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Abstract

We investigate the high-energy production of tetraquark-jet systems at the LHC and its
forthcoming high-luminosity upgrade. In this review, we examine the leading—power
fragmentation of fully heavy tetraquarks (T,(g) in hadronic collisions, highlighting their
relevance as novel probes of multiquark dynamics in QCD. Our analysis relies on the
hadron-structure—oriented TQ4Q1 .1 fragmentation functions, built within a nonrelativis-
tic QCD framework that incorporates both gluon- and heavy-quark-initiated channels.
Threshold-consistent DGLAP evolution is performed through the HF-NREVO scheme,
enabling a unified treatment of mass thresholds and scale variations. We also provide a
systematic discussion of uncertainties arising from color-composite long-distance matrix
elements (LDMESs) and from perturbative hard- and fragmentation-scale inputs (H- and
F-MHOUs). Phenomenological predictions are obtained using the (SYM)JETHAD frame-
work at NLL/NLO™ accuracy for semi-inclusive tetraquark-jet production at the LHC
and beyond. This review connects the emerging spectroscopy of fully heavy exotics with
modern fragmentation-based approaches to hadron structure and high-energy QCD.

Keywords: TQ4Q1.1 FF update; hadronic structure; precision QCD; exotic matter;
tetraquarks; heavy flavor; fragmentation; resummation; HL-LHC

1. Introduction

Understanding how heavy quarks are produced and hadronize in high-energy colli-
sions is essential for uncovering the inner workings of Quantum Chromodynamics (QCD).
The study of heavy-flavored final states provides a dual benefit: it probes the dynamics
of the strong interaction at short distances while offering sensitive channels to potential
Beyond-the-Standard-Model (BSM) phenomena involving heavy-quark couplings. Because
of their large masses, heavy quarks enable perturbative Quantum ChromoDynamics (QCD)
calculations with high precision, making them ideal tools for testing the Standard Model
at current and future colliders, including the High-Luminosity Large Hadron Collider
(HL-LHC) [1-4], the Electron—Ion Collider (EIC) [5-10], and the Future Circular Collider
(FCC) [11-17].

QCD, the non-Abelian gauge theory of the strong interaction, is a central component of
the Standard Model (SM). Formulated on the SU(N,) group with N, = 3, it describes quark
fermionic fields in the fundamental triplet representation, and gluons—the massless vector
bosons mediating color interactions in the adjoint octet [18-21]. Beyond its established frame-
work within the SM, QCD also offers a natural testing ground for BSM extensions, including
axion models [22-25], dark non-Abelian forces [26,27], quarkyonic matter [28-30], and higher-
dimensional QCD operators [31-34]. These ideas broaden the scope of strong-interaction
studies, linking QCD phenomenology to the search for new fundamental physics.
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A particularly rich subfield of QCD concerns hadrons that contain two or more heavy
quarks. Among them, heavy quarkonia—bound QQ mesons—played a defining role
during the “November Revolution” of 1974, when the | /3 meson was independently dis-
covered at SLAC [35] and BNL [36], and later confirmed at Frascati [37]. These discoveries
provided direct evidence of quarks as physical degrees of freedom and offered key insights
into confinement dynamics.

While quarkonia belong to the class of conventional hadrons, the color-neutrality of
QCD allows for the formation of more intricate bound systems, collectively known as exotic
hadrons. Such states possess quantum numbers that cannot be accommodated within the
traditional g7 or gqq structures. Exotics can be grouped into two broad categories: states
with explicit gluonic content (hybrids and glueballs) [38—46], and multiquark configurations
such as tetraquarks and pentaquarks [19,47-49].

The discovery of the |/ in November 1974 [35-37] triggered the “First Quarkonium
Revolution,” establishing heavy quarkonia as clean laboratories of QCD. Three decades
later, the observation of the X(3872) by Belle in 2003 [50], subsequently confirmed by
several experiments [51-54], inaugurated the so-called “Second Quarkonium Revolution,”
marking the beginning of modern exotic hadron spectroscopy. More recently, the LHCb
discovery of the X(2900) [55], the first candidate with open-charm flavor, has consolidated
what is now often referred to as the broader “Exotic-matter Revolution,” extending the
field well beyond conventional quark-antiquark dynamics.

Recent progress in QCD factorization and all-order resummation techniques has
substantially extended the predictive power of precision calculations for exotic hadron
observables [56—67]. Accurate predictions for cross sections and kinematic distributions,
systematically validated against collider data, now enable detailed investigations of the
interplay between perturbative dynamics and nonperturbative hadronization mechanisms.

A coordinated research program that connects exotic spectroscopy with modern QCD
methods can illuminate the effective degrees of freedom governing strongly coupled
systems and clarify the organizing principles behind multiquark dynamics. Such an effort
promises deeper insight into the nonperturbative regime of QCD and the processes that
shape the formation of bound hadronic matter.

Exotic hadrons are broadly categorized into two classes: gluon-rich configurations,
including quark—gluon hybrids [68-70] and glueballs [41,43,45,46,71], and compact multi-
quark states such as tetraquarks, pentaquarks, and hexaquarks [19,47-49,72-80]. Although
the former include explicit gluonic degrees of freedom, the latter are described as leading
Fock-state combinations of four or more quarks.

Identified as a hidden-charm resonance with a c¢ core, the X(3872) is widely regarded
as the first clear candidate for a tetraquark state [81,82]. This milestone was later comple-
mented by the LHCb observation of the X(2900) [55], the first exotic structure exhibiting
open-charm flavor.

Although the X(3872) shares the quantum numbers of conventional quarkonia, its
pronounced isospin-violating decays reveal a more complex internal structure, motivating
various models within the tetraquark paradigm. Among these, the compact diquark picture
describes the state as a tightly bound diquark-antidiquark system [83-91]. Alternatively,
the molecular interpretation envisions a weakly bound meson-meson pair [91-98], while
the hadroquarkonium scenario posits a compact quarkonium core surrounded by light
mesonic degrees of freedom [78,99-103]. Each approach captures different aspects of the
X(3872) dynamics and provides a framework for interpreting other exotic states with
similar phenomenology. Additional information may emerge from heavy-ion and high-
multiplicity proton collisions [104] or from studies of its thermal evolution in hadronic
media [105].
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The landscape evolved in 2021 with the LHCb discovery of the doubly charmed
T [106,107], interpreted as a near-threshold |DD) molecule and analyzed within the
XEFT framework [108-116]. Soon after, LHCb reported a broad resonance in the double
J /¢ spectrum [117], the X(6900), interpreted as either the scalar (0" ") or tensor (271)
excitation of a fully charmed T}, tetraquark [118]. This signal, later discussed in the LHCb
review of exotic spectroscopy [119], has sparked renewed theoretical interest. Proposals
range from Pomeron-driven and coupled-channel interpretations [120] to models based on
Bethe-Salpeter and Regge analyses, where X (6900) may correspond to a compact |cccc)
resonance accompanied by other fully heavy excitations. Recent suggestions also highlight
photon—photon fusion in ultraperipheral collisions as a promising channel to determine
the spin-parity structure of Ty, states [121].

The CMS Collaboration has recently sharpened our picture of fully charmed
tetraquarks by delivering the first spin-parity determination in the J/¢ and (J/¢, ¥ (2S))
channels. An earlier report of three resonant structures in the 4m. < M < 7GeV re-
gion [122] (see also [123]) has now been followed by an angular analysis [124] that favors
a JP€ = 2++ assignment for the leading peak. This preference challenges loosely bound
molecular scenarios and supports a compact diquark-antidiquark interpretation in which
spin-1 diquarks naturally populate | = 2 configurations. The same spin constraints need
not apply to mixed-flavor exotics such as X(3872) or Z.(3900), which remain compatible
with lower spin and molecular descriptions. CMS thus provides crucial input for modeling
the internal dynamics of fully heavy tetraquarks.

Complementary evidence on multi-parton dynamics comes from quarkonium-pair
measurements. ATLAS extracted Double-Parton Scattering (DPS) effective cross sections
from prompt J/¢ pairs at \/s = 8 TeV [125], and CMS measured total and differential
double ]/ cross sections at /s = 7 TeV [126]. More recently, CMS observed double /¢
production in pPb at 8.16 TeV and separated single- and double-parton contributions across
phase space [127]. These results constrain Multi-Parton-Interaction (MPI) effects that are
directly relevant to multiquark production mechanisms.

From a theory standpoint, doubly and fully heavy states, X5,; and Ty, are clean
laboratories for the strong force. In X5,; systems, nonrelativistic heavy quarks cou-
ple to light degrees of freedom, often through diquarklike substructures, providing a
mixed-mass test of QCD. In contrast, Tyo hadrons are composed solely of heavy con-
stituents in a |QQQQ) configuration, with no valence light quarks or active gluon fields,
and thus behave as exotic, doubled quarkonia. For fully strange analogs of Typ, see
Refs. [128-134]. Given their nonrelativistic dynamics and Fock-space structure, these ex-
otics can be analyzed using quarkonium-inspired tools: charmonia are often likened to
hydrogenlike bound states [135], whereas XQQW and T4o may be viewed as QCD nuclei or
molecules, depending on the modeling [136].

Despite major advances in spectra and decays since the X(3872) discovery, production
mechanisms remain poorly constrained. Only a few model-dependent approaches exist so
far, based on color evaporation [137] or hadron-quark duality [138-140]. Complementary
lines of inquiry address the role of MPI in tetraquark production [141,142] and potential
high-energy signatures in exotic formation [143], alongside studies of exclusive radiative
decays at B factories [57] and photoproduction in lepton-hadron scattering [59]. A recent
higher-order study of fully charmed tetraquark production, including gluon-radiation
effects, was presented in Ref. [144]. Machine-learning strategies for multiquark binding
have also been proposed [145].

The bottom sector remains less explored. BELLE reported charged bottomonium-like
structures in Y(5S) decays [146], hinting at exotic contributions, but no |bbbb) or |bbgq)
states have been confirmed so far. An ANDY observation at RHIC of a resonance near
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18.15 GeV in Cu-Au collisions [147] is consistent with predictions for Ty, [148]. Lattice
studies have probed bottom-charm and doubly bottomed tetraquarks [149-153].

