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Abstract

The current study reports a reconstructed dark-energy model combining Barrow holo-
graphic Ricci dark energy (BHDE) with QCD ghost dark energy (GDE) in an effective f (T)
description. We have examined two prescriptions: an additive BHDE–GDE sector and a
correspondence between the two components. Three scale factors, namely hybrid, linear
truncation, and quadratic truncation, have been constrained using Cosmic Chronometer
(CC) data. We have reconstructed f (T) from the first modified Friedmann equation and
evaluated a normalized residual of the second equation. As the pressure has been obtained
from the continuity relation, this residual is not an independent consistency test. We have
also examined the power-law ansatz fPL(T) = T + β(−T)m. Under the adopted source-
density normalization, this ansatz has exhibited appreciable field-equation residuals over
the relevant redshift range and does not consistently reproduce the prescribed backgrounds.
For the reconstructed function, we have evaluated the effective-fluid stability diagnostic
and horizon thermodynamics. The adiabatic effective-fluid sound speed has been found
to be negative at the present epoch for all three scale factors and developed poles at finite
redshift, whereas the horizon entropy-production rate has been positive for the adopted
Barrow normalization. These findings are conditional on the reference parameter choices,
reconstruction prescription, and diagonal-error likelihood used for the CC data.

Keywords: modified gravity; Barrow entropy; QCD ghost dark energy; holographic Ricci
dark energy; generalized second law

1. Introduction
Observations of Type Ia supernovae provided the first strong evidence for the late-

time accelerated expansion of the universe [1,2]. This acceleration is also supported by
measurements of the cosmic microwave background (CMB) anisotropies [3] and baryon
acoustic oscillations (BAOs) [4]. Within general relativity, the accelerated expansion is
commonly described by an effective component with negative pressure, referred to as
dark energy (DE) [5]. Several phenomenological descriptions of dark energy have been
proposed. The cosmological constant Λ is the simplest possibility, but its small observed
value raises the well-known fine-tuning problem [6]. This has motivated alternatives based
on dynamical dark energy and modified gravity [7]. Quintessence models describe a
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dynamical component with w > −1 [8], whereas phantom models have w < −1 and may
lead to future singularities such as the Big Rip [9]. Other possibilities include Chaplygin-
gas and interacting-dark-energy scenarios [10,11]. Generalized holographic constructions
provide another class of models in which modified entropy relations and/or generalized
infrared cutoffs are used to describe cosmic acceleration [11–14].

The holographic principle states that the number of degrees of freedom in a gravitating
system is bounded by its boundary area [15,16]. Cohen et al. showed that the vacuum
energy in an effective field theory is constrained by black hole formation [17], and Li
subsequently formulated the holographic dark-energy model in which the infrared cutoff
determines the dark-energy density [18]. The choice of infrared cutoff is therefore central
to the cosmological dynamics; the Ricci scale provides one alternative to the future event
horizon [19,20]. Generalized holographic models extend this construction by modifying the
entropy–area relation, the infrared cutoff, or both [13,14,21–23]. These constructions also
provide connections to broader cosmological scenarios, including models linking early-time
inflation and late-time acceleration [12,24].

Barrow holographic dark energy (BHDE) is obtained by replacing the standard
Bekenstein–Hawking entropy–area relation with the Barrow entropy law. Saridakis in-
troduced BHDE using this prescription [25], and subsequent studies have investigated
its cosmological dynamics, reconstruction, and observational constraints [26–29]. Unlike
Barrow HDE, which modifies the entropy–area relation, Ricci dark energy arises from a
generalized choice of the infrared (IR) cutoff. This cutoff is related to the Ricci scalar curva-
ture of spacetime instead of the future event horizon, and the model can also be embedded
within the generalized holographic dark-energy (GHDE) framework. del Campo et al. [30]
studied holographic dark energy with an infrared cutoff that is proportional to the Ricci
scale, including its background dynamics and perturbations in a flat FLRW universe.
Fu et al. [31] extended the holographic Ricci model to interacting dark sectors and con-
strained it using SN Ia, CMB, and BAO data. In contrast to these holographic constructions,
QCD ghost dark energy originates from vacuum energy contributions of the Veneziano
ghost field in curved spacetime and offers an alternative explanation of cosmic acceleration
based on quantum vacuum effects [32].

The accelerated expansion of the universe has also motivated modified-gravity ap-
proaches [33,34]. Such theories can reproduce late-time acceleration through modified
gravitational dynamics rather than an independently introduced dark-energy component,
and their cosmological consequences have been studied using effective equations of state
and observational constraints [35,36]. Modified theories of gravity are reviewed compre-
hensively in Ref. [37]. Later reviews and comparative studies cover extensions such as
f (T), f (R), and Gauss–Bonnet gravity, which have been proposed to explain the observed
cosmic acceleration and the dynamics of the early universe [10,38–40]. Several viable f (R)
models have likewise been developed as alternatives to dark energy [41–44].

Generalized entropy has also been used to study the thermodynamics of gravitational
systems and holographic dark-energy models. Within this framework, Jawad et al. [45]
examined the stability and thermodynamic geometry of black holes and showed how
generalized entropy influences black hole equilibrium and phase transitions. Earlier,
Jahromi et al. [46] introduced a new holographic dark-energy model that was derived
from the generalized entropy formalism. The Barrow entropy concept was also stud-
ied in modified-gravity frameworks; for example, Jawad et al. [47] investigated Barrow
holographic dark energy in the setting of deformed Hořava–Lifshitz gravity and found
deviations from the standard holographic scenario. Karami and Abdolmaleki investi-
gated the generalized second law (GSL) in f (T) gravity for a spatially flat FLRW universe
bounded by the Hubble horizon [48]. Recent work has examined the generalized sec-
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ond law (GSL) for Barrow holographic dark-energy models with generalized cutoffs [49].
The GSL requires the total entropy, including the horizon and matter contributions, not
to decrease with cosmic time. Earlier, Mathew and Praseetha specifically analyzed the
GSL in a universe with holographic Ricci dark energy and found that the generalized
second law is satisfied at the apparent horizon under certain conditions [50]. Honarvaryan,
Sheykhi and Moradpour studied the thermodynamics of ghost dark energy and its entropy
evolution [51]. We use the generalized second law as a thermodynamic test of dark-energy
and modified-gravity models.

Ohta introduced the QCD ghost dark-energy mechanism [52], and later studies exam-
ined its cosmological evolution and observational viability [32,53]. Garcia-Salcedo et al. [54],
however, argued that this model does not reproduce the main features of the standard
cosmological paradigm. Our construction is phenomenological and does not resolve that
criticism; we use the ghost term only as part of an effective dark sector.

BHDE and GDE have different physical origins, but both have been studied as possi-
ble explanations for late-time acceleration. A combined Barrow-entropy and QCD-ghost
model was considered by Altaibayeva et al. [55], who studied its background evolution,
scalar-field reconstruction, apparent-horizon thermodynamics, and effective-fluid stability.
Related studies have also investigated the cosmological evolution and dynamical stabil-
ity of dark-energy models in modified-gravity frameworks, including f (Q) gravity [56].
This study extends that analysis in three ways. First, we use a Ricci-scale infrared cutoff,
making the Barrow holographic density depend on both H and Ḣ. Second, we compare an
additive BHDE–GDE density with a prescription that imposes a correspondence between
the two components. Third, we study hybrid, linear, and quadratic scale-factor histories
constrained by Cosmic Chronometer data and examine their effective equation of state, de-
celeration parameter, stability diagnostic, Om and Statefinder parameters, and generalized
second law. We also reconstruct an effective f (T) function. The combined BHDE–GDE
sector is considered here as a phenomenological model. The related work on conformal
transformations and modified-gravity representations is discussed in Ref. [57].

The paper is organized as follows. Section 2 presents the model and reconstruction
method. Sections 3 and 4 describe the two reconstruction prescriptions and the CC con-
straints. Sections 5–7 discuss the deceleration parameter, the f (T) reconstruction, and the
effective-fluid stability diagnostic. Section 8 presents the Om and Statefinder results,
Section 9 examines the generalized second law, and Section 10 compares the three histories.
Section 11 gives the conclusions.

2. Theoretical Framework
2.1. Methodological Framework of the Reconstruction

We prescribe the scale factor and reconstruct the associated effective dark-energy
quantities. This differs from solving the modified Friedmann equations for a specified
gravity theory and matter content. The scale factors are not claimed to be exact solutions
of those equations. Instead, they define expansion histories from which we calculate H,
R, the effective dark-energy density, the reconstructed equation of state, and the decelera-
tion parameter.

We work in a spatially flat Friedmann–Lemaître–Robertson–Walker (FLRW) universe,
consistent with the standard large-scale cosmological description supported by supernova,
CMB, and BAO observations [1,2,4,58]. We first define the hybrid model containing Barrow
holographic dark energy and QCD ghost dark energy.

For the spatially flat FLRW metric [59,60]

ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2), (1)
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the Ricci scalar R is given by

R = 6
(︃

Ḣ + 2H2 +
k
a2

)︃
. (2)

Since we consider a flat geometry (k = 0), this reduces to

R = 6
(︂

Ḣ + 2H2
)︂

, (3)

As noted in the Introduction, the holographic principle states that the degrees of
freedom of a physical system scale with its boundary area rather than its volume [15,16].
Cohen et al. [17] showed that the quantum zero-point energy of a system must be bounded
to avoid black hole formation, which led Li to formulate holographic dark energy
(HDE) [18].

In Barrow entropy, the standard Bekenstein–Hawking area law S ∝ A [61,62] is
generalized to a fractal-like deformation of the horizon surface S ∝ A 1+∆/2 [63], where the
Barrow exponent ∆ encodes the degree of quantum-gravitational deformation (0 ≤ ∆ ≤ 1)
and ∆ = 0 recovers the classical area law. The deformation is attributed to possible
quantum-gravitational effects on the geometry of the horizon surface [25,63].

Using this entropy modification, the corresponding holographic dark-energy density
takes the generalized scaling form [23,25,63]

ρBHDE ∝ L ∆−2, 0 < ∆ < 1 (4)

where L is the infrared (IR) cutoff. Such generalized holographic models have been investi-
gated as a way of incorporating quantum-gravity corrections into cosmology [13,64].

The choice of the infrared cutoff scale is central to holographic dark-energy models.
The future event horizon is often used, but it suffers from causality issues [19]. The Ricci
scalar curvature has been proposed as an alternative, leading to the Ricci dark-energy
model [20]. Here the infrared cutoff is dynamically related to the spacetime curvature,
so the dark-energy density is directly tied to the cosmic expansion. Shekh et al. [65]
demonstrated the physical acceptability of Rényi, Tsallis, and Sharma–Mittal holographic
dark-energy models in f (T, B) gravity under the Hubble cutoff, providing a useful reference
for assessing the viability of entropy-modified holographic dark-energy models.

Following Ref. [53], we write the ghost dark-energy (GDE) density as

ρGDE = αH, (5)

with α ∼ Λ3
QCD. The origin of ghost dark energy lies in the Veneziano ghost field in

quantum chromodynamics (QCD), which contributes to the vacuum energy in curved
spacetime but vanishes in flat spacetime [52,66]. The Veneziano ghost contribution therefore
supplies a vacuum-energy term without introducing an additional propagating degree
of freedom.

We consider a hybrid effective dark-energy sector containing both Barrow holographic
dark energy and QCD ghost dark energy. The two components have different physical
origins: BHDE incorporates the Barrow modification of the entropy–area relation, whereas
GDE is associated with QCD vacuum effects. We combine them to study the background
dynamics in a common effective description.

2.2. Physical Significance of the Hybrid Model

The hybrid construction is useful for testing how the Barrow deformation modifies the
cosmological dynamics in the presence of the QCD ghost contribution. We do not assume
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that the combined model is automatically stable; stability is assessed separately through the
effective-fluid squared sound speed, while thermodynamic consistency is tested through
the generalized second law.

3. Reconstruction of the EoS Parameter
3.1. Approach I: DE Density Is Taken as Sum of BHDE and GDE
3.1.1. Additive BHDE–GDE Construction

In Approach I, we take the effective dark-energy density to be ρDE = ρBHDE + ρGDE.
This additive construction combines the Barrow entropy correction in the holographic
sector with the QCD ghost contribution ρGDE = αH. It allows us to examine how the
Barrow deformation parameter ∆ affects the reconstructed cosmological evolution when
both contributions are present.

3.1.2. Implementation of Ricci Scale as Infrared Cutoff and EoS Reconstruction

In this case, we use the Ricci length as the infrared (IR) cutoff, L = (R/6)−1/2, rather
than identifying the length L directly with the Ricci scalar R. For a spatially flat FLRW
universe, the Ricci scalar is expressed as [59,60]

R = 6(Ḣ + 2H2), (6)

where H is the Hubble parameter and a dot denotes differentiation with respect to cosmic
time. The Ricci length L connects the holographic dark-energy density to the dynamical
curvature of the universe.

Based on this chosen form of IR cutoff, the holographic Ricci dark-energy (HRDE)
density takes the form [20,30]

ρHDE = 3c2(Ḣ + 2H2), (7)

so that the dark-energy density depends on both the expansion rate and its time derivative.
On the other hand, the general expression of holographic dark energy (HDE) is given

by [17,18]
ρHDE = 3c2M2

pL−2 = 3c2L−2, (8)

where c is a dimensionless parameter controlling the strength of holographic contribution,
M2

p = 1 is the reduced Planck mass (in natural units), and L represents the IR cutoff
length scale.

