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Abstract

We study an effective quantum cosmological model with a scale-dependent gravitational
coupling G(a). Starting from a Newtonian cosmological construction inspired by a cor-
rected two-body gravitational potential, we derive an effective Friedmann-type equation
and quantize the corresponding minisuperspace model to obtain a Wheeler-DeWitt equa-
tion. For the power-law running G(a) = Goa", the small-scale behavior is controlled by
the exponent 7. In the flat dust model under the repulsive effective-potential prescription
adopted here, with a quantum correction term Z > 0, the values n = 3/2 and n = 2 mark
distinct analytic boundaries: n = 3/2 marks the sign change of the quantum-correction
coefficient, while n = 2 marks the degeneracy of the leading powers of a. A genuine
bounce occurs only when a root of H?(a) separates a forbidden small-a region from an
allowed expanding branch, so that nonsingular sectors appear without spatial curvature,
exotic matter, or nonstandard quantization prescriptions. We obtain Bessel, Airy, numerical,
and WKB solutions, and show that the model separates genuine DeWitt suppression from
regularity at the origin. The WKB analysis exhibits a forbidden region, a turning point, and
an oscillatory semiclassical branch, while the conserved probability current distinguishes
expanding and contracting sectors. A scalar field treated as a weakly backreacting inter-
nal clock yields wave packets that track the leading-order classical relational trajectory
at a large scale factor; the WKB Hamilton—Jacobi limit recovers the modified Friedmann
dynamics as the leading-order phase of the Wheeler-DeWitt wave function.

Keywords: quantum cosmology; Wheeler-DeWitt equation; running gravitational
coupling; nonsingular cosmology; cosmological bounce; minisuperspace quantization;
DeWitt boundary condition; semiclassical limit

1. Introduction

One of the central questions in quantum cosmology concerns whether the initial
singularity of the classical Friedmann picture is an unavoidable feature of cosmological
evolution, or whether quantum effects are capable of resolving it. In the standard classical
treatment, generic matter sources drive the scale factor to zero, where the energy density
and spacetime curvature diverge and the classical description breaks down [1,2]. This
singular behavior has long served as a principal motivation for developing cosmological
models within a quantum gravitational framework [3].
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A broad class of quantum cosmological models produces a suppressed small-a regime
together with a large-a oscillatory regime, admitting a semiclassical interpretation [4-7]. In
many instances, however, this outcome depends on the introduction of spatial curvature,
exotic matter components [8], special boundary conditions [4,5], or nonstandard quantiza-
tion prescriptions [9,10]. Here we ask a narrower question: how does quantum-corrected
Newtonian cosmology change when the gravitational coupling itself is allowed to run with
the cosmological scale factor?

In this paper, we address this question by studying a cosmological model in which
the gravitational coupling depends on the scale factor, G(a) [11], while the remaining
cosmological structure is kept as simple as possible. Starting from a quantum-corrected
Newtonian cosmology [12,13], we derive a modified Friedmann equation in which the
running of the gravitational coupling enters through effective couplings G*(a), G;%(a),
and G32(a), defined as the first integrals of the equation of motion. A scale-dependent G
does more than rescale the standard Friedmann equation: after the first integral is taken, it
changes the effective powers and coefficients that appear in the matter, classical-correction,
and quantum-correction terms.

In the power-law case G(a) = Gy a", the small-a behavior is governed entirely by the
scaling exponent #, so that the transition between a crunching and a bouncing cosmology
is determined by the scaling exponent rather than fine-tuned parameter cancellations. For
the flat dust model under the repulsive effective-potential prescription adopted here, with
& > 0, the values n = 3/2 and n = 2 mark distinct analytic boundaries. A genuine bounce
occurs only when the root of H?(a) separates a forbidden small-a region from an allowed
large-a branch. The global fate of the universe is therefore controlled by the scaling behavior
of gravity itself, without modification of the matter content or spatial geometry.

We construct an effective minisuperspace quantization of this model [14], leading to a
Wheeler-DeWitt-type equation [3]. It should be noted that there are longstanding questions
regarding this approach toward Wheeler-Dewitt cosmology, including factor ordering, the
problem of time, the physical Hilbert space, and its relation to a more fundamental theory
of quantum gravity. This paper does not claim to resolve these issues, but rather examines
a phenomenological model within the Wheeler-DeWitt minisuperspace framework, with
its assumptions and limitations stated explicitly. For selected parameter choices, the theory
admits exact analytic solutions of both Bessel and Airy type, as well as numerical solutions
in physically relevant cases [15]. Recently, model-specific and nonstandard realizations
of the Wheeler-DeWitt equation have appeared in the literature [16]. These solutions
demonstrate that the wave function can be strongly suppressed near a = 0, satisfying the
DeWitt boundary condition [3] and indicating singularity avoidance, while in other sectors
the wave function remains regular but nonvanishing at the origin [4]. The model therefore
separates two cases that should not be conflated: a wave function that vanishes ata = 0,
and a wave function that is regular but nonzero there.

We also carry out a WKB analysis and show that, for appropriate parameter choices,
the wave function exhibits the structure of a nonsingular quantum cosmology: a classically
forbidden region at a small scale factor, a turning point, and an oscillatory semiclassical
regime at a large scale factor. The conserved minisuperspace probability current provides
a means to distinguish expanding and contracting branches, giving the oscillatory wave
function a dynamical interpretation. Finally, we introduce a homogeneous scalar field as an
internal clock [17], which allows wave packets to be constructed and followed in relational
time. In the case studied here, and within the weak-backreaction test-field regime, the
packet peak tracks the leading-order classical relational trajectory at a large scale factor.

The paper is organized as follows. In Section 2, we derive the modified Friedmann
equation for a running gravitational coupling and define the effective couplings that
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control the dynamics. In Section 3, we quantize the model and present exact solutions of
the Wheeler-DeWitt equation. In Section 4, we develop the WKB analysis and probability-
current interpretation. In Section 5, we introduce the scalar-field clock and examine the
quantum-to-classical correspondence in relational time. The final sections summarize the
physical implications of the model.

2. Quantum-Corrected Newtonian Cosmology
2.1. Newtonian Cosmological Setup

We begin with the standard Newtonian cosmology construction. Assuming homo-
geneity and isotropy, consider a test particle of negligible mass located on the boundary
of a spherical region of physical radius R(t), filled with a uniform mass density p(t). By
symmetry, only the mass enclosed within radius R contributes to the gravitational force on
the particle.

The physical radius of the shell is written as

R(t) = a(t)Ro, 1)

where a(t) is the cosmological scale factor and Ry is a comoving coordinate label identifying
the shell. The quantity Ry is not observable and reflects a freedom in the normalization of
comoving coordinates. The enclosed mass is

M(R) = T R(t), )

and the Hubble parameter is defined kinematically as

H(t) = g ==, ®)
We assume that the cosmic fluid obeys a barotropic equation of state,
p=(y—1pc’, (4)
which implies, through the continuity equation,
p(t) = poa~7, ()
where pg denotes the density at the present epoch.

2.2. Quantum-Corrected Newtonian Force Law

To incorporate classical and quantum corrections to Newtonian gravity, we adopt an
effective radial force law motivated by quantum corrections to the gravitational poten-
tial [12,13,18-20]. The acceleration of the test particle is taken to be

G(R)>M? hG(R)>M
R AT aps T3t SR ©

The first term is the standard Newtonian attraction, the second is the leading classical
correction, and the third is the leading quantum correction proportional to 7. In the sign
convention adopted here, {oc > 0 denotes the magnitude of the repulsive quantum
correction. The parameters A and {qg encode the relative strengths of the higher-order
classical and quantum contributions.

In the present work we allow the gravitational coupling to depend on scale. Thus,
G is not treated as a fixed constant, but as a function of the cosmological scale through
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G = G(R), or equivalently, G = G(a). In Equation (6), we adopt the corrected force law
first and then promote G to G(R). We do not insert G(R) into the two-body potential and
differentiate it afterward; that alternative prescription would produce additional dG/dR
terms. The effects of the running in our model enter through the first integral and the
effective couplings defined below.

2.3. First Integral of the Equation of Motion

When G varies with scale, the force is not strictly conservative in the ordinary New-
tonian sense, and a conserved mechanical energy should not be assumed at the outset.
Instead, a first integral can be obtained from Newton’s second law. Multiplying Equation (6)
by R and integrating with respect to time gives

/R‘Rdt:/f(R,G)dR, @)

where f(R, G) denotes the right-hand side of Equation (6). Integration gives

1., M dG M? T, , [ G
iR {G—R/R}—H\{G 2R? [ = dG

20 TR c2R?
Mh G ©
2 3
—gQGCsm[G _2R /R3dG} el
where C is an integration constant.
It is convenient to define the effective gravitational couplings
dG
f=G- — 9
¢'=G-R[%, ©)
¥2 _ 2 2 [ G
G2=G? 2R /ﬁdG, (10)
c2=c2—2r [ S ac (11)
2 = - ﬁ .
In terms of these quantities, Equation (8) becomes
1., GM  GP?M? hG3*M
ER =z +A R doe 3R3 +C. (12)

The constant C is the Newtonian integration constant and will be identified with the
spatial curvature term. The quantities G*, sz, and G;z are not new independent constants.
They are effective couplings generated by the scale dependence of G. In the constant-G
limit, the integral contributions vanish and the usual Newtonian/Friedmann structure
is recovered. For a genuinely running coupling, however, the starred quantities need
not scale in the same way as G(R) itself. They therefore summarize how the running of
gravity modifies the matter, classical-correction, and quantum-correction sectors of the
cosmological dynamics.