Large-transverse-momentum measurements of X(3872) by ATLAS, CMS, and
LHCb [154-156] point to fragmentation-dominated production, offering a clean lever
arm to test high-energy QCD descriptions. Motivated by this, Ref. [64] introduced the
first-generation Fragmentation Functions (FFs) for fully charmed tetraquarks, TQ4Q1.0,
targeting scalar (JP¢ = 0**) and tensor (J'¢ = 2*%) channels. Initial-scale inputs in-
clude both gluon and charm fragmentation, modeled via NonRelativistic QCD (NRQCD)
potential methods [157-163] and spin-inspired prescriptions [62,164-166]. Evolution to
experimental scales is performed with the Heavy-flavor NonRelativistic evolution (HF-
NRevo) scheme [167-171], enabling a consistent Dokshitzer—Gribov-Lipatov—-Altarelli—
Parisi (DGLAP) [172-174] treatment of multistep heavy-flavor thresholds, including gluon
and charm activation.

Scalar and tensor channels thus provide robust benchmarks for fully heavy spectroscopy.
In particular, all latest CMS results [122,124] favor a 27" assignment for the dominant all-
charm signal, consistent with a compact configuration of spin-1 diquarks and making the
tensor channel a natural ground-state candidate on symmetry and dynamical grounds. This
motivates a targeted phenomenology and dedicated experimental comparisons.

Subsequent work extended the framework to TQ4Q1.1 [65], updating initial inputs
from NRQCD for both gluon [56] and charm [60] channels and covering fully charmed and
fully bottomed states, thereby generalizing the fragmentation picture across heavy flavors.
A further advance addressed axial-vector (JF€ = 1) tetraquarks [66], for which Long-
Distance Matrix-Element (LDME) uncertainties were propagated consistently into the FFs
for the first time. These states are particularly diagnostic: in light systems, chiral dynamics
may induce strong mixing with conventional mesons [175,176], whereas in the heavy sector
Heavy-Quark Spin Symmetry (HQSS) [177,178] suppresses 17 «» 17~ mixing [179,180],
yielding nearly pure spin eigenstates. Production is also selective: Landau-Yang con-
straints [181,182] and C-parity rules suppress Leading Order (LO) gluon fusion, making
axial-vector channels sensitive probes of nonperturbative dynamics [140,183]. Together,
the scalar, tensor, and axial-vector components of TQ4Q1.1 provide a unified, evolution-
consistent infrastructure for modeling fragmentation into fully heavy tetraquarks and for
systematic, flavor-spanning comparisons with data.

In this review, we extend and complete the phenomenological study initiated in
Ref. [184], providing a comprehensive analysis of collinear fragmentation into fully heavy
tetraquarks through the TQ4Q1.1 family of functions.

A key novelty of this study is the quantitative propagation of both perturbative and
nonperturbative uncertainties into the FFs. For the first time, LDMEs are treated as inde-
pendent sources of theoretical error and systematically incorporated into the final functions,
together with a replica-based uncertainty-quantification strategy derived from Missing
Higher-Order Uncertainties (MHOUSs). The LDMEs are defined on a color-composite
basis consistent with diquark-antidiquark clustering and are extracted from potential
NRQCD calculations for the scalar and tensor channels, while the axial-vector case employs
model-averaged inputs. This combined treatment yields a realistic estimate of the total
theoretical uncertainty, linking the perturbative and nonperturbative components of the
fragmentation mechanism.

The resulting TQ4Q1. 1 framework thus becomes a dual-purpose instrument: not only
a predictive tool for collider phenomenology, but also a diagnostic platform to assess model
dependence in exotic hadron formation. As a reference case within a broader research
program, it establishes the basis for future multimodal fragmentation studies, in which
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perturbative and nonperturbative ingredients of different nature can be explored and
validated in a unified, uncertainty-aware setting.

As a test ground for this fragmentation framework, we investigate the inclusive pro-
duction of fully heavy tetraquarks in association with a jet in proton—proton collisions at
energies relevant to the HL-LHC and the FCC. The process is studied within the Hybrid
collinear and high-energy Factorization (HyF) at NLL/NLO™ that merges Next-to-Leading-
Order (NLO) collinear factorization with the resummation of High-energy logarithms
beyond Next-to-Leading-Logarithmic (NLL) accuracy. This setup provides access to ob-
servables particularly sensitive to high-energy QCD dynamics, including rapidity intervals
and azimuthal-angle multiplicities, the latter introduced here as novel discriminators of
energy-flow patterns—resummed versus fixed order—in QCD radiation. All numerical
predictions are obtained using the JETHAD computational framework, supplemented by its
symbolic extension SYMJETHAD [185-191].

Overall, this review contributes to establishing a systematic, evolution-consistent
description of fully heavy tetraquark fragmentation. By integrating multiple spin-parity
channels and both charm and bottom flavors, it delivers a unified reference for compact
four-quark systems and a consistent bridge between QCD-based modeling, lattice results,
and potential-theory predictions. This framework sets the stage for quantitative cross-
validation of heavy-flavor observables at current and next-generation hadron colliders.

The remainder of this review is organized as follows. Section 2 outlines the derivation
of the TQ4Q1.1 FFs within the HF-NREVO evolution framework. The principles and
implementation of the HyF scheme are presented in Section 3. Section 4 is devoted to
numerical predictions and phenomenological interpretations, while closing remarks and
future perspectives are summarized in Section 5.

2. HF-NREVO Fragmentation for Ty States

We first summarize the essential aspects of heavy-flavor fragmentation, emphasizing
its realization in heavy-light hadrons, quarkonia, and exotic multiquark configurations
(Section 2.1). We then illustrate how the NRQCD formalism provides a consistent frame-
work for constructing initial-scale inputs in both gluon- and heavy-quark-initiated frag-
mentation channels leading to T4 production (Sections 2.2 and 2.3). The final part of the
section (Section 2.4) is devoted to the timelike DGLAP evolution of the full TQ4Q1.1 set
within the HF-NREVO scheme, presented as a prototype of a unified, modular framework
for describing the fragmentation of fully heavy tetraquarks.

2.1. Heavy-Flavor Fragmentation Framework

Heavy-flavor hadrons differ fundamentally from their light counterparts because
their fragmentation dynamics partly emerge from perturbative QCD. The large quark
masses make the coupling small enough at the production scale that short-distance
components must explicitly enter the FF definition, whereas light-hadron FFs remain
fully nonperturbative.

For singly heavy hadrons such as D, B, and A}, the process can be modeled through
a two-step mechanism [192-198]. A high-energy parton j first produces a heavy quark Q
via a Short-Distance Coefficient (SDC) calculable in perturbative QCD [199-206]. The heavy
quark then undergoes nonperturbative hadronization, described through phenomenologi-
cal parametrizations [207-212] or effective-theory approaches [178,194,213-215]. To obtain
a complete Variable-Flavor Number Scheme (VENS) description, these inputs are evolved
through DGLAP equations, introducing scaling violations order by order in «s.

A similar two-step picture applies to quarkonium production, though the presence of
a QQ pair requires the NRQCD framework [157-163]. NRQCD factorizes short-distance
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production from nonperturbative hadronization through LDMEs, expanding each state in
powers of s and the heavy-quark velocity vg [216-220]. Low-transverse-momentum
production is dominated by direct QQ creation, while at large transverse momenta,
single-parton fragmentation governed by DGLAP evolution becomes dominant, effec-
tively defining a VENS. The Fixed-Flavor Number Scheme (FFNS) approach [221] re-
mains relevant at lower scales, where multi-parton fragmentation and higher-twist effects
contribute [168-171,222-225].

Early LO predictions for gluon and heavy-quark fragmentation into S-wave vector
quarkonia [226,227] were later extended to NLO [228,229], enabling the first VFNS-evolved
FFs, ZCW19™ [187,230], and their B;(1Sy) and B (3S) counterparts, ZCFW22 [231,232]. Their
predictions matched LHCb data [232-234], confirming the expected B.(!Sy)-to-B suppres-
sion at the 0.1% level [232] and validating VENS applicability at large transverse momenta.

NRQCD-inspired approaches have since been extended to exotic hadrons, such as the
double J /4 signals [117,122,235], interpreted as compact tetraquarks [236,237]. Their forma-
tion originates from the short-distance production of two heavy-quark pairs, ~ 1/mg, with
mg being the heavy-quark mass, followed by nonperturbative binding. The first NRQCD-
based input for gluon fragmentation into color-singlet S-wave Ty, states was provided
in [56]. Building upon this, the TQHL1.0 FFs [63,188] established the first VENS framework
for heavy-light tetraquarks. The subsequent TQ4Q1.1 [184] and TQHL1.1 [65] families in-
corporated NRQCD-based modeling for both gluon [56] and heavy-quark [60] channels,
improved treatment of doubly heavy states, and extended coverage to bottomonium-
like systems.

A detailed study of axial-vector (177) tetraquarks followed in [66], where LDME
uncertainties were first propagated into the FFs. The TQ4Q1.1 set was subsequently ap-
plied to investigate charmed-tetraquark signatures in Higgs and electroweak decays [238].
Parallel developments produced FFs for fully charmed pentaquarks (PQ5Q1.0) and triply
heavy () baryons (0MG3Q1.0) [67,239], advancing the systematic exploration of heavy exotic
fragmentation in QCD.

2.2. Extending NRQCD Factorization from Quarkonia to Tetraquarks

We briefly present the NRQCD-based framework for collinear fragmentation, out-
lining how it provides a consistent and hierarchical description of the transition from a
perturbative partonic configuration to a physical hadron. For clarity, we first summarize the
NRQCD construction for standard quarkonium production, which serves as a conceptual
baseline before extending the discussion to exotic multiquark systems.

The derivation of tetraquark FFs follows the formalism established in [56,60], adapted
here to the physical context of our study. For the full analytical details of the NRQCD-based
calculation and the treatment of short- and long-distance terms, the reader is referred to
those works.

