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Abstract: We report the latest results on particle mixing in quantum field theory on
curved spacetimes. We highlight possible connections with dark matter and dark energy.
Furthermore, we present two indirect methods to observe these phenomena: one using
non-relativistic neutrinos and the other employing an atomic analogue.
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1. Introduction
The problems of dark matter and dark energy represent some of the most profound

and puzzling challenges in modern cosmology and astrophysics. Both concepts arose out of
the need to explain several large-scale observations that cannot be satisfactorily accounted
for by current physical theories. The Λ-cold dark matter (ΛCDM) model, widely supported
by observational evidence, suggests that dark energy constitutes approximately 68% of the
total energy density of the universe [1]. In this model, the cosmological constant Λ acts as
dark energy, fueling the accelerated expansion of the universe [2–7]. Instead, dark matter
was introduced to reconcile the discrepancies between the mass estimates of clusters and
galaxies derived from kinematic measurements and those inferred from luminosity data.
The existence of dark matter, as originally proposed by Trimble [8], is inferred primarily
from its gravitational effects, as it has not been directly observed. Dark matter constitutes
about 26% of the energy density of the universe, starkly contrasting with the 5% contributed
by baryonic matter [9–27].

The nature of dark matter, in particular, has given rise to a wide number of theoretical
proposals, each with different origins and implications. Among these models, some
postulate the existence of entirely new particles beyond the Standard Model [28–31].
Supersymmetric extensions of the Standard Model [32–47], for instance, predict a rich
spectrum of particles, with the lightest supersymmetric particle often identified as a stable
and weakly interacting dark matter candidate. Other examples include axions and axion-
like particles [48–63], which were originally introduced as a solution to the strong CP
problem in quantum chromodynamics, but have since proved to be compelling candidates
for dark matter. Others are based on condensation mechanisms that emerge in quantum
field theory (QFT), invoking the non-trivial structure of the vacuum, including effects
arising from flavour fermion mixing [64–71]. In recent years, a novel connection between
flavour fermion mixing and cosmology has gained significant attention. One of the potential
QFT models for flavour fermion mixing, formulated within the framework of the flavour
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Hilbert space [72–77], involves a condensed vacuum state known as the flavour vacuum.
This vacuum state, due to its condensate structure, introduces a new contribution to the
energy-momentum tensor, and it can be shown that for a wide range of spacetime metrics
it attains the form of a classical perfect fluid with vanishing pressure. In a similar way, it
has been shown that the flavour vacuum of mixed bosons could, in principle, represent a
component of the dark energy [70]. Testing the contribution of mixed fermions, such as
neutrinos, to dark matter poses significant challenges. This difficulty arises because the
condensate energy only becomes relevant at cosmological scales, and because the fermions
involved (e.g., neutrinos) are notoriously difficult to control experimentally.

In this review, we revisit two different approaches to evaluating the contribution of
the flavour vacuum to dark matter. The first approach is based on the observation that
the same mechanism that leads to flavour vacuum condensation also modifies neutrino
oscillation formulas within QFT. However, while these corrections are generally negligible,
they become relevant for non-relativistic neutrinos, since in natural units, the neutrino
energy Eν is of the same order as its mass mν, i.e., Eν ≃ mν.

This limitation effectively rules out traditional oscillation experiments as a means
of probing the condensation mechanism. However, experiments designed to detect non-
relativistic neutrinos, such as PTOLEMY [78,79], could provide a platform where QFT
effects become observable.

The second approach explores the possibility of identifying an analogous physical
system that can be controlled under laboratory conditions. One promising candidate is
a system consisting of an ensemble of independent Rydberg atoms interacting with laser
light, which could mimic certain aspects of the flavour vacuum.

The paper is structured as follows: Section 2 introduces the QFT model for particle
mixing based on the flavour Hilbert space and its connection to the dark components
of the universe. This section establishes the notation and includes an analysis of the
associated energy-momentum tensor. Section 3 examines the potential for low-energy
neutrino experiments, such as PTOLEMY, to test the QFT of neutrino mixing and its
associated dark matter-like contributions. Section 4 discusses the use of an analogous
physical system, specifically, an ensemble of Rydberg atoms, atoms in which a valence
electron occupies a state with a high principal quantum number n≫ 1, interacting with
laser light, to investigate these effects. In Section 5, we draw our conclusions.

2. Mixing in QFT and Dark Components of the Universe
The main features of the QFT formalism for the fermion mixing are summarised below.

For the sake of simplicity, we restrict ourselves to the two-flavour case and, without loss of
generality, we choose the reference frame such that k = (0, 0, k). In QFT, the usual mixing
relations (in which ψe, ψµ, ψ1 and ψ2 are promoted to fields) read:

ψe(x) = ψ1(x) cos Θ + ψ2(x) sin Θ,

ψµ(x) = −ψ1(x) sin Θ + ψ2(x) cos Θ,
(1)

where Θ is the mixing angle ψ1, ψ2 are the fields with definite masses, respectively, and
m1, m2, and ψe, ψµ are the (electronic and muonic) flavour fields. The Equation (1) can
be rewritten as ψσ(x) = I−1

