determined by the condition for the existence of an event horizon, separating the BH region 
on the left from the region without an event horizon. It can be seen that both 𝜃sh and 𝛿
gradually decrease as either ˜𝜉  or 𝐾𝑟 increases. The black solid curve in Figure 8 corresponds 
to 𝜃sh = 41.7 μas, and the region below this curve satisfies the EHT observational constraint 
on the angular shadow diameter of Sgr A*. Within the parameter range considered in this 
work, the theoretically calculated values of 𝛿 do not exceed the corresponding observational 
upper limits, and therefore the constraint on the parameter space is determined solely by 
the observational lower limits. The black solid curves in Figure 9a,b correspond to 𝛿 = −0.14
and 𝛿 = −0.17, respectively, and the regions below these curves satisfy the observational 
constraints from Keck and VLTI, respectively. Compared with the Keck constraint, the VLTI 
constraint corresponds to a larger allowed parameter region. For example, when ˜𝜉 = 0.1
is fixed, the upper limits on 𝐾𝑟 obtained from the observational constraints on the angu-
lar shadow diameter and the deviation parameters from Keck and VLTI are 4.391, 3.539, 
and 4.345, respectively, with the Keck observation providing the tightest constraint. Under 
the above conditions, within the adopted cold, nonmagnetized, radially inhomogeneous 
plasma model and the parameter range considered in this work, the constraints derived 
from the EHT observations of Sgr A* at approximately 230 GHz [79] mainly disfavor the 
region of parameter space in which both ˜𝜉  and 𝐾𝑟 take relatively large values.

θsh [μas]

35

40

45

50

Figure 8. Constraint on the ( ˜𝜉 , 𝐾𝑟) parameter space from observations of the Sgr A* shadow angular 
diameter 𝜃sh. The spin parameter is fixed at ˜𝑎 = 0.5, and the observer is located in the equatorial 
plane, 𝜃𝑜 = 𝜋/2. The red dashed curve represents the boundary of the parameter space determined 
by the condition for the existence of an event horizon, while the black solid curve corresponds to 
𝜃sh = 41.7 μas.
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Figure 9. Constraint on the ( ˜𝜉 , 𝐾𝑟) parameter space from observations of the Sgr A* shadow deviation 
parameter 𝛿. The spin parameter is fixed at ˜𝑎 = 0.5, and the observer is located in the equatorial 
plane, 𝜃𝑜 = 𝜋/2. The red dashed curve represents the boundary of the parameter space determined 
by the condition for the existence of an event horizon, while the black solid curves correspond to 
(a) 𝛿 = −0.14 for Keck and (b) 𝛿 = −0.17 for VLTI.

6.  Conclusions
This work investigated photon motion and shadow properties of rotating BHs in 

asymptotically safe gravity in the presence of plasma. In the infrared limit of ASG, we 
incorporated the ASG correction described by a running Newton coupling and analyzed 
the event horizon and parameter space of rotating ASG BHs. The results show that the 
allowed range of the ASG correction parameter ˜𝜉  is restricted by the spin parameter ˜𝑎. As ˜𝑎
increases, the range of ˜𝜉  permitted by the condition for the existence of an event horizon 
gradually decreases.

We further investigated the effects of the plasma environment surrounding the BH on 
photon motion and shadow properties. For plasma distributions satisfying the separability 
condition of the Hamilton–Jacobi equation, we considered three distributions, namely homo-
geneous, radially inhomogeneous, and angularly inhomogeneous plasmas, and determined 
the corresponding shadow boundaries from unstable spherical photon orbits. Within the 
parameter range considered in this work, for a fixed spin parameter ˜𝑎 = 0.5 and an equato-
rial observer, the shadow size increases with increasing 𝐾0 in a homogeneous plasma, while 
it decreases with increasing 𝐾𝑟 and 𝐾𝜃 in radially and angularly inhomogeneous plasmas, 
respectively. For fixed plasma parameters, the shadow size decreases with increasing ˜𝜉
for all three plasma models. Regarding the shadow shape, the deviation from circularity 
generally increases with increasing ˜𝜉 . Radially and angularly inhomogeneous plasmas make 
the shadow progressively more circular, while the effect of homogeneous plasma on the 
shadow shape depends on the ASG correction parameter ˜𝜉 . Overall, within the parameter 
ranges considered, plasma changes are more pronounced in the shadow size observables 
than in the shape observables. Comparing the two inhomogeneous plasma models, an-
gularly inhomogeneous plasma has a stronger effect on the shadow size, whereas radially 
inhomogeneous plasma has a more pronounced effect on the shadow shape. In addition, 
taking radially inhomogeneous plasma as an example and fixing ˜𝑎 = 0.5, we estimated 
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the model parameters using the contours of the shadow area 𝐴/𝑀2 and oblateness 𝐷 in 
the ( ˜𝜉 , 𝐾𝑟) parameter plane. For a given pair of 𝐴/𝑀2 and 𝐷, the values of ˜𝜉  and 𝐾𝑟 can be 
determined from the unique intersection of the corresponding contours.

Finally, we used the EHT observational results for the Sgr A* shadow, including the 
shadow angular diameter 𝜃sh and the deviation parameters 𝛿 obtained using the Keck and 
VLTI measurements, to constrain the ( ˜𝜉 , 𝐾𝑟) parameter space in a radially inhomogeneous 
plasma. Imposing the condition for the existence of an event horizon and fixing ˜𝑎 = 0.5
and 𝜃𝑜 = 𝜋/2, both 𝜃sh and 𝛿 decrease as either ˜𝜉  or 𝐾𝑟 increases. The results show that 
the shadow observations of Sgr A* mainly disfavor the region of parameter space where 
both ˜𝜉  and 𝐾𝑟 take relatively large values. Within the adopted infrared approximation, 
these results provide a theoretical reference for understanding the effects of the ASG cor-
rection and the plasma environment on black hole shadows, as well as for exploring their 
observational implications.
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shadow observations. Phys. Lett. B 2025, 868, 139812. [CrossRef]
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