Within NRQCD, the FF describing the transition of a parton j into a quarkonium Q
carrying momentum fraction z at the initial scale ur o reads

D2z, o) = Y DOz, [n]) (02([n])) - (1)
1]

Here, D]QQ(Z, [n]) represents the perturbative SDC for producing a QQ pair with
quantum numbers [n1], while (O2([n])) encodes the nonperturbative transition probability
governed by the LDME. The label [n] = 251 L;C) specifies spin, orbital, and color structure,
with (c) = 1 or 8 for singlet or octet states, respectively. Equation (1) embodies the two
NRQCD postulates: the expansion of the quarkonium state over all Fock components and
the ordering of their contributions in powers of s and vg.
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Fragmentation into singly heavy hadrons Hg exhibits partial analogies but crucial
differences. There, the j — Hg FF at the initial scale results from the convolution of a
perturbative j — Q coefficient with a z-dependent hadronization function describing the
probability for Q to form Hg [192-194]. In quarkonium, by contrast, hadronization occurs
without momentum redistribution since both heavy constituents are created perturbatively.
Thus, LDMEs act as constant normalization factors, independent of z, and the overall FF is
expressed as a linear combination of perturbative terms weighted by scalar coefficients.

The nonperturbative LDMEs cannot be derived from first principles but can be ex-
tracted from fits or estimated via lattice and potential models. A useful simplification comes
from the Vacuum Saturation Approximation (VSA) [159,240,241], which assumes that inter-
mediate states other than the vacuum are suppressed by powers of vg. In this limit,

(0|x' L.y Po T, x|0) ~ (0|x'TL.y| Q) (Q|p'TT,x|0), )

where IT,, and IT}, are color-spin projectors and Py selects the physical quarkonium state.
For the same reason, the FF for a parton j fragmenting into a fully heavy tetraquark Tyo
can be expressed as

D (zpir) = L D[z [nl) (OB(n]) ®
[n]

where D;-IQ describes the short-distance formation of a compact four-quark system and
(O™ ([n])) represents its hadronization probability. Compared to quarkonia, tetraquarks
involve richer internal structures: spin-color couplings among four heavy constituents
yield a broader Fock-state spectrum and a more complex pattern of LDMEs.

Although the NRQCD expansion remains applicable thanks to mg > Agcp, the
weaker binding and coexistence of compact and extended configurations may affect conver-
gence in vg. Still, for low-lying S-wave states, the factorized form of Equation (3) provides
a sound starting point for building initial FFs and connecting them to higher scales through
DGLAP evolution.

Restricting to Ty (J7C) states with JP¢ = 07+,17~, and 2"+, and retaining the leading
terms in v, one obtains

PC
DT4Q(I )(Z, VFIO)

: Y- D) (2, In]) (00" ()}, @

1
- 9
MQ ]
where mg = 1.5 GeV for charm and 4.9 GeV for bottom, and
. (1PC PC
DV (2, [n]) = my DV (2, [n]) (5)
with symmetry relations
~ (1PC ~ (1PC PC PC "
D/ 6l = D) = 63), (05U 6)) = (0% (63])" . (©)

The fragmentation regime is expected to dominate for transverse momenta
| 2 3Mr,,, ensuring In(|%[>/ M%4Q) enhancement and suppression of O(MiQ/ 1%]2)
corrections [242-244]. For Tye (M7, ~6.5 GeV) and Ty, (Mr,, ~18 GeV), this translates into
|¥| 2 20 GeV and |¥| Z 50 GeV, respectively, defining the kinematic domain where our FFs
are reliable.

At lower transverse momenta, DPS effects, where two independent hard interactions
occur in a single pp collision, may contribute significantly. DPS has been studied across
multiple channels, including double jets [245], double and mixed quarkonia [246-249],
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and triple J/¢ production [250,251]. These analyses confirm its relevance at low
to moderate transverse momenta, where it can even exceed single-parton scattering
contributions [137,141,142]. However, DPS lacks logarithmic enhancement and falls off
rapidly with [«|; thus, for [¥| 2 3Mr,,, fragmentation remains the leading mechanism
within our framework, while DPS effects can be safely neglected at leading power.

2.3. Modeling and Initialization of Fragmentation Inputs

The SDCs in Equation (4) are obtained through the standard perturbative match-
ing between QCD and NRQCD matrix elements, following the procedure outlined in
Refs. [56,60]. Within NRQCD, these coefficients are determined by equating perturbative
QCD and NRQCD amplitudes computed with hypothetical, nonbound multiquark states
carrying the same quantum numbers as the target hadron [159,252]. At present, analytical
results for the initial-scale inputs of T, fragmentation exist only at LO in both & and the
relative velocity vg.

Analogous to quarkonium, SDCs for tetraquark production are insensitive to long-
distance hadronization and can be evaluated by substituting the physical Tyo with a
fictitious color-neutral configuration |[QQ][QQ]). The LO matching retains only the lowest
NRQCD operators, neglecting derivative and higher-vg corrections. The tetraquark is
modeled as a diquark-antidiquark pair, and the projection onto definite spin, parity, and
color is realized through corresponding four-quark NRQCD operators. Both [3 ® 3] and
[6 ® 6] color combinations are included.

Fermi-Dirac statistics and S-wave symmetry restrict the allowed quantum numbers.
For scalar (07 ) and tensor (2*) states, both color configurations can contribute, although
the [6 ® 6] term is relevant only to spin-0 channels. In the axial-vector case (17 7), anti-
symmetry forbids the [6 ® 6] component, leaving only the [3 ® 3] one. Moreover, gluon
fragmentation into 17~ states is prohibited at LO by the Landau—Yang theorem, which
prevents a single on-shell gluon from coupling to this configuration. Consequently, only
heavy-quark-initiated fragmentation is retained for this channel.

The resulting dimensionless SDCs can be found in the first appendix of Ref. [184]. Their
explicit analytic forms, first derived in Refs. [56,60] and independently confirmed using the
(SYM)JETHAD symbolic environment [185-191], apply to LO color-singlet configurations
(see Figure 1).

Tig(1"%)

Figure 1. LO diagrams illustrating the collinear fragmentation of a gluon (left) and a heavy quark
(right) into a fully heavy S-wave tetraquark in a color-singlet state. The partonic interactions shown
on the left of each panel represent the perturbative SDCs, whereas the orange blobs on the right
denote the nonperturbative LDMEs responsible for the hadronization into the physical tetraquark.

As discussed earlier, LDMEs encode the nonperturbative conversion of the pertur-
batively produced |[QQ][QQ]) configuration into the physical tetraquark. They must be
either fitted to data or modeled phenomenologically. A common simplification, paralleling
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the quarkonium case, is the VSA, which factorizes the LDME into a product of matrix ele-
ments between the vacuum and the lowest Fock component of the hadron. For tetraquarks,
however, the presence of color-correlated diquark and antidiquark subsystems requires a
more elaborate construction. Following Refs. [56,60], we adopt the color-composite LDME
approach, expanding the physical state in a diquark-antidiquark basis and projecting it
onto color-singlet operators.

This decomposition organizes the long-distance matrix elements according to the
color configuration of the constituent clusters ([3, 3], [6, 6], and mixed [3,6]/[6, 3] terms), as
defined in Equation (4). Each LDME quantifies the probability amplitude for a four-quark
configuration to hadronize into a bound tetraquark with specified spin and color quantum
numbers. For completeness, the color-composite operators entering the T, LDMEs are
written as

O, = —1/v/3 [l (ic?)o'py] [xlo (io?) "] cabed,

O = [y (i) ™y [xho" (i0?) ] T Cgbied, (7)

6®6 [lpu (1‘7 )lph] [XI(IU )X ]ngggd ,

where 1 and x denote the NRQCD Pauli fields and ¢ the second Pauli matrix, consistent
with Equation (2). The rank-4 Lorentz tensor reads

rkl;mn — %((Skmdln + 5kn51m . %5kl§mn) , (8)
and the color tensors are

ab;cd 1 bd d sb
il = L= (66" — 51"),

Cub cd __

el — \[ <5uc(5bd + 5ud5h6)

with €//F and ™" used to form color-singlet combinations.

Although the diquark-antidiquark basis can be recast, through Fierz transformations,
into a molecular-like expansion with [1 ® 1] or [8 ® 8] color topology, it does not imply
a literal molecular interpretation. Instead, it captures dominant spin-color correlations
between compact diquark and antidiquark clusters—an appropriate representation for
fragmentation-driven production of tightly bound multiquark states.

The treatment of color-octet channels within NRQCD remains one of the most intricate
aspects of initial-scale fragmentation modeling. In this work, as in Refs. [56,60], we confine
our analysis to color-singlet configurations, consistent with the limited knowledge of the
corresponding color-octet LDMEs. Reliable determinations of such matrix elements are
not yet available, and any attempt to include them would require ad hoc assumptions. A
detailed theoretical discussion of their possible role in Ty fragmentation was first presented
in Ref. [184], which emphasized the need for future lattice or potential-model estimates to
achieve quantitative accuracy.

The relevance of color-octet mechanisms can be appreciated by recalling the well-
known quarkonium production puzzle [253,254]. For the |/, singlet channels such as

38(1) alone underestimate high-pt cross sections, while octet transitions 35(8), 15(8), and
1 gh-p 1 0

3 P](S) [160,161,226,255-258] are essential to reproduce data. Conversely, for pseudoscalar

quarkonia such as 7. and 7, the 15(()1)

singlet term dominates, and existing measure-
ments [259,260] confirm that octet effects are strongly suppressed [261]. A similar pattern

holds for bottomonia [262-264].
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For fully heavy tetraquarks, the importance of color-octet channels depends on the
quantum numbers | PC_In the scalar sector (0771), multiple color combinations such as
[3,3] and [6, 6] can interfere, making fragmentation predictions model-dependent and
potentially sensitive to octet admixtures. The tensor case (27 ) is more constrained: only
the [3,3] component contributes; yet, uncertainties in the wave-function normalization
leave room for small octet effects. The axial-vector state (17 ™), by contrast, features a
unique antisymmetric [3,3] color structure that forbids interference and yields stable,
model-independent predictions [60,66]. Unlike the |/, its singlet channel alone provides
a consistent description, making it the cleanest benchmark for fragmentation studies.