Θ (t)ψi(x)IΘ(t), where (σ, i) = (e, 1), (µ, 2) and IΘ(t) is the
generator of mixing transformations. The flavour annihilation operators are defined as
as

k;σ(t) = I
−1
Θ (t)as

k;iIΘ(t) and bs
−k;σ(t) = I

−1
Θ (t)bs

−k;iIΘ(t). From the flavour operators, it
is possible to define the so-called flavour vacuum as:

as
k;σ(t) |0F(t)⟩ = 0 = bs

k;σ(t) |0F(t)⟩ ∀s, k, σ. (2)
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This is related to the ordinary mass vacuum |0M⟩ (defined as the state annihilated
by the operators with definite masses as

k;i |0M⟩ = 0 = bs
k;i |0M⟩) through the mixing

generator as |0F(t)⟩ = I−1
Θ (t) |0M⟩. The crucial point of this section is that the flavour

vacuum, which is the physical one, presents a condensate structure of as
k,i(b

s
k,i) fermions

(antifermions) ⟨0F(t)| as†
k,ia

s
k,i |0F(t)⟩ = ⟨0F(t)| bs†

k,ib
s
k,i |0F(t)⟩ = sin2 Θ|Ξk|2. ∆k and Ξk are

the Bogoliubov coefficients of mixing, given by the scalar products of modes, respectively,
(uk,2, uk,1)t and (uk,1, vk,2)t, with positive u and negative energy v. Explicitly:

∆k(t) =

√(
ωk;1 + m1

2ωk,1

)(
ωk;2 + m2

2ωk,2

)(
1 +

k2

(ωk;1 + m1)(ωk;2 + m2)

)
ei(ωk;2−ωk;1)t (3)

Ξk(t) =

√(
ωk;1 + m1

2ωk,1

)(
ωk;2 + m2

2ωk,2

)(
|k|

(ωk;2 + m2)
− |k|

(ωk;1 + m1)

)
ei(ωk;1+ωk;2)t (4)

where ωk;i =
√

k2 + m2
i . One interesting consequence of the condensate structure of

the flavour vacuum |0F(t)⟩ is that the flavour vacuum itself turns out to be unitary
inequivalent to the mass vacuum |0M⟩. We now briefly recap the properties of the energy-
momentum tensor associated to the flavour vacuum, first in flat and then in curved
spacetime. The energy-momentum content of the flavour vacuum is characterised via
the vacuum expectation value (VEV) Tµν(t, t0) = ⟨0F(t)| : Tµν(t0) : |0F(t)⟩, where normal
ordering : .. : is with respect to the mass vacuum |0M⟩, which isolates the pure mixing
contribution (see [66,68]). It should be noted that in general the energy-momentum tensor
depends on two, generally distinct, time arguments t and t0, one associated with the
fields and one characterising the flavour vacuum, |0F(t)⟩. The energy-momentum tensor
(operator) in a curved spacetime is:

Tµν(x) = ∑
j=1,2

i
2
(ψ̄j(x)γ̃µ(x)Dνψj + ψ̄j(x)γ̃ν(x)Dµψj − Dµψ̄γν(x) + ψj − Dνψ̄γµ(x)). (5)

For free fields, ⟨0M| : Tµν : |0M⟩ = 0. On the other hand, for a wide range of
metrics, including Minkowski, the VEV on the flavour vacuum is non-zero only for the 00
component, the energy density ρ = ⟨0F(t)| : T00 : |0F(t)⟩ ̸= 0, and ⟨0F(t)| : Tij : |0F(t)⟩ = 0
for all i, j = 1, 2, 3. In particular, the pressure of the flavour vacuum is equal to zero,
p = ⟨0F(t)| : Tii : |0F(t)⟩ = 0. Thus, the equation of state p = wρ gives an adiabatic index
w = 0, as is the case for cold dark matter and more generally for non-relativistic matter,
known in cosmology as dust. In flat spacetime, one has the explicit expression:

ρ = ⟨0F|: T00 :|0F⟩ =
∆m sin2 θ

2π2

∫ K

0
dkk2

(
m2

ωk,2
− m1

ωk,1

)
. (6)

In recent analyses, the flavour vacuum has been studied in the Friedmann–Lemaître–
Robertson–Walker (FLRW) metric [68].

Starting from the line element ds2 = C2(τ)
[
dτ2 − dx2 − dy2 − dz2], where τ is the

conformal time defined as dτ = dt
C(t) with range τ ∈ (−∞,+∞) corresponding to

t ∈ (−∞,+∞), Tµν can be written as (for the details, we refer to [68]):

Tµν =
i
2 ∑

λ,λ′

∫
d3k

∫
d3k′

{
B†

k⃗,λ
Bk⃗′ ,λ′Λµν

(
u⃗k,λ, uk⃗′ ,λ′

)
+ B†

k⃗,λ
D†
−k⃗′ ,λ′

Λµν

(
u⃗k,λ, uk⃗′ ,λ′

)
+ D−⃗k,λBk⃗′ ,λ′Λµν

(
v⃗k,λ, uk⃗′ ,λ′

)
+ D−⃗k,λD†

−k⃗′ ,λ′
Λµν

(
v⃗k,λ, vk⃗′ ,λ′

)
} ,

(7)

where λ is the helicity and k⃗ the momentum, u⃗k,λ and v⃗k,λ are solutions of the Dirac
equation in the FRLW metric, B⃗k,λ and D⃗k,λ are the annihilation operators for particles and
antiparticles and Λµν is an auxiliary tensor given by
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Λµν(A, B) = Āγ̃µ(x)DνB + Āγ̃ν(x)DµB− Dµ Āγ̃ν(x)B− Dν Āγ̃µ(x)B (8)

Again, the tensor Tν (MIX)
µ = ⟨0F(τ0)| : Tν (MIX)