By comparing Equations (7) and (8), we obtain the relation

L = (Ḣ + 2H2)−1/2. (9)

This relation shows that the infrared scale is dynamically determined by the cosmic expan-
sion history.

Generalized entropy constructions provide a broader framework in which modified
entropy–area relations can enter holographic dark-energy models [64,67]. For the numerical
analysis, we use quantities normalized to the present Hubble scale and set H0 = 1. We
write R̄ = R/H2

0 for the dimensionless Ricci scalar and ρ̄BHDE = ρBHDE/(M2
PlH

2
0) for the

dimensionless density. The Ricci cutoff is L−2 = R/6, so its dimensionless version obeys
L̄−2 = R̄/6. In this convention, the exact Barrow–Ricci scaling is

ρ̄BHDE = 3c2 L̄∆−2 =
c2

2
6∆/2R̄1−∆/2. (10)
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Here, ∆ is the Barrow deformation parameter. The dimensionful expression corresponding
to this normalization is ρBHDE = (c2/2)6∆/2M2

PlH
∆
0 R1−∆/2.

In this section, we set H0 = 1. Time, the Hubble parameter, the Ricci scalar, and the
energy densities are expressed in units of H−1

0 , H0, H2
0 , and M2

PlH
2
0 , respectively. We

define the dimensionless Ricci scalar as R̄ = R/H2
0 ; with H0 = 1, this is the numerical

quantity used in the background expressions. For the numerical prescription, we expand
the curvature-dependent factor R̄−∆/2 to first order in ∆ while retaining the normalization
factor 6∆/2 exactly:

ρ̄BHDE ≈ c2

2
6∆/2

(︃
R̄ − ∆

2
R̄ ln R̄

)︃
. (11)

Here and below, the logarithm is always applied to the dimensionless quantity R̄; we do
not take the logarithm of a dimensional curvature. This real-valued expansion is used
only on intervals where R̄ > 0; parameter/time regions with non-positive Ricci scalars
lie outside the domain of this prescription. The same normalization is used in the explicit
scale-factor cases and the reconstruction residual calculation. At ∆ = 0, this convention
gives ρBHDE = 3c2L−2 = c2R/2 because R = 6L−2. Thus, the coefficient multiplying R is
c2/2 rather than 3c2 because the factor of six is absorbed by the relation between R and L−2.
In dimensional expressions at nonzero ∆, the factor H∆

0 restores the density dimensions,
while the numerical reconstruction uses H0 = 1.

In Approach I, the effective dark-energy sector is taken as the sum of BHDE and GDE:

ρDE = ρBHDE + ρGDE.

After we include the matter contribution, the total effective energy density of the
universe becomes

ρe f f = ρBHDE + ρGDE + ρm0a−3,

where the component densities are expressed in the same H0 = 1 normalized units and
ρm0 is the present normalized matter density.

Substituting the component densities, the total effective density becomes

ρe f f =
c2

2
6∆/2

(︃
R̄ − ∆

2
R̄ ln R̄

)︃
+ αH + ρm0a−3. (12)

The total effective density includes both the dark-energy sector and pressureless matter.
The parameter c sets the strength of the holographic contribution. The constant α

describes the QCD ghost term and is related to the QCD scale by α ∼ Λ3
QCD. The parameters

ψ and n control the exponential and power-law parts of the hybrid scale factor.
Differentiating Equation (12) with respect to the normalized time variable (using

H0 = 1), we obtain

ρ̇eff = 3c26∆/2(Ḧ + 4HḢ)

[︃
1 − ∆

2
{1 + ln R̄}

]︃
+ αḢ − 3ρm0Ha−3. (13)

The time derivative of the effective density depends on Ḧ and therefore the detailed time
evolution of the prescribed expansion history.

Since pressureless matter is separately conserved, ρ̇m = −3Hρm, the dark-energy
density obeys

ρ̇DE = ρ̇eff + 3Hρm = ρ̇eff + 3Hρm0a−3. (14)
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Assuming that the BHDE–GDE sector is separately conserved, its EoS parameter is

wDE = −1 − ρ̇DE
3HρDE

. (15)

Applying the continuity form to the total effective fluid, the reconstructed total-fluid
EoS parameter is defined as

wreconst = −1 −
ρ̇e f f

3Hρe f f
. (16)

Substituting Equations (12) and (13) into the above expression, we obtain the total-fluid
EoS in explicit form:

wreconst = −1 −
3c26∆/2(Ḧ + 4HḢ)

[︂
1 − ∆

2 {1 + ln R̄}
]︂
+ αḢ − 3ρm0Ha−3

3H
{︂

c2

2 6∆/2
[︂

R̄ − ∆
2 R̄ ln R̄

]︂
+ αH + ρm0a−3

}︂ . (17)

Thus, wDE characterizes the dark-energy sector, whereas wreconst characterizes the combined
dark-energy and matter fluid. They must be interpreted separately.

Throughout, R̄ ≡ R/H2
0 = 6(Ḣ + 2H2) denotes the dimensionless Ricci scalar. As we

can see, Equation (12) contains ln R̄. The reconstruction is well defined only for R̄ > 0; i.e.,
Ḣ + 2H2 > 0. This condition holds during the matter-dominated and accelerating epochs
considered here. However, it fails in an exactly radiation-dominated phase where R = 0.
We therefore restrict our analysis to the post-radiation late-time evolution of the universe.
The holographic contribution in Equation (12) is also understood as the leading-order
expansion in ∆ of R̄ 1−∆/2, so it is valid for small ∆ only.

Note that Equations (12)–(17) are obtained from the prescribed scale factor a(t) alone
and no field equation is solved at this stage. Consequently, wreconst is a kinematic re-
construction of the total effective fluid. It coincides with the dynamical expression
w = −1 − 2Ḣ/(3H2) only if ρeff in Equation (12) also satisfies the Friedmann constraint
ρeff ∝ H2. Finally, ρeff > 0 is required for wreconst in Equation (17) to remain finite since the
denominator vanishes if ρeff = 0.

3.2. Explicit Form of WReconst for the Three Reconstructed Scale Factors

Equation (17) is general for the prescribed background. We now substitute the
three scale-factor histories to obtain the corresponding explicit expressions for H, Ḣ, Ḧ,
and wreconst.

3.2.1. Motivation for the Choice of Scale Factors

We consider three scale-factor histories to compare the full hybrid form with its first-
and second-order truncations. The hybrid form contains both exponential and power-law
behavior, while the linear and quadratic forms retain successively higher orders of the
exponential expansion. This comparison tests how sensitive the reconstructed dynamics
are to the order of truncation.

3.2.2. Case I: a(t) = eψ ttn

We first consider the hybrid scale factor

a(t) = eψttn (18)

The hybrid form combines power-law behavior at early times with exponential behavior
at late times. For n > 0 and ψ > 0, the corresponding Hubble parameter evolves from a
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power-law-dominated regime toward the constant value ψ, providing a phenomenological
transition from deceleration to accelerated expansion.

For this scale factor, the Hubble parameter is

H =
ȧ
a
= ψ +

n
t

. (19)

Its first two time derivatives are
Ḣ = − n

t2 (20)

and
Ḧ =

2n
t3 (21)

respectively. For n > 0, Ḣ < 0, so the Hubble parameter decreases monotonically with
cosmic time. Substituting H and Ḣ gives

Ḣ + 2H2 = 2ψ2 +
4ψn

t
+

2n2 − n
t2 , (22)

which explicitly shows contributions from constant, inverse-time, and inverse-square-
time terms.

Substitution of Ḣ + 2H2 into Equation (6) gives

R =
6
(︁
−n + 2(n + tψ)2)︁

t2 (23)

Now, inserting the expressions of the scale factor a, Hubble parameter H, and Ricci
scalar R into Equation (12), the effective energy density in Case I is

ρ̄eff(t) =
c2

2
6∆/2R̄(t)

[︃
1 − ∆

2
ln R̄(t)

]︃
+ ᾱ

(︂
ψ +

n
t

)︂
+ ρ̄m0e−3ψtt−3n. (24)

and, from Equation (13), the time derivative of effective energy density in Case I is

ρ̇eff = 3c26∆/2
[︃

2n(1 − 2n)
t3 − 4ψn

t2

]︃
×
[︃

1 − ∆
2
{1 + ln R̄(t)}

]︃
− αn

t2

− 3ρm0He−3ψtt−3n.
(25)

Substituting a, ρe f f , and ρ̇e f f from Equations (18), (24) and (25), respectively, gives the
reconstructed EoS parameter for Case I:

wreconst(t) = − 1 −
3c26∆/2

[︂
2n(1−2n)

t3 − 4ψn
t2

]︂[︂
1 − ∆

2 {1 + ln R̄(t)}
]︂
− αn

t2 − 3ρm0He−3ψtt−3n

3H
[︂

c2

2 6∆/2
{︂

R̄(t)− ∆
2 R̄(t) ln R̄(t)

}︂
+ αH + ρm0e−3ψtt−3n

]︂ . (26)

The reconstructed wreconst in Equation (26) represents the combined effective fluid that
includes the pressureless-matter contribution, and it does not represent the dark-energy
component alone. Therefore, if wreconst < −1, it indicates phantom-like behavior of the
total effective fluid under the present definition, but it does not directly imply phantom
behavior of dark energy alone. Further, the late-time behavior of the universe should be
checked from the Hubble parameter H(t) = ψ + n/t. For (ψ > 0), we have H(t) → ψ

as t → ∞. This limiting behavior indicates that the expansion rate approaches a constant
value. Hence, the de Sitter behavior comes from the evolution of H(t) and not only from
the value of wreconst.
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3.2.3. Case II: a(t) = (1 + ψt)tn

We next consider the linearly truncated scale factor

a(t) = (1 + ψt)tn. (27)

It is obtained by retaining the linear term in the expansion of the exponential factor.
The Hubble parameter is

H =
ψ

1 + ψt
+

n
t

. (28)

The first two time derivatives are

Ḣ = − ψ2

(1 + ψt)2 − n
t2 , (29)

and

Ḧ =
2ψ3

(1 + ψt)3 +
2n
t3 (30)

respectively.
Substitution of Ḣ + 2H2 into Equation (6) gives

R(t) = 6

[︄
− ψ2

(1 + ψt)2 − n
t2 + 2

(︃
ψ

1 + ψt
+

n
t

)︃2
]︄

. (31)

Now, inserting the expressions of the scale factor a, Hubble parameter H, and Ricci scalar
R from (27), (28) and (31), respectively, into Equation (12), the effective energy density in
Case II is

ρ̄eff(t) =
c2

2
6∆/2R̄(t)

[︃
1 − ∆

2
ln R̄(t)

]︃
+ ᾱ

(︃
ψ

1 + ψt
+

n
t

)︃
+ ρ̄m0(1 + ψt)−3t−3n. (32)

and, from Equation (13), the time derivative of effective energy density in Case II is

ρ̇eff = 3c26∆/2
[︃

2ψ3

(1 + ψt)3 +
2n
t3 − 4

(︃
ψ

1 + ψt
+

n
t

)︃(︃
ψ2

(1 + ψt)2 +
n
t2

)︃]︃
×
[︃

1 − ∆
2
{1 + ln R̄(t)}

]︃
− α

[︃
ψ2

(1 + ψt)2 +
n
t2

]︃
− 3ρm0

(︃
ψ

1 + ψt
+

n
t

)︃
(1 + ψt)−3t−3n.

(33)

The Barrow deformation changes the time dependence of the effective density through the
Ricci-dependent term.

Substitution of H, ρe f f , and ρ̇e f f from Equations (28), (32) and (33) gives

wreconst,case2(t) = − 1 −

3c26∆/2
[︃

2ψ3

(1 + ψt)3 +
2n
t3 − 4

(︃
ψ

1 + ψt
+

n
t

)︃(︃
ψ2

(1 + ψt)2 +
n
t2

)︃]︃
×
[︃

1 − ∆
2
{1 + ln R̄(t)}

]︃
− α

[︃
ψ2

(1 + ψt)2 +
n
t2

]︃
− 3ρm0

(︃
ψ

1 + ψt
+

n
t

)︃
(1 + ψt)−3t−3n

3
(︃

ψ

1 + ψt
+

n
t

)︃[︄
c2

2
6∆/2R(t)

(︃
1 − ∆

2
ln R̄(t)

)︃

+ α

(︃
ψ

1 + ψt
+

n
t

)︃
+ ρm0(1 + ψt)−3t−3n

]︄
.

(34)

At early times, t → 0, the inverse powers of t may cause rapid changes in the reconstructed
total-fluid EoS wtot = wreconst. Whether its value is below or above −1, it describes the

https://doi.org/10.3390/universe12110335

https://doi.org/10.3390/universe12110335


Universe 2026, 12, 335 10 of 44

behavior of the combined fluid. Therefore, we cannot directly infer that dark energy is
phantom-like or quintessence-like without calculating its EoS separately. At late times,
the value of wtot depends on the chosen density expression and scale factor. Hence,
the value of wtot alone is not sufficient to conclude that the universe approaches a de
Sitter phase.