From an NRQCD-scaling viewpoint, color-octet terms are expected to be heavily
suppressed. If the singlet FF scales as vg’Q, octet terms scale as asvé, yielding a ratio
octet/singlet ~ 0452749. Using vZQC ~ 0.3 and a5 ~ 0.2 yields ucsv‘LQC =~ 0.02, i.e., two orders
of magnitude suppression, while for bottom systems, vng ~0.1 gives "‘SU4Qh ~15x1073,
implying an even stronger suppression. Reduced phase space for soft-gluon emission in
heavier systems further weakens octet transitions.

These scaling estimates justify the singlet-only approximation adopted here, especially
for the 11~ channel, while delineating the next step: once robust lattice or potential-model
determinations of octet LDMEs become available, they can be incorporated to achieve
a comprehensive and quantitatively refined description of T,g fragmentation across all
JPC sectors.

Following our previous works [64,65], and in the absence of experimental or lattice
determinations, we estimate the (074U ") ([n])) matrix elements using potential-model
calculations of the tetraquark wave function at the origin.

This approach builds on the framework introduced in [56], where the Schrodinger
equation for fully charmed systems was solved using a Cornell-type potential [265,266]. The
resulting radial wave functions at the origin were then related to the LDMEs via the vacuum-
saturation approximation. Three potential models were originally proposed [267-269],
differing in the inclusion of relativistic effects. The first and third models were later found
to produce unstable or unrealistically large cross sections, while the second one [268]
provided numerically stable results consistent with existing quarkonium data [270]. For
this reason, both Refs. [64,65] and the present work adopt it as the baseline reference.

A more refined treatment was proposed in [60], who introduced two additional poten-
tial models (denoted IV and V). Model IV [271] predicts LDME values for the axial-vector
state that are close to those from Ref. [268], whereas Model V [272] produces significantly
smaller numbers. In Ref. [66], we therefore adopted the average of Models II and IV as our
default input, interpreting their spread as an intrinsic theoretical uncertainty. This averag-
ing strategy offers a pragmatic balance between model diversity and physical realism.

Among all states, the axial-vector configuration provides the cleanest testing ground.
Because of Fermi-Dirac statistics and its S-wave symmetry, it admits only one color-spin
component, [3, 3], with no internal interference. This single-structure nature stabilizes the
predictions and reduces model dependence. In fact, as emphasized in Ref. [66], results
for the 17~ state remain remarkably consistent across multiple LDME models, unlike the
scalar and tensor cases.

The scalar (071) and tensor (2*1) channels, by contrast, display greater sensitivity
to the underlying potential. The scalar configuration receives contributions from several
color combinations ([3, 3], [6,6], and mixed [3,6]), which can interfere constructively or
destructively, amplifying model uncertainty. Although the tensor state involves only a
single color structure, its predicted LDME still depends strongly on the normalization
of the wave function at the origin. To account for these effects, we adopt a conservative
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prescription: the relative uncertainty obtained for the axial-vector LDME in Ref. [66] is
doubled for the scalar and tensor channels to reflect their increased model dependence.
Since no first-principles LDME determinations exist for the fully bottomed sector, we
estimate them using a scaling argument inspired by color-Coulomb dynamics [58]. Treating
the tetraquark as a pair of tightly bound diquarks, we assume that the strength of the
wave function at the origin scales with the heavy-quark mass and the corresponding strong
coupling, approximately as (asmg)°. This implies that the bottom-sector matrix elements
are roughly four hundred times larger than their charmed counterparts, consistent with the
expectation that heavier quarks form more compact and strongly bound configurations.
Possible corrections from confining potentials such as Cornell [266] or Buchm-
tller-Tye [273] were also explored. These effects, which tend to decrease the wave func-
tion at the origin by about 25%, would alter the LDMEs by less than 1%, well below the
20-25% uncertainty already inherited from the charmed sector. Consequently, we treat this
contribution as negligible and retain only the propagated uncertainty from the T, analysis.
Table 1 summarizes the color-composite LDMEs adopted in this work for both the
charm and bottom tetraquark families, together with their associated theoretical uncertainties.

Table 1. Color-composite LDMEs (OTs(/ PC)([n])) for the Ty, and Ty, tetraquark families. Bottom-
sector entries are obtained via color-Coulomb scaling from the corresponding Ty values, as described

in the text.
] Charm Sector (Ty.) [GeV’] Bottom Sector (Ty,) [GeV?]
n
T4c(0++) T4c(1+_) T4c(2++) T4b (0++) T4b(1+_) T4b (2++)
3,3 0.0347 4+ 0.0076 0.0878 4 0.0098 0.0720 4+ 0.0158 13.88 + 3.05 35.1+3.9 28.80 + 6.34
[6,6 0.0128 £+ 0.0028 0 0 512+1.13 0 0
[3,6 0.0211 £+ 0.0046 0 0 8.44 +1.86 0 0

2.4. Generation and Evolution of TQ4Q1. 1 via HF-NREVO

In this subsection, we present the DGLAP evolution of the initial NRQCD inputs
leading to the TQ4Q1.1 collinear FFs for fully heavy tetraquarks. Unlike light-hadron
fragmentation, both the gluon and heavy-quark channels feature distinct evolution
thresholds, determined by the kinematics of the perturbative splittings ¢ — (QQQQ)
and Q,Q — (QQQQ) + Q,Q, shown in Figure 1. These fragmentation splittings set
tro(g — Tag) = 4mg and puro(Q — Tyg) = 5mg as the starting scales for gluon and
(anti)quark fragmentation, respectively.

To consistently include both thresholds, we adopt the HF-NREVO scheme [167-171],
a framework specifically developed for evolving heavy-hadron FFs derived from nonrela-
tivistic inputs. It provides a smooth connection between FFNS and VFNS regimes while
allowing a systematic propagation of MHOUSs through controlled threshold variations.
Originally tailored for quarkonium studies, HF-NREVO has been successfully extended to
exotic hadron applications, proving effective in handling multi-threshold evolution.

For fully heavy tetraquarks, the evolution proceeds in two stages. First, the
gluon FF, initialized at pro(g — Tug) = 4mg, evolves via the LO Pgq kernel up to
tro(Q— Tyo) = 5mg, generating only collinear gluons. This step, involving a single
active channel, is performed analytically through the SYMJETHAD plugin. At the heavy-
quark threshold (Qp = 5mg), the evolved gluon FF is matched to the NRQCD input of
the (anti)quark channel. From this “evolution-ready” scale, a full NLO DGLAP evolu-
tion, including all active species, is carried out using APFEL++ [274-276], yielding the final
TQ4Q1.1 sets in LHAPDF format [277]. Future versions will also interface HF-NREVO with
EKO [278,279].
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Uncertainties from the variation in energy scales inside perturbative SDC, labeled
as Fragmentation MHOUs (F-MHOUs), are estimated by varying Qp by a factor of two
around its central value and evolving each replica independently. The resulting envelope
quantifies the FF sensitivity to Qp and can be propagated to collider-level observables,
complementing the uncertainty budget from perturbative Hard-factor MHOUs (H-MHOU )
and nonperturbative LDMESs (see Section 4.1).

Light- and nonconstituent-heavy-quark channels are excluded from this release, as
their FFs are suppressed by one or two orders of magnitude compared to gluon fragmenta-
tion [61,226,227,280-284]. Moreover, in the LHC kinematic region 10~* < x <1072 [230,285,286],
gluon PDFs exceed quark ones by over an order of magnitude, further reinforcing the dom-
inance of gluon-initiated channels. Consequently, the present TQ4Q1.1 release, restricted to
gluon and constituent-heavy-quark inputs, provides a complete and phenomenologically
reliable description of fully heavy tetraquark fragmentation.

We next examine the momentum-fraction dependence of the evolved TQ4Q1.1 sets,
focusing on their behavior as a function of z for scalar (0", Figure 2), axial-vector (11—,
Figure 3), and tensor (2*, Figure 4) tetraquarks. Each plot features charm (left) and bottom
(right) sectors, with upper and lower panels displaying, respectively, the heavy-quark and
gluon fragmentation channels. Uncertainty bands in the main panels combine F-MHOUs
and LDME variations, while the ancillary panels disentangle the two sources by showing
their individual ratios with respect to the central prediction.

Four representative scales are displayed: the evolution-ready threshold Qp = 5mg
and the evolved values yr = 30, 60, and 90 GeV. Since the g — T4 (17 ™) input vanishes
by construction, it appears only at yir > Qp, whereas the scalar and tensor gluon FFs are
nonzero already at threshold. For consistency, all gluon results are shown starting from
30 GeV upward.

Heavy-quark FFs exhibit distinctive shapes across spin channels. In the scalar and
tensor cases, they start from finite values at small z, decrease rapidly, and develop a
secondary enhancement near z ~ 0.8 +- 0.9, slightly shifted to lower z for bottomed states.
The small-z slope steepens with increasing ur, signaling stronger soft-gluon radiation under
DGLAP evolution. Yet, a residual high-z hump persists, reflecting a hard-fragmentation
component characteristic of heavy-flavor dynamics [164,287]. This dual behavior stems
from the coexistence of soft and hard regimes, where the fragmenting quark may retain a
large share of the hadron momentum.

Earlier TQ4Q1.0 determinations [64] used a purely kinematic model inspired by
Suzuki [164], predicting (z) ~ 1 — A;/mg for heavy-light hadrons, but lacking justifi-
cation for multiquark states. The new results confirm that even without light constituents,
scalar and tensor channels naturally generate large-z peaks, consistent with quarkonium
fragmentation [227]. This feature, therefore, emerges dynamically, not kinematically, as a
manifestation of the compactness of fully heavy bound states.