µ : |0F(τ0)⟩ is non-zero only for µ = ν.
Therefore, this quantity can be interpreted as the energy-momentum tensor of a perfect
fluid. Under the assumption of isotropy, this tensor has only two independent components:
Tτ (MIX)

τ and Ti (MIX)
i . Considering the specific case where the cosmological scale factor

C(τ) = − 1
H0τ follows an exponential evolution, with H0 being the constant Hubble factor,

we analyse the limit of τ → 0−. Approximating the result to first order in the conformal
time τ, we obtain the following expression for the energy density ρ(τ):

ρ(τ) ≃ i sin2 Θ ∑
λ

∫
d3k|Ξk(τ0)|2

(
i
H3

0 τ3

2π3

)
∑

j=1,2
mj tanh

(
πmj

H0

)

+
i
2

sin2 Θ ∑
λ

∫
d3k

Ξ∗k (τ0)∆k(τ0)

 −im1H3
0 τ3

2π3 cosh
(

πm1
H0

)
− c.c.


− i

2
sin2 Θ ∑

λ

∫
d3k

Ξ∗k (τ0)∆
∗
k(τ0)

 −im2H3
0 τ3

2π3 cosh
(

πm2
H0

)
− c.c.

 ,

(9)

where Ξp(τ0) and ∆ p(τ0) are the Bogoliubov coefficients while the components Ti (MIX)
i are

zero ∀i. Therefore, at the lowest order in τ, the adiabatic coefficient w =
Ti (MIX)

i

Tτ (MIX)
τ

= 0 and,

consequently, the energy-momentum tensor associated with the flavour vacuum satisfies
the equation of state of a pressureless perfect fluid. In particular, as it is diagonal and
conserved (satisfying the Bianchi identities), it can be interpreted as the relativistic tensor
of a perfect fluid. In the specific case of the De Sitter background, it is demonstrated that
this tensor adheres to the equation of state of dust and cold dark matter, indicating that it
may constitute a component of cosmological dark matter.

This analysis has been extended recently to include astrophysical metrics [69],
such as spherically symmetric spacetimes ds2 = f (R)dt2 − g(R)(dx2 + dy2 + dz2) with
R =

√
x2 + y2 + z2 and f (R), g(R) arbitrary but sufficiently regular functions of R. Also,

in this context, the only non-vanishing component of the VEV is T00:

T00 = 4 sin2 Θ
√

f (R) ∑
L=1,2

∑
j,κ,mj

∫ ∞

0
dp ωL|Ξp,j,κ |2

(
|ΦL,p,j,κ |2 + |ΨL,p,j,κ |2

)
+ 4 sin2 Θ

√
f (R) ∑

L=1,2
∑

j,κ,mj

∫ ML

0
dq ωL|Ξq,j,κ |2

(
|ΦL,q,j,κ |2 + |ΨL,q,j,κ |2

)
, (10)

where L is the flavour index, j is the total angular momentum, mj its projection, κ is the
Dirac quantum number defined as κ = −(l + 1) for j = l + 1

2 and κ = l for j = l − 1
2 , and

ΦL,p,j,κ and ΨL,p,j,κ are the solutions of the radial Dirac equation, and for the q contribution,

we have ωL =
√

M2
L − q2. Interestingly, if the weak field approximation is taken into

account, one can obtain a modification of the gravitational potential, induced by the flavour
vacuum, in the form of a Yukawa potential:

V(R) = −GM
R

(1− βe−2
√

αR) (11)

with β a freely specifiable dimensionless parameter, α = 16πGK sin2 Θ, with G the
Newtonian constant of gravitation, and K is the expectation value on the flavour vacuum
of the T00 component in the Minkowski metric, Equation (6). This extra term in the



Universe 2025, 11, 142 5 of 16

gravitational potential could account for both flat rotation curves and the baryonic Tully–
Fisher relation [80–82].

In the framework of QFT, boson mixing also shows intriguing connections to the dark
sector. Following a procedure similar to the one for the fermion mixing, one can compute
the VEV of the energy momentum tensor within the FLRW metric.

T(MIX)
B,µν = ⟨0F(τ0)| : TB,µν : |0F(τ0)⟩, (12)

In Ref. [70], the complete computation has been performed, showing that the energy-
momentum tensor is diagonal and, therefore, it behaves like a classical perfect fluid, whose
properties depend on the metric. Moreover, T(MIX)

B,µν can be considered as a source term
for the Einstein field equations, since it satisfies the Bianchi identity. Considering a de
Sitter background, the values of the adiabatic factor of the boson flavour mixing wMIX are
included in the interval [−1,+1]. If one takes the flat spacetime limit, where C(τ) → 1
and τ → t, and by definition flat space corresponds to C = constant = 1, implying
dτ = dt

C(t) = dt, when t0 = t, the component of the energy-momentum tensor assumes the
simple form:

T(MIX)
B,00 = −T(MIX)

B,ii =
sin2 Θ
(2π)3

∫
d3k

(ωk,1 −ωk,2)
2(ωk,1 + ωk,2)

4ωk,1ωk,2
, (13)

leading to ρ(MIX)(t, t) = −p(MIX)(t, t), which corresponds to a typical dark energy

equation of state wMIX(t, t) = ρ(MIX)(t,t)
p(MIX)(t,t)

= −1 .

These results suggest a possible connection between purely quantum field theoretical
effects and the dark components of the universe. Obtaining an experimental validation
of these phenomena is, in principle, a challenging task, since they would be relevant
only on cosmological scales. Nevertheless, in recent years, alternative routes towards an
experimental verification of the above models have been proposed, and we now proceed to
review them.