2.4. Friedmann-Type Equation
Dividing Equation (12) by R? and using H = R/R, we find

_2G'M 2G;2M? 2nG32M  2C

H? — =
R3 2RA QG T3R5 R2"

(13)
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Substituting
4
M= §R3p (14)
gives
87 327 87 h 2C
H? = 2560+ - GiR%? — S ?C@G;Z% + %5 (15)
Using R = aRy, the last term becomes
2C 2C
R~ a’R3’ (16)
We identify the curvature parameter by
2C
k= —@, (17)
so that )
2C ke
- a2 (18)

The higher-order terms retain a dependence on the reference scale Rg. We collect this
dependence into the effective coefficients Y and Z:

-~ _ %oG
Yqa=AR:, = %. (19)
0

Here, g is the dimensionless coefficient of the one-loop quantum correction to the
Newtonian potential, whereas Z is the corresponding dimensionful coefficient entering the
cosmological equation. Thus,

[ocl =1, [E]=L""2

Substituting p = ppa 37, the effective Friedmann-type equation inspired by the cor-
rected Newtonian potential becomes

(20)

This is the basic dynamical equation used throughout the remainder of the paper. It reduces
to the standard Friedmann equation when the higher-order corrections are removed and
G* — Go. At a small scale factor, however, the correction terms can become significant and
may alter the approach to the classical singularity.

2.5. Normalized Density Formulation

It is often convenient to rewrite Equation (20) in terms of dimensionless density
parameters. We introduce the present-day critical density

3H}
pC,O = ’
87TGO

(21)
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where Hj and Gy are the present values of the Hubble parameter and gravitational coupling,
respectively. The corresponding density parameter is

\ = Po _ 81Gopo

22
Oc,0 3H§ (22)
Thus,
8 _ Dol (23)
3 pO - GO ’
32r% , O3H;

= . 24

Substitution into Equation (20) gives

QoH2 Q2H?
H2 — 0 G* 737+Y 0""0 G*Z 276')/
(a) ( Go ) (a)a c ZG%CZ 1 (a)a
, ) (25)
o QoHo N\ o\ (3y42) ke
—a( G >C3G2 (a)a— B )—a—2.
Dividing by H3, one obtains the form
H?(a G*(a) _ HZ ., _
H(z ) =0y G(o )a 37 Y 03 2G20c2 Gi2(a)a® o7
0 0
, L2 (26)
= 2\ —(37+2 ¢

This form is especially advantageous for numerical work, because the cosmological
evolution is expressed in terms of the density parameters and the scale-dependent
effective couplings.

2.6. Worked Examples and Physical Interpretation

To illustrate the physical meaning of Equation (20), we now consider two simple
examples in order to show how the higher-order correction terms can change the small-
scale dynamics even in a homogeneous and isotropic Newtonian cosmology.

Throughout this subsection, we restrict attention to dust matter, v = 1, and spatial
flatness, k = 0, so that the effects of the classical and quantum corrections can be isolated.

2.6.1. Constant Gravitational Coupling

First consider the constant-G limit,
G(a) = Gy. (27)

Then
G*(a) =Go,  Gi*(a)=Gj,  G3*(a) = Gg. (28)

For dust and flat geometry, Equation (20) reduces to

H%(a) = Aa 3+ Ba*—Ca>, (29)
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where
8
A= ?GOPO/ (30)
_y 321 5,
B =Ya 52 Goror 31)
_8mh

4 and

Asa — 0, the ordinary dust contribution diverges as a2, the classical correction as a~
the quantum correction as a—°. Thus, the quantum term is the most singular contribution
in the constant-G case.

A bounce occurs when H? vanishes at a finite nonzero scale factor a;,, with a forbidden

region at smaller 4. From Equation (29), the condition H 2(ap) =0 gives
Aa? + Ba, — C = 0. (33)

The physically relevant root is

_ —B+VB*+4AC

ap 24 (34)

Within the truncated phenomenological equation, this root corresponds to a nonsingular
bounce [13,21]. Because the quantum correction is derived as a low-energy, long-distance
expansion, this result should be regarded as a formal property of the effective model rather
than as a controlled prediction at arbitrarily small scales.

2.6.2. Power-Law Running of the Gravitational Coupling

We now consider the scale-dependent ansatz
G(a) = Goa™. (35)

This power law is simple enough to be solved in closed-form while capturing the effect of a
running gravitational coupling [22,23]. Using Equations (10)—(12), one finds

Go G2 3G2
* _ n *2 _ 0 2n *2 _ __YY0 . 2n
G(a)—l_na, Gy (a)—l_na , Gy (a) = 3% (36)
valid for n # 1 and n # 3/2. Substituting into Equation (26) gives
Ha) =t 2"+ Y q O3 i 241350 hGo 1 oy ke 37)
HZ ~1-n A0 2e2(1 — 1) = -3 5,73 2

This expression shows why the exponent n controls the small-a behavior of the effective
Friedmann equation rather than rescaling it. For dust, the matter, classical-correction, and
quantum-correction terms scale as

respectively. Two exponents fix the small-scale structure. The quantum term is the most
singular contribution whenever

2n—-5<n—-3 = n<?2, (38)

https://doi.org/10.3390 /universe12100288


https://doi.org/10.3390/universe12100288

Universe 2026, 12, 288

8 of 38

while the coefficient of the quantum contribution changes sign at

n—=

[Sl{eS)

(39)

The values n = 3/2 and n = 2 therefore mark the natural analytic boundaries of the
small-scale dynamics: the former is the sign change of the quantum-correction coefficient,
while the latter is the power-degeneracy at which the matter and quantum terms scale with
the same power of a.
For the simplified flat model with Y = 0, the relevant two-term equation is
H2(a) _ Qo

= 2" 34380

hGy 1 215
H% 1—mn ’

3 2n-3

(40)

These two boundaries divide the equation into physically distinct regimes, and it is essential
to keep separate two questions that are easily conflated: which term dominates the small-a
behavior, and whether that behavior corresponds to a bounce.
In the interval
S<n<2, (41)

the quantum term is the most singular contribution and therefore controls the small-a
dynamics. Its coefficient is positive throughout this window, since 2n — 3 > 0, while the
running renders the matter coefficient negative, since 1 — n < 0. The dominant small-a
term is thus positive, so H?(a) > 0 as a — 0, and the small-scale region remains classically
allowed. Any root of H?(a) in this interval is consequently an upper turning point, or
recollapse scale, rather than a singularity-avoiding bounce. Dominance of the quantum
correction is not, by itself, a bounce.

A genuine bounce requires the opposite sign structure. For n > 2, the matter term
becomes the most singular contribution, and because the running carries the factor 1/(1 — n),
its coefficient is negative; the small-a region is then classically forbidden, with H?(a) < 0,
while the quantum term dominates at larger 2 and restores an allowed expanding branch.
The root that separates these regions is a true bounce. The boundary case n = 2 is
degenerate: both terms scale with the same power of 4, so no isolated turning point exists,
and the bounce branch opens up only for n > 2.

This distinction is applied in the numerical survey below, where a root of H?(a) is
classified as a bounce only when it separates a forbidden small-a region from an allowed
expanding branch. The condition H?(a;) = 0 alone is not sufficient: a bounce requires both
the vanishing of H? and the correct sign structure of H2(a) on the two sides of the root.

The small-a behavior is therefore controlled by the scaling behavior of gravity itself.
The dominance of the quantum term as a — 0 is an algebraic statement about the truncated
modified Friedmann equation and should not be interpreted as establishing the validity of
the underlying one-loop potential at arbitrarily small scales. The quantum correction is
derived as a long-distance, low-energy effective-field-theory expansion. Its local expansion
parameter is

hG
eqa) = ‘:QGCSR((,:))Z' (42)
For G(a) = Gpa" and R(a) = aR, this becomes
eq(a) = ga" 2, (43)

where { = 1Gyéqc/ (cR3). Perturbative control of the one-loop potential requires eq < 1,
together with the usual post-Newtonian condition G(a)M/[R(a)c?] < 1. Forn < 2, eq
diverges as a — 0, whereas for n > 2, it decreases toward the origin. The turning-point
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solutions considered below must nevertheless be checked at the finite value a = a;, rather
than only through their asymptotic scaling.

Even with dust matter and flat spatial geometry, a running gravitational coupling can
make the effective Friedmann equation behave like a multi-fluid system, and the transition
between recollapsing and bouncing behavior can be achieved by the power-law form of
G(a), without the need to add exotic matter by hand.

The quantum-correction parameter used below is inherited from the effective two-
body potential adopted in the present phenomenological construction. Earlier calculations
of the leading quantum correction to the Newtonian potential produced different coeffi-
cients and signs, reflecting differences in the definition of the potential and in the treatment
of the scattering amplitude and iterated contributions [13,18]. Here we follow the effective-
potential prescription of Hamber and Liu [18], for which the correction is repulsive in the
force-law convention of Equation (6), and write

_GM[,  3G(M+m) hG

V(T’) = » FCZ — CQG@ +--- (44)

where the coefficient multiplying the one-loop quantum correction is

122
SoG = 5 (45)

With the convention of Equation (44), the quantum part of the potential per unit test

mass is G2
G*M
VQ(I”) = +€QG 33 (46)

Its radial contribution to the acceleration is therefore

A% hG*M

which agrees with the sign of the quantum term in Equation (6).

The coefficient and sign of a quantum correction to a coordinate-space gravitational
potential have not been presented uniformly in the literature. In particular, the Hamber—
Liu prescription adopted here yields the repulsive correction written above, whereas the
later effective-field-theory result of Bjerrum-Bohr, Donoghue, and Holstein, including its
erratum, gives the commonly quoted coefficient 41/(107r) with the opposite force sign
in the present convention [24-26]. Because the coordinate-space potential is prescription-
dependent, the resulting cosmological correction should be understood as a phenomeno-
logical input rather than as a prescription-independent prediction of low-energy quantum
gravity. The singularity-avoiding sectors studied below are therefore conditional on the
repulsive Hamber—Liu prescription.

The coefficient g is dimensionless. The quantity entering the cosmological modified
Friedmann equation is instead
de'e

=== (48)
R

[1]

and therefore has dimensions [Z] = L~2. For normalized parameter surveys, the relevant
dimensionless combination is

hGy hGy
= H=—" . 49
g 3 C3R% gQG ( )

Within the Hamber-Liu prescription adopted here, the dimensionless microscopic co-
efficient has the magnitude o = 122/(157). The effective cosmological coefficient
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E = Coc/ R% is dimensionful, while { = #GyZ /¢ is dimensionless and is the parameter
that appears in the normalized modified Friedmann equation. Its numerical value also
depends on the reference scale Ry. The value of  shifts the location of a turning point,
whereas the existence and classification of the turning point are controlled primarily by the
scaling exponent 7.