3.2.4. Case III: a(t) =
(︂

1 + ψt + ψ2t2

2

)︂
tn

We next consider the quadratically truncated hybrid scale factor

a(t) =
(︃

1 + ψt +
ψ2t2

2

)︃
tn, (35)

which corresponds to retaining terms up to second order in the series expansion of the
exponential factor. This form retains the next term in the exponential expansion. We define

F(t) = 1 + ψt +
ψ2t2

2
, (36)

so that the scale factor can be written compactly as a(t) = F(t)tn. With this definition,
the Hubble parameter becomes

H =
Ḟ
F
+

n
t
=

ψ + ψ2t
F

+
n
t

. (37)

The first- and second-order time derivatives of the Hubble parameter are accordingly
obtained as

Ḣ =
ψ2F − (ψ + ψ2t)2

F2 − n
t2 . (38)

and

Ḧ =
2
(︂
−4t3ψ3 + 6t5ψ5 + 2t6ψ6 + n[2 + tψ(2 + tψ)]3

)︂
t3[2 + tψ(2 + tψ)]3

(39)

respectively. The rational form of the scale factor determines the corresponding time
dependence of H. For positive ψ and n, the second term remains negative, and the overall
behavior corresponds to a decreasing Hubble rate with cosmic time.

Substitution of Ḣ + 2H2 into Equation (6) gives

R(t) = 6

[︄
−ψ3t − ψ4t2

2(︂
1 + ψt + ψ2t2

2

)︂2 − n
t2 +2

(︄
ψ + ψ2t

1 + ψt + ψ2t2

2

+
n
t

)︄2]︄
. (40)

Using Equations (35), (37) and (40) in Equation (12), the effective density in Case III is

ρ̄eff(t) =
c2

2
6∆/2R̄(t)

[︃
1 − ∆

2
ln R̄(t)

]︃
+ ᾱ

[︄
ψ + ψ2t

1 + ψt + ψ2t2

2

+
n
t

]︄
+ ρ̄m0

(︃
1 + ψt +

ψ2t2

2

)︃−3

t−3n, (41)

and, from Equation (13), the time derivative of effective energy density in Case III is
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ρ̇eff = 3c26∆/2

[︄
− 3ψ3(1 + ψt)

F2 +
2ψ3(1 + ψt)3

F3 +
2n
t3

− 4
(︃

ψ + ψ2t
F

+
n
t

)︃⎛⎝ψ3t + ψ4t2

2
F2 +

n
t2

⎞⎠]︄[︃1 − ∆
2
{1 + ln R̄(t)}

]︃

+ α

[︃
ψ2F − (ψ + ψ2t)2

F2 − n
t2

]︃
− 3ρm0

(︃
ψ + ψ2t

F
+

n
t

)︃
F−3t−3n.

(42)

The quadratic truncation modifies the Ricci-dependent contribution to the effective
dark-energy density.

Substituting H, ρe f f , and ρ̇e f f from Equations (37), (41) and (42) gives the reconstructed
EoS for Case III,

wreconst,case3(t) = − 1 − N (t)
3t2A4(t)B(t)D(t)

, (43)

where the expressions in the denominator of Equation (43) are

A(t) = 2 + tψ(2 + tψ), (44)

B(t) = n +
2tψ(1 + tψ)

2 + tψ(2 + tψ)
, (45)

and

D(t) =
16t−3nρm0

A3(t)
+

2αB(t)
t

+
2∆/231+∆/2c2C(t)

[︂
2 − ∆ ln

(︂
6C(t)

t2A2(t)

)︂]︂
t2A2(t)

,

(46)

with
C(t) = − 2t3ψ3(2 + tψ) + 2

[︂
2n + 2(1 + n)tψ + (2 + n)t2ψ2

]︂2

− nA2(t).
(47)

The numerator in Equation (43) is given by

N (t) = t−3n
{︂

2t
[︂
24tρm0

(︁
− 2tψ(1 + tψ)− nA

)︁
− t3nαA2(︁2t3ψ3(2 + tψ) + nA2)︁]︂

+ t3n 61+∆/2c2 AE
[︂
(∆ − 2) + ∆ ln

6C
t2A2

]︂}︂
.

(48)

with
E(t) = 2n2A3(t) + 2t3ψ3(1 + tψ)[2 + 3tψ(2 + tψ)]

+ nA(t)
[︂
−4 + t2ψ2(8 + tψ(16 + 7tψ))

]︂
.

(49)

3.3. Observational Constraints from Cosmic Chronometer Data

For the observational analysis, we introduce the dimensionless parameter p = ψt0,
where ψ appears in the scale-factor parameterizations and t0 is the present cosmic time.
The parameters (H0, p, n) are determined separately for each parameterization using the
32 Cosmic Chronometer (CC) measurements compiled by Favale, Gómez-Valent and
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Migliaccio [68] over 0.07 ≤ z ≤ 1.965. The observed H(z) values and quoted uncertainties
are taken from Table 1 of Ref. [68]. In the fits reported here, we use the diagonal chi-square

χ2
CC(θ) =

32

∑
i=1

[Hth(zi; θ)− Hi]
2

σ2
i

, θ = (H0, p, n), (50)

where Hi and σi are the tabulated central values and individual quoted uncertainties.
Thus, this likelihood treats the measurements as uncorrelated; it does not include the
available non-diagonal systematic covariance for subsets of the compilation. The fit and
the flat ΛCDM comparison shown in Figure 1 use this same diagonal-error prescription.
The reported information criteria are therefore conditional on this choice of likelihood.

Figure 1. Theoretical Hubble parameter H(z) for the hybrid, linearly truncated and quadratically
truncated scale-factor models, together with the best-fit flat ΛCDM curve, compared with the 32
Cosmic Chronometer (CC) measurements. The flat ΛCDM parameters are fitted to the same data
using the diagonal chi-square defined in Equation (50); the error bars show the individual quoted
uncertainties. Correlations in the systematic covariance are not included in these fits.

For each parameterization the model prediction is Hth(z; H0, p, n) = H0 H̃(x)/H̃(1),
where x = t/t0, H̃(x) = d ln a/dx is the Hubble rate in units of t−1

0 and x(z) is the root of
a(x)/a(1) = (1 + z)−1. Explicitly, H̃ = p + n/x (hybrid), H̃ = p/(1 + px) + n/x (linear),
and H̃ = (p + p2x)/F(x) + n/x with F(x) = 1 + px + p2x2/2 (quadratic). The values
χ2

red ≃ 0.4 < 1 indicate that the quoted diagonal uncertainties are conservative relative to
the scatter of the data; they are not rescaled here.

For reference, flat ΛCDM is fitted independently to the same 32 CC points us-
ing Equation (50) with HΛCDM(z) = H0[Ωm0(1 + z)3 + 1 − Ωm0]

1/2. The diagonal-
error fit gives H0 = 71.0291 km s−1 Mpc−1 and Ωm0 = 0.28261 with χ2

min = 11.6554
and χ2

red = 0.3885. This is a separate flat ΛCDM fit and does not refit the three
kinematic models.

In addition to minimizing χ2
CC, we sampled the parameter posterior for each scale-

factor prescription using a Markov Chain Monte Carlo (MCMC) procedure. The likelihood
was taken to be proportional to exp

[︁
−χ2

CC/2
]︁
; χ2

CC is defined in Equation (50). Hence,
as in the best-fit analysis, the quoted CC errors were treated as diagonal, and non-diagonal
systematic covariance was not included. The corner plots in Figure 2 show the marginalized
posterior distributions of (H0, p, n) along the diagonal and their joint distributions off the
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diagonal. The dashed vertical lines mark the 16th, 50th, and 84th percentiles; the median
and the 16th/84th percentiles summarize the parameter estimates and their central 68%
credible intervals. The joint contours illustrate parameter correlations and degeneracies.

Figure 2. MCMC corner plots for the (blue) hybrid, (orange) linearly truncated, and (green) quadrati-
cally truncated scale-factor models that were obtained using the 32-point Cosmic Chronometer H(z)
dataset. The diagonal panels show the marginalized posterior distributions of H0, p = ψt0, and n,
while the off-diagonal panels show their joint posterior distributions and parameter correlations.
Dashed vertical lines indicate the 16th, 50th, and 84th percentiles of each marginalized posterior,
with the 16th and 84th percentiles defining the central 68% credible interval.

The posterior summaries indicate that the inferred values of H0 are broadly concen-
trated around 66–69 km s−1 Mpc−1 across the three prescriptions. The joint contours also
show parameter degeneracies, most clearly the negative correlation between p and n. In the
linear model, the marginalized posterior for p is comparatively broad and rises towards the
upper end of the displayed parameter range. The likelihood, fitted parameter vector, data
compilation, and diagonal-error treatment are specified above; the posterior contours are
interpreted as conditional on the sampling ranges used to generate the displayed chains.

Throughout the numerical analysis, we use natural units and express dimensionful
quantities in units set by the present Hubble scale. The CC likelihood gives separate
estimates of (H0, p, n) for each scale-factor history. The numerical analysis uses c = 1.2,

https://doi.org/10.3390/universe12110335

https://doi.org/10.3390/universe12110335


Universe 2026, 12, 335 14 of 44

Ωm0 = 0.30, and ∆ = 0.10, 0.15, 0.20. These are fiducial choices for the reconstruction,
not jointly constrained parameters by the CC-only fit: c = 1.2 is held fixed to isolate the
effect of varying the Barrow deformation parameter, while Ωm0 = 0.30 is a representative
present-day matter fraction. The values ∆ = 0.10, 0.15, 0.20 sample a modest range of
nonzero Barrow deformations. The curves show the dependence on ∆ over the relevant
range; a broader parameter study is left for future work. In the power-law ansatz fPL(T) =
T + β(−T)m, we fix m = 0.32 as a phenomenological test value and determine β from the
present-day normalization; m is not fitted to the CC data, and the residual conclusions
for this ansatz are conditional on this choice. In the adopted H0-normalized convention,
the dimensionless matter density is ρm = 3Ωm0(1 + z)3 and the ghost term used in the
residual calculation is ρGDE = 4.32E, where E = H/H0 and 4.32 = 3c2. The same source-
density prescription is used for all three backgrounds. The numerical residuals should be
read within this convention; the dimensional quantities must be converted consistently if
physical units are restored. The Barrow entropy normalization γ is kept explicit. The CC-fit
variable x = t/t0 and the function ˜︁H(x) are dimensionless. We recover the physical Hubble
rate from H(t) = H0 ˜︁H(x)/ ˜︁H(1). In plots with H0 = 1, we use τ = H0t; physical time is
then t = τ/H0. If H0 is given in km s−1 Mpc−1, then H−1

0 = 977.8/[H0/(km s−1 Mpc−1)]

Gyr. For example, H0 = 70 km s−1 Mpc−1 gives H−1
0 ≃ 13.97 Gyr. The CC fit and Approach

II use different time origins, as specified in those sections.
Before closing this subsection, let us note that, for the quadratic model, the normalized

Hubble parameter is defined such that Hth(0) = H0. Using the best-fit parameters in
Table 1, this gives Hth(0) = 68.9013 km s−1 Mpc−1. The quadratic curve in Figure 1 is
plotted using this normalization.

Table 1. Best-fit parameters obtained from the 32 Cosmic Chronometer measurements for the
three scale-factor parameterizations using the diagonal-error χ2

CC defined in the text. Here, H0

is in km s−1 Mpc−1 and p = ψt0 is dimensionless; non-diagonal systematic covariance is not in-
cluded. The quadratic row reports the corrected minimum obtained by global search followed by
local refinement.

Model H0 p n χ2
CC dof χ2

red

Hybrid 69.5781 0.4460 0.4713 11.8497 29 0.4086
Linear 66.1944 0.8156 0.4446 12.3588 29 0.4262
Quadratic 68.9013 0.4891 0.4521 11.9157 29 0.4109

3.4. Statistical Model Comparison

To compare the three scale-factor prescriptions with the flat ΛCDM model, we use
the reduced chi-square, Akaike Information Criterion (AIC), and Bayesian Information
Criterion (BIC). For N = 32 measurements, these quantities are defined using the number k
of fitted parameters (k = 3 for each kinematic prescription and k = 2 for flat ΛCDM) as

χ2
red =

χ2
CC

N − k
, AIC = χ2

CC + 2k, BIC = χ2
CC + k ln N. (51)

Table 2 reports these values. Because the calculation uses the diagonal chi-square in
Equation (50), the comparison does not account for the full covariance. Flat ΛCDM has the
lowest AIC and BIC, although the differences from the three kinematic models are modest.
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Table 2. Statistical comparison of the three scale-factor prescriptions and flat ΛCDM using the same
32 Cosmic Chronometer measurements and diagonal-error likelihood.

Model χ2
CC χ2

red AIC ∆AIC BIC ∆BIC

Flat ΛCDM 11.6554 0.3885 15.6554 0.0000 18.5887 0.0000
Hybrid 11.8497 0.4086 17.8497 2.1943 22.2469 3.6582
Linear 12.3588 0.4262 18.3588 2.7034 22.7560 4.1673
Quadratic 11.9157 0.4109 17.9157 2.2603 22.3129 3.7242

Table 2 shows that the flat ΛCDM model gives the lowest AIC and BIC values for the
present CC data. However, the differences between this model and the three scale-factor
models are not very large. Thus, the three prescribed histories also provide comparable
fits to the CC data. The present analysis uses diagonal errors and does not include the full
systematic covariance of the CC measurements, so the model ranking should be read with
this limitation in mind.

3.5. CC-Constrained Reconstruction of the EoS

For Figure 3, we use the best-fit values of H0, p = ψt0, and n obtained from the 32 CC
measurements (Table 1); these parameters are not refitted for the figure. We calculate H(t)
and its derivatives from Equations (19)–(37), relate redshift to time through a(t)/a(t0) =

(1 + z)−1, and obtain the total effective density and EoS from Equations (12) and (17). We
keep c = 1.2, Ωm0, and α/H0 fixed and vary ∆ over the presented range. The surfaces
illustrate how the reconstructed EoS changes with ∆ for each history.