Testing the possible contribution of the mixed fermion condensate to dark matter
directly is a challenge of considerable difficulty. The major difficulties are related to the
fact that the fermions involved, namely, neutrinos, are elusive, and also to the fact that
the condensate energy is relevant only on cosmological scales. We review two different
approaches to this problem; the first relies on an analysis of the condensate effects in
low-energy neutrinos through the process of neutrino capture on tritium; the second is
centered on the determination of an atomic analogue to flavour fermion mixing.

3. Neutrino Capture on Tritium
The first method to probe the QFT of neutrino mixing and its potential connection to

dark matter involves conducting low-energy neutrino experiments, such as those proposed
by the PTOLEMY project [78]. Specifically, our focus is on examining the QFT condensation
effect on the detection process, represented by neutrino capture on tritium. We consider
non-relativistic (low energy) neutrinos, which constitute the cosmic neutrino background
and may be probed by the PTOLEMY experiment. The fundamental process for neutrino
capture is the inverse beta decay, where a neutrino interacts with a neutron to produce
an electron and a proton (ν + n → e− + p). Because of the relatively low energies of the
neutrinos, we can accurately describe this reaction using the current–current interaction
Hamiltonian [79]:

HI =
GF√

2
Vud

[
p̄(x)γµ

(
f (0)− g(0)γ5

)
n(x)

][
ē(x)γµ

(
1− γ5

)
νe(x)

]
+ h.c. (14)
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where n(x), p(x), e(x), νe(x) are, respectively, the neutron, the proton, the electron and
the neutrino field, GF = 1.166× 10−5 GeV−2 is the Fermi constant, Vud is the CKM matrix
element, and f (q) and g(q) are nuclear form factors [83]. The tree level amplitude T is
usually defined as

SFI = δFI + (2π)4iδ4(kµ
F − kµ

I )TFI = δFI − i
(∫

d4xHI(x)
)

FI
(15)

where S denotes the scattering matrix, with subscripts FI labelling the matrix element
between the initial state I and final state F, δFI is the Kronecker delta, and the Dirac
delta function enforces conservation of total four-momentum. Restricting to two neutrino
flavours for simplicity, the electron-neutrino field can be expressed as νe(x) = cosΘ ν1(x) +
sinΘ ν2(x) , with Θ the mixing angle. The initial and final states for the inverse beta
decay are

|I⟩ = |0e⟩ |0p⟩ |nsn
ka
⟩ |νsν

e,kv
(I)⟩ , |F⟩ = |ese

ke
⟩ |psp

kp
⟩ |0n⟩ |0u⟩ |0v(F)⟩ (16)

where the k j are momentum indices, the sj spin indices for j = e, n, p, ν. The different ways
researchers approach neutrino mixing mainly stem from how they define the flavour states
of neutrinos. We can categorise these variations into four cases: Firstly, there are Decoupled
Pontecorvo States, where neutrinos are initially produced as Pontecorvo flavour states. Due
to the different propagation velocities v1 and v2 for the two mass components ν1 and ν2, the
initial coherent combination decoheres as it propagates. By the observation time, complete
decoherence into mass eigenstates is observed. The resulting inverse beta decay takes the
form νj + n→ e− + p. In this case, mixing effects are present only at the state level. Next,
Pontecorvo States involve neutrinos being both produced and interacting as Pontecorvo
flavour states. Mixing at the field level is considered “eternal” without decoherence.
Neutrino states in the amplitude are expressed as |νe⟩ = cos Θ|ν1⟩+ sin Θ|ν2⟩. However,
this definition overlooks the spinorial nature of the neutrino states and can be interpreted as
the action of the flavour creation operator a†

e = cos Θa†
1 + sin Θa†

2 on the neutrino vacuum
state. This is clearly in contrast with the QFT of flavour fields.

Within the Pontecorvo–Dirac formalism, mixing is introduced at the field-theoretic
level, taking into account the spinor nature of neutrino states. The creation operator for
an electron neutrino is defined by a†

e ∼ (u1, νe(x))† ≈ cos Θ a†
1 + sin Θ ∆ a†

2 + sin Θ Ξ b2 ,
where ( , ) denotes the Dirac inner product, and b2 is the annihilation operator of the
antineutrino ν̄2. The coefficients ∆ and Ξ are scalar products and encode spinor overlaps.
When applied to the vacuum, the operator creates the state |νe⟩ = cos Θ |ν1⟩+ sin Θ ∆ |ν2⟩ .
This construction assumes a single neutrino vacuum, |0ν⟩ ≡ |0M⟩, annihilated by the
operators a1, a2, b1, and b2. In the Flavour Fock Space formalism, mixing is introduced at the
field level without decoherence. The electron-flavour creation operator retains the structure
a†

e ∼ cos Θ a†
1 + sin Θ ∆ a†

2 + sin Θ Ξ b2 , but the flavour state is defined by its action on a
flavour vacuum |0ν, f ⟩, which is distinct from the mass vacuum |0ν⟩. Since |0ν, f ⟩ depends
explicitly on time, all fields and states must include the appropriate time arguments. Only
in this full construction does the vacuum itself yield a dark-matter contribution.