Axial-vector FFs differ markedly: they vanish at z — 0, peak sharply at 0.75 < z < 0.9,
and remain narrow under evolution, indicating reduced soft-gluon phase space and a
strong preference for hard fragmentation. In all channels, bottomed FFs are suppressed by
roughly three orders of magnitude compared to charmed ones, a mass effect overpowering
the larger LDME normalization discussed in Section 2.3. This confirms that the overall
normalization is mainly driven by the perturbative coefficients.
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Figure 2. z-profiles of the TQ4Q1. 1 FFs for scalar tetraquarks Ty (07) (left) and Ty, (07 T) (right) at
various scales. Upper (lower) panels correspond to heavy-quark (gluon) channels. Main-panel bands
combine F-MHOU and LDME uncertainties; lower panels display, respectively, -MHOUS as replica
envelopes and LDME effects as ratios to the central curve.
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Figure 3. z-profiles of the TQ4Q1.1 FFs for axial-vector tetraquarks Ty (177) (left) and Ty, (177)
(right) at various scales. Upper (lower) panels correspond to heavy-quark (gluon) channels. Main-

panel bands combine FFMHOU and LDME uncertainties; lower panels display, respectively, F-

MHOUs as replica envelopes and LDME effects as ratios to the central curve.
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Figure 4. z-profiles of the TQ4Q1. 1 FFs for tensor tetraquarks Ty (21) (left) and Ty, (21) (right) at
various scales. Upper (lower) panels correspond to heavy-quark (gluon) channels. Main-panel bands
combine F-MHOU and LDME uncertainties; lower panels display, respectively, -MHOUSs as replica
envelopes and LDME effects as ratios to the central curve.

Gluon-induced FFs display broader shapes, concentrated at smaller z. For scalar and
tensor states, they decrease monotonically without forming a peak, whereas the axial-vector
case develops a wide hump in 0.15 < z < 0.7, whose position drifts upward with pr. Since
this channel is radiatively generated, the hump reflects the intrinsic DGLAP dynamics rather
than the initial input. The systematic reduction in normalization with increasing quark mass
persists also here, confirming the uniform suppression of bottomed configurations.
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Comparing different quantum numbers, the axial-vector FFs are consistently more
than one order of magnitude smaller than the scalar and tensor ones in both Q and g
channels. This hierarchy follows NRQCD expectations [58,179], where the antisymmetric
spin-color coupling of the 17~ state yields weaker overlap with gluon-induced production
and smaller LDMEs [288-290]. The scalar and tensor cases, instead, benefit from enhanced
compatibility with collinear selection rules.

As ur increases, all FFs gradually soften: heavy-quark ones retain their peak with
moderate reduction, while gluon distributions broaden at small z, particularly in the axial-
vector channel. The overall deformation remains mild even at ur = 90 GeV, showing that
the essential fragmentation pattern is set by the initial inputs and preserved by evolution.
Uncertainty bands, combining LDME and F-MHOU effects, stay moderate throughout,
consistent with the conservative setup described in Section 2.3.

3. Hybrid Factorization at NLL/NLO and Beyond

The first part of this section offers a concise overview of recent phenomenological
advances in high-energy QCD resummation (see Section 3.1). The second part presents a
formal framework for our tetraquark-sensitive observables, formulated within the hybrid
high-energy and collinear factorization scheme at NLL/NLO™ accuracy (see Section 3.2).

3.1. High-Energy Resummation in QCD: Status and Prospects

Accurate predictions for high-energy observables depend on our ability to disentangle
long-distance dynamics from short-distance effects in hadronic scatterings. This separation
allows nonperturbative and perturbative components to be factorized through the well-
established collinear framework [291,292].

Certain regions of phase space, however, challenge this framework because large
logarithmic corrections emerge. These logarithms grow order by order in perturbation
theory, compensating for the smallness of the QCD running coupling and jeopardizing the
convergence of the perturbative expansion. In such regimes, standard collinear factorization
must be supplemented by all-order resummations.

In the semi-hard regime of QCD [293], characterized by the scale hierarchy
Vs > Q> Aqcp, logarithms of the form In(s/ Q?) appear at successive powers in
perturbation theory and therefore require resummation [294-297].

The Balitsky—Fadin—-Kuraev-Lipatov (BFKL) formalism [298-301] provides the most
natural framework for high-energy resummation. It resums all terms (a;Ins)” at Leading-
Logarithmic (LL) accuracy and &, (as Ins)” at NLL accuracy.

Within BFKL theory, any scattering amplitude can be expressed as a convolution of
a universal Green’s function with two singly off-shell, transverse-momentum-dependent
emission vertices—known as impact factors—that describe the production of a forward
particle from each incoming hadron. In BFKL terminology, these are forward-production
impact factors. The Green’s function satisfies an integral evolution equation whose kernel
is known at NLO [302-308], with ongoing progress toward higher orders [309-314].

The predictive power of NLL BFKL resummation remains constrained by the limited
number of NLO-calculated off-shell emission functions, including (a) impact factors for
incoming partons (quarks and gluons) [315,316], which enable calculations of (b) forward-
jet [317-321] and (c) forward light-hadron [322] emissions.

Additional NLO results exist for (d) virtual-photon-to-light-vector-meson transi-
tions [323], (e) light-by-light scattering [324-329], and (f) forward Higgs-boson production,
both in the infinite-top-mass limit [330-332] and at finite top mass [333,334] (see Ref. [335]
for first steps toward next-to-NLO accuracy).
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At LO, several additional channels have been investigated, such as Drell-Yan pair
production [336,337], heavy-quark pair production [338-340], and forward ]/ production
at low transverse momentum [341] (see also Refs. [342-344]).

Among the most sensitive probes of high-energy QCD at colliders are the so-called
gold-plated channels: semi-inclusive processes particularly responsive to BFKL dynamics,
including Mueller-Navelet dijets at NLO [245,321,345-360], correlated dihadron emis-
sions [361-365], multi-jet configurations separated by large rapidity gaps [366-378], and
more exclusive final states such as hadron-jet [185,379-383], Higgs-jet [384-388], heavy-light
dijets [389,390], and heavy-flavored hadrons [167,230-232,285,286,338-341,391-396].

Processes involving single forward particles provide especially clean probes of BFKL
dynamics. They are directly linked to the behavior of the proton’s Unintegrated Gluon
Distribution (UGD) at small x, whose energy evolution follows the BFKL Green’s function.
Representative examples include light-vector-meson leptoproduction at HERA [397-405]
and future EIC projections [406-410], exclusive quarkonium photoproduction [411-415],
inclusive Drell-Yan dileptons [337,416-418], and bottom-tagged jet emissions [419-421].

The information encoded in the small-x BEKL UGD has been pivotal for improving
the theoretical description of collinear Parton Distribution Functions (PDFs) incorporating
small-x resummation [422-428]. It also bridges model-based studies of twist-two gluon
TMDs enhanced at low x [429-440].

Recent works [441,442] refined the connection between small-x dynamics and TMD
factorization, while other studies [443,444] related the UGD to dipole cross sections in
color-glass frameworks.

Inclusive and differential Higgs and heavy-flavor distributions with small-x resum-
mation have also been investigated through the HELL method [425,445], based on the
Altarelli-Ball-Forte (ABF) formalism [446-452]. This approach merges collinear factoriza-
tion with high-energy resummation [453-460], providing a complementary perspective on
QCD at high energy.

A long-standing issue in BFKL descriptions of Mueller-Navelet jets arises from desta-
bilizing NLL corrections. Although formally of the same order as LL terms, they often carry
opposite signs, leading to instabilities when exploring MHOUSs through variations in the
characteristic energy scales. Consequently, predictions can become unphysical at large jet
rapidity separations, and azimuthal-angle correlations behave anomalously at both small
and large rapidities.

Several strategies have been proposed to mitigate these effects. The Brodsky-Lepage—
Mackenzie (BLM) scale-setting prescription [461-464], adapted to semi-hard reactions [349],
achieves partial stabilization—especially in azimuthal distributions—and modestly im-
proves agreement with data. However, its effectiveness is limited for observables involving
light dihadron or hadron-jet emissions, since the BLM-optimized renormalization scales of-
ten exceed the natural ones of the processes [185,294,379]. This leads to a strong suppression
of total cross sections and thus poor statistics.

Encouraging signs of improved stability have recently been observed in final states
sensitive to Higgs-boson production [384,465-473].This trend first appeared in studies of
semi-inclusive A, hyperons [285] and singly bottom-flavored hadrons [286] at the LHC.
Notably, this stability correlates with the characteristic behavior of VENS collinear FFs,
which govern singly heavy-flavored hadron production at high transverse momentum.

Subsequent analyses of vector quarkonia [187,230], charmed B mesons [231,232],
heavy tetraquarks [63-66,184,188,474], and rare ) baryons [239] confirmed that this so-
called natural stability of QCD high-energy resummation [392] is an intrinsic feature of final
states sensitive to heavy flavor.
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3.2. Hybrid-Factorization Studies at NLL/NLO and Beyond
We focus on the process illustrated in Figure 5,
P(pa) + pP(p2) = Tag(Fr,y1) + X + jet(Ra, y2) (10)

where a fully heavy tetraquark T,g is produced in association with a light-flavored jet. Both
final-state objects carry large transverse momenta, |¥1,2| > AQCD, and are separated by a
sizable rapidity gap AY = y; — v».

Such kinematic conditions ensure that the system probes the semi-hard regime,
where high-energy resummation effects and collinear fragmentation dynamics coexist.
The transverse-momentum intervals are chosen sufficiently above the heavy-quark mass
thresholds so that the VFNS collinear fragmentation becomes the dominant production
mechanism for heavy hadrons.

The incoming proton momenta are decomposed along light-like Sudakov vectors,
satisfying p2 = p? = 0 and 2(p,-p;) = s. Within this convention, the transverse momenta
1 can be expressed as

Kol
X1,25

2 2
P21 tKi21,  Kip= —Kip - (11)

K12 = X12P1,2 —

The longitudinal momentum fractions of the final-state objects, x; », are related to their

X

2
rapidities through y;, = 3 1n< 5

S
22

). Differentiating, one obtains dy1,2 = +,dx15/x1 2,

and therefore

AY = y1 —yo = ln< T1%28 ) (12)

%1%z
These relations connect the measurable rapidity gap to the longitudinal fractions entering
the partonic subprocess.

Py

Figure 5. Sketch of the semi-inclusive hadroproduction of a tetraquark-jet system within NLL/NLO™"
factorization (diagram generated with JaxoDraw 2.0 [475]). Collinear PDFs are represented by red
ovals, while the off-shell emission vertex associated with the tetraquark (jet) is shown as a green
(violet) blob. Tetraquark emissions are indicated by orange arrows. The central blue oval denotes the
BFKL Green's function.
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At LO in collinear QCD, the cross section for the process in Equation (10) reduces to a
one-dimensional convolution of the proton PDFs, the hadron FFs, and the partonic hard
factors. Explicitly, one writes

d(TLO . 1 1 1 A
[p+p = Tug tiet] / / / dz Ty %1 do, 13
TordnR R, Ly 0 fy o fala el folsee) | =D G @mameames . @

1

Here, the indices (4, b) run over quarks, antiquarks, and the gluon; f, , denote the proton
PDFs, while DZ‘ZQ are the corresponding FFs into the tetraquark state. The variables
X, represent the longitudinal momentum fractions of the incoming partons, z is the
fraction carried by the fragmenting parton in the final state, and do,, are the partonic
hard-scattering cross sections.