We emphasize that the coefficient {o; was derived for the static, two-body gravita-
tional potential in asymptotically flat spacetime, and its use here—via the Newtonian shell
construction of Sections 2.1-2.4—to correct a homogeneous, cosmological background is
a phenomenological ansatz rather than a first-principles covariant derivation. A mani-
festly covariant treatment of one-loop quantum-gravitational corrections to FRW cosmol-
ogy would instead organize the corrections in the gravitational effective action as local
curvature-squared invariants (e.g., c;R? + ¢, R,y R") together with nonlocal form-factor
terms [27-29], rather than as a term inherited from the static two-body force law. Inter-
estingly, our classical-correction term Y, which enters H?(a) as p?, has a scaling that is
qualitatively reminiscent of a curvature-squared correction in FRW, since p? ~ H* at the
level of Friedmann scaling. The & term does not have an equally direct covariant pedigree,
and its translation into a cosmological setting rests on the Newtonian construction alone.
Establishing the precise relation between the power-law ansatz used here and the powers of
a generated by a genuinely covariant curvature expansion—which are generically different
from, and plausibly more singular than, those obtained from the two-body potential—is
left for future work.

2.7. Possible Origins of Scale-Dependent Power-Law Running

The ansatz
G(a) = Goa" (50)

is phenomenological, but power-law behavior can arise in several extensions of gravity.
In asymptotically safe quantum gravity, the running Newton coupling near an ultraviolet
fixed point behaves as G(k) ~ k~2. Under an appropriate cosmological identification of the
renormalization-group scale, such as k « a1, this gives G(a) ~ a? [30,31]. In scalar-tensor
theories, a coupling function of the form F(¢) ~ e*? can generate an effective power law
in a when the scalar field evolves logarithmically with the scale factor [32]. Kaluza-Klein
compactifications with a time-dependent modulus can likewise produce a scale-dependent
four-dimensional gravitational coupling [33]. We do not derive the form of G(a) from any
of these frameworks here. They are cited only as examples in which power-law running
may arise as an effective scaling regime.

The strict power law is analytically tractable and is used throughout this paper as
a local description of the deep-ultraviolet regime a — 0. It cannot, however, persist
unchanged throughout the later universe. Compatibility with primordial nucleosynthesis,
recombination, structure formation, and local limits on G/G requires the running to freeze
out before the relevant observational epochs.

A smooth interpolation that preserves the normalization of the early-time power law
may be written as

G(a) = Gy [a” +(1-a") exp(—(aa—x)p)}, p>n>0, (51)

where ay sets the transition scale and p controls the sharpness of the transition. This profile
is introduced only as an illustrative global completion of the local power-law model.
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In the deep-ultraviolet limit, 2 < ay, the exponential term is suppressed faster than
any finite power of a, and therefore

G(a) = Goa" + O exp(— (%")p)} (52)

Thus,
G(a) ~ Goa", a—0, (53)

with precisely the same normalization used in the pure power-law analysis. In particular,
no additional factor proportional to a," is introduced.
For a > a,, one may expand

ew(~(5)) =1-(5) +o|(5)7] 9
Equation (51) then gives

G(ﬂ) _ n ax p a X 2p
G—071—(1—a)(;) +0 (;) . (55)
The condition p > n ensures that the residual correction decreases in the late-time regime,

so that
G(Ll) — Go. (56)

For the turning points examined in Section 2.8, the relevant dynamics occur in the
early-time regime in which the pure power law is applicable. The transition scale a, must
nevertheless be chosen so that the running becomes observationally negligible before the
BBN epoch, aggn ~ 10710, More precisely, both a, and the sharpness parameter p must be
constrained so that |G(a)/Go — 1| and |G/ G]| satisfy the relevant bounds during BBN and
subsequent cosmological epochs. We do not perform that global parameter analysis here.

Accordingly, the calculations in this paper use G(a) = Gpa" as a local early-universe
scaling model rather than as a complete description of gravity at all epochs. A full phe-
nomenological analysis would require specifying the transition parameters and comparing
the resulting history of G(a) with cosmological and local constraints. The observational
consequences of allowing the running to persist into the BBN era, recombination, and the
epoch of structure formation are considered in Ref. [34].

2.8. Bounce-Scale Parameter Survey

The power-law model also allows a simple analytic and numerical survey of the
turning-point scale. To isolate the role of the running exponent, we consider the dust, flat,
and purely quantum-corrected case,

’)’=1, kZO, Yd:O,

with
G(Cl) = Goa”.

In this limit, the effective Friedmann equation reduces to

H?(a) o1 hGo 1 5,5

n—3 =
‘o 320 L -5,
[ e I T
_ Qo 3, 300 95
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For the dimensionless survey shown in Figure 1, the quantum correction is controlled by
the combination ¢ defined in Equation (49). We choose the reference value

122

= 157 (58)

Co
as an illustrative normalization. This choice corresponds to fixing the reference scale so
that 1Gy/ (c>R3) = 1. It should not be interpreted as a direct observational determination
of Ry or of the bounce scale.

Bounce Scale Parameter Survey
G(a)=Goea", y=1, k=0, Yo=0, o =122/(15n)

(A) Bounce scale vs. n (B) Sensitivity of a; to {
10° P 10°
]
g § | 10-2 ,s
o =
= o —
L 10724 8T g "
o Ec 29 © 1074 —
3 5 B %
% 10-4 4l 8 107
8 | 8 —_— n=21
c ] c s —— n=23
é | é =0 — n=25
1076 4 i —— Notrue bounce (n £2) 10-10 4 : njz
=== n=2 (a, degeneracy) i :;5
| @ n=33=0193 10-12
10~ t T T T T T T
1 2 3 4 5 6 7 101 10° 10! 102

(C) Phase diagram a¢(n, ¢)

* n=3,{,=122/(15n)

Quantum correction parameter {

Figure 1. Bounce-scale survey for the power-law running model G(a) = Gya", shown for dust matter
(v = 1), flat spatial geometry (k = 0), and vanishing classical correction (Y = 0). The survey is
expressed in terms of the dimensionless quantum-correction parameter { = 1GoZ/c3. We use the
illustrative normalization { = 122/(157), corresponding to 71Gy/ (cR3) = 1. Panel (A) shows the
true bounce scale a; as a function of the running exponent 7. The shaded region indicates parameter
values for which no true bounce occurs, even though a formal turning point may exist. The vertical
line at n = 2 marks the degenerate case in which the relevant terms scale with the same power of a,
and the marked point shows the representative value n = 3, for which a; ~ 0.193. Panel (B) shows
that the dependence on ( is highly sensitive near the degenerate value n = 2, but becomes much
milder for larger n. Panel (C) displays the same information as a phase diagram in the (1, {) plane,
with contours of constant bounce scale.

A turning point occurs when H?(a;) = 0. From Equation (57), this gives

m_3 1/(n—2) 3
3@(7:1—1)] ’ n#l, §/2~ (59)

For the two-term dust model, Equation (59) implies

() = |

w2  2n-—3
a;'" "= W (60)
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Consequently, the quantum expansion parameter evaluated at the turning point is
2n—3
€ a = (a n—2 = — 61
Q ( t) g t 3 ( n— 1) ( )

For the representative choice n = 3, one finds eg(a;) = 1/2. The leading quantum term is
therefore not parametrically small at the turning point. We accordingly interpret the bounce
as a feature of the phenomenological truncated model, rather than as a quantitatively
controlled prediction of low-energy effective field theory.

A root a; of H?(a;) = 0 can be of three types:

e TypeI (Bounce): H?(a) < 0 for a < a; (forbidden), H?(a) > 0 for a > a; (allowed).
The universe contracts, stops, and re-expands.

e Type II (Recollapse): H?(a) > 0 for a < a;, H*(a) < 0 for a > a;. The universe
expands, stops, and contracts.

*  Type III (Degenerate): No sign change across 4;.

Only Type I corresponds to a nonsingular bounce that replaces the classical singularity.

However, not every turning point is a true bounce. A bounce requires more than
Hz(at) = 0: the region a < a; must be classically forbidden, while the region a > a; must
be classically allowed. In other words, the root must separate an inaccessible small-scale
region from an expanding cosmological branch.

For 3/2 < n < 2, the equation may possess a positive root, but the small-a region
remains allowed. Such a solution is better interpreted as an upper turning point or recol-
lapse scale, not as a singularity-avoiding bounce. By contrast, for n > 2, the leading small-a
behavior makes H?(a) < 0 near the origin, while the larger-a branch becomes allowed.
Thus, in the parameter range emphasized here, the true bounce branch begins at n = 2.
The point n = 2 itself is degenerate because the two terms in Equation (57) scale with the
same power of 4, so there is no isolated turning point.

Figure 1 summarizes the structure of the bounce branch. Figure 1A shows that, for the
reference value o = 122/(157), the true bounce scale grows from very small values just
above n = 2 and approaches order unity as n becomes large. For example, at n = 3,

1
ap = T 0.193. (62)
Figure 1B shows that the dependence on { is highly sensitive near the degenerate value
n = 2, but becomes much milder for larger n. Figure 1C displays the same information as a
phase diagram in the (1, () plane.

The existence and location of the bounce are controlled primarily by the scaling
exponent n. The dimensionless parameter { shifts the location of the bounce, but the
qualitative transition between a true bounce and a non-bouncing solution is governed by
the power-law behavior of the gravitational coupling itself.

2.9. Connection to the Wheeler-DeWitt Analysis

The effective Friedmann equation derived in this section provides the starting point
for the minisuperspace quantization in Section 3. In the quantum theory, the same scale
dependence of G(a) enters the Wheeler-DeWitt equation through the effective minisu-
perspace potential. Consequently, the classical turning-point structure and the quantum
behavior of the wave function near a = 0 are governed by the same underlying running of
the gravitational coupling.