The parameter-setting procedure adopted for Figure 3 can be summarized as

(H0, p, n)⏞ ⏟⏟ ⏞
CC constrained

,
(︃

c,
α

H0
, Ωm0

)︃
⏞ ⏟⏟ ⏞

fixed independently

, ∆⏞⏟⏟⏞
varied

, (52)

where the first set is determined from the CC analysis, the second is fixed independently,
and only ∆ is varied to examine the sensitivity of the reconstructed EoS. The holographic
contribution is controlled by the dimensionless parameter c. Since c is not constrained by
the CC-only background reconstruction, we adopt c = 1.2 as a fiducial value. Ref. [69]
constrains the coefficients of the standard event-horizon holographic and Ricci dark-energy
models separately. It reports tensions between data combinations, including poor viability
of the standard Ricci model once early-universe information is included. Those constraints
do not transfer directly to the dimensionally different Barrow–Ricci density used here.
The value c = 1.2 is therefore a fiducial choice only, and c and α are not constrained by the
CC-only analysis. This value is held fixed during the reconstruction so that we can study
the effect of the Barrow deformation parameter ∆ without an additional degeneracy due
to c.

Figure 3 shows how the reconstructed EoS varies with ∆ for the three scale-factor histories.
While concluding the current section, it is important to emphasize that the recon-

structed equation of state parameter wreconst derived in this framework represents the
total effective fluid of the universe (combining both dark-energy and pressureless-matter
components) rather than the dark-energy sector only. Consequently, direct comparisons be-
tween wreconst and observational bounds restricted strictly to dark energy (such as w = −1
quintessence/phantom boundaries) must be interpreted taking the combined-fluid contri-
bution into consideration.
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(a) Hybrid model. (b) Linear model. (c) Quadratic model.

Figure 3. Three-dimensional sensitivity of the CC-constrained reconstructed total-fluid EoS param-
eter wtot ≡ wreconst to redshift z and the Barrow deformation parameter ∆ for the hybrid, linear,
and quadratic scale-factor models. The plotted quantity includes pressureless matter and is not
the dark-energy-only EoS. The CC-constrained background parameters (H0, p, n) are kept fixed,
while the remaining parameters are fixed at the values specified in the text. The variation of the
surface with 0 ≤ ∆ ≤ 0.2 illustrates the dependence of the reconstructed EoS on the Barrow
deformation parameter.

4. Approach II: Reconstructing BHDE as Ghost Dark Energy
In Approach II, the exact correspondence between BHDE and GDE under a Hubble

cutoff implies an underlying exponential expansion history (H = H0). The linear and
quadratic Taylor expansions implemented here should thus be regarded as phenomenolog-
ical approximations designed to test deviations near the present epoch rather than exact
analytic solutions of the foundational correspondence condition across all redshifts. In the
following subsections we elaborate the detailed methodology.

4.1. BHDE–GDE Correspondence

In this subsection, we impose the correspondence ρBHDE = ρGDE. The purpose
is to test whether the Barrow entropy-corrected holographic component can reproduce
the background scaling of QCD ghost dark energy without treating GDE as a separate
component. The correspondence defines a single effective dark-energy sector and tests the
relation between the two constructions.

BHDE–GDE Correspondence Under Hubble Infrared Cutoff

We choose the Hubble horizon as the infrared (IR) cutoff:

L =
1
H

. (53)

With L = 1/H, the holographic dark-energy density is directly related to the Hubble
parameter, which simplifies the correspondence analysis.

In Approach II, we impose the correspondence

ρBHDE = ρGDE. (54)

Under this assumption, using the general expression of BHDE density, we obtain

3c2L∆−2 = αH. (55)

Setting L = 1/H gives an algebraic relation between the Hubble parameter and the
model parameters.
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Solving this relation, we obtain

H =
ȧ
a
=
(︂ α

3c2

)︂ 1
1−∆

= H0, (56)

where a denotes the scale factor. Thus, the exact correspondence gives a constant Hubble
rate and hence an exponential solution. The linear and quadratic scale factors introduced
below are Taylor truncations of this exponential form; they are not independent exact solu-
tions of Equation (56). The truncations are used to test the sensitivity of the reconstructed
EoS to the order of the scale-factor expansion.

Integrating gives the scale factor

a(t) = a0eH0t. (57)

The dark-energy density is then

ρDE = 3c2H2−∆ = 3c2
(︂ α

3c2

)︂ 2−∆
1−∆ . (58)

The total effective energy density, including matter, is

ρe f f = 3c2
(︂ α

3c2

)︂ 2−∆
1−∆

+ ρm0a−3. (59)

Here, the first term represents the constant dark-energy contribution, while the second term
corresponds to the pressureless-matter component, which decreases with the expansion of
the universe.

Using a(t) = a0eH0t, the effective density explicitly becomes

ρe f f = 3c2
(︂ α

3c2

)︂ 2−∆
1−∆

+ ρm0

(︂
a0eH0t

)︂−3
. (60)

Differentiating Equation (60) gives the time derivative of the effective energy density:

ρ̇eff = −3H0ρm0

a3
0

e−3H0t. (61)

Substituting the effective density and its time derivative from Equations (60) and (61)
into Equation (16), we obtain the reconstructed EoS in Approach II:

wreconst,ApproachI I = −1 +
H0ρm0

H
(︃

3
1

∆−1 a3
0e3H0t α

(︂
α
c2

)︂ 1
1−∆

+ ρm0

)︃ . (62)

From Equation (62), we see that the deviation of the total-fluid EoS parameter wtot = wreconst

from −1 depends on the matter density ρm0 and the exponential term e3H0t. As z → ∞,
the dust density becomes dominant and wtot approaches zero. However, this does not
mean that the universe passes through a matter-dominated phase because H = H0 remains
constant in this model. This happens because, in the present approach, the Friedmann
equation is not imposed on the dust density together with the constant dark-energy density.
At the present time (t = 0), the value of wtot is greater than −1. This value describes
the combined fluid and should not be taken as the EoS of dark energy alone. Since the
dark-energy density is assumed to be constant, its EoS is wDE = −1 if the dark-energy
component is separately conserved. Therefore, in this exact correspondence, the de Sitter
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expansion follows from the constant value of H and not simply from the limiting value of
the total-fluid EoS.

Figure 4 presents the reconstructed total-fluid equation-of-state parameter wtot(z) ≡
wreconst(z) for the BHDE–GDE correspondence in Approach II. It includes the pressureless-
matter contribution and must not be interpreted as the dark-energy-only EoS. In this case,
the correspondence condition with the Hubble horizon cutoff fixes the Hubble rate to
the constant value H = H0, leading to the exponential scale factor a(t) = a0eH0t given in
Equation (57). Using the standard redshift definition 1 + z = a0/a(t) gives

t(z) = − ln(1 + z)
H0

. (63)

The exponential factors in the density and its time derivative are e−3H0t = (1 + z)3 and
e3H0t = (1 + z)−3. Substituting these expressions into Equation (62) gives the EoS as a
function of redshift. We plot it over −0.5 ≤ z ≤ 2, covering the recent past and a moderate
future interval without approaching z = −1. We set H0 = 1, c = 1.2, and Ωm0 = 0.30
and use ∆ = 0.10, 0.15, and 0.20. The CC fit in Section 3 does not constrain the pure
exponential background, so H0 = 1 is a normalization choice. The correspondence fixes
α/H1−∆

0 = 3c2 = 4.32.

Figure 4. Redshift evolution of the reconstructed total-fluid equation-of-state parameter
wtot(z) ≡ wreconst(z), including pressureless matter and the effective dark-energy sector, for the
hybrid BHDE–GDE correspondence. The curves correspond to ∆ = 0.10, 0.15, and 0.20. The vertical
dotted line marks z = 0; the horizontal lines mark wtot = −1 and wtot = −1/3 for reference only.
The curves use the common dimensionless convention H0 = 1, c = 1.2, and Ωm0 = 0.30. The plotted
wtot is not the dark-energy-only EoS.

The three curves in Figure 4 nearly overlap. At the present epoch, wreconst(0) ≃ −0.8276
describes the combined dark-energy-plus-matter fluid, not dark energy alone. For the
exact BHDE–GDE correspondence, the dark-energy density is constant and wDE = −1; the
total-fluid value should therefore not be compared directly with DESI constraints on the
dark-energy EoS. The weak dependence on ∆ arises from the normalization used here: the
correspondence fixes H = H0, so E = H/H0 = 1 and the factor E2−∆ is unity. This is a
degeneracy of the adopted prescription, not evidence that the Barrow parameter has no
effect in general. The time origins also differ between sections: in Section 3, t0 > 0 is the
present cosmic age, whereas here t = 0 is the present epoch and a0 = a(0); thus t < 0 refers
to the past. The two conventions should not be mixed in the Taylor expansions below.
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Reconstructed EoS Parameter in Approach II for Linearly and Quadratically Truncated
Scale Factor

Expanding the scale factor in Equation (57), a(t) = a0eH0t, to first order gives

a(t)linear ≈ a0(1 + H0t) (64)

Expanding Equation (57) to second order gives

a(t)quadratic ≈ a0

(︄
1 + H0t +

H2
0 t2

2

)︄
. (65)

Scope and consistency of the truncated histories.
The exact BHDE–GDE correspondence in Equation (56) requires constant H for fixed

c, α, and ∆ < 1. Therefore, the linear and quadratic scale factors are treated below as
phenomenological Taylor-truncated histories, not exact solutions of the correspondence
condition. Normalizing the densities to agree at H = H0, their ratio for a time-dependent
trial history is

ρBHDE

ρGDE
=

(︃
H
H0

)︃1−∆
.

For the linear history, we have H/H0 = 1 + z, whereas, for the quadratic history,
H/H0 =

√
1 − z2 within the real-valued redshift range. Thus, both densities have the

same value at z = 0, but their values become different at other redshifts. At z = 0.95,
the density ratio is found to be 1.82, 1.76, and 1.71 for ∆ = 0.10, 0.15, and 0.20, respectively,
for the linear case. For the quadratic case, the corresponding values are 0.35, 0.37, and 0.39
(Figure 5b). These values show that the differences are substantial. Thus, rather than
treating the linear and quadratic histories as close approximations of the exact solution, we
consider them as two distinct phenomenological models. In the following calculations, we
keep the constant dark-energy term as a reference density taken from the exact exponential
solution. Therefore, the behavior of the EoS parameter obtained here depends on this
choice and should not be considered as exact results of the BHDE–GDE correspondence.

For the linearly truncated scale factor (64), the Hubble parameter and its first time
derivative are

H(t) =
H0

1 + H0t
, (66)

and

Ḣ(t) = −
H2

0
(1 + H0t)2 (67)

respectively.
Also, the Hubble parameter and its first time derivative for quadratically truncated

scale factor (65) are

H(t) =
2H0(1 + H0t)

2 + H0t(2 + H0t)
, (68)

and

Ḣ(t) = −
2H3

0 t(2 + H0t)

[2 + H0t(2 + H0t)]2
(69)

respectively.
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Figure 5. (a) Reconstructed total-fluid EoS wtot(z) ≡ wreconst(z) in Approach II in the common
dimensionless convention (H0 = 1, c = 1.2, Ωm0 = 0.30); the exponential, linearly truncated and
quadratically truncated histories and all ∆ = 0.10, 0.15, 0.20 give the same curve. The horizontal
lines w = −1 and w = −1/3 are reference levels only, and the plotted quantity includes pressureless
matter and is not the dark-energy-only EoS. (b) Density ratio ρBHDE/ρGDE = (H/H0)

1−∆ for the
linear (solid) and quadratic (dashed) truncations, which measures the departure of the truncated
histories from the exact correspondence ρBHDE = ρGDE.

Thus, for linearly truncated scale factor (64), the effective density is given by

ρe f f ,linear = 3c2H2−∆
0 + ρm0[a0(1 + H0t)]−3, (70)

and, for quadratically truncated scale factor (65), the effective density is given by

ρe f f ,quadratic = 3c2H2−∆
0 + ρm0

[︄
a0

(︄
1 + H0t +

H2
0 t2

2

)︄]︄−3

(71)

Differentiating Equations (70) and (71) gives the density derivatives for the linear and
quadratic histories

ρ̇eff,linear = − 3H0ρm0

a3
0(1 + H0t)4

(72)

and

ρ̇eff,quadratic = − 48H0(1 + H0t)ρm0

a3
0(2 + H0t(2 + H0t))4 (73)

respectively.
Substituting the expressions of effective energy densities, given by Equations (70) and (71),

and their respective time derivatives, given by Equations (72) and (73), into Equation (16),
the effective reconstructed EoS parameters for linearly and quadratically truncated scale
factors are

wreconst,ApproachI I,linear = −1 +
H1+∆

0 ρm0

3a3
0c2HH2

0(1 + H0t)4 + HH∆
0 (1 + H0t)ρm0

(74)

and

wreconst,ApproachI I,quadratic = −1 +
16H1+∆

0 (1 + H0t)ρm0

H(2 + H0t(2 + H0t))
[︂
3a3

0c2H2
0(2 + H0t(2 + H0t))3 + 8H∆

0 ρm0

]︂ (75)

respectively.
In the common dimensionless convention (H0 = 1, ρ̄DE = 3c2 = 4.32, ρ̄m0 = 3Ωm0 =

0.90) the factors H∆
0 in Equations (74) and (75) equal unity, and the Hubble rate cancels

in ρ̇eff/(3Hρeff). With a(t)/a0 = (1 + z)−1 every history then gives the same function,

https://doi.org/10.3390/universe12110335

https://doi.org/10.3390/universe12110335


Universe 2026, 12, 335 21 of 44

wtot(z) = −1 + ρ̄m/(ρ̄DE + ρ̄m) = −1 + 0.9(1 + z)3/[4.32 + 0.9(1 + z)3], independent of ∆
and the truncation order. Any ∆ dependence of the linear and quadratic results that were
obtained by inserting a numerical H0 in km s−1 Mpc−1 into H−∆

0 is a unit artifact and is not
retained. (The constant ρ̄DE is a reference value; Friedmann closure 3 = ρ̄DE + ρ̄m0 is not
imposed on this sector for c = 1.2).