In contrast, the derivation of the resummed cross section in the hybrid factorization
framework proceeds in two stages. First, one applies the high-energy factorization formal-
ism dictated by the BFKL resummation, which systematically accounts for logarithms of
the center-of-mass energy. This is then matched to the collinear picture by incorporating
proton PDFs and tetraquark FFs, providing a unified description valid across both regimes.
The resulting differential cross section naturally takes the form of a Fourier expansion in
the azimuthal-angle difference, whose coefficients encapsulate the full dynamical content
of the process. Thus, we have

CIU-NLL/NLOJr 1
dy1dy2dfldf2d¢1d¢2 B (27‘[)2

C(I)\”“L/l\ﬂ“o+ +2 Z cos(n(p —m)) C,ll\”“L/l\ILO+ . (19

n=1

Here, ¢ » denote the azimuthal angles of the final-state objects, and ¢ = ¢; — ¢ represents
their relative separation. The corresponding azimuthal coefficients are computed within
the BFKL framework and encode the resummation of high-energy logarithms at both LL
and NLL accuracy. All perturbative calculations are performed in the MS renormaliza-
tion scheme [476], which ensures a consistent treatment of ultraviolet singularities and a
systematic organization of higher-order corrections. We then write

27 27 dU.NLL/NLO+

CIH/NEOT = |7 dgn [ gz cos(n(g — 1))

dy1dy d|%] d|#%2|dpid e,

AY 00
— L/+ dVeAYE‘S(VR)XNLO(n/V)

S —o0 (15)
x o (Hr) {Rﬁm(”% %], x1) [RYO(n, v, [Ral, x2)]*

+ a2) 8Y B A0}
In this expression, &;(pr) = as(pr)Nc/ 71, where N, is the number of QCD colors, and
Bo = (11N — 2ny) /3 denotes the leading coefficient of the QCD f function, with 1 the
number of active quark flavors. We adopt a two-loop evolution for the strong coupling,
initialized at a5(Mz) = 0.118, and include the effect of a dynamically varying 1 along the
evolution. The resummation kernel entering the exponent of Equation (15) reads

NLO (

X n,v) = x(n,v) +asx(n,v), (16)

where

x(n,v) = —2vg —2Re{l[)(1—;n +iv> } (17)
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RH(T[,V, |7_€l|/x1)

Here, xo(n,v) denotes the LO eigenvalue of the BFKL kernel, g is the Euler-Mascheroni
constant, and (z) = I''(z) /T'(z) represents the logarithmic derivative of the Gamma func-
tion. The function £ (#, v) in Equation (16) accounts for the NLO correction to the kernel,

. i} Po 10 MR
£(0,v) = xln,v) + £ x(m,v) (—x(m) rg 21nyz> : 18)
C
the Tyo mass is set to mr,, = 4mq, with mq the constituent heavy-quark mass. On the
opposite side, the light-flavor jet carries no intrinsic heavy scale; thus, its transverse mass
coincides with its transverse momentum, |x;|. The characteristic function x (1, v) appearing
in the BFKL exponent is taken from Refs. [477,478] and reads

{”2_4;(( V) — 6§()—dz—x+2<l>(n1/)+2<b(n—v) (19)

72 sinh(7tv) ny\ 11+ 1202 ne\ 14402
+ S g (14 L) 2 o — (14 -5 ) o 5| b,
vt | O (1 56 1 ) oo~ (1 v )
with

1 —1/2+iv+n/2
d(n,v) = _/0 dx xl—f—x{; (1[)’<n ; 1) - @(2)) + Lip(x) + Lip(—x)  (20)

1/J(n+1)—¢(1)+1n(1+x)+i (=%

+ Inx
= k+

i (k+n)? [ (1)k}}

(-)™ {9/ (k+n+1)—¢'(k+1)

Zk—i— (n+1)/2+4iv

+ (1) [Byk+n+1)+ By(k+1)] —

lp(k+n+1)—¢(k+1)}
k+(n+1)/2+iv ’

where

1, fz+1 /(2
By(z) = § {1/’ ( > ) ¥ (2” , Lip(x / dy (21)
The corresponding expressions for the singly off-shell emission functions are given by

RN (n,v, [f12],12) = Rig (v, [R ol, 2. @)

2) + a5 (1) R p(n,v, %],

At LO, the functions describing the production of a forward hadron and a forward jet are

given by
s @RMA/@(>M1CV@DUﬁ+Zf oi () 23)
Ca vz \X Cp’¥ z uwa
and
R Cr 5 i—
Ry(n,v, k2], x2) :21/é|’<2|2w ! fg )+ Y, folx ] , (24)
b=q4

with Cr = (N? —1)/(2N,) being and C4 = N, the QCD Casimir terms. The f(v) function
embodies the logarithmic derivative of the LO impact factors

i d R S =
flv) = % ch/ln<7'\’,?> +In(]#y[]%2]) - (25)
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In Equation (15), the quantities Ry j represent the NLO corrections to the emission
functions. The forward-hadron contribution was computed in Ref. [322], while for the
forward jet we follow the approach of Refs. [320,322]. For numerical implementation, we
employ a jet selection function' evaluated in the Small-Cone Algorithm (SCA) [483,484],
adopting its cone-type version [321] with jet radius R = 0.5.

A full phenomenological comparison between our hybrid factorization predictions
and fixed-order results would require a dedicated code for NLO two-particle production in
hadronic collisions, which is presently unavailable. As a practical alternative, we emulate
the fixed-order behavior by truncating the azimuthal-coefficient expansion in Equation (15)
at O(a2), thus defining an effective high-energy fixed-order approximation (HE-NLO™).
This prescription retains the leading-power asymptotic structure of NLO QCD while
neglecting subleading terms suppressed by inverse powers of the partonic energy. The MS
expression for the azimuthal coefficients at HE-NLO™ reads

+o0
A dva(pr) [1+ & (uR)AY X (1, V)] RE (n,v, Ry, x1) [RYHO (n,v, [Rel, 22)] (26)

with the BFKL kernel being expanded and truncated at O(as). For the sake of comparison,
we will also discuss predictions taken at LL:

CyH/10 = ? / " du YRG0 (2 () Ry (v, 1], 1) [Ry (0, [Ral, 1)) . @27)
—0o0

Equations (15)—(27) summarize the structure of our hybrid factorization framework.
Following the BFKL formalism, the hadronic cross section is written as a convolution in
transverse momentum between the Green'’s function and two off-shell emission functions
(impact factors). These impact factors embed collinear PDFs and FFs, thereby merging
high-energy resummation with collinear QCD dynamics in a consistent way.

The NLL/NLO™ tag denotes full next-to-leading logarithmic resummation, built from
NLO perturbative components, while the ‘+”" superscript specifies that cross-terms from
the two NLO impact-factor corrections are also included.

Renormalization and factorization scales follow the natural kinematic choice

HR = HF = PN =My +My, (28)

with m;, the transverse mass of each final-state particle.

Collinear PDFs are taken from the NNPDF4.0 NLO set [485,480], accessed through
LHAPDF [277]. These distributions rely on global fits based on the replica method [487],
now a standard in multidimensional proton-structure studies [488-493]; for a detailed
comparison of inter-set correlations and uncertainty estimates, see Ref. [494].

All predictions in this review are consistently evaluated in the MS renormalization
scheme [476].

4. Tetraquark-Jet Emissions at the High-Luminosity LHC

Section 4.1 introduces the methodology adopted for a systematic evaluation of the-
oretical uncertainties affecting our predictions. In Section 4.2, we define the observables
under consideration and specify the kinematic domains and final-state selections con-
sistent with realistic LHC detector acceptances. Numerical results for rapidity spec-
tra and azimuthal multiplicities are discussed in Sections 4.3 and 4.4, respectively. All
computations have been carried out using the JETHAD framework [185-191], a hybrid
PYTHON 3.11/FORTRAN 2003 multimodular environment developed for the calculation,
management, and post-processing of collider observables across diverse QCD frameworks.
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4.1. Uncertainties

A robust phenomenological analysis demands a systematic and transparent treatment
of theoretical uncertainties. In this work, we disentangle the leading sources of error
that affect our framework—both perturbative and nonperturbative—and quantify their
individual and combined impact on collider-level observables. This structured breakdown
provides a clear picture of how each contribution shapes the final predictions. Specifically,
we account for the following effects:

(a) Perturbative H-MHOUs. These originate from the arbitrariness in choosing the
renormalization and factorization scales that enter the hard matrix element of the
partonic subprocess. Their variation by factors of 1/2 and 2 around the central scales
provides a standard estimate of missing higher-order corrections.

(b) Perturbative F-MHOUSs. These uncertainties trace back to the perturbative initial
conditions of the FFs at the reference scale. The evolution-ready scale Qp is varied
around its natural value, 5mg, by a factor of 1/2 to 2, and the resulting envelope
defines the corresponding uncertainty band. This variation captures the effect of
subleading terms not explicitly included in the evolution of the FFs.

(¢) Nonperturbative LDMEs. These parameters embody the long-distance dynamics gov-
erning hadron formation. Their uncertainties are evaluated by scanning the relevant
LDMESs within ranges supported by potential-model analyses. The resulting bands quan-
tify how model-dependent hadronization effects influence collider-level observables.

(d) Proton PDFs. Since collinear PDFs are genuinely nonperturbative inputs extracted
from global fits, they introduce an additional source of uncertainty. Dedicated numeri-
cal tests for tetraquark-jet production, however, indicate that differences among PDF
sets or replicas remain below the 1% level. Therefore, we adopt the central member
of the NNPDF4. 0 set [485,486] and neglect the broader PDF-fit uncertainty, which is
subdominant compared to MHOUs and LDME variations.