As the most comprehensive scheme—recovering the other approaches as special
cases—we separate the mixing in the field expansion, νe(x) = cos Θ ν1(x) + sin Θ ν2(x),
from that in the state definition, |νe⟩ ∼ cos Φ |ν1⟩+ sin Φ |ν2⟩ , noting that Θ = Φ when
both appear together. Since all other mixing prescriptions arise as limiting cases of this
flavour Fock space model, we compute the S-matrix elements and associated cross-section
within this unified framework. Let us address our attention to the unnormalised amplitude
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SFI(T) = −i

(∫ T
2

− T
2

dx0
∫

d3xHI(x)

)
FI

. (17)

The integration boundary T must be pushed to +∞. Using the generic states of
Equation (16), we can write:

SFI(T) = −i
GF√

2

∫ T
2

− T
2

dx0
∫

d3x Vud ηαβ ⟨p
sp

kp
| p̄(x) |0p⟩

[
γα
(

f − gγ5
)]
⟨0n| n(x) |nsn

ka
⟩

× ⟨ese
ke
| ē(x) |0e⟩

[
γβ
(

1− γ5
)]
⟨0ν, f (tF)| νe(x) |νsν

e,kν
(tI)⟩ . (18)

We can readily compute the matrix elements corresponding to the neutron, proton,
and electron states. However, for neutrino states, the situation is slightly different: the
time-dependent nature of the flavour vacuum introduces two distinct time parameters,
tI and tF, which refer to the initial and final times of the asymptotic states. Given the
extremely brief timescales involved in weak interactions, it is a valid approximation to
assume tF ≈ tI . Consequently, we set tI = tF = 0. By using the flavour neutrino field and
the flavour annihilators, the neutrino matrix element is given by

⟨0ν, f | νe(x) |νsν

e,kν
⟩ = ∑

rν

∫ d3kν√
2π3

eikkkν ·xxx
[
urν

kkkν ;1 ⟨0ν, f |
{

arν

kkkν ;νe
(x0), asν†

pppν ;νe

}
|0ν, f ⟩+

+vrν

−kkkν ;1 ⟨0ν, f |
{

brν†
−kkkν ;νe

(x0), asν†
pppν ;νe

}
|0ν, f ⟩

]
=

eipppν ·xxx
√

2π3

[
usν

pppν ;1

(
cos Θ cos Ψe−iEν;1x0

+ sin Θ sin Ψ
(
|∆pppν |2e−iEν;2x0

+ |Ξpppν |2eiEν;2x0
))

+vsν

−pppν ;1ϵsν sin Θ sin Ψ|∆pppν ||Ξpppν |
(

e−iEν;2x0 − eiEν;2x0
)]

(19)

where ϵs = (−1)s− 1
2 and ∆kkk(t) and Ξkkk(t) are the flat Bogoliubov coefficients. We use the

notation Θ and Ψ to differentiate between the mixing angles in the fields and in the states.
Inserting the neutrino matrix element in Equation (18) and taking the infinite time limit
T → ∞, we find

SFI = δ4(pµ
n + pµ

ν,1 − pµ
p − pµ

e )Mν1 + δ4(pµ
n + pµ

ν,2 − pµ
p − pµ

e )Mν2+

+ δ4(pµ
n + p̄µ

ν,2 − pµ
p − pµ

e )Mν̄2 ,
(20)

where pµ
ν,j ≡ (Eν;j, pppν), p̄µ

ν,j ≡ (−Eν;j, pppν), where MFI;j are

Mν1 = − GF√
2

Vudηαβ cos Θ cos ΨRαβ
1 ; Mν2 = − GF√

2
Vudηαβ sin Θ sin ΨRαβ

2 ;

Mν̄2 = − GF√
2

Vudηαβ sin Θ sin Ψϵsν Lαβ
2

Rαβ
j = ū

sp
pppp γα( f − gγ5)usn

pppn ūse
pppe γβ(1− γ5)usν

pppν ,j

Lαβ
j = ū

sp
pppp γα( f − gγ5)usn

pppn ūse
pppe γβ(1− γ5)vsν

−pppν ,j .

Considering the neutron rest frame and neglecting the proton recoil, then the
4-momenta are pµ

n ≡ (mn, 0), pµ
p ≃ (mp, 0), pµ

e ≡ (Ee, pppe), pµ
ν,j ≡ (Eν,j, pppν). We also set

pppe · pppν = pe pν cos θ, sum over the neutron and proton spins and average over the electron
spin, in order to have the unpolarised cross- section. The differential cross-section is then:
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dσ

d cos θ
=

1
32π

1
m2

n

ke

kν

[
|Mν1 |

2(Eν,1) + |Mν2 |
2(|Eν,2|) + |Mν̄2 |

2(−|Eν,2|)
]

=
G2

F
4π
|Vud|2

mpEeke

mn

[(
A1(sν)

(
f 2 + 3g2

)
+ B1(sν)

(
f 2 − g2

)
ve cos θ

) cos2 Θ cos2 Ψ
vν,1

+
(

A2(sν)
(

f 2 + 3g2
)
+ B2(sν)

(
f 2 − g2

)
ve cos θ

) sin2 Θ sin2 Ψ
∣∣∣∆ p⃗v

∣∣∣2
vν,2

−
(

A2(sν)
(

f 2 + 3g2
)
+ B2(sν)

(
f 2 − g2

)
ve cos θ

) sin2 Θ sin2 Ψ
∣∣∣Ξ p⃗ν

∣∣∣2
vν,2

.