In Table 3, the values in the first three columns are for the total fluid, including
pressureless matter. Therefore, these values should not be taken as the EoS of dark energy
alone or directly compared with the observational constraints on dark energy. In all three
histories considered here, the non-matter part is taken as the constant density ρDE =

3c2H2−∆
0 . If this component is conserved separately, we get wDE = −1 from its continuity

equation. For the truncations leading to linear and quadratic histories also, this result
comes from the assumption of constant dark-energy density. It does not imply that these
two histories satisfy the exact BHDE–GDE correspondence. Therefore, we do not compare
the total-fluid values in the first three columns with the DESI constraint on dark energy.

Table 3. Present-day total-fluid EoS values wtot(0) = wreconst(z = 0) for the hybrid, linear,
and quadratic scale-factor prescriptions. The final column reports wDE,0 under the constant dark-
energy-density prescription used in the corresponding effective-density expressions. For the truncated
histories, this is a consequence of the adopted density ansatz and is not an independent test of the
exact BHDE–GDE correspondence. All values use the common dimensionless convention H0 = 1
with c = 1.2 and Ωm0 = 0.30.

∆ whybrid
tot,0 wlinear

tot,0 wquadratic
tot,0 wDE,0 (Constant-Density Ansatz)

0.10 −0.8276 −0.8276 −0.8276 −1
0.15 −0.8276 −0.8276 −0.8276 −1
0.20 −0.8276 −0.8276 −0.8276 −1

We first employ the scale factors truncated linearly and quadratically through
Equation (64) and Equation (65), respectively. Their corresponding Hubble parameters
and first time derivatives are given by Equations (66)–(69), while the effective densities and
their time derivatives follow from Equations (70)–(73). Substitution into the effective-fluid
relation, Equation (16), yields the reconstructed EoS expressions in Equations (74) and (75).

The conversion from cosmic time to redshift is performed from a(t)/a(t0) = (1+ z)−1.
For the linear truncation this gives

H0t = − z
1 + z

, (76)

whereas, for the quadratic truncation, one obtains

H0t = −1 +

√︃
1 − z
1 + z

. (77)

The latter relation restricts the real-valued reconstruction to z ≤ 1; accordingly, Figure 5
is displayed over a common range −0.5 ≤ z ≤ 0.95. The coefficient α is fixed through
α/H1−∆

0 = 3c2 = 4.32, and the evaluation uses the common dimensionless convention
described above (H0 = 1, c = 1.2, Ωm0 = 0.30) for ∆ = 0.10, 0.15 and 0.20. The H0 values
of the Section 3 fits are not used here because the fitted (p, n) do not constrain these pure
polynomial histories.

Figure 5a shows the total-fluid EoS implied by the two truncation schemes. In the
common convention it is the same function of z for both truncations and for all ∆ (see
above): wtot = −0.7353, −0.5872 and −0.4515 at z = 0.2, 0.5 and 0.8. These values are
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reported as total-fluid diagnostics only. The truncation order and ∆ enter only through the
density ratio in Figure 5b, not through wtot.

At z = 0, Table 3 lists wtot,0 = −0.8276 for all three histories and all ∆. These
values describe the combined fluid and are not dark-energy EoS estimates; they are there-
fore not classified as quintessence-like dark-energy values or compared with the DESI
dark-energy constraint. Under the constant non-matter density explicitly adopted in
Equations (70) and (71), the corresponding dark-energy EoS is wDE = −1 if that compo-
nent is separately conserved. For the truncated backgrounds this is a property of the
adopted density prescription, not a demonstration that the histories satisfy the exact
constant-H correspondence.

5. Reconstruction of the Deceleration Parameter q
The deceleration parameter characterizes the expansion dynamics and the transition

between decelerated and accelerated phases [60,70]. Within the homogeneous and isotropic
Friedmann–Lemaître–Robertson–Walker (FLRW) framework, it is defined as q = − aä

ȧ2 ,
where a(t) denotes the cosmic scale factor [59,60]. Observational evidence from Type Ia
supernovae, cosmic microwave background radiation, and baryon acoustic oscillations
strongly supports the existence of a late-time accelerated expansion, implying that the
present value of the deceleration parameter is negative [1–4].

The deceleration parameter is mathematically expressed in terms of the Hubble pa-
rameter as

qreconst = −1 − Ḣ
H2 , (78)

which relates cosmic acceleration directly to the time evolution of the Hubble rate [70].
This form is useful here because the expansion history is specified through H(t). Posi-
tive values of q correspond to deceleration, whereas negative values indicate accelerated
expansion [8,9]. The evolution of q therefore shows whether a prescribed history passes
from deceleration to late-time acceleration.

Substituting the three Hubble functions and their first time derivatives into Equation (78)
gives the corresponding deceleration parameters:

qreconst,case1(t) = −1 +
n

(n + ψt)2 (79)

qreconst,case2(t) = −1 +
n + 2nψt + (n + 1)ψ2t2

[n + (n + 1)ψt]2
(80)

qreconst,3(t) = −1 +
n
(︂

1 + ψt + ψ2t2

2

)︂2
+ ψ3t3

(︂
1 + ψt

2

)︂
[︂
n
(︂

1 + ψt + ψ2t2

2

)︂
+ ψt(1 + ψt)

]︂2 . (81)

To compare the reconstructed deceleration parameters with the redshift evolution,
we introduce the dimensionless time x = t/t0 and use the CC-constrained parameter
p = ψt0. The relation a(t)/a(t0) = (1 + z)−1 then determines x(z) numerically for each
scale-factor prescription. Substitution into Equations (79)–(81) gives the corresponding
qreconst(z) curves. Because the calculation uses x = t/t0, the explicit dependence on
H0 cancels.

Figure 6 shows the redshift z evolution of the reconstructed deceleration parameter q
for the hybrid, linear-truncation and quadratic-truncation scale-factor prescriptions. In all
three cases the qualitative behavior is similar: q is negative at the present epoch, indicating
accelerated expansion, and becomes positive toward higher redshifts, corresponding to a
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decelerated expansion phase. Thus all three reconstructed backgrounds show a transition
from decelerated to accelerated expansion as the universe evolves to the present epoch.

Figure 6. Evolution of the reconstructed deceleration parameter qreconst(z) with z for the hybrid, linear-
truncation, and quadratic-truncation scale factors presented in Equations (79)–(81). The curves are
obtained using the corresponding CC-constrained values of p and n listed in Table 1. The horizontal
line q = 0 divides the accelerated (q < 0) and decelerated (q > 0) expansion regimes, while the
vertical line at z = 0 represents the present epoch.

The present values of the deceleration parameter are approximately qreconst(0) = −0.4399,
−0.1909 and −0.3791 for the hybrid, linear and quadratic cases, respectively. The corre-
sponding transition from deceleration to acceleration, defined by qreconst(zt) = 0, occurs
at about zt ≃ 0.776, 0.832, and 0.792, respectively. The three histories differ quantitatively
but show a similar overall pattern and close transition redshifts. The hybrid and quadratic
histories evolve similarly over much of the interval, while the linear history has a less
negative present-day value of qreconst.

6. Incorporation of f (T) Gravity
We combine the Barrow–Ricci and QCD ghost terms in the effective energy density

and pressure. We then study this effective sector in f (T) gravity. Similar effective-fluid
constructions appear in Refs. [71,72].

We now embed the BH–Ricci and QCD ghost dark-energy sectors into the teleparallel
modified-gravity framework described by a general function f (T) of the torsion scalar T.
The action is taken as [40,73–75]

S =
1

2κ2

∫︂
d4x e f (T) + Sm + SBH−Ricci + SGDE, (82)

where e = det
(︁
eA

µ

)︁
=

√−g, κ2 = 8πG, and Sm denotes the matter action. For a spatially
flat FLRW background, the torsion scalar is

T = −6H2, (83)

where H = ȧ/a is the Hubble parameter.
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Variation of the action with respect to the tetrad gives the modified Friedmann equa-
tions. In the convention T = −6H2, they can be written as

κ2ρsrc =
1
2

(︂
f + 12H2 fT

)︂
, (84)

κ2 psrc = −1
2

[︂
f + 4(3H2 + Ḣ) fT − 48H2Ḣ fTT

]︂
, (85)

where fT ≡ d f /dT and fTT ≡ d2 f /dT2. Here ρsrc and psrc denote the explicit source density
and pressure, including matter and the two phenomenological dark-energy components
but excluding the effective torsional contribution. This notation is used consistently below.

We isolate the purely geometrical contribution generated by departures from the TEGR
form f (T) = T. With M2

Pl = 1/κ2, we define the effective torsional density and pressure by
subtracting the TEGR terms from the modified Friedmann equations:

ρT ≡
M2

Pl
2

(2T fT − f − T), (86)

pT ≡
M2

Pl
2

[︂
f + 4(3H2 + Ḣ) fT − 48H2Ḣ fTT − 6H2 − 4Ḣ

]︂
. (87)

These definitions make the decomposition 3M2
PlH

2 = ρsrc + ρT consistent with the first
modified Friedmann equation, where ρsrc excludes the torsional contribution. They
also give ρT = pT = 0 in the TEGR limit f (T) = T, fT = 1, and fTT = 0.
For fPL(T) = T + β(−T)m with T = −6H2, this convention gives ρPL

T = M2
Plβ(m −

1/2)(6H2)m; the factor is (m − 1/2), not (1/2 − m). The pressure definition follows from
the Einstein-form rewriting −M2

Pl(3H2 + 2Ḣ) = psrc + pT , with psrc given by the second
field equation above. The subtraction terms are written inside the common factor M2

Pl/2 as
−6H2 − 4Ḣ; this makes the TEGR limit pT = 0 explicit. With these definitions, ρT and pT

satisfy the continuity equation

ρ̇T + 3H(ρT + pT) = 0. (88)

For the power-law form the pressure is

pPL
T = −M2

Plβ

(︃
m − 1

2

)︃
(6H2)m

[︃
1 +

2mḢ
3H2

]︃
. (89)

With M2
Pl = (8πG)−1 = 1/κ2, the first Friedmann equation can consequently be

expressed as
3M2

PlH
2 = ρm + ρBH−Ricci + ρGDE + ρT . (90)

The explicit dark-energy densities use the same prescription as the earlier reconstruction.
In particular, the logarithmic approximation expands the curvature-dependent factor to
first order in ∆ while retaining the normalization factor 6∆/2 exactly. On the admissible
domain R > 0, its dimensionally restored form is

ρBH−Ricci =
c2

2
6∆/2M2

PlR

[︄
1 − ∆

2
ln

(︄
R

H2
0

)︄]︄
, R = 6(Ḣ + 2H2), (91)

ρGDE = αH. (92)

The logarithm therefore acts only on the dimensionless curvature R/H2
0 . All the recon-

struction and residual calculations use this same first-order prescription; the unexpanded
fractional-power expression is not substituted in later sections.
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Effective dark-energy sector and equation of state.

For the background reconstruction, we collect all non-matter contributions into a
single effective dark-energy sector,

ρtot
DE = ρBH−Ricci + ρGDE + ρT . (93)

Rather than assigning separate phenomenological pressures to the individual BH–Ricci and
ghost components, we define the effective pressure of the total non-matter sector through
the background continuity equation,

ptot
DE = −ρtot

DE −
ρ̇tot

DE
3H

. (94)

Accordingly, the reconstructed total dark-energy equation-of-state parameter is

wtot
DE = −1 − 1

3H
ρ̇tot

DE
ρtot

DE
. (95)

This definition incorporates the Barrow–Ricci, ghost, and torsional contributions into a
single effective sector without requiring an independent pressure prescription for each
phenomenological component.

Background reconstruction and consistency of the f (T) field equations

In this subsection, we consider the prescribed scale factors as phenomenological back-
grounds, from which H(t) and Ḣ(t) are obtained. Subsequently, we fix the corresponding
matter and explicit dark-energy densities by the background reconstruction. The pre-
scription of a(t), the choice of the two dark-energy densities, and the subsequent choice
of an f (T) function are not considered here as three independent assumptions. Instead,
the first modified Friedmann equation is used to determine the gravitational function that
is compatible with the prescribed background.

It is useful to separate the matter and explicit dark-energy sources from the purely
geometrical contribution. We therefore define

ρsrc = ρm + ρBH−Ricci + ρGDE. (96)

For the numerical residual calculation, we use dimensionless quantities relative to the
present Hubble scale and write R̄ = R/H2

0 and ρ̄i = ρi/(M2
PlH

2
0). The matter contribution

is ρ̄m(z) = 3Ωm0(1 + z)3 with Ωm0 = 0.30. The BH–Ricci term is evaluated using the first-
order expression in Equation (11). The logarithm is applied to the dimensionless curvature
R̄. The ghost contribution in this numerical convention is ρ̄GDE = 4.32E, where E = H/H0

and 4.32 = 3c2 for c = 1.2. The residuals shown below refer to this adopted dimensionless
source prescription; the same convention is used for the three background histories.