Both descriptions inherit the same scale dependence from our effective model. At
the classical level, the effective Friedmann-type equation determines whether a solution

https:/ /doi.org/10.3390/universe12100288


https://doi.org/10.3390/universe12100288

Universe 2026, 12, 288

14 of 38

reaches 2 = 0, encounters a turning point, or undergoes a nonsingular bounce. At the
minisuperspace level, the Hamiltonian constraint constructed from that equation deter-
mines whether the Wheeler-DeWitt wave function is suppressed, regular, or oscillatory in
the corresponding region. The second step is a quantization of the effective cosmological
model; it does not derive the potential-inspired 7 term independently.

3. Minisuperspace Quantization and the Wheeler-DeWitt Equation

The Wheeler-DeWitt framework and its minisuperspace realization have a long history
in quantum cosmology [3,14,35]. In this section, we quantize the scale-factor degree
of freedom and derive a Wheeler—DeWitt-type equation associated with the modified
Friedmann dynamics obtained in Section 2. We quantize an effective one-dimensional
minisuperspace model whose Hamiltonian constraint is chosen so that its classical limit
reproduces the modified Friedmann equation derived above. This construction is used
as an effective quantum-cosmological model and is not intended as a fundamental or
ultraviolet-complete quantization of the full gravitational field. This is sufficient for the
present purpose, which is to determine how the running gravitational coupling modifies
the quantum behavior of the scale factor.

The scale factor a(t) is taken to be dimensionless, with the physical radius written
as R(t) = a(t)Ro, where Ry is a fixed reference length. Because a is dimensionless, the
reduced minisuperspace action must retain the corresponding fiducial volume factor R3.
This factor ensures that the reduced Lagrangian has dimensions of energy and that the
canonical momentum conjugate to 4 has dimensions of action. The constants c, 11, Gy,
and Ry are therefore kept explicitly throughout the derivation. Dimensionless units are
introduced only after the equations have been written in a dimensionally consistent form.

3.1. Reduced Minisuperspace Dynamics

We begin with the effective gravitational kinetic term. Since the scale factor a is
dimensionless, the fiducial spatial-volume factor R} must be retained. The kinetic term of
the Lagrangian can be written as

, 31c*Ry .,
Lkin(ara) - = 4G(ﬂ) aa-. (63)
The reduced Lagrangian is then
L(a/ H) = Lkin(ara) - V(Ll), (64)

where V(a) denotes the effective minisuperspace potential. In the present model, V (a)
contains the matter contribution, the curvature term, the higher-order classical correction,
and the quantum correction.

The canonical momentum conjugate to a is

_aL 37mc*Ry
pﬂZE_— 2G(a) ad, (65)
so that 26(a)
a) Pa
=— =. 66
37c2R3 a (66)
The corresponding Hamiltonian is
; Ga)
H= —L=——>"+ V(a). 67
Patt 37'L'CZR801 pa + (a) ( )

https://doi.org/10.3390 /universe12100288


https://doi.org/10.3390/universe12100288

Universe 2026, 12, 288 15 of 38
The classical dynamics are obtained from the Hamiltonian constraint
H =0. (68)
Using Equation (65), the constraint implies
-\ 2
a 4G(a) V(a)
Ha)=(-) = —5—5" 69
(ﬂ) (Cl) 37TC2R8 e (69)
Rearranging,
37c?R}
= 2032 (70)

V(a) = 1G(a) (a).

Thus, the effective potential is not introduced independently; it is fixed by the modified
Friedmann function H?(a).
For the scale-dependent gravity model considered here,

8w _, N 3272 _
H?(a) —?G (a)poa " + Yq o Gi2(a)pga®
87 h kc? 7y
- OTT * _ c
=33 G3*(a)poa Grt2) _ 7

This is the same modified Friedmann equation derived in Section 2. The dimensional
normalization of the reduced minisuperspace action does not alter the classical function
H?(a); instead, it determines the dimensionally consistent coefficient with which H?(a)
enters the effective Wheeler-DeWitt potential.

3.2. Factor Ordering and Wheeler—DeWitt Equation

Upon quantization, we promote

d
— —ih—. 72
Pa e (72)
Since a is dimensionless and the corrected momentum (65) has dimensions of action, the
two sides of Equation (72) have the same dimensions.
Because the scale factor is a minisuperspace variable, the ordering of p2 is not unique.
We adopt the standard one-parameter factor-ordering prescription

p2yp(a) — 1 (lep + qdlp), (73)

da?  ada

where g is the factor-ordering parameter. This convention includes commonly used choices
in minisuperspace quantum cosmology, while making explicit that different orderings can
shift the subleading behavior of the wave function near a = 0 [3,14,35]. The parameter g
represents the factor-ordering ambiguity of the reduced minisuperspace model. We retain
it explicitly and examine representative choices below; no unique ordering prescription
is assumed.

The Wheeler-DeWitt equation ?—A{IIJ = 01is therefore

*Gla) [y  qdy _
SHCZRSLZ |:da2 + ada} + V(ﬂ)l[)(ﬂ) =0. (74)
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Eliminating V(a) with Equation (70), we obtain the compact form

2 416
Py ady | RS apeyp(a) o (75)

da2 " ada " 412G(a)?

This equation is the central quantum equation used in the remainder of the paper. It shows
explicitly how the running gravitational coupling enters the Wheeler-DeWitt potential
through both G(a) and the modified Friedmann function H?(a).

3.3. Power-Law Running

We now specialize to the power-law running
G(a) = Gpa". (76)
Using the starred couplings derived in Section 2,

Go . G2
- nan’ G12(a) _ 0 a2n

G'(a) = 1-n '

(77)

valid for n # 1 and n # 3/2, Equation (75) becomes

H?(a)y(a) = 0. (78)

The corresponding Friedmann function is

787‘[ GO

—2" 321> Gj 2 2n+2—6y
31—n

2 il VI
H(a) 92 1—n"0

IO()an_37 +Ya
) ) (79)
8rth  Gp a1~ (37+2) _ ke

3 2n-3 a2’

[1

+

Substitution gives the expanded Wheeler-DeWitt equation

3416
627T ¢ ROPO g3y
(1 —n)Go
87r*c®RG05 667
R —n)
187°cRip0 5 3,
h(2n — 3)
9712kc6R8 2—2m
T 22
412G3

¢ (@) + 1y (a) + [

+E
] Pp(a) =0. (80)

The running exponent n changes the powers of a appearing in the Wheeler-DeWitt
potential. Thus, the small-scale behavior of the wave function is controlled by the mat-
ter equation of state, the factor ordering, and the scaling behavior of the gravitational
coupling itself.

3.4. Representative Analytic and Numerical Solutions

We now examine representative solutions of Equation (80) where we wish to display
the main types of behavior admitted by the model. We focus on flat models with

k=0, Yq=0,
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so that the competition between the ordinary matter term and the E-induced quantum
correction can be highlighted. Exact and semiclassical solutions of the Wheeler—-DeWitt
equation are known in special minisuperspace settings [15,35], and the present model
provides additional tractable examples in which the effect of the running gravitational
coupling can be seen explicitly.

For n = 2, the ordinary matter contribution and the E-dependent quantum correction
in Equation (80) scale with the same power of a. The Wheeler-DeWitt equation then

reduces to
9 (@) + 19/ (a) + Aewa® P 1p(a) =0, (81)
where
A = _ 67°c*Ripo | 187T°EcRGpg 62)
ett — 2 *
n*Go h
For the representative choice
¢aG 122
E==, $QG = == (83)
R? 157
this becomes 3 406 .
6 R 732 R
Aegt = _ 6 Ropo | 732 268000 (84)

" Go 5 h
In the examples below, we take Ao > 0, so that the solutions are oscillatory at a sufficiently

large scale factor. If A¢ < 0, the corresponding solutions are expressed in terms of modified
Bessel functions, and the oscillatory interpretation must be modified.

3.4.1. Dust-Era Bessel Solution Satisfying the DeWitt Condition

For a dust-dominated universe, v = 1, Equation (81) becomes

¢ (@) + T¢/ (@) + Aea~ p(a) = 0. (85)

The general solution is

9(a) = a2 Ciy(20/Aia) + CaY1g(2V/Aeqia) |- (86)

The Y7, branch is singular at the origin and is discarded if regularity at a = 0 is required.
The regular branch is therefore

P(a) = Cal™021_(2/Agga). (87)

Near the origin,
P(a) ~at™i. (88)

Thus, this branch satisfies the DeWitt boundary condition,

$(0) =0, (89)

whenever g < 1. The DeWitt condition is commonly interpreted as suppression of the
classical singular geometry in the quantum theory [3].
At large a, the Bessel asymptotics give

- U T
P(a) ~ al-20)/4 cos[Z Aetfd — E(l —q) — Z] (90)
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The envelope decays for 1/2 < g < 1, is asymptotically constant for 4 = 1/2, and grows
forqg < 1/2.
An illustrative parameterization is

7= o1
for which
9(a) = Ca'/3J1/(2y/Aea). ©2)

This solution vanishes at a = 0, satisfies the DeWitt criterion, and exhibits damped oscilla-
tions at a large scale factor (see Figure 2). It therefore provides a simple analytic example of
a state that is suppressed near the classical singularity and becomes semiclassical in the
large-a regime.
1.00+
0.75+

0.50

0.25

0.00

-0.25

W(a) (arbitrary units)

-0.50

-0.75

1 1 1
0 20 40 60 80 100
a (arbitrary units)

Figure 2. Dust-case Wheeler-DeWitt wave function forn =2,y =1,9 = %, k =Yq = 0, with
Coc = 122/(15m) and E = CQG/R%. The exact solution 1 (a) o 111/8]1/4(2\/)\effa) vanishes ata = 0,
satisfying the DeWitt boundary condition, and exhibits damped oscillations for increasing scale factor.