(21)

where the functions A and B are defined in terms of the (positive) neutrino velocities vν,j =
kν

Eν,j
,

Aj(sν) = 1−2sνvν,j, Bj(sν) = vν,j−2sν, Aj̄(sν) = 1+2sνvν,j, Bj̄(sν) = −vν,j−2sν. The integral
over cos θ cancels all the B terms and, for the non-relativistic neutrinos considered here,
vν,j =

kv,j
Ev,j
≪ 1, Aj(sν) = A j̄(sν) → 1, and we can neglect the difference vν,1 − vν,2 =

pv(m2−m1)
m1m2

≪ 1.
We then multiply Equation (21) by vν,1 ≃ vν,2, and the Fermi function,

F(Z, Ee) =
2πη

1−e−2πη , with η = α Ee
pe

, to obtain the capture cross-section

σ =
G2

F
2π
|Vud|2F(Z, E)

mpEeke

mn
( f 2 + 3g2)

[
cos2 Θ cos2 Ψ + sin2 Θ sin2 Ψ

(
|∆ p⃗ν
|2 − |Ξ p⃗ν

|2
)]

. (22)

This equation represents the most general form for the capture cross-section.
We can now distinguish different cases based on the various approaches to neutrino
mixing, previously exposed: In the first case of decoupled Pontecorvo states, as expected,
the cross-section aligns with the outcome from the reference [79], demonstrating that
Equation (22) constitutes a proper generalisation. Next, for the Pontecorvo states, the
Bogoliubov coefficients behave in the following way ∆→ 1, Ξ→ 0, and Ψ→ Θ, and we
observe that the difference from the previous case lies solely in the multiplicative factor. In
the Pontecorvo–Dirac approach, the cross-section exhibits a nuanced dependence on the
neutrino momentum through |∆pν |:

σPD =
G2

F
2π
|Vud|2F(Z, E)

mpEeke

mn
( f 2 + 3g2)

[
cos4 Θ + sin4 Θ|∆ p⃗ν

|2
]

. (23)

It is worth noting that the same outcome is derived in the flavour Fock space approach
if the negative energy term is excluded. Finally, in the Flavour Fock space states, the
cross-section is given by:

σF =
G2

F
2π
|Vud|2F(Z, E)

mpEeke

mn
( f 2 + 3g2)

[
cos4 Θ + sin4 Θ

(
|∆ p⃗ν
|2 − |Ξ p⃗ν

|2
)]

. (24)

This result holds true under the assumption that the negative energy term represents
a condensate hole term; otherwise, Equation (23) is obtained. Observe that the cross-
section has a direct dependence on the square modulus of the Bogoliubov coefficient Ξ.
Therefore, the same mechanism present at the base of the condensate generates a correction
to the cross-section. The plot of the various cross-sections as a function of the neutrino
momentum k⃗ν is shown in Figure 1. From the figure, it can be seen that the red graph
(i.e., the cross-section in Fock space) has a minimum with respect to the Pontecorvo cross-
section (dashed in black) and the blue dashed Pontecorvo–Dirac cross-section (without
condensate), precisely because of the mechanism at the origin of the condensate. The
expectation value of the number operator on the empty state is proportional to the square
modulus of the Bogoliubov coefficient Ξ, as can be seen from the following relation:
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sin2 Θ|Ξ|2 = ⟨0M|a†
k⃗,σ

a⃗k,σ|0M⟩ = ⟨0F|a†
k⃗,i

a⃗k,i|0F⟩. Therefore, we retain that if the condensate
effect is present, this could be a way to detect it.

10-4 10-3 10-2 10-1

0.51

0.52

0.53

0.54

0.55

0.56

0.57

0.58

pν (eV)

σ/σ0

Figure 1. The plot illustrates how the ratio of σ(kν)/σ0 changes with neutrino momentum kν across
the range of [10−4, 10−1] eV. The Pontecorvo cross-section is represented by the black dotted line,
corresponding to σ(kν) = σP. Meanwhile, the blue dashed line signifies the Pontecorvo–Dirac cross
section, (σ(kν) = σPD), and the red solid line depicts the Flavour Fock space cross-section labelled
as σ(kν) = σF. The ratio σ0/σ0, representing the cross-section for decoupled neutrinos, remains
constant at 1 and is not explicitly shown on the plot. Parameters include sin2(θ) = sin2(θ12) = 0.307,
∆m2

12 = 7.53× 10−5 eV2, and m1 = 2× 10−4 eV.

The capture rate on a sample of tritium of mass MS can be expressed in terms of the
capture cross-section σ as

dΓ = σNTdnν (25)

where NT = MS
m3 He

represents the total count of tritium nuclei in the sample, and dnν denotes
the (differential) density of neutrinos per available energy state. It is important to note that
the definition, provided in Equation (25), does not explicitly incorporate the velocity of
neutrinos, which is inherent in the neutrino flux. This omission is due to the fact that the
neutrino velocity is already implicitly factored into the capture cross-section σ. Under the
sudden freeze-out approximation, the phase space distribution of neutrinos corresponds to
the redshifted distribution function observed during the decoupling epoch. At a redshift z,
the number density is given by:

dnν(z) =
d3k(z)
(2π)3

1

e
k(z)

Tν(z) + 1
=

k2(z)dk(z)
2π2

1

e
k(z)

Tν(z) + 1
(26)

where the integration over solid angle has been carried out in the final step.
Here, k(z) = 1+z

1+zFO
pFO, Tν(z) = 1+z

1+zFO
Tν,FO and zFO = 6× 1010 with the label FO

denoting the quantities at the freeze-out.
We note that, strictly speaking, the distribution in Equation (26) should be written

in terms of the neutrino energies Eν,j rather than the momentum kν. However, since the
freeze-out temperature Tν,FO is much larger than the neutrino masses mν,j, those masses
are typically neglected.