Using T = −6H2, the first modified Friedmann equation for the explicit sources becomes

2κ2ρsrc = f (T)− 2T fT . (97)

Thus, for a prescribed background, f (T) is determined by the first-order equation

2T
d f
dT

− f (T) = −2κ2ρsrc(T). (98)
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For the numerical reconstruction it is convenient to introduce X = −T = 6H2 > 0.
Equation (98) then takes the form

d f
dX

− f
2X

= −κ2ρsrc(X)

X
. (99)

Its formal solution is

frec(X) =
√

X
[︃

C − κ2
∫︂ X ρsrc(u)

u3/2 du
]︃

, (100)

where the integration constant C is fixed by the chosen present-day normalization.
The derivatives fT and fTT used below are obtained from the reconstructed func-
tion. The pressure entering the second background equation is assigned from the
continuity equation,

psrc = −ρsrc −
ρ̇src

3H
. (101)

Here psrc is the pressure associated with the combined explicit source ρsrc = ρm +

ρBH−Ricci + ρGDE. Because the matter component is pressureless and separately conserved,
Equation (101) reduces to the continuity-defined pressure of the combined BH–Ricci and
ghost sector. It is distinct from ptot

DE in Equation (95), which also includes the torsional
density ρT in the effective non-matter sector. The pressure is not fitted independently;
it is assigned through the continuity relation in Equation (101). Since the reconstructed
function is obtained from the first Friedmann equation and the pressure is defined through
background conservation, the second equation is related to the first by the conservation
identity subject to the adopted matter-conservation assumptions. We therefore interpret
E1 and E2 as numerical consistency diagnostics of the implemented reconstruction rather
than two wholly independent physical tests. The second residual below is formed directly
from the second modified Friedmann equation, including its overall minus sign and the
factor 1/2 multiplying the full bracket. In the first residual, the equivalent forms shown
explicitly below follow from T = −6H2 and Equation (97); this makes the factor of two in
the first Friedmann equation unambiguous. To quantify the numerical satisfaction of the
two equations, we define the normalized residuals

E1(z) =
frec − 2T frec,T − 2κ2ρsrc

2κ2ρsrc
=

1
2
[︁

frec + 12H2 frec,T
]︁
− κ2ρsrc

κ2ρsrc
, (102)

and

E2(z) =
− 1

2
[︁

frec + 4(3H2 + Ḣ) frec,T − 48H2Ḣ frec,TT
]︁
− κ2 psrc

κ2ρsrc
. (103)

We calculate the residuals in the redshift range −0.8 ≤ z ≤ 2.5. For each background
and ∆ = 0.10, 0.15, 0.20, we first calculate E(z) and Ḣ/H2

0 . Then we calculate the final
dimensionless source density and obtain frec(T) by numerical integration of the first-order
reconstruction equation. We use cubic spline interpolation for the reconstructed function
and its derivatives required in Equations (98) and (99). The pressure is calculated from
the continuity equation using the derivative of the same interpolated source density with
respect to X = −T = 6E2. After this, both residuals are calculated at each grid point. Their
maximum absolute values over the full redshift range and the three values of ∆ are given in
Table 4. The second residual is mainly a numerical consistency check because the pressure
is obtained from the continuity equation. Hence it is not an independent physical test.
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Table 4. Maximum absolute residuals of both reconstructed field equations and the power-law ansatz
over −0.8 ≤ z ≤ 2.5 together with the minimum value of fPL,T . All values use the final dimensionless
source-density prescription stated in the text.

Background max |E rec
1 | max |E rec

2 | max |EPL
1 | max |EPL

2 | min fPL,T

Hybrid 7.65 × 10−9 1.58 × 10−10 2.20 × 10−1 2.27 × 10−1 −3.504
Linear truncation 1.58 × 10−9 7.19 × 10−10 9.31 × 10−1 8.96 × 10−1 −9.778
Quadratic truncation 8.28 × 10−9 3.47 × 10−9 5.32 × 10−1 5.55 × 10−1 −5.538

Figure 7 displays the first reconstructed residual. The second reconstructed residual is
also evaluated over the same grid and is included in Table 4; an additional plot is omitted for
brevity. The reconstructed residuals are small under the numerical procedure and source-
density convention stated above. The power-law ansatz is assessed separately below.

Figure 7. Redshift evolution of the absolute first Friedmann equation residual, |E1(z)|, for the
reconstructed frec(T) model over −0.8 ≤ z ≤ 2.5. The panels show the hybrid, linear, and quadratic
background histories. The curves correspond to ∆ = 0.10, 0.15, and 0.20. The vertical dotted line
marks the present epoch, z = 0. The maximum absolute values are listed in Table 4.

Power-Law Form of f (T)

For comparison with the reconstructed gravitational function, we also consider the
commonly used power-law form

fPL(T) = T + β(−T)m. (104)

Here β and m define a separate phenomenological power-law ansatz used to compare
against the reconstructed function; they are not assumed to provide a parametric rep-
resentation of frec(T) and do not determine the background independently. For β = 0,
the TEGR/GR form is recovered, while the limit m → 0 gives a constant correction at the
background level. For Equation (104),

fPL,T = 1 − βm(−T)m−1, fPL,TT = βm(m − 1)(−T)m−2. (105)

For this form, the effective torsional density following from Equation (86) is

ρPL
T = M2

Plβ

(︃
m − 1

2

)︃
(6H2)m. (106)

The sign in Equation (106) follows from the effective-fluid definition in Equation (86)
with the torsion convention T = −6H2. This algebraic result does not establish that the
power-law ansatz satisfies both modified Friedmann equations; that question is assessed
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separately using the normalized residuals in Equations (108) and (109). The background-
level viability condition is

fPL,T(z) = 1 − βm[6H2(z)]m−1 > 0 for every z in the analyzed interval. (107)

This inequality must be checked numerically for each scale-factor history and parameter
set; it is not assumed to hold merely because β is normalized at z = 0. It is a background
viability condition, not a complete perturbative stability criterion. To test the power-law
form independently, we evaluate the residuals using fPL rather than frec:

EPL
1 (z) =

1
2 [ fPL + 12H2 fPL,T ]− κ2ρsrc

κ2ρsrc
, (108)

EPL
2 (z) =

− 1
2 [ fPL + 4(3H2 + Ḣ) fPL,T − 48H2Ḣ fPL,TT ]− κ2 psrc

κ2ρsrc
. (109)

A normalization at z = 0 alone does not establish compatibility at other redshifts. We
evaluated Equations (108) and (109) for m = 0.32 with β fixed by the first Friedmann
equation at z = 0. The residuals are appreciable over the analyzed interval. Their maximum
absolute values are approximately (0.220, 0.227) for the hybrid background, (0.931, 0.896)
for the linear background, and (0.532, 0.555) for the quadratic background. The power-
law residual profiles are shown in Figure 8; Table 4 summarizes these results and the
minimum value of fPL,T . A zero crossing at z = 0 in some panels follows from the
imposed normalization and does not show consistency at other redshifts. The minimum
value of fPL,T is negative for all three backgrounds, so this ansatz additionally fails the
background condition in Equation (107). These conclusions apply to the source-density
and normalization convention used in this calculation. The numerical values should
not be taken as independent constraints on the underlying theory until the dimensional
normalization of all source terms is fixed consistently.

Figure 7 shows the absolute first-equation residual for the reconstructed function.
Table 4 reports the maximum absolute residuals of both reconstructed field equations,
the two residuals for the power-law ansatz, and the minimum value of fPL,T .

The background evolution for the hybrid, linear-truncation, and quadratic-truncation
scale factors is determined by the corresponding Hubble functions given in Equations (19),
(28) and (37) together with their CC-constrained parameter combinations. To maintain
consistency with the reconstruction in Sections 3–5, the model-specific values of H0, p = ψt0,
and n obtained from the cosmic-chronometer analysis are retained for the three scale-factor
prescriptions; they are not replaced by a common set of ψ and n values. It is convenient
to introduce x = t/t0 so that ψt = px. Thus the conversion from the CC-constrained
background to redshift is performed through a(t)

a(t0)
= 1

1+z , with the appropriate scale factor
used separately for each parameterization. No additional arbitrary normalization of ψ or n
is introduced in this procedure.

Following a kinematic reconstruction approach, the scale factors and associated Hub-
ble histories are prescribed to evaluate the geometrical and thermodynamic properties of
the model. Because the underlying modified field equations are not solved dynamically
from the beginning, nonzero residuals appear in the higher-order Friedmann equations.
As demonstrated by the power-law ansatz fPL(T), these residuals highlight the inherent
tension between purely kinematic parameterization and the full dynamical constraints of
f (T, B) gravity.

https://doi.org/10.3390/universe12110335

https://doi.org/10.3390/universe12110335


Universe 2026, 12, 335 29 of 44

For each scale-factor prescription, the CC-constrained values of H0, p = ψt0, and n are
retained, and frec(T) is reconstructed separately. The power-law ansatz is used only as a
comparison in the field-equation residual test. The effective-fluid equation of state, stability
diagnostic, and horizon-entropy calculation discussed below use the CC-constrained back-
ground and the explicitly stated effective-density prescription; they are not calculated from
the power-law ansatz.

Figure 8. Absolute normalized residuals of the two modified Friedmann equations that were
evaluated with the power-law ansatz fPL(T) = T + β(−T)m, with m = 0.32 and β fixed by the
present-day first Friedmann normalization. The columns correspond to the hybrid, linear-truncation,
and quadratic-truncation backgrounds; the curves show ∆ = 0.10, 0.15, and 0.20. The vertical dotted
line marks z = 0. Residuals away from zero demonstrate that present-day normalization alone does
not make the power-law ansatz consistent with the prescribed backgrounds.

Figure 9 presents the geometrical effective equation-of-state parameter calculated di-
rectly from each CC-constrained background history. For this diagnostic, the dimensionless
total effective density is defined by ρtot

DE(z) = 3E2(z)− ρm(z), where E(z) = H(z)/H0 and
ρm(z) = 3Ωm0(1 + z)3 with Ωm0 = 0.30. The corresponding parameter is evaluated from
the effective-fluid continuity relation,

wtot
DE(z) = −1 +

1 + z
3ρtot

DE(z)
dρtot

DE(z)
dz

. (110)

For each background, the normalization gives E(0) = 1, ρm(0) = 0.9, and ρtot
DE(0) = 2.1.

The horizontal lines mark wtot
DE = −1 and −1/3, and the vertical line marks z = 0.

The curves compare the effective-fluid behavior of the three prescribed histories. This quan-
tity is calculated from the expansion history and the adopted matter density. It is therefore a
geometrical diagnostic rather than an independent test of the reconstructed f (T) field equa-
tions. The power-law ansatz is assessed separately through its field-equation residuals.
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Figure 9. Redshift evolution of the geometrical effective dark-energy equation-of-state parameter,
wtot

DE(z), for the hybrid, linear-truncation, and quadratic-truncation background models. The effective
dark-energy density is defined as ρtot

DE = 3E2 − ρm, where E = H/H0 and ρm = 3Ωm0(1 + z)3

with Ωm0 = 0.30. The horizontal dashed and dotted lines represent wtot
DE = −1 and wtot

DE = −1/3,
respectively, while the vertical dotted line marks the present epoch, z = 0.

7. Stability Analysis Using the Squared Speed of Sound
We use the adiabatic ratio v2

s = ṗ/ρ̇ as a diagnostic of the background effective-fluid
description. This quantity is not, by itself, a perturbative stability test of the gravitational
degrees of freedom. To avoid mixing two different density prescriptions, we distinguish
the Einstein-gravity calculation from the calculation based on the reconstructed frec(T).

For the Einstein-gravity curves (left column of Figure 10), the non-matter density is
the sum of the Barrow–Ricci and QCD ghost terms,

ρ
(Ein)
DE = ρBH−Ricci + ρGDE. (111)

We use the same first-order Barrow–Ricci prescription as in the reconstruction,

ρBH−Ricci = A∆R
[︃

1 − ∆
2

ln R̄
]︃

, A∆ =
c2

2
6∆/2M2

Pl, R̄ =
R

H2
0
> 0, (112)

ρGDE = αH, (113)

where R = 6(Ḣ + 2H2). The corresponding derivatives are

ρ̇BH−Ricci = A∆Ṙ
[︃

1 − ∆
2
(ln R̄ + 1)

]︃
, (114)

ρ̈BH−Ricci = A∆

{︃
R̈
[︃

1 − ∆
2
(ln R̄ + 1)

]︃
− ∆

2
Ṙ2

R

}︃
, (115)

ρ̇GDE = αḢ, ρ̈GDE = αḦ. (116)

The derivatives are evaluated only where R > 0, as required by the logarithmic prescription.
The density and its derivatives in this Einstein-gravity diagnostic therefore retain their
explicit dependence on ∆.
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(a) Einstein gravity (b) f (T) gravity

(c) Einstein gravity (d) f (T) gravity

(e) Einstein gravity (f) f (T) gravity

Figure 10. Squared-sound-speed diagnostic v2
s (z) for the three scale-factor backgrounds. The upper,

middle, and lower rows correspond to the hybrid, linear, and quadratic cases; the left and right
columns show the Einstein-gravity and reconstructed f (T) calculations, respectively. The right-
column curves are computed for the reconstructed function frec(T) using ρtot

DE = 3H2 − ρm in units
H0 = MPl = 1; they are therefore independent of ∆. In the right column, vertical dash-dotted
lines mark the zeros of dρtot

DE/dz, where the adiabatic diagnostic v2
s has poles; all such roots in the

displayed redshift range are included. The left-column curves correspond to ∆ = 0.10, 0.15, and 0.20.
Negative values indicate a warning sign for the effective-fluid description, not by themselves a proof
of instability of the underlying f (T) theory.