3.4.2. Regular Dust-Era Solution Without DeWitt Suppression

The case g = 1 results in a useful comparison. Equation (86) becomes

P(a) = C1]0(2M) + CzYo(zm). (93)

Since Yy (x) diverges logarithmically as x — 0, regularity at the origin selects

y(a)=C Io(zm)- (94)

However,
Jo(0) =1, (95)

so this solution (see Figure 3) is finite but nonzero at a = 0. It therefore satisfies a regularity
condition, but not the stronger DeWitt condition. A regular nonzero wave function at
the origin is more naturally interpreted as a regular quantum origin than as strict DeWitt
suppression of the singular geometry. This is closer in spirit to the Hartle-Hawking
regularity viewpoint than to imposing ¥(0) = 0 as a boundary condition [4].

P(a) ~ a /4 cos(2\//\effu — g), (96)

so the solution is again oscillatory with a slowly decaying envelope. The factor-ordering

For large a,

parameter therefore controls whether the origin is regular or suppressed.
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0.8

0.6

0.2

0.0

W(a) (arbitrary units)

—-0.2F

_0.4 -

1 1
0.0 0.1 0.2 0.3 0.4 0.5
a (arbitrary units)

Figure 3. Dust-case Wheeler-DeWitt wave function forn =2,y =1,9 =1, k = Yq = 0, with
Zoc = 122/(157) and E = gog/R3. The regular solution §(a) o« Jo(2y/Aefa) remains finite and
nonzero at a = 0. It therefore satisfies regularity at the origin, but not the DeWitt boundary condition.

3.4.3. A Non-Bessel Airy Example

The model also admits exact analytic sectors that are not of Bessel type. For

1
n=2, 725’ q=0, k=Yq=0,
Equation (81) becomes
" (a) + Aegta p(a) = 0. (97)
Defining
x=-AlYla, (98)

this becomes the standard Airy equation,

42
d—xf —xp =0. (99)
The general solution is
9(a) = CLAI(—AYa) + CoBi( —AlRa). (100)

A DeWitt-compatible linear combination is obtained by imposing 1(0) = 0. Since

Ai(0) 1
Bi(0) /3’ (101)
one obtains
(@) = c[a(-alfa) - Ln(-alfta) | (102)

This solution (see Figure 4) vanishes at 2 = 0 by construction and becomes oscillatory
for large positive a. Although v = 1/3 corresponds to an exotic equation of state rather
than ordinary dust or radiation, the example is revealing because it shows that the scale-
dependent model supports exact non-Bessel wave-function sectors.
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0.6

0.4

0.2

w(a) (arbitrary units)

|
0 5 10 15 20 25 30 35 40
a (arbitrary units)

Figure 4. Airy-type Wheeler-DeWitt wave function for n = 2, v = %, g=0k=Yq =0, with
Zoc = 122/(157) and & = ¢qg/R3. The linear combination §(a) o« Ai(—Aéf/fSa) - Bi(—/\lf/fsa)/\@
is chosen so that ¢(0) = 0, thereby satisfying the DeWitt condition.

3.4.4. Numerical Radiation-Era Example

As a radiation-era example, consider a radiation-dominated universe with

4 122 ¢aG
Y 3/ n ’ q 0/ cl 0/ CQG 15”/ R(z) ( 03)
In this case, Equation (80) has the schematic form
! B
" (a) + (Aa - {12>1/J(a) =0, A>0, B>0, (104)

after collecting constants. The inverse-square term dominates as 4 — 0 and produces
a suppressed regular branch. At larger scale factors the positive linear term dominates,
leading to an oscillatory regime. The numerical solution (see Figure 5) therefore transitions
from suppression near a = 0 to oscillatory behavior at larger a.

L
3 UUUUUHUHHUHHW

—-0.75F

0 1 2 3 4 5 6 7 8
a (arbitrary units)

Figure 5. Numerical Wheeler—-DeWitt wave function for the radiation-dominated case y = %, with
n=-1q=0k=0, Yy =0, using {oc = 122/(157) and E = oG /R3. The regular branch is
suppressed near a = 0, satisfying the DeWitt condition, and becomes oscillatory at larger scale factors.
The dashed vertical line marks the zero of the effective coefficient in Equation (104), separating the
suppressed small-a region from the oscillatory large-a region.
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3.5. Local Airy Form near a Turning Point

Before turning to the full WKB analysis, we examine the local behavior near a simple
turning point. Removing the first-derivative term by writing

p(a) = a "?u(a), (105)
the Wheeler—DeWitt equation takes the reduced form
u"(a) + Ugg(a)u(a) = 0. (106)
Suppose that the effective potential has a simple turning point a = a;, so that
Uege(ar) =0, Ulg(ar) # 0. (107)

Expanding linearly,
Uegr(a) ~ Ulg(ar)(a —ay), (108)

Equation (106) reduces to Airy’s equation. The local solution may be written as

u(a) = clAi(at S_ u) + czBi<at S_ a)/ s = [ULg(ar)] -3 (109)

up to the sign convention associated with U/ (a;). Selecting the Ai branch gives exponential
suppression on the forbidden side of the turning point and oscillatory behavior on the
allowed side (see Figure 6). This is the standard local structure underlying WKB matching
in quantum cosmology [4,5].

1.0f

0.81

0.61

0.4

0.2

0.0r

w(a) (arbitrary units)

—-0.2F

=04

—0.6F

0 20 40 60 80 100

a (arbitrary units)
Figure 6. Illustrative Airy-type semiclassical Wheeler-DeWitt wave function near a single turn-
ing point a;. The local form y(a) = a~7/2Ai((a; — a)/s), shown here for g = 1, is exponentially
suppressed on the forbidden side of the turning point and oscillatory on the allowed side. This

figure illustrates the universal Airy matching behavior that appears near a simple Wheeler-DeWitt
turning point. The vertical dashed line indicates the turning point.

3.6. Summary of the Wheeler—DeWitt Sectors

The examples above show that the scale-dependent model admits several distinct
quantum behaviors. The dust solution with § =  is revealing: it is analytic, physically
transparent, satisfies the DeWitt condition, and has a damped oscillatory large-a limit. The
g = 1 dust solution shows that regularity at a = 0 is not the same as DeWitt suppression.

The Airy example illustrates that the model is not restricted to Bessel-type sectors, while
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the radiation-era numerical solution provides a more familiar matter source in which the
small-a region is suppressed and the large-a regime becomes oscillatory.

These results prepare us for the WKB analysis in Section 4. There, the same effective
potential structure will be used to identify forbidden and allowed regions, turning points,
and the branch interpretation of the minisuperspace wave function.

4. WKB Dynamics, Turning Points, and Probability Current

The exact solutions discussed in Section 3 show explicitly that the scale-dependent
model admits wave functions that are either suppressed at the classical singularity or
regular at the origin. We now turn to the WKB regime, where the connection between the
Wheeler-DeWitt wave function and classical cosmological dynamics becomes explicit. The
purpose of this section is to show how a forbidden small-a region, a turning point, and an
oscillatory large-a branch arise in a representative case, and how the probability current
distinguishes expanding and contracting semiclassical sectors.

We consider the flat dust-dominated model

vy=1, n=23, g=1, k=0, Yq=0, (110)
with the one-loop quantum-correction coefficient specified by

122 gQG
- = == 296 111
$QG = 15,17 R2 (1)

This example is instructive because it reduces the Wheeler-DeWitt equation to a single-
turning-point problem while retaining the effect of the running gravitational coupling.
The resulting WKB structure is the familiar one: exponential behavior in a forbid-
den region, Airy matching near the turning point, and oscillatory behavior in the
allowed region [4,5,36].

4.1. Reduced Wheeler—DeWitt Equation for a Chosen Model
We begin with the power-law Wheeler-DeWitt equation derived in Section 3,

972 c*RY
p'@) + ') + ZTGZO @2 H (@) p(a) = 0. (112)

For g = 1 and n = 3, this becomes

1 97r2c4R6
"(a) + =y (a) + —5—=2a"2H?(a)yp(a) = 0. 113
)+ @)+ b W) 113)
For dust matter, ¥ = 1, with k = 0 and Y4 = 0, the modified Friedmann function
reduces to )
81t Gy _8nh G
H2(g) — B3 0 6—(3+2) 114
(@) = 5 7=gp0" " +ETF 55301 (114)
Hence,
mth
H%(a) = Gopo +H Gopoa (115)
Using
e g 122
== 5y QG = 72—/
R? 157
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Equation (115) becomes
47 976 hG2 0o
H?(a) = —— 0 11
(a) 3 Gopo + 4= R (116)
Substituting Equation (115) into Equation (113) gives
1 B _n
/! T = _ " —
v+ @+ (B L) o a17)
where 3 4n e 6
3 R 61°EcR
:M, p = TR0 (118)
n*Go h
Using
R ee Fog = 122
I TR T
the coefficient becomes
67T3§QGCR%p0 244 ZCR%PO
B = 0 5Ty (119)
To remove the first-derivative term, we define
Pp(a) = a~"2p(a). (120)
Then, Equation (117) becomes
¢"(a) + Q(a)¢(a) =0, (121)
with 3 406
B« 1 3m°c*Rjp00
_P — gy = 122
Qla)="——5, a=p—y oy (122)
Equivalently,
a—uw
Qla) = P25 (123)
4.2. Turning Point and WKB Regions
The turning point is determined by
Q(at) =0. (124)
For « > 0 and B > 0, this gives the single positive turning point
o
ar = —. (125)
p
The sign of Q(a) then separates minisuperspace into two regions:
Q(a) <0, 0<a<a, (126)
and
Q(a) >0, a > ay. (127)

Thus, the small-a region is WKB-forbidden, while the large-a region is WKB-allowed. This

yields a forbidden small-a region and an allowed oscillatory large-a region.
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For the dimensionless illustration below, we scale all quantities by fixed reference
values and denote the resulting dimensionless coefficients by @ and p. The numerical
example is chosen so that

A~92769, P~481.637, ar= = ~0.193. (128)

These values specify an illustrative dimensionless model and should not be interpreted as
a direct substitution of measured cosmological quantities in Planck units.