At the current epoch z = 0, we have

dnν(z = 0) = dkν
k2

ν

2π2
1

e
kν
Tν + 1

(27)
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where kν = k(z = 0) and Tν = Tν(z = 0) ≈ 0.168× 10−3 eV. Finally, the differential capture
rate becomes

dΓ
dkν

= NT
σ (kν)k2

ν

2π2
1

e
kν
Tν + 1

(28)

with the capture cross-section σ(kν). Therefore, the same mechanism present at the base of
the condensate generates a correction to the cross-section and, consequently, this correction
must also be present in the capture rate. In Figure 2, we plot the differential capture rate
for the various schemes discussed above. At higher momenta, all three curves depicted in
Figure 2 converge toward the Pontecorvo result (the black dotted line).

2×10-4 3×10-4 4×10-4 5×10-4 6×10-4

250

275

300

325

350

375

pν (eV)

dΓ

dpν
(yr-1/eV)

450
500
550
600
650

Figure 2. The graph illustrates the differential capture rate dΓ(pν)
dkν

, plotted against the neutrino
momentum kν, ranging from 2× 10−4 to 6× 10−4 eV. Although dimensionless, the rate is expressed in
units of yr−1eV for easier comparison with prior findings. The Pontecorvo cross-section σ(kν) = σP,
is depicted by the black dotted line, while the Pontecorvo–Dirac cross-section σ(kν) = σPD, is
represented by the blue dashed line. The red solid line corresponds to the Flavour Fock Space
cross-section, σ(kν) = σF. Furthermore, the inset features the capture rate (orange dot-dashed line)
associated with the decoupled Pontecorvo cross-section. The analysis assumes a tritium sample with
a total mass MS = 100 g. Other parameters remain consistent with those presented in Figure 1.

4. Rydberg Atoms
This section illustrates an alternative methodology for assessing the role of the

condensate of mixed fermions, such as neutrinos, in the context of dark matter. This
approach is founded upon the formal analogy that exists between independent Rydberg
atoms interacting with a laser light and the mixing of fermions in the context of QFT.
Rydberg atoms are atoms whose electrons are in an excited state, characterised by a very
large principal quantum number, represented by the symbol n [84–88]. For n ≫ 1, the
energy of a Rydberg atom is given by En,l = −

Ry
(n−δl)2 , where Ry ≃ 13.6 eV is the Rydberg

constant and δl is a corrective factor, called the quantum defect, which is negligible except
for l ≤ 4 (see references [85–87]). In the case of a total spin of s = 1

2 , the atom is fermionic.
This is the case for alkaline atoms. In the following, we will consider a set of independent
Rydberg atoms at a very low density and low temperature in order to avoid the interaction
between them and also all the finite temperature effects. This approach allows us to neglect
the interaction among the atoms and the finite temperature effects. The atoms interact
with a laser light with Rabi frequency, Ω(t), and detuning, ∆(t). The laser light couples
two levels of the atoms, for instance, the ground state and the first excited state (which
we will refer to as χg and χe), with Eg < Ee. In QFT, these states are promoted to fields,
with the total Hamiltonian being expressed as a sum of one-particle operators describing a
single atom. Furthermore, the single-atom Hamiltonian can be separated into two distinct
contributions: one for the centre-of-mass Hamiltonian, denoted as HCM, and the other for
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the outer electron, represented by HE. We assume that the centre-of-mass Hamiltonian
HCM is that of free Dirac fields:

HCM = ∑
n

∫
d3x
(

i
2

χ̄nγ0
←→
∂0 χn +

i
2

γj
←→
∂j χn + mχ̄nχn

)
(29)

where m stands for the mass of the atom considered. The electronic part of the Hamiltonian
HE is [88]

HE =
∫

d3xχ̄(x)Mχ(x) (30)

where χ is a doublet of free fermion fields

(
χg

χe

)
and M is a matrix given by:

M =

(
ξgI4 h̄Ω(t)I4

h̄Ω(t)I4 ξeI4

)
(31)

with ξn = En − h̄∆n. In this context, the M matrix plays the role of the mixing matrix. The
Hamiltonian (30) can be diagonalised by means of a SU(2) rotation:(

χg(x)
χe(x)

)
=

(
cos Θ sin Θ
− sin Θ cos Θ

)(
χ1(x)
χ2(x)

)
(32)

where the “mixing angle” is Θ = 1
2 arctan

(
−2h̄Ω(t)

ξe−ξg

)
. The χn fields, with (n = g, e), play the

role of flavour neutrino fields and the χi fields, with i = 1, 2, play the role of mass neutrino
fields. The electron Hamiltonian explicitly becomes

HE =
∫

d3x(ξ1χ̄1(x)χ1(x) + ξ2χ̄2(x)χ2(x)) (33)

where

ξi =
ξg + ξe

2
+

(−1)i

2

√
(ξg − ξe)2 + 4h̄2Ω2(t) (34)

By means of the SU(2) rotation, the total Hamiltonian H = HCM + HE can be
decomposed into the sum of two free Dirac Hamiltonian with masses m1 = m + ξ1 and
m2 = m + ξ2. Thus, atomic fields χi(x) can be expanded into plane waves of mass
mi = m + ξi

χi(x) = ∑
r

∫ d3k
(2π)3/2

[
ur

k,ib
r
k,i(t) + vr

−k,id
r†
−k,i(t)

]
eik·x (35)

where ur
k,i, vr

k,i are the solutions of Dirac equation for the free fields. The creation
and annihilation operators undergo a trivial time evolution, i.e., bk,i(t) = bk,ie−iωk,it,