(e) Phase-space numerical integration. The leading numerical uncertainty arises from
multidimensional integrations over the final-state phase space. These are performed
using the native routines of JETHAD, with relative errors systematically kept below
the 1% level. Subdominant effects originate from one-dimensional integrations over
the partonic longitudinal momentum fractions x, which enter the convolution of
PDFs and FFs in the LO and NLO tetraquark emission functions (see Equation (23)).
Extensive stability tests confirm that these contributions are negligible with respect to
the multidimensional integration uncertainty.

4.2. Final-State Observables

The first observable examined in our analysis is the rapidity distribution, expressed as
the cross section differential in the rapidity distance AY = y; — y» between the two final-
state particles. It reads

do(AY,s)
dAY

where C,,—o denotes the azimuthal-angle averaged coefficient integrated over the final-state

= Co, (29)

rapidity and momentum phase space at fixed AY. Selecting the n = 0 conformal spin
removes all angular modulations, isolating the leading energy-dependent component of
the cross section—the term most sensitive to resummation dynamics. Rapidity-interval
distributions provide a clean probe of the interplay between high-energy evolution and
the collinear structure of hadrons, especially in semi-inclusive topologies involving a fully
heavy tetraquark and a recoiling jet.

The kinematic selections mimic the acceptance and reconstruction thresholds of the
CMS detector at the LHC. We require |y;| < 2.5 for the tetraquark, corresponding to the bar-
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rel calorimeter coverage [495], and |y»| < 4.7 for the jet, matching the end-cap region [496].
The transverse momentum of the Tyo(JFC) state is taken in the range 30-120 GeV, while
the associated jet spans 40-120 GeV, in line with LHC analyses involving hadronic and
jet observables [496,497]. The use of asymmetric cuts for the observed transverse mo-
menta enhances the visibility of high-energy resummation effects relative to fixed-order
predictions [185,350,351].

The second key observable explored in our analysis is the azimuthal distribution.
We will present a detailed study of this quantity for fully heavy tetraquark states. The
normalized angular multiplicities are defined as

ldo(es) 1|1 &

cTde T w E+n§:1<cos(n(p)> cos(ne) |, (30)

where ¢ = ¢; — ¢ — 71, with ¢y » the azimuthal angles of the two outgoing objects. The
coefficients C,, are integrated over the full rapidity and transverse-momentum phase space,
and binned in the rapidity interval AY. The (cos(n¢)) = C,/Co moments quantify the
azimuthal correlations of the system.

Initially introduced for light dijet studies [347,498], these observables have become sen-
sitive probes of QCD dynamics in the high-energy regime. They encode the full azimuthal
structure of partonic interactions and provide a direct measure of angular decorrelations
driven by energy evolution.

Their differential dependence on ¢ also makes them experimentally accessible, allow-
ing robust comparison with data even under nonuniform azimuthal acceptance across 2.
Recent analyses of dijet multiplicities [357] demonstrated two main benefits: they mitigate
the residual instabilities affecting resummed predictions for light final states [185,379], and
they improve the consistency with CMS measurements at /s = 7 TeV [496].

For simplicity, we will focus on the fully charmed tensor resonance Ty (27 "), iden-
tified as the most plausible candidate for the X(6900) [117]. However, numerical checks
confirm that the corresponding fully bottomed state Ty,(2" ") exhibits similar behavior
within uncertainties.

4.3. Rapidity-Differential Rates

Predictions for the rapidity rates do/dAY of scalar (07 1), axial-vector (177), and
tensor (27 1) tetraquarks with charm and bottom content, produced in association with a
light jet at /s = 14 TeV, are shown in Figures 6-8. Each main panel reports the absolute
differential cross section, while the lower ones display ratios of LL/LO and HE-NLO™
to NLL/NLO™ predictions. Uncertainty bands combine H-MHOUSs, F-MHOUs, LDME
variations, and phase-space integration errors in quadrature; additional panels isolate
the relative contributions of H-MHOUSs, F-MHOUSs, and LDMEs. The bin width in AY is
0.5 throughout.

Across all spin states, the cross section decreases as AY grows, reflecting the com-
petition between the BFKL-driven rise in partonic coefficients and the suppression from
collinear PDFs and FFs at large momentum fractions. The falloff is moderate for AY <3,
then gradually steeper toward larger intervals. This universal trend, common to both charm
and bottom sectors, demonstrates that the resummed component enhances the small-x
dynamics without destabilizing the perturbative series.
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Figure 6. Rapidity spectrum of scalar tetraquarks Ty (07 ) (left) and Ty, (07 ) (right) produced with
ajet at /s = 14 TeV. Main panels show total uncertainties from combined H-MHOUSs, F-MHOU,
LDME, and phase-space effects. Ancillary panels display: (a) LL/LO and HE-NLO™ ratios to the
NLL/NLO™ baseline, (b) F-MHOUSs envelopes, and (c) LDME-induced variations.
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Figure 7. Rapidity spectrum of axial-vector tetraquarks Ty (17 7) (left) and Ty, (17 ™) (right) produced
with ajetat /s = 14 TeV. Main panels show total uncertainties from combined H-MHOUs, F-MHQOU,
LDME, and phase-space effects. Ancillary panels display: (a) LL/LO and HE-NLO™ ratios to the
NLL/NLO™ baseline, (b) F-MHOUSs envelopes, and (c) LDME-induced variations.

https://doi.org/10.3390 /universe12010013


https://doi.org/10.3390/universe12010013

Universe 2026, 12,13

25 of 51

[pb]

do(AY,s)

dAY

LDME F-MHOU H-MHOU

100 L

10—2 L

1.25
1.00
0.75
0.50
0.25
1.50

1.00

0.50

P(pa) + P(Py) = Tac(2YH)(|Rals 1) + X + jet(|Ra|, y2)

NLL/NLO*
S\ LL/LO

JETHAD v0.5.3
NNPDF4.0_nlo + TQ4Q1.1_cs_nlo
/3 = 14 TeV (HL-LHC)

| lnl <25;
30 < |R1|/GeV < 120; 40 < |Ry|/GeV < 120

|y2| < 4.7

—

ratio to NLL

AY =y — y2

[pb]

do(AY, s)
dAY

LDME F-MHOU H-MHOU

10—2 L

10—4 L

1.25
1.00
0.75
0.50
0.25
1.50

1.00

0.50
1.50

p(Pa) + P(ps) = Tun(2T)(|R1],91) + X + jet(|Rz], y2)

NLL/NLO*
S\ LL/LO
%228 HE-NLO+

JETHAD v0.5.3
NNPDF4.0_nlo -+ TQ4Q1.1_cs_nlo »
/5 =14 TeV (HL-LHC)
| lwl < 2.5
30 < |R1]/GeV < 120; 40 < |Rz|/GeV < 120

|y2| < 4.7

ratio to NLL

AY =y — y2

Figure 8. Rapidity spectrum of tensor tetraquarks Ty (27 1) (left) and Ty, (21 ) (right) produced with
ajetat /s = 14 TeV. Main panels show total uncertainties from combined H-MHOUSs, F-MHOU,
LDME, and phase-space effects. Ancillary panels display: (a) LL/LO and HE-NLO™ ratios to the
NLL/NLO™ baseline, (b) F-MHOUSs envelopes, and (c) LDME-induced variations.

For scalar tetraquarks (0" 1), we obtain the highest overall rates, from 1072 pb to

several pb in the charm case (left panel) and 10~5-10~2 pb for bottom (right panel). These

values follow expectations from the compact S-wave structure and the absence of spin

suppression. Theoretical uncertainties remain moderate, with H-MHOUs below roughly
50%. LL results slightly overshoot NLL/NLO™ at small AY, while approaching it at larger
intervals, indicating good convergence of the hybrid resummation. Fixed-order HE-NLO™"

curves reproduce the NLL/NLO™ pattern up to moderate AY, confirming that genuine

BFKL effects become relevant only at the upper end of the accessible range.

Axial-vector states (11 7) exhibit cross sections roughly two orders of magnitude lower,
ranging from 10~* to 102 pb for charm and 10~7~10> pb for bottom. Their theoretical
behavior is nevertheless clean and stable: uncertainty bands are the narrowest among all

channels, owing to a single dominant heavy-quark fragmentation source and the strong

evolution of the gluon FF, which compensates residual scale variations. Ratios between
HE-NLO™ and NLL/NLO™ remain close to unity, confirming a well-behaved perturbative
hierarchy. Although less abundant, the 17~ channel provides the most transparent window

on subleading resummation effects.

Tensor tetraquarks (27 1) feature cross sections comparable to or slightly above the

scalar ones, with similarly stable uncertainty bands. Their AY dependence mirrors that of

the scalar case, displaying a smooth decline and limited scale sensitivity. The HE-NLO™
results lie consistently between LL/LO and NLL/NLO™, reinforcing the interpretation of
the resummed predictions as a controlled extension of fixed order.

A global comparison across all spin channels shows that NLL/NLO™ predictions

offer a stable baseline, with resummation effects visible yet moderate. Spin primarily

influences normalization through FF suppression and the AY slope through the different

scale evolution of the FFs. Among the three, the axial-vector channel best isolates genuine

logarithmic corrections, while scalar and tensor configurations provide higher rates and
experimental robustness. FFMHOUs and LDME variations contribute comparably to the
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p(Pa) + P(P) = Tuc(0TH)(|R1], 41) + X + jet(|Ral, y2)

total uncertainty, though F-MHOUSs dominate slightly in most kinematic regions. Overall,
the results confirm that heavy-tetraquark production via collinear fragmentation remains
perturbatively stable and sensitive to resummed high-energy dynamics already at HL-
LHC energies.

For comparison, Figure 9 displays the do/dAY spectra for scalar (left panel) and
tensor (right panels) Ty tetraquarks produced in association with a jet at /s = 14 TeV,
obtained using the earlier TQ4Q1.0 FFs [64]. Since the 1.0 release did not include dedicated
uncertainty analyses for fragmentation—neither from scale variations in the short-distance
coefficients (F-MHOUSs) nor from LDMEs—the bands shown here reflect only phase-space
and H-MHOU effects evaluated within the current setup. Ancillary panels report the ratio
between results based on the 1.0 and 1.1 functions, providing a direct comparison at the
level of physical observables.