4.3. Forbidden-Region and Allowed-Region Solutions
In the forbidden region 0 < a < a;, define

k(@) = /1Q(a)| = V2P (129)

a

The WKB solution for ¢(a) is
Prom (@) ~ |Q(a)| /4| A1) 4 BetI(0)], (130)

where

I(a) = /aat x(a')da’. (131)

Since ¢(a) = a~/2¢(a), the corresponding WKB form for the original wave function is
Prorn (1) ~ (& — Ba) /4 [ Ae™I(0) 4 petI(0)]. (132)

The branch proportional to e~(%) is suppressed as a — 0. Selecting this branch gives a
wave function that is exponentially small in the classically forbidden small-a region.
In the allowed region a > a;, define

p(a) =/Qa) = ¥ —— 52_“- (133)

The WKB solution for ¢(a) is
gan(a) ~ Q(a) /4| €O + De=O)], (134)

where

O(a) = /u p(a’)da. (135)

Thus, the original wave function is
Yan(a) ~ (Ba —a) V4 [Cel@(“) + De—i@<a>] (136)

4.4. Airy Matching near the Turning Point

The connection between the forbidden and allowed WKB regions is obtained by
matching to the local Airy solution near 4 = a;. Expanding Q(a) about the turning
point gives

Q(a) ~ Q'(ar)(a — ar), (137)
where, using Q(a) = f/a — a/a?,
,33
Q'(ar) = el > 0. (138)
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Defining the local Airy scale

s (a2\'°
5= [Q(a)] " = (W) , (139)
the reduced equation takes the standard Airy form near the turning point. The usual
connection formula (see, e.g., [36,37]) gives the real matched solution in the allowed
region as

Yan(a) = (Ba— )" cos(O(a) - 7).

The —7/4 phase shift is the standard result for matching a decaying exponential on the
forbidden side to an oscillatory solution on the allowed side.

This standing-wave form is the standard WKB continuation of a real decaying solution
in the forbidden region. A purely outgoing or purely incoming branch may instead be
selected by imposing an additional boundary condition in the allowed region.

4.5. Closed-Form WKB Actions and Asymptotic Behavior

For this case, the WKB actions can be evaluated analytically. In the forbidden region,

I(a) = Zﬁ{artanh \/1 - aﬁ - \/1 - “J . (140)

t at

This expression vanishes at the turning point and diverges logarithmically as a — 0.
Consequently, the decaying branch in Equation (132) is strongly suppressed near the
classical singularity. In fact,

Yla) ~av®, a0, (141)

up to an overall constant.
In the allowed region,

@(a)zzﬁ[,/jt—1—arctan,/;t—1]. (142)

Qa) ~ =, (143)

For large g,

and the phase behaves as

O(a) ~2v/Ba—mva, a— co. (144)

Therefore, the large-a wave function has the asymptotic form

P(a) ~ (Ba)~1/4 cos(Z\/ﬁ —m/a — g), a— oo, (145)

The large-scale wave function is therefore oscillatory with a slowly decaying envelope (see
Figure 7). This is the usual WKB signature of a semiclassical regime.

The result is a WKB realization of the usual tunneling-type structure: a suppressed
small-a region, a turning point, and an oscillatory large-a semiclassical branch. In the
present model, this structure is generated by the scale dependence of the gravitational
coupling and the associated quantum-correction E-dependent term.
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Figure 7. WKB wave function for the examplecase y =1,n =3,9 =1, Yy = 0, and k = 0, using
the dimensionless coefficients & and B specified in Equation (128). The dashed vertical line marks
the turning point a; o~ 0.193, which separates the small-a WKB-forbidden region from the large-a
WKB-allowed region. For a < a;, the wave function is exponentially suppressed, while for a > a;, it
becomes oscillatory with a slowly decaying envelope.

4.6. Probability Current and Branch Interpretation

The WKB wave function becomes physically clearer when supplemented by the
minisuperspace probability current. For the factor-ordered Wheeler-DeWitt equation

¢ (@) + 19/ (a) + Qa)p(a) =0, (146)

with real )(a), the conserved current is

1 / */
Ja(a) = Z:a® (9" = py™). (147)

For the present model g = 1, this becomes

Ja) = o (474 — py"). (149
In the allowed region a > a;, the outgoing and incoming WKB branches are
Pout(n) = (Ba —a) " 4OW, yin(a) & (Ba—a) M 2O, (149)
With the WKB branches normalized to unit minisuperspace flux, one obtains
Jou =41, Jin= -1 (150)

For an arbitrary overall wave-function normalization, the currents are multiplied by the
corresponding squared amplitude. Thus, the outgoing branch carries positive flux, while
the incoming branch carries negative flux. In this sense, the sign of the conserved current
distinguishes expanding and contracting semiclassical branches [5].

By contrast, the real standing-wave combination

lpstand(a) ~ 2(1311 - 0‘)71/4 COS(®(“) - g) (151)
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has
]stand =0. (152)

Similarly, a purely real decaying solution in the forbidden region carries no current. A
nonzero conserved flux therefore appears only after selecting a complex traveling-wave
branch in the WKB-allowed region. This is why the current is an invaluable diagnostic:
oscillatory behavior alone does not specify a direction of semiclassical evolution, while the
current does.

For the illustrative choice of values in Equation (128), one finds numerically that the
current is constant across the allowed region:

(Jout) =1, (Jm) = -1, (Jstana) = 0. (153)
This confirms the branch interpretation of the WKB solutions.

4.7. Hamilton—Jacobi Limit and Classical Recovery

The WKB phase also explains how the classical modified Friedmann dynamics are
recovered. Starting from the compact Wheeler-DeWitt equation,

¢ (@) + T/ (a) + m H(a)p(a) = O, (154)
we use the WKB ansatz )
¢@)::A@nexp(;s@o>. (155)
At leading order in the WKB expansion, the phase satisfies
(”Z)z = wamz(a). (156)
Identifying
po=2 (17

and using the minisuperspace momentum

_ 3mc®R}
Pa= "G )

aa, (158)

one immediately obtains

2 2.4R6 2,46
(‘2) = 9472511;{20 0202 = 94”(;5;0 a*H2(a). (159)
Thus, the WKB Hamilton—Jacobi equation is exactly the classical modified Friedmann
dynamics written in canonical form. The phase of the Wheeler-DeWitt wave function
therefore encodes the classical cosmological trajectory [14,17].

The factor-ordering term affects the transport equation for the WKB amplitude, but
not the leading Hamilton-Jacobi relation. The Z-dependent term should be interpreted
separately from the minisuperspace quantization: it is inherited from the potential-inspired
effective Friedmann-type equation constructed in Section 2. The WKB expansion is therefore
a semiclassical expansion of an effective minisuperspace model containing an explicit 7-
dependent phenomenological term. It does not provide an independent derivation of
that term.
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The physical picture is then consistent across the classical and quantum descriptions.
The roots of H?(a) determine the classical turning points. The same roots enter the Wheeler—
DeWitt potential and determine where the WKB wave function changes from exponential to
oscillatory behavior. In the oscillatory regime, the probability current separates expanding
and contracting branches. In this way, the WKB analysis connects the modified Fried-
mann dynamics, the minisuperspace wave function, and the emergence of semiclassical
cosmological evolution.

5. Wheeler—-DeWitt Equation with a Scalar-Field Clock

The Wheeler-DeWitt equation derived above is a constraint equation, so it does not
contain an external time variable. To give the quantum theory a relational interpretation, we
enlarge the minisuperspace from the single variable a to (a,¢), where ¢ is a homogeneous
free scalar field. Since the scalar-field momentum is conserved, ¢ can be used as an internal
clock on any classical branch for which py # 0 [17,38]. This restriction becomes explicit in the
exact relational trajectory (Equation (181)) and in its test-field reduction (Equation (183)) below.

We begin with the gravitational kinetic term used in the minisuperspace construction,

2R3 =2
L in = —Z;C(SO % (160)
where the lapse function N(t) has been restored. For a homogeneous free scalar field,
V(¢) = 0, the corresponding kinetic term is

T2R343
Ly xin = NO ¢2. (161)
The canonical momenta are therefore
_ 3mc®R} aa _ 2m*R3a® 162)
Pa="%6a N PP~ N #

Solving for the velocities and performing the Legendre transform gives the kinetic part of
the Hamiltonian constraint,

G(a) 1 2
Hign = — + . 163
kin = T3 2R3 P T 4Rz (163)

The modified Friedmann equation can be written in the compact form
5 a
H(a) = F(a), H=1, (164)

where F(a) denotes the full right-hand side of the scale-dependent modified Friedmann
equation. The Hamiltonian constraint consistent with this classical limit is

G(a) 1 , 37mc*R} 4
__ G F(a) = 0. 165
3R’ T 1R’ T 4G () (2) (165)

Hence, if py = 0and N = 1, then p, = —((37¢?R}) /2G)ai, and Equation (165) reduces to
4% = a’F(a), as required.
Upon quantization, we take

pa— —ihde,  pp — —ihdy, (166)

https://doi.org/10.3390 /universe12100288


https://doi.org/10.3390/universe12100288

Universe 2026, 12, 288 29 of 38
and use the same factor ordering as above,
P2 5 12 (ag + gaa). (167)
The Wheeler-DeWitt equation in the two-dimensional minisuperspace is then
G /1, g ¥, 3mc®R}
—_— =04 ) — =0. 168
3mc2R3a (a” " aa”) 47z2Rga3a¢+ 4G(a) Fla)|¥ae) (169
Multiplying by 37tc>R3a/[G(a)h?], we obtain the more convenient form
3c? 972c4R§
R+, - 2 24 T N pdp) |y ,¢) =0. 169
at 4% 47G(a)a2"? * 4712G(91)2Lz (@) ¥(a.9) (169)

This equation shows the structural change caused by the scalar clock: the scalar-field
kinetic term enters with a coefficient proportional to [G(a)a?] 1. Thus, the same running
gravitational coupling that modifies F(a) also modifies the clock term itself.
For the power-law model
G(a) = Goa", (170)

the scalar-clock contribution scales as

3¢c2 3c2
- 3= —(n+2)52 171
47G(a)a2"? 47'(601Z ¢ (171

Hence, the standard inverse-square clock term is recovered only when n = 0. For n > 0,
the scalar-clock term becomes more singular as a — 0, while for n < 0, it is softened.
We now separate variables by writing