For the reconstructed frec(T) curves (right column of Figure 10), we use the effective
density fixed by the first Friedmann equation,

ρtot
DE = 3M2

PlH
2 − ρm, ρm = 3M2

PlH
2
0 Ωm0(1 + z)3. (117)

This is equivalent to including the torsional contribution defined by ρT = 3M2
PlH

2 −
ρm − ρBH−Ricci − ρGDE. Consequently, the reconstructed effective density is fixed by H(z)

https://doi.org/10.3390/universe12110335

https://doi.org/10.3390/universe12110335


Universe 2026, 12, 335 32 of 44

and the adopted matter density; it is not obtained by substituting the power-law ansatz
T + β(−T)m for frec(T). Its derivatives are

ρ̇tot
DE = 6M2

PlHḢ + 3Hρm, (118)

ρ̈tot
DE = 6M2

Pl(Ḣ2 + HḦ) + 3Ḣρm − 9H2ρm. (119)

These expressions depend on the CC-constrained expansion history and the fixed matter
fraction and hence are independent of ∆. Varying ∆ changes the split between the explicit
source and the reconstructed torsional term, not this total effective density.

For either choice of density, the effective pressure is defined through the continuity relation,

pDE = −ρDE − ρ̇DE

3H
. (120)

Thus
v2

s =
ṗDE

ρ̇DE
, ρ̇DE ̸= 0. (121)

Using dz/dt = −(1 + z)H, this can be evaluated directly as

pDE(z) = −ρDE(z) +
1 + z

3
dρDE

dz
, (122)

v2
s (z) =

dpDE/dz
dρDE/dz

=
(1 + z) d2ρDE/dz2 − 2 dρDE/dz

3 dρDE/dz
,

dρDE

dz
̸= 0. (123)

This numerical form follows directly from the definition. Points at which the density
derivative vanishes are excluded because the ratio has a pole there. For the reconstructed
total sector, these points correspond to wtot

DE = −1 when the density is nonzero.
The CC-constrained parameters (H0, p, n) are used separately for the hybrid, linear,

and quadratic histories. We fix c = 1.2 and Ωm0 = 0.30 and consider ∆ = 0.10, 0.15,
and 0.20 for the Einstein-gravity calculation. The power-law form fPL(T) = T + β(−T)m

with m = 0.32 is assessed only through the background residuals in Section 6; it is not
used to calculate the right-column stability curves. The sign of v2

s is interpreted only as an
effective-fluid diagnostic: a negative value is a warning about this background description,
not proof of instability in the underlying modified-gravity theory.

For the hybrid background, the general time-domain expression can also be written as

v2
s (t) = −1 − ρ̈DE

3Hρ̇DE
+

Ḣ
3H2 . (124)

Since H = ψ + n/t and Ḣ = −n/t2 for this scale factor,

v2
s (t) = −1 − ρ̈DE

3(ψ + n/t)ρ̇DE
− n

3t2(ψ + n/t)2 . (125)

The sign depends on the density derivatives and the background. It cannot be inferred
from the scale factor alone.

The left-column v2
s (z) curves use the first-order BH–Ricci density and the ghost density,

so they depend on ∆. The right-column curves use ρtot
DE = 3M2

PlH
2 − ρm for the recon-

structed function and are independent of ∆. The power-law coefficient β does not enter
these reconstructed-function curves.

Using ρtot
DE = 3M2

PlH
2 − ρm, the present-day values obtained from the CC best-fit

backgrounds are v2
s (0) ≃ −1.39, −0.86, and −1.30 for the hybrid, linear, and quadratic

histories, respectively. Over −0.8 ≤ z ≤ 2.5, zeros of dρtot
DE/dz occur near z = 0.444 and

1.500 for the hybrid history, z = 1.107 and 2.275 for the linear history, and z = 0.568 and
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1.412 for the quadratic history. The sound-speed ratio has poles at these points, which are
marked in the right-column plots. The diagnostic is an adiabatic effective-fluid ratio and
does not by itself establish stability or instability of the underlying f (T) theory.

In Figure 10, the reconstructed effective-fluid diagnostic indicates that v2
s < 0 at the

present epoch for all three best-fit expansion histories. Its evolution may also exhibit singu-
lar behavior when the time derivative of the effective energy density vanishes. The sign of
v2

s provides a diagnostic of the effective-fluid description and, by itself, does not establish
the full perturbative stability or instability of the underlying f (T) gravity model.

The ratio ṗ/ρ̇ is an adiabatic background diagnostic. For a multi-component effective
sector it need not equal the rest-frame perturbation sound speed; a canonical scalar field,
for example, can have ṗ/ρ̇ < 0 while its rest-frame sound speed is positive. Its sign is
therefore used only to assess the adiabatic effective-fluid description. Points near the poles
of ṗ/ρ̇, where dρtot

DE/dz = 0, are excluded.

8. Om and Statefinder Diagnostics
We use the Om and Statefinder diagnostics to compare the reconstructed expansion

histories with the ΛCDM reference model [76–78]. These are geometrical diagnostics rather
than independent stability criteria. Their asymptotic behavior is first determined from
the three scale factors. For the hybrid scale factor, aH(t) = eψttn, the exponential term
dominates at late times. Thus H → ψ, q → −1, and (r, s) → (1, 0). The linear and quadratic
truncations instead approach power laws, aL(t) ∝ tn+1 and aQ(t) ∝ tn+2. Their deceleration
and Statefinder parameters therefore approach constants that generally differ from the de
Sitter values. This difference should be kept in mind when reading the diagnostics below.

The Om diagnostic is defined as [78]

Om(z) =
H2(z)/H2

0 − 1
(1 + z)3 − 1

, (126)

where H(z) is the Hubble parameter and H0 is its present value. For spatially flat ΛCDM,
Om(z) = Ωm0 is constant. For flat GR with conserved dust and constant dark-energy w,
a negative slope of Om(z) with respect to z is associated with quintessence-like behavior
(w > −1) and a positive slope with phantom-like behavior (w < −1) [78]. This rule
cannot be applied indiscriminately to time-varying effective fluids or modified gravity,
so Om(z) is used here mainly as a null test of the expansion history. The limit z → 0 is
removable: Om(0) = 2

3 (1 + q0), which gives 0.373, 0.539 and 0.414 for the hybrid, linear
and quadratic histories.

Figure 11 shows Om(z) for the hybrid, linear, and quadratic histories. This quantity
tests the expansion history against the flat ΛCDM reference; it does not directly determine
the dark-energy equation of state, which is calculated separately.

We also study the Statefinder diagnostic, which is defined by the parameters [76,77]

r =
...
a

aH3 , s =
r − 1

3
(︂

q − 1
2

)︂ , (127)

where a is the scale factor, H is the Hubble parameter, and q is the deceleration param-
eter. The Statefinder pair (r, s) distinguishes different expansion histories; flat ΛCDM
corresponds to the fixed point (r, s) = (1, 0).

The Statefinder trajectories distinguish the three reconstructed histories from the
ΛCDM reference at finite redshift. Only the hybrid reconstruction approaches the de Sitter
fixed point (r, s) = (1, 0) at late times; the linear and quadratic truncations have power-law
asymptotics and therefore approach model-dependent limits in general. The geometrical
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diagnostics should thus be interpreted as comparisons with ΛCDM rather than independent
proofs of stability.

Figure 11 presents the Om diagnostic for the hybrid, linearly truncated, and quadrat-
ically truncated reconstructions over 0 ≤ z ≤ 2. The three reconstruction schemes show
smooth model-dependent Om(z) evolutions. At the present epoch, Om(0) ≃ 0.373, 0.539,
and 0.414 for the hybrid, linear, and quadratic histories, respectively; hence the linear
history has the largest present-day offset from the flat ΛCDM reference Om = Ωm0 = 0.30.
All three curves initially have a negative slope with redshift. Over the displayed interval
0 ≤ z ≤ 2, the hybrid and quadratic curves flatten and turn slightly upward at z ≳ 1.4.
These trends identify finite-redshift departures from the reference expansion history; the
present analysis does not assign a more precise redshift of maximum deviation with-
out a dedicated numerical maximization of |Om(z)− 0.30|. The Om diagnostic therefore
quantifies deviations from the ΛCDM expansion history.

We also use the Statefinder parameters

r = 1 + 3
Ḣ
H2 +

Ḧ
H3 , (128)

and

s =
r − 1

3
(︂

q − 1
2

)︂ , q = −1 − Ḣ
H2 . (129)

Figure 11. Geometrical diagnostics of the reconstructed history of expansion. In the left panel we show
the Om diagnostic Om(z) for the hybrid, linearly truncated and quadratically truncated scale-factor
prescriptions. The horizontal reference line corresponds to the flat ΛCDM value Om = Ωm0 = 0.30.
The corresponding Statefinder trajectories in the (r, s) plane are shown in the right panel. The ΛCDM
fixed point (r, s) = (1, 0) is marked with a star; points with |q − 1/2| < 0.05 are excluded from the
(r, s) curves.

Figure 11 shows the geometrical diagnostics of the reconstructed expansion histories.
In the left panel, the three scale-factor reconstructions deviate from the reference ΛCDM
behavior, Om = Ωm0 = 0.30, in the relevant redshift range. The right panel shows the
corresponding trajectories in the (r, s) plane, with the ΛCDM fixed point (r, s) = (1, 0)
indicated for reference. The three reconstructions follow different paths and hence have
quantitatively different expansion histories. The hybrid reconstruction approaches the
de Sitter limit and hence the ΛCDM Statefinder fixed point (r, s) = (1, 0) at late times,
whereas the linearly and quadratically truncated scale factors have power-law asymptotics
and therefore approach model-dependent constant Statefinder values in general. The large
excursions of s at high redshift are produced by the denominator q − 1

2 in Equation (129),
which vanishes at zq ≃ 2.05, 2.81 and 2.02 for the hybrid, linear and quadratic histories;
they are not physical features, and the plotted (r, s) curves exclude |q − 1

2 | < 0.05.
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The deviation of Om(z) from the present-day matter density parameter, Ωm0 = 0.30,
is evident in Figure 11 for all three scale factors. After a monotone decreasing pattern,
the hybrid and quadratic models show a flattening followed by a mildly upward trend
at higher redshifts (z ≳ 1.4). The Statefinder trajectories also differ among the models.
However, the exact redshifts at which the maximum deviations from the ΛCDM model
occur have not been determined numerically. These diagnostics indicate differences in the
background evolution. However, they do not establish an observational preference based
on this behavior alone.

In summary, while the Om and Statefinder diagnostics effectively quantify finite-
redshift deviations from the standard ΛCDM expansion history, they rely strictly on the
prescribed kinematics of the scale factors. Because they do not independently test the
underlying modified field-equation dynamics or local stability constraints of f (T, B) gravity,
they serve primarily as geometrical comparisons rather than an independent criterion for
observational preference.

9. Generalized Second Law of Thermodynamics
The generalized second law of thermodynamics (GSL) provides a thermodynamic

consistency test for cosmological models with horizons [79–85]. It requires the total en-
tropy of the horizon and the matter–energy inside it to be non-decreasing with cosmic
time [86–89]. Related analyses have been performed in modified gravity and dark-energy
models [48,89–97]. Shekh et al. [98] examined Tsallis holographic dark energy in f (T, B)
gravity, including energy conditions and the generalized second law. Ref. [98] provides
a useful precedent for the thermodynamic part of the current analysis while allowing us
to distinguish our f (T) reconstruction and Barrow–Ricci prescription from their frame-
work. As the thermodynamic framework, we use the equilibrium formulation in which
the f (T) field equations are written in Einstein form with the effective torsional den-
sity and pressure of Equations (86) and (87), as in Ref. [99]. The total effective fluid
then satisfies ρ + p = −2M2

PlḢ. Therefore, the torsional contribution enters Ṡm through
ρ + p. All the components are assumed to be in equilibrium at the Hubble horizon tem-
perature Th = 1/(2πRh). In a flat FLRW universe the Hubble and apparent horizons
coincide, RA = 1/H. Thus the only difference is the temperature definition. For the
dynamical apparent-horizon temperature TA = (1 − q)H/(4π) the fluid term is rescaled,
Ṡm → 2Ṡm/(1 − q). This is used as a check. A non-equilibrium treatment would add an
fT-dependent horizon entropy and an internal entropy-production term [99]; these are not
included here.

Here,
Ṡtotal = Ṡhorizon + Ṡmatter/fluid ≥ 0.

For the Barrow entropy prescription,

Ṡtotal = ṠB + Ṡm ≥ 0,

where ṠB and Ṡm are the horizon and matter/fluid entropy-production rates, respectively.
The Barrow entropy is defined as

SB = γA1+ ∆
2 ,

where A = 4πR2
h is the horizon area, Rh is the radius of the horizon, ∆ is the Barrow

deformation parameter, and γ is a constant.
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Explicitly, this gives
SB = 4πγ(4π)

∆
2 R2+∆

h .

Taking the time derivative gives

ṠB = 4πγ(∆ + 2)(4π)
∆
2 (Rh)

1+∆Ṙh (130)

The temperature at the horizon is given by

Th =
1

2πRh
(131)

Now, for the fluid inside the horizon, using the Gibbs relation,

ThdSm = dEm + pdV, (132)

where Em is the energy of the fluid inside the horizon, given by Em = ρV, and V is the
horizon volume: V = 4

3 πR3
h.