The overall pattern of the main panels remains consistent with that found using
TQ4Q1.1, confirming that the updated functions preserve the shape of the AY spectra
within uncertainties. However, the ratios indicate a systematic ~10-20% reduction in the
cross sections when moving from 1.0 to 1.1, slightly more pronounced for the scalar
channel. This shift originates from the revised NRQCD-based heavy-quark inputs and
the inclusion of LDME-driven normalization effects. The remarkable stability of the ratios
across the full AY range demonstrates that the upgrade to 1.1 yields a more conservative
and theoretically consistent description, reducing model dependence without altering the
physical behavior of the distributions.
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Figure 9. Rapidity spectrum of scalar and tensor tetraquarks, Ty (07 ") (left) and Ty (2*1) (right),
produced with a jet at /s = 14 TeV. Main-panel bands indicate the joint effect of H-MHOUSs and
phase-space integration. Ancillary panels show ratios between results derived from the original
TQ4Q1.0 FFs [64] and the new 1.1 version.

4.4. Azimuthal-Angle Distributions

Figure 10 shows the normalized azimuthal spectra for the tensor tetraquark Ty (27)
produced in association with a jet at y/s = 14 TeV within the HyF framework. Predictions
are presented at NLL/NLO™ (left) and HE-NLO™ (right) accuracy for three representative
rapidity intervals, 1 < AY < 2,3 < AY < 4,and 5 < AY < 6.
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Figure 10. Azimuthal spectra of tensor tetraquarks Ty (27 1) produced with a jet at \/s = 14 TeV. Left
(right) panels show NLL/NLO™ (HE-NLO™) predictions obtained in the HyF framework. Bands
denote H-MHOU uncertainties.

Because the azimuthal multiplicities defined in Equation (30) are symmetric under
the transformation —¢ — ¢, only the physical half-range 0 < ¢ < 7 is shown. For
ease of experimental comparison, all curves are averaged over equal-size ¢ bins. As
these observables are normalized ratios of differential cross sections, most correlated
uncertainties cancel out. In particular, the impact of LDMEs and multidimensional phase-
space integration is negligible, while F-MHOUs were numerically verified to have no
visible effect. Consequently, the uncertainty bands displayed in Figure 10 reflect only the
contribution from H-MHOUs.

All spectra exhibit a pronounced peak at ¢ ~ 0, corresponding to nearly back-to-
back configurations of the final-state objects. The peak height decreases as AY increases,
indicating stronger azimuthal decorrelation driven by soft-gluon radiation. This broadening
behavior reflects genuine BFKL-type dynamics, which enhance gluon emissions as the
rapidity gap widens. In contrast, HE-NLO™ predictions display a narrower and more
persistent peak, with only mild flattening at large AY, consistent with a DGLAP-like regime
dominated by collinear radiation. The distinction between the two accuracies therefore
captures the classical “BFKL-DGLAP” interplay [185,186,350,351,357] that characterizes
energy-flow correlations in semihard systems.

Uncertainty bands remain small over the full ¢ range, confirming the perturbative sta-
bility of the HyF framework. No negative or oscillating bins are observed, even in the large-
@ region, demonstrating that tensor-tetraquark fragmentation mitigates residual threshold
effects. Overall, this observable provides a robust probe of energy-momentum decorrelation
in heavy exotic production and a clean window into high-energy QCD dynamics.

5. Conclusions

In this review, we have advanced the study of exotic matter formation in high-
energy hadronic collisions by presenting the TQ4Q1.1 set of collinear FFs for fully heavy
tetraquarks [499]. The analysis encompasses the three accessible spin-parity channels,
JP€ = 0%+,17~, and 27+, and covers charmed and bottomed configurations. These FFs
are constructed within the leading-power single-parton fragmentation picture embedded
in the NRQCD framework, where color-spin Fock-state components enter through their
corresponding LDMEs.

SDCs for gluon and heavy-quark fragmentation were computed at the initial scale and
evolved via the DGLAP equations in a VENS using the threshold-matched HF-NREVO
formalism [167-171]. The 1.1 release introduces a systematic treatment of theoretical
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uncertainties, combining LDME variations, hard-scale dependencies (H-MHOUs), and
fragmentation-scale inputs (F-MHOUs). By analyzing each source separately and then
merging them, we achieved a transparent breakdown of theoretical errors, enabling collider-
level predictions with quantified reliability.

The (SYM)JETHAD multimodular interface [185-191] was used to compute hybrid-
factorized cross sections for semi-inclusive tetraquark-jet production at /s = 14 TeV.
Working at full NLL/ NLO*t accuracy within the HyF formalism, which consistently merges
collinear factorization and BFKL resummation, we analyzed rapidity-interval distributions
and azimuthal multiplicities, two observables highly sensitive to the interplay between
perturbative and nonperturbative dynamics.

The rapidity distributions display a monotonic decrease with increasing AY across all
spin configurations, accompanied by well-behaved uncertainty bands that signal pertur-
bative stability. At large rapidity separations, the resummed NLL/NLO™ signal becomes
clearly distinguishable from the fixed-order background, particularly in scalar and tensor
channels. The axial-vector state, though suppressed in absolute rate, exhibits remarkable
robustness and minimal uncertainty spread due to the strong yr evolution of the gluon FF
and its reduced LDME sensitivity. This “natural stability” [392] marks the 1~ channel as
an optimal benchmark for precision tests of high-energy resummation.

Azimuthal multiplicities provide an orthogonal probe of resummation dynamics
at fixed AY. Being normalized ratios of cross sections, they are largely insensitive to
nonperturbative modeling and phase-space effects, allowing for clean discrimination
between NLL/NLO™ and HE-NLO™ predictions. Their stability and positivity across the
full angular range reinforce the suitability of heavy tetraquark production as a controlled
laboratory for BFKL studies.

The TQ4Q1. 1 functions thus acquire a dual role: precision tools for testing high-energy
QCD through infrared-safe observables and diagnostic instruments for studying the color-
spin composition of exotic bound states. This synergy between structural and dynamical
information establishes a unified framework for connecting exotic spectroscopy with the
resummation frontier of QCD.

Looking forward, the same methodology may be validated using more accessible sys-
tems such as double ] /1 or | /1-jet production, where forthcoming data could constrain the
shape and normalization of heavy-quarkonium FFs and test the HyF resummation strategy.
Recent measurements by LHCb [500] already provide a first window into this kinematic
regime, and future analyses at higher transverse momenta may further consolidate the
connection between tetraquark phenomenology and quarkonium production.

Further progress will focus on refining theoretical uncertainty quantification, in line
with ongoing efforts to propagate model and scale variations through replica-based statisti-
cal approaches [501-506]. Extending such strategies to fragmentation dynamics, particu-
larly for F-MHOUSs and LDMEs, will be essential for precision-era studies of exotic hadrons.
Parallel developments will aim at incorporating color-octet contributions into the NRQCD
expansion, expected to modify both normalization and shape of the FFs, especially in scalar
and tensor channels.

Another compelling direction concerns linking exotic-tetraquark structure to precision
resummation and enabling data-driven benchmarking of FFs via global-fit and machine-
learning analyses [507-514].

In parallel, new theoretical integrations will pursue the combination of high-energy
and soft-gluon [515-518] resummations, jet-radius logarithms [519-523], and jet-angularity
methods [524-526]. Synergies with small-x saturation physics [527-543] and with angular-
asymmetry studies in dijet and heavy-hadron production [517,518,544-559] will further
expand the scope of hybrid approaches to heavy-flavor fragmentation.
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From a phenomenological standpoint, the suppressed but clean environment of fully
bottomed tetraquarks offers an ideal testing ground for the limits of fragmentation-based
predictions. The forthcoming high-luminosity LHC data will be pivotal in establishing
whether their production can be experimentally accessed and, in turn, used to constrain
FFs and the underlying color dynamics. Meanwhile, the interplay between exotic hadron
production, intrinsic heavy-quark components [560-567], and mass-dependent QCD effects
such as the dead-cone phenomenon [568,569] will continue to shape our understanding of
heavy-flavor dynamics in jets.

In summary, the TQ4Q1.1 release provides a coherent and uncertainty-quantified
foundation for the collinear fragmentation of fully heavy tetraquarks. It bridges the
modeling of exotic bound states with the high-energy regime of QCD, connecting hadron-
structure studies, precision resummation, and collider phenomenology. This review thus
sets the stage for an extended exploration of exotic-matter production, from tetraquarks to
triply heavy baryons, within a unified, evolution-consistent framework that will accompany
the forthcoming high-luminosity era of hadron physics [4-9,570-600].
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Abbreviations

The following abbreviations are used in this manuscript:

ABF Altarelli-Ball-Forte

BFKL Balitsky-Fadin—-Kuraev-Lipatov
BLM Brodsky-Lepage-Mackenzie
BSM Beyond-the-Standard-Model
DGLAP Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
DPS Double-Parton Scattering

EIC Electron-Ion Collider
F-MHOUs  Fragmentation MHOUs

FCC Future Circular Collider

FFNS Fixed-Flavor Number Scheme
FFs Fragmentation Functions

H-MHOUs Hard-factor MHOUSs
HF-NRevo Heavy-flavor NonRelativistic evolution
HL-LHC High-Luminosity Large Hadron Collider

HQSS Heavy-Quark Spin Symmetry

HyF Hybrid collinear and high-energy Factorization
LDME Long-Distance Matrix-Element

LL Leading-Logarithmic

LO Leading Order

MHOUSs Missing Higher-Order Uncertainties
MPI Multi-Parton-Interaction

NLL Next-to-Leading-Logarithmic

NLO Next-to-Leading-Order

NRQCD NonRelativistic QCD

PDFs Parton Distribution Functions

QCD Quantum ChromoDynamics

SCA Small-Cone Algorithm

SDC Short-Distance Coefficient
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SM Standard Model

UGD Unintegrated Gluon Distribution
VENS Variable-Flavor Number Scheme
VSA Vacuum Saturation Approximation

Note

1

Jet algorithms fall into two main classes: cone-type and sequential-clustering algorithms. See Refs. [479,480] for a comprehensive
overview. A notable example of the latter is the (anti-)x | algorithm [481,482].
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