¥(a,¢) = e“Pxo(a), (172)
where w is the conserved scalar-field frequency. Since Bé‘F = —w?Y, Equation (169) becomes
2,2 2 416
" q 3cw 9m°c*Ry 4
= F =0. 173
Xeo(@) + = Xeo () + G2 772G (a)" (@) | Xew(a) =0 (173)
For G(a) = Gya", this is
2,2 2 416
" 9., 3¢ w” () | ITTCRG 4 oy _
Xw(a) + EXw (11) + 47_[G0 a 4h2G(2) F(ﬂ) XW(a) =0. (174)

Using the normalized-density Friedmann function,

H? QO2H?
F(a) = <QOO> G*(a)a37+YC1< 0 0>Gi‘2(a)a26'7

Go ZG%CZ
o QHG\ 1 L ayg) kE
ﬂ( G ) SE @ =T
and the power-law effective couplings
G* (Ll) _ Go a" G*Z(u) _ G(% a*" G*Z(a) - _ 3G(% " (175)
1—n ' ! 1—n 7 2 2n—3" '
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with n # 1 and n # 3/2, Equation (174) may be written as

q

2,2
q 3w g~ (n+2)
a

/ 4—n—3y 6—677
X (a) 17Cq + Aa + Ba

X (a) +
+ Ca®737 — Dg* 21 Xw(a) =0,

where

2 41p6 2
_ 97%c*RS Qo H3

4G 1-n’
. 9mAAR§ O3HS
cl Sth% 1 —n 7
co= 27m2cR§ Qo H3
T 4Gy 2n -3’
972k RS
D= % (176)
4n°G§

The coefficient D carries the sign of k. Thus, the curvature term should not be inter-
preted as positive-definite unless the curvature choice has already been fixed.
It is advantageous to remove the first-derivative term by defining

Xo(a) = a=1?uy(a). (177)
The mode equation becomes
Uy (a) + Vege(a; w)uw(a) = 0, (178)
with 3202
Veg(a; w) = %a%nﬁ) + Aa* 737 4 Bab 67
1 Ca2 3 _ pg¥n _ 9(9-2)

442
This is the scalar-clock version of the Schrodinger-like Wheeler-DeWitt equation. Note that
the new term’s scaling, a~("*2), is controlled by the same exponent 1 as the gravitational
term. The clock is therefore not an external add-on to the model; it is tied to the scale-
dependent gravitational dynamics.
The relational interpretation can also be seen at the classical level. For a free scalar field,

. N
¢ = 727T2R8a3 P, (179)
and on a classical branch with N = 1, Equation (165) gives
G(a) pj
2 2 ¢
a“=a“F(a —_— 180
(@) + 373c2RS at (180)

which reduces to 4> = a?F(a) in the py = 0 sector, as shown above. Dividing by $? from
Equation (179) gives the exact relational trajectory,

47G(a)a?
+7r(a)a.

da\? 47t4R8a®
( ) - T )+ T2 (181)

d¢ P
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The second term is the backreaction of the clock field’s own kinetic energy on the geometry,
and it does not vanish on the branch py # 0 used to define the clock. Retaining it is
necessary in general: dropping it while still requiring py # 0 for ¢ to serve as a clock would
be inconsistent.

Motivated by the test-field philosophy of Piazza and Vareilles [39], who introduce
proper time as an additional minisuperspace degree of freedom and restrict attention to
solutions in which it has negligible backreaction on the metric, we work in the regime
where the second term of Equation (181) is small compared with the magnitude of the first:

G(a) pj

| < L 182
373c2R8 aOF (a) (182)

e(a, pyp) =

This is the same ratio that controls Equation (180) itself, so a single condition governs
both the gravitational and the relational equations of motion. Under Equation (182),
Equation (181) reduces at leading order to

2 4 4R6 8
(d“) ~ 0 (), (183)
d¢ P

which is the relation used in the remainder of this section. This relation is, in addition,
defined only on the branch py # 0, for which ¢ is monotonic in t and can serve as a
relational time variable, as noted in the opening paragraph of this section; on the py = 0
sector, ¢ does not evolve and cannot parametrize a trajectory a(¢) at all.

A structural feature of Equation (182) is that e(a, p¢) — oo as a — a;, where a; is
defined by F(a;) = 0, for any fixed py # 0. The test-field approximation therefore breaks
down in a neighborhood of the leading-order turning point, no matter how small the
nonzero clock momentum is chosen. The root of F(a) = 0 is consequently the turning
point of the leading-order test-field trajectory (Equation (183)), but not generally of the
exact backreacting dynamics (Equation (181)). Determining the exact turning point in the
presence of clock backreaction would require retaining the second term in Equation (181),
which we do not attempt here.

This breakdown is consistent with the broadening of the wave packet near a;, shown
in Figure 8: both the leading-order classical trajectory and the test-field approximation
used to derive it cease to provide a controlled description in that region. Ref. [39] provides
a more complete test-field treatment in which evolution through the bounce region is
analyzed explicitly. We make no corresponding claim about the exact trajectory at or
beyond a;; the present construction is restricted to the regime (Equation (182)) away from
the turning point.

5.1. Wave Packets and Classical Recovery

The separated functions x, (2) are mode functions. A semiclassical cosmological state
should instead be built as a superposition of modes,

Y(a,¢) = /dw A(w)e“?x.(a), (184)

where A(w) is sharply peaked around wy. The Gaussian packet used below is not a new
exact solution of the Wheeler-DeWitt equation, and it does not replace the Bessel, Airy, or
WKB solutions discussed earlier. It is a narrow-packet approximation to a superposition
of the Wheeler—DeWitt modes, used to describe how a localized state follows a classical
trajectory in scalar-field time.
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Figure 8. Quantum-to-classical correspondence in scalar-field time for thecasen =3,y =1,9=1,
Y =0,and k =0, with oG = 122/(157) and E = oG/ R%. The dashed curve shows the leading-
order (test-field) classical relational trajectory a.(¢) obtained from Equation (183), valid subject to
the condition in Equation (182). The solid curve shows the expectation value (a)(¢), and the shaded
band represents the quantum spread Aa(¢). The horizontal dotted line marks the turning point
a; of this leading-order trajectory, defined by F(a;) = 0; as discussed in Section 5, the test-field
approximation itself breaks down near a;, consistent with the broadening of the quantum spread
shown here. The hatched region denotes the classically forbidden sector. The figure illustrates that
the state is broad near the turning point but becomes sharply peaked around the classical trajectory
at larger scale factors.

In the oscillatory regime, each mode may be written in WKB form as
Xeo(a) =~ A(a,w)eS), (185)

The phase of the wave packet is then w¢ + S(a, w). A stationary phase gives

0

30 [we + S(a,w)]w:wO =0, (186)
or 25 (a,0)
a,w

=0 o (187)

This relation defines the trajectory followed by the peak of the wave packet. In the large-a
semiclassical regime, and for modes satisfying the negligible-backreaction condition in
Equation (182), that trajectory agrees with the leading-order classical relational solution
determined by Equation (183).

For the illustrative packet diagnostics below, we adopt the factor-ordering measure on

a constant-¢ slice,
dy(a) = a'da. (188)

Therefore, expectation values are defined by
| daaif(a) ¥ (a,9)P
— J0
/ daa’|¥ (a,)|?
0

(f(a))(¢) (189)
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In particular,
/ daa™ ¥ (a,¢)?
(@)(9) = L . (Ma)%(9) = (a*) — (a)*. (190)
| daaii¥(a,9)
0

A state is semiclassical when A

<1 (191)

{a)
To see the classical limit explicitly, suppose the probability density is localized around

the stationary-phase trajectory a(¢), with a(¢) = aq(¢), and is well approximated near its
peak by

5 2
¥(0,9) = V() exp| 1)

Since the packet is assumed to be localized away from a = 0, the lower limit of the

] ou(9) < a(@). (192)

Gaussian integral may be extended to —cc at leading order. With a = @ + x, expansion of
the measure gives

_ 2
aq:d"{l—i—q;—kq(qz 1);f2+---}. (193)

Using the standard Gaussian moments, one obtains

_ o2 ot
@ig) =) |10 %8 +0(% )], (199
and
2 2 oy
(102 (¢) = () +0( % ). (199)
Thus, to leading order,
A 2
@(9) = aale) 5= T (196)
For the representative choice g = 1, this reduces to
(a) ~a+ 0—‘3 (Aa)? ~ o2 (197)
~ = ~ o2,

The measure-induced shift of the packet center is therefore negligible whenever ¢, /a < 1.
Classical recovery fails near a turning point or near the small-a region, where the packet
broadens and the quantum terms are no longer small.

5.2. Hamilton—Jacobi Limit and Probability Current

The same result follows from the Hamilton—Jacobi form of the Wheeler-DeWitt equa-
tion. Write
¥(a,¢) = R(a, §)e™*@)/", (198)

Substitution into Equation (169) and taking the real part gives

2 9 2 4R6
5 + T 06t (a) + Qula, ) =0, (199)

~(8:5)*+ 471G (a)a? (895)° 4G(a)?

where

3¢2
505R|. (200)

7o 1
Qn = R aR + EaaR ~ 4n1G(a)a
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When Qy, is negligible, Equation (199) reduces to the classical Hamilton-Jacobi equation
associated with Equation (165). This is the precise sense in which the modified Friedmann
dynamics are recovered from the Wheeler-DeWitt phase in the large-scale, oscillatory
regime. The resulting Hamilton—Jacobi equation corresponds to the full backreacting scalar—
gravity system and therefore reproduces the exact relational equation (181). The reduced
trajectory (183) follows only after the additional test-field condition (182) is imposed.