Taking the time derivative of Equation (132) we obtain:

ThṠm = Vρ̇ + (p + ρ)V̇. (133)

Now, using the energy conservation equation

ρ̇ + 3H(ρ + p) = 0,

in Equation (133) gives
ThṠm = 4πR2

h(ρ + p)(Ṙh − HRh),

which simplifies to
Ṡm = 8π2R3

h(ρ + p)(Ṙh − HRh) (134)

where ρ and p denote the effective density and effective pressure, respectively.

Validation of the Generalized Second Law of Thermodynamics at the Hubble Horizon

We test the generalized second law (GSL) at the Hubble horizon by evaluating the
total entropy-production rate for the three reconstructed scale factors. This is a test of
the GSL within the adopted effective thermodynamic description, and it is distinct from
perturbative stability of the underlying f (T) theory.

For the Hubble horizon, we take the infrared cutoff to be

L = Rh =
1
H

,

where Rh is the horizon radius.
Using Equation (130), the Barrow entropy-production rate at the Hubble horizon is

ṠB = −4πγ(∆ + 2)(4π)
∆
2

Ḣ
H3+∆ (135)

Using Equation (134), the entropy-production rate of the matter/fluid inside the
Hubble horizon is

Ṡm = −8π2(ρ + p)
(︃

Ḣ
H5 +

1
H3

)︃
(136)
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Adding Equations (135) and (136) gives the total entropy-production rate at the Hubble
horizon, in which the pressureless matter is included explicitly through ρ + p = ρm +

ρtot
DE(1 + wtot

DE)

Ṡtotal = ṠB + Ṡm = −4πγ(∆ + 2)(4π)
∆
2

Ḣ
H3+∆ − 8π2[︁ρm + ρtot

DE(1 + wtot
DE)
]︁(︃ Ḣ

H5 +
1

H3

)︃
, (137)

where ρtot
DE is defined in Equation (93) and wtot

DE in Equation (95). For the reconstructed back-
ground, we define ρtot

DE = 3M2
PlH

2 − ρm. Under this effective-fluid definition, the continuity
relation gives ρm + ρtot

DE(1 + wtot
DE) = −2M2

PlḢ. With MPl = 1, the matter–fluid contribution
becomes Ṡm = 16π2Ḣ(Ḣ + H2)/H5. For ∆ → 0, the Barrow entropy reduces to the area
law, SB = γA. With γ = 2π in units M2

Pl = 1, this recovers the Bekenstein–Hawking
entropy. In this limit, Equation (137) gives Ṡtotal = 16π2Ḣ2/H5 ≥ 0 under the adopted
Einstein-form effective-fluid prescription. The generalized second law is examined within
this equilibrium prescription and does not constitute a general thermodynamic validation
of the full f (T) gravity theory. The rates are expressed in units with H0 = 1.

This is the equilibrium Einstein-form effective-fluid formulation in which all the
components share the horizon temperature Th = 1/(2πRh). No fT-dependent correction to
the horizon entropy or internal entropy-production term is included, so the result is a GSL
test of this effective description, not a test of a full non-equilibrium f (T) thermodynamics.
For ∆ = 0, SB = γA reduces to the Bekenstein–Hawking law when γ = 1/(4G), which
equals 2π in units M2

Pl = 1/(8πG) = 1; the adopted γ = 6.0 is close to this value. For ∆ = 0
and γ = 2π, Equation (137) reduces to Ṡtotal = 16π2Ḣ2/H5 ≥ 0, as expected in Einstein
gravity. Rates are given in units H0 = 1.

Figure 12 shows ṠB, Ṡm and Ṡtotal as functions of redshift for the three reconstructed
scale factors and ∆ = 0.10, 0.15, and 0.20. The calculations use the CC-constrained back-
ground parameters; γ = 6.0 is kept fixed for all ∆ and all histories. Over 0 ≤ z ≤ 0.95
the matter–fluid term Ṡm is negative at low redshift (down to about −39, −24 and −37 at
z = 0 for the hybrid, linear and quadratic histories), whereas ṠB > 0, so the sign of the sum
depends on γ; it is not merely an overall normalization. For γ = 6.0, Ṡtotal > 0 throughout,
with minimum values of about 62 (hybrid), 98 (linear) and 74 (quadratic) at ∆ = 0.10.
Positivity over the whole interval requires γ ≳ 2.3, 1.0 and 2.0 for the hybrid, linear and
quadratic histories at ∆ = 0.10 (γ ≳ 1.95, 0.85 and 1.7 at ∆ = 0.20); both γ = 6.0 and the
Bekenstein–Hawking value γ = 2π lie above these thresholds. Within this effective-fluid
description the generalized second law is therefore satisfied at the Hubble horizon on
0 ≤ z ≤ 0.95 for the reconstructed model. As a check on the horizon temperature, we
replaced Th by the apparent-horizon temperature TA = (1 − q)H/(4π). Since q < 1 on
0 ≤ z ≤ 0.95 (q ≲ 0.09), TA > 0 throughout. The fluid term becomes more negative:
Ṡm(0) ≃ −54, −41 and −54 for the hybrid, linear and quadratic histories at ∆ = 0.10.
The total rate remains positive for γ = 6.0 and γ = 2π (minimum values about 47, 97 and
58 at γ = 6.0). The thresholds rise to γ ≳ 3.2, 1.7 and 2.9 at ∆ = 0.10 and 2.7, 1.4 and 2.4 at
∆ = 0.20. The conclusion is therefore unchanged by the choice of horizon temperature. We
do not repeat the entropy calculation with the power-law torsional density since it does not
satisfy the background field equations.
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Figure 12. Entropy-production rates for the Barrow horizon, ṠB, the effective matter–fluid component,
Ṡm, and the total Ṡtotal = ṠB + Ṡm for the three CC-constrained scale-factor backgrounds. The rates
are evaluated from Equation (137) with the matter contribution included, γ = 6.0, and H0 = 1 units.
They refer to the stated equilibrium effective-fluid prescription, not a separate non-equilibrium f (T)
entropy calculation. Curves correspond to ∆ = 0.10, 0.15, and 0.20. The horizontal dashed line in the
bottom row marks zero entropy production.

10. Comparative Remarks
The results from the three prescribed scale-factor histories are summarized in Table 5.

All three prescribed backgrounds exhibit a deceleration-to-acceleration transition over the
relevant range. The geometrical effective equation of state varies with redshift and can cross
both the phantom divide and the acceleration boundary; it should therefore be interpreted
only as the effective-fluid diagnostic defined in Figure 9. The main differences appear in
the detailed evolution of the expansion rate and the late-time asymptotics. The hybrid form
keeps its exponential factor and therefore approaches a de Sitter-like behavior at sufficiently
late times, whereas the linear and quadratic truncations asymptotically approach power-
law forms.

The three prescriptions should not be ranked using the effective-fluid stability diag-
nostic alone. The squared sound speed in Equation (121) is an adiabatic diagnostic of the
effective-fluid description; regions with v2

s < 0 signal that the adiabatic effective-fluid
description is not reliable there. This is not a complete perturbative stability analysis of the
underlying f (T) theory. The reconstructed-function sound-speed values are negative at
z = 0 for the three CC best-fit histories. The entropy-production rate at the Hubble horizon
is positive for γ = 6.0 within the equilibrium effective-fluid prescription; this conclusion
depends on the adopted entropy normalization and does not establish the thermodynamics
of the full non-equilibrium f (T) theory.

The geometrical diagnostics provide an additional comparison of the reconstructed
expansion histories. Figure 11 shows the Om(z) deviations from the flat ΛCDM reference
value and the corresponding Statefinder trajectories. The hybrid model approaches the fixed
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point (r, s) = (1, 0) in its late-time de Sitter limit, whereas the linear and quadratic trunca-
tions have power-law asymptotics and therefore need not approach the same fixed point.

Approach I and Approach II have different physical interpretations. Approach I treats
the BH–Ricci and QCD ghost terms as additive contributions to the effective dark-energy
sector. Approach II imposes the correspondence ρBHDE = ρGDE and therefore uses a single
effective component. The exact correspondence yields the constant-Hubble exponential
solution. The linear and quadratic forms are retained as phenomenological Taylor-truncated
histories used to test sensitivity to the expansion order; because their Hubble rates vary
with time, they do not preserve the exact BHDE–GDE density equality away from the
normalization point. Their EoS curves therefore reflect the adopted fixed reference density
rather than exact solutions of the correspondence. Neither construction is assumed to be
universally superior; the comparison shows how quantitative evolution depends on the
reconstruction prescription.

Table 5. Summary of the principal cosmological and thermodynamic features of the three scale-factor
prescriptions.

Case Scale Factor Characteristic Behavior Consistency Diagnostics

Case I a(t) = eψttn Smooth transition from early
deceleration to late-time de
Sitter-like expansion.

Reconstructed f (T): residuals ≲ 10−8;
v2

s (0) ≃ −1.39; poles at z ≃ 0.444, 1.500;
Ṡtotal > 0 for γ ≳ 2.3 (∆ = 0.10).

Case II a(t) = (1 + ψt)tn Linear truncation of the hy-
brid form with power-law
late-time asymptotics.

Reconstructed f (T): residuals ≲ 10−9;
v2

s (0) ≃ −0.86; poles at z ≃ 1.107, 2.275;
Ṡtotal > 0 for γ ≳ 1.0 (∆ = 0.10).

Case III a(t) =
(︂

1 + ψt + ψ2t2

2

)︂
tn Quadratic truncation retain-

ing the next-order correction
to the exponential factor.

Reconstructed f (T): residuals ≲ 10−8;
v2

s (0) ≃ −1.30; poles at z ≃ 0.568, 1.412;
Ṡtotal > 0 for γ ≳ 2.0 (∆ = 0.10).

Comparison with the ΛCDM Model

The ΛCDM model is used here as a geometrical reference rather than an exact limit of
every reconstructed scale factor. The Om diagnostic in Figure 11 shows deviations from
the reference value Om = Ωm0 = 0.30 over finite redshift. The Statefinder pair provides a
further distinction: the ΛCDM model corresponds to the fixed point (r, s) = (1, 0), which
is approached by the hybrid reconstruction in its late-time de Sitter regime. The linear and
quadratic truncations instead have power-law asymptotics, so their Statefinder limits are
generally model-dependent. Thus, the hybrid model approaches the ΛCDM Statefinder
limit at late times, whereas the linear and quadratic models generally do not.

11. Concluding Remarks
In this work, we studied a dark-energy model that combines Barrow–Ricci holographic

dark energy with QCD ghost dark energy and reconstructed an effective f (T) descrip-
tion. The hybrid, linear, and quadratic scale-factor histories were fitted to the Cosmic
Chronometer data using the likelihood in Equation (50). The best-fit values are listed in
Table 1, and the corresponding Hubble curves are compared with the measurements in
Figure 1. The information criteria in Table 2 favor flat ΛCDM among the compared models,
although the differences for the three kinematic histories are modest. The reconstructed
EoS and deceleration histories are shown in Figures 3 and 6; they indicate late-time acceler-
ation over the redshift ranges that were studied. We considered two prescriptions for the
dark-energy sector. In Approach I, the Barrow–Ricci and ghost contributions are added.
In Approach II, we impose the correspondence ρBHDE = ρGDE, which gives a constant-H
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solution for the exact Hubble-cutoff case, while the linear and quadratic histories are trun-
cated forms. Their EoS behavior is compared in Figure 5. The comparison shows that the
inferred evolution depends on the chosen prescription and background history; the two
constructions should not be treated as equivalent.

For the effective f (T) reconstruction, we used the solution specified by Equation (100)
and evaluated the normalized residuals associated with Equations (102) and (103). The first-
equation residuals are shown in Figure 7. Their maxima are summarized in Table 4.
The pressure used in the second residual is obtained from the continuity relation, so that
residual is a numerical consistency check within the adopted prescription, not an indepen-
dent physical test. The power-law form fPL(T) = T + β(−T)m, tested with m = 0.32 and
present-day normalization, gives appreciable residuals away from the normalization point
(Figure 8 and Table 4). Thus, this normalization alone does not make the power-law form
consistent with all three prescribed histories.

We also examined the effective-fluid sound speed defined in Equation (121). Its
present-day value is negative for all three CC best-fit histories, and poles occur where the
redshift derivative of the effective density vanishes; these features are displayed in Figure 10.
This quantity is a background effective-fluid diagnostic. It does not, by itself, establish
the perturbative stability or instability of the underlying f (T) theory. The geometrical
diagnostics in Figure 11 show departures from the flat ΛCDM reference. The hybrid history
approaches the Statefinder point (r, s) = (1, 0) at late times, whereas the linearly and
quadratically truncated histories have power-law asymptotics and need not approach that
point. These diagnostics are useful for comparing the expansion histories, but they do not
independently establish dynamical stability.

Finally, we evaluated the entropy-production rate using the total-rate expression in
Equation (137). For the adopted equilibrium effective-fluid prescription, the total rate is
positive over 0 ≤ z ≤ 0.95 for γ = 6.0; at ∆ = 0.10, the corresponding threshold values
of γ are approximately 2.3, 1.0, and 2.0 for the hybrid, linear, and quadratic histories,
respectively. The evolution is shown in Figure 12. This conclusion applies to the Barrow
horizon entropy and matter contribution used here; it does not include additional fT-
dependent horizon-entropy corrections or a non-equilibrium production term.

We propose that future research should examine perturbations of the gravitational
degrees of freedom and include possible fT-dependent entropy terms. The observational
constraints could also be revisited by combining CC measurements with Type Ia supernova,
BAO, and CMB data and taking into account the full covariance of the CC measurements.
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