ωk,i =
√

k2 + m2
i . With these fields expansion, the total Hamiltonian is given by:

H = ∑
i,r

∫
d3kωk,i(br†

k,ib
r
k,i + dr†

−k,id
r
−k,i) (36)

To conclude the formal analogy between the QFT description of Rydberg atoms and
the QFT description of neutrino mixing, we can recast the SU(2) rotation by means of
the mixing generator IΘ(t) and write χn(x) = I−1

Θ (t)χi(x)IΘ(t). The mixing generator is
given by:

IΘ(t) = eΘ
∫

d3x(χ†
1(x)χ2(x)−χ†

2(x)χ1(x)) (37)

This operator preserves the usual anticommutation relation and, at finite volume, is
unitary. Moreover the action of this generation is equivalent to a Bogoliubov transformation
nested into a rotation: ∆k = (−1)rur†

k,1vr
−k,2 = −(−1)rur†

k,2vr
−k,1, Ξk = ur†

k,1ur
k,2 = vr†

−k,1vr
−k,2.
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The generator IΘ(t) connects the representations associated with the “flavour” fields χe,χg

and the “mass” fields χ1,χ2. In particular, the vacuum in the two representations is related
by means of the transformation |0F(t)⟩ = I−1

Θ (t) |0M⟩. As in the case of fermion mixing, the
VEV for the mixed fields |0F(t)⟩ of the energy momentum tensor Tµν(x) for free Rydberg
atoms is diagonal, with the only non-zero component given by the 00 component, as shown
in Equation (6):

ρ =
∆ξ sin2 Θ

2π2 ∑
i
(−1)i

[
KmiωK,i −m3

i ln
(

K + ωK,i

mi

)]
(38)

where ∆ξ = ξ2 − ξ1 and K is the cut-off on the momenta. By integrating over the whole
space occupied by the condensate, the energy contribution, denoted by U, is obtained.
By deriving U with respect to temperature T, it is possible to assess the contribution
of the condensate to the thermal capacity of the system. Neglecting the finite effects of
temperature, U turns out to be independent of the latter. However, a first approximation
of the thermal effects can be obtained by introducing a temperature-dependent cut-off.
This can be justified because as the temperature increases, the average energy increases,
and consequently states with higher momenta are populated. Therefore, it is reasonable
to assume that the cut-off must increase as T increases. In the simplest case of linear
dependence of the cut-off K on temperature, given by K(T) = aT + K(0), the contribution
to the specific heat at constant volume due to the vacuum energy of mixed atoms is
as follows:

cρ(T) = a
V(m2 −m1) sin2 ΘK(T)2

π2
√(

m2
1 + K(T)2

)(
m2

2 + K(T)2
)(m2

√(
m2

1 + K(T)2
)
−m1

√(
m2

2 + K(T)2
))

(39)

where V is the volume of the gas of Rydberg atoms. Several peculiarities emerge regarding
this contribution to the thermal capacity of the system, which deviate from conventional
expectations. In particular, most notable is its dependence not on the number of constituent
atoms, but on the volume of the condensate. This peculiar characteristic derives from its
connection with the condensate’s vacuum energy, which corresponds to the continuous
creation and annihilation of virtual Rydberg atom pairs from the vacuum. The abundance
of such pairs scales with the volume occupied by the condensate and remains independent
of the actual number of Rydberg atoms present. Consequently, given the zero pressure
of the condensate, it follows from the first law of thermodynamics that dU = TdS, thus
also linking entropy to volume. This quantum aspect of the entropy field [89] can manifest
counterintuitive behaviour, requiring careful consideration when interpreting the heat
capacity expression given in Equation (39) added to the ordinary terms, among which the
one of a Fermi gas with two Rabi coupled components.

The QFT of particle mixing also predicts corrections to the oscillation formulae. In
particular, the charge operators for ground and excited Rydberg fields are as follows:

:: Qn(t) :: =
∫

d3x :: χ†
n(x)χn(x) ::

∑
r

∫
d3k(br†

k,n(t)b
r
k,n(t)− dr†

−k,n(t)d
r
−k,n(t))

(40)

Following the prescriptions of the section above, the oscillation formulae are
Qk

g→e(t) = sin2(2Θ)
[
|Ξk|2 sin2(ω−k t) + |∆k|2 sin2(ω+

k t)
]

and Qk
g→g = 1 − Qk

g→e, where

ω±k =
ωk,2±ωk,1

2 . In this equation, a high frequency oscillation term proportional to |∆|2
is visible. This QFT correction to the oscillation formulae could, in principle, be tested
experimentally.
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5. Conclusions
In this article, we have reviewed some key results for particle mixing in QFT, with a

focus on its potential links to dark matter and dark energy. Given the inherent challenges in
testing the contribution of mixed fermions to dark matter, we have explored two different
approaches to probe these effects in the laboratory. The first approach focuses on low-
energy neutrino capture experiments. We have considered different neutrino mixing
schemes and the corresponding flavour state definitions in the calculation of neutrino
absorption rates by tritium. Experiments such as PTOLEMY therefore have the potential to
provide indirect evidence for flavour condensates and dark matter contributions induced
by neutrino mixing. In the second approach reviewed, we have investigated the possibility
of identifying a controllable physical system analogous to fermion mixing. Furthermore,
its flavour vacuum has a non-trivial energy, leading to an additional contribution to the
thermal capacity of the Rydberg atom ensemble that is directly related to this vacuum
energy. These two complementary approaches offer promising avenues for exploring the
interplay between fermion mixing, flavour condensates, and their potential implications
for dark matter.
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