The two-variable Wheeler-DeWitt equation also admits a conserved minisuperspace
current. Multiplying Equation (169) by a7 and using the fact that the coefficients are

real gives
daJa +9pJp =0, (201)
with g
Jo = %(‘P*aa‘f’ —¥3,¥%) (202)
and > 4
3cca
= (Y"9,Y — Yo, ¥"). 2
Jo = ~gncma T O o) (203)

This generalizes the one-dimensional current used in Section 4. In the WKB regime, the
sign of ], separates outgoing and incoming branches, while ], describes the flow with
respect to the scalar-field clock [5].

5.3. Interpretation of the Scalar-Clock Figure

Figure 8 summarizes the scalar-clock interpretation. The dashed curve is the leading-
order test-field relational trajectory obtained from Equation (183), using the same modified
Friedmann function F(a) that enters the Wheeler-DeWitt equation. The solid curve and
shaded band show the expectation value and spread of a narrow quantum packet. Near
the turning point, the packet is broad and the classical trajectory is not a good description
of the state. At larger scale factors, the packet narrows relative to its mean value, and
(a)(¢) follows ag(¢). This illustrates the expected semiclassical localization within the
narrow-packet approximation.

The scalar field does not create a new Friedmann model; rather, it provides the
Wheeler-DeWitt wave function with a relational time variable. In the leading-order test-
field description, a finite root of F(a) appears in both the approximate classical relational
trajectory and the quantum mode structure. The exact backreacting dynamics of Equa-
tion (181), however, need not possess a turning point at the same value of a.

In the large-a oscillatory regime, subject to Equation (182), the WKB phase, conserved
current, and expectation value of a narrow packet give the same semiclassical picture: the
quantum state becomes peaked around the leading-order modified Friedmann trajectory.
Near the turning-point and small-a regions, the packet broadens, the test-field approxi-
mation ceases to be controlled, and the quantum terms can no longer be neglected. The
classical description is therefore inadequate in that regime.

6. Discussion

Allowing the gravitational coupling to depend on the scale factor modifies the first
integral of the Newtonian equation of motion through the effective couplings G*(a), G;%(a),
and G;z(a). Because these terms scale differently with a, the running reorganizes the
small-scale structure of the modified Friedmann equation rather than simply rescaling
Newton’s constant.

For the power-law ansatz G(a) = Gga", this reorganization is controlled entirely by
the exponent n. In the dust, flat, Y, = 0 case, the matter and quantum-correction terms

2n—5

scale as a2 and a?" >, respectively. These exponents coincide at n = 2, where the two
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terms lock onto the same power of a and no isolated turning point can exist. For n > 2, the
matter term is the more singular contribution near a = 0 and carries a negative coefficient,
SO Hz(u) < 0 there, while the quantum-correction term restores H? > 0 at larger a. The
root separating these regions is a genuine bounce. For 3/2 < n < 2, the quantum term
dominates but its coefficient is positive, so the small-a region remains classically allowed;
any root in this window is a recollapse scale, not a bounce. The boundary n = 3/2 marks
the sign change of the quantum-correction coefficient.

A zero of H?(a) is therefore not sufficient for singularity avoidance. A true bounce
requires the additional sign condition: H? < 0 below the root and H? > 0 above it. Without
this check, a formal turning point may be misidentified. Every root in the parameter survey
of Section 2.8 is classified on this basis.

The Wheeler—DeWitt analysis provides the corresponding minisuperspace description
of this effective model. The running of G(a) enters the minisuperspace potential explicitly,
and the resulting wave functions reflect the sign structure of the modified Friedmann
equation. For the dust case with n = 2, the equation reduces to a Bessel problem. With the
ordering g = 3/4, the regular solution satisfies the DeWitt condition ¥(0) = 0; withg =1,
it is proportional to ]y and remains finite but nonzero at the origin. DeWitt suppression
and regular finite behavior at 4 = 0 are physically distinct. The factor-ordering parameter
controls which case applies, while the scale-dependent potential determines the structure
of the Wheeler-DeWitt equation itself.

The Airy and radiation-era examples extend this picture beyond Bessel sectors. Their
significance is not that they add new qualitative behavior but that they confirm the same
three possibilities—DeWitt suppression, regularity, oscillatory large-a behavior—within
different matter and running-exponent combinations, all from the same potential structure.

The WKB analysis sharpens the semiclassical reading. For the values of y =1, n = 3,
g =1k =Yy =0, the reduced Wheeler-DeWitt equation has a single turning point at
a; ~ 0.193 (in the arbitrary units of Equation (128)). The WKB solution is exponentially
suppressed for a < a; and oscillatory for a > a;. The conserved probability current then
distinguishes the two oscillatory branches: the outgoing branch carries positive flux, the
incoming branch negative flux, and a real standing-wave carries none. Oscillatory behavior
alone does not select a direction of semiclassical evolution; the current does.

The scalar-field clock ties these threads together relationally. In the two-dimensional

(1+2) 5o the same

Wheeler-DeWitt equation (Equation (169)), the clock term scales as a™
exponent governing the running of G(a) also controls the small-a behavior of the relational
dynamics. The relational comparison is restricted to the test-field regime defined by
Equation (182), in which the clock kinetic energy has negligible backreaction on the scale-
factor dynamics. This approximation necessarily breaks down near the leading-order root
F(a;) = 0, so the present analysis does not determine the exact backreacting trajectory
through the turning-point region.

The scope of this model is limited. It is an effective, homogeneous, isotropic minisuper-
space model derived from a quantum-corrected Newtonian cosmology. This construction
should therefore be interpreted as an effective minisuperspace quantization motivated by
modified Friedmann dynamics rather than as a derivation from the full Einstein—Hilbert
action. It does not address anisotropies, inhomogeneous perturbations, or the full constraint
algebra of general relativity. The dimensionless coefficient {og = 122/(157) is fixed by
the adopted one-loop potential, whereas the effective cosmological coefficient & = &qg/R3
depends on the reference scale introduced in the Newtonian construction. The normalized
combination { = iGyZ/c? is therefore used only in dimensionless parameter surveys. The
power law G(a) = Goa" is a local early-time scaling ansatz; any complete model must
account for the transition to the observed, effectively constant G at late times, as sketched in
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Section 2.7. The model instead provides a simplified minisuperspace framework in which
the consequences of a running gravitational coupling can be tracked through the modified
Friedmann equation to the Wheeler-DeWitt potential and semiclassical limit.

7. Conclusions

Starting from a Newtonian cosmological construction inspired by a corrected two-
body gravitational potential and a scale-dependent gravitational coupling, we derived an
effective Friedmann-type equation and a corresponding Wheeler-DeWitt-type equation in
which the running of G(a) changes the small-a structure of both the classical and quantum
dynamics. For the power-law form G(a) = Goa", the dust, flat, Y4 = 0 model develops two
natural analytic boundaries at n = 3/2 and n = 2, separating regimes with qualitatively
different turning-point and singularity structures.

Minisuperspace quantization leads to a Wheeler-DeWitt equation whose effective
potential is determined by the same scale-dependent structure. Exact Bessel and Airy
solutions, together with a numerical radiation-era example, exhibit three distinct behaviors
near a = 0: DeWitt suppression ((0) = 0), regularity without suppression ((0) # 0), and
oscillatory semiclassical behavior at large 4. The factor-ordering parameter controls which
of the first two applies; the model separates these cases, rather than conflating regularity
with singularity avoidance.

The WKB analysis for the representative model (n = 3, ¥ = 1, g = 1) gives a forbidden
small-a region, a single turning point, and an oscillatory large-a branch. The conserved
probability current distinguishes expanding and contracting semiclassical branches, while
the Hamilton—Jacobi limit recovers the modified Friedmann dynamics as the leading-order
phase of the wave function. Treating a homogeneous scalar field as a weakly backreacting
internal clock, wave packets can be constructed and followed in relational time. Away from
the turning-point region and within the test-field regime of Equation (182), the packets
narrow onto the leading-order classical relational trajectory at larger-a. The clock term
inherits the same running exponent 7, coupling the timekeeping structure directly to the
scale-dependent gravitational dynamics.

In the early-universe scaling regime considered here, the running of G(a) is not just a
perturbative correction. This term changes the qualitative structure of both the classical
and quantum cosmological equations, and the same scale dependence appears consistently
across the Friedmann dynamics, Wheeler-DeWitt potential, WKB turning point, and scalar-
clock semiclassical limit.

Several extensions are needed to determine whether this mechanism survives contact
with observations. The full dimensional parameter space (1,7, E, Y, q), or, equivalently,
the normalized survey space (1,7, {, Y, q), should be mapped systematically, with the
Type I/11/11I classification applied throughout and the pure power law replaced by a
transition profile, such as Equation (51), and matched to observational bounds. The
phenomenological consequences of the running—its effect on the BBN expansion rate,
the growth of linear matter perturbations, and the CMB acoustic scale—are examined
in the companion paper [34]. The present analysis therefore treats the power law as an
early-universe scaling limit rather than as a global description of gravity.
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Abbreviations

The following abbreviations are used in this manuscript:

WDW  Wheeler-DeWitt

WKB Wentzel-Kramers—Brillouin
FRW Friedmann—Robertson-Walker
QC Quantum cosmology

SDG Scale-dependent gravity

EOS Equation of state

a Cosmological scale factor

R Physical radius of the Newtonian sphere

Ry Comoving reference radius

H Hubble parameter

G(a) Scale-dependent gravitational coupling

G*(a)  Effective gravitational coupling appearing in the matter term

G 2(a)  Effective coupling associated with the classical correction term
Gi‘z (a)  Effective coupling associated with the quantum correction term

0 Mass density

00 Present-day mass density

0% Barotropic index in the equation of state

k Spatial curvature parameter

Yq Effective coefficient of the higher-order classical correction

o

QG Dimensionless one-loop coefficient in the quantum-corrected Newtonian potential
Dimensionful cosmological quantum-correction coefficient, & = ¢og/R3
Dimensionless normalized quantum-correction parameter, { = 71GoZ/c3
Factor-ordering parameter

Wheeler-DeWitt wave function

S € = ™[
O

Scalar-field internal clock

J(a) Minisuperspace probability current
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