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Abstract: Alternative scenarios where the Big Bang singularity of the standard cosmological
model is replaced by a bounce, or by an early almost static phase (known as emergent
universe) have been frequently studied. We investigate the role of the spinor degrees of
freedom in overcoming the initial singularity. We introduce a model which generalizes the
Einstein–Cartan–Dirac theory, including local phase invariance of the spinor field supported
by a gauge scalar field and certain couplings to the torsion. A natural gauge choice reduces
the field equations to that of the Einstein–Dirac theory with a Dirac field potential that has
polar and axial spinor currents. We identify a new potential term proportional to the square
of the ratio of Dirac scalar and axial scalar, which provides a dark energy contribution
dominating in the late-time Universe. In addition, the presence of spinor currents in the
potential may induce the bounce of a contracting universe.

Keywords: Einstein–Cartan–Dirac theory; local phase invariance; unconventional Dirac
field; bouncing cosmology; dark energy

1. Introduction
Inflationary cosmology is able to explain the conceptual issues of standard cosmology,

and also provide a nearly scale-invariant primordial power spectrum consistent with the
observation of Cosmic Microwave Background fluctuation [1,2]. However, this model
suffers from a singularity problem [3], meaning that the earliest moment of the evolution
of the Universe is not understood. Hence, alternative scenarios have been proposed, where
the initial singularity is avoided.

In the emergent universe scenarios, the universe originates from a past eternal Einstein
static spacetime, after which it enters the normal thermal expanding phase [4–6]. This was
realized originally in string gas cosmology [4], but it can be realized in a closed Friedmann
universe with a scalar field that has asymptotically flat potential in general relativity [5,6].
However, the Einstein static universe is unstable against scalar perturbations; as a result,
the initial singularity cannot be completely removed. In order to alleviate this problem,
emergent universe scenarios were investigated in alternative theories of gravitation, for ex-
ample, in Hořava–Lifshitz-like f (R)-gravity [7], in a scalar–tensor theory containing a scalar
field with derivative coupling [8,9], in massive gravitational models [10,11], in degenerate
higher-order scalar–tensor theory [12] and in mimetic gravity [13]. In the Jordan–Brans–
Dicke theory, this scenario was realized through quantum tunneling, where the scalar
field decays from a false vacuum state into a true vacuum state [14]. Recently, it has been
shown that emergent cosmology may also arise in general relativity in the presence of an
exotic, nonlinear electrodynamic field [15]. The emergent universe scenario can also be
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constructed based on the fermionic sector. The Dirac field Ψ in general relativity with a
potential depending nonlinearly on Ψ̄Ψ can also support this genesis [16,17]. Moreover,
this scenario can also be implemented both in the Einstein–Cartan theory of gravitation [18]
and in the Einstein–Cartan–Brans–Dicke theory [19].

The bouncing cosmological models suggest that the universe was contracting, which
stopped at a nonvanishingly small value of the scale factor, and this was followed by a phase
of expansion leading to the formation of the known universe. Bouncing cosmology may
occur when the matter violates the null energy condition or general relativity is modified.
The bouncing scenario occurs in higher-order curvature models with limited curvature
invariants [20–22]. The limited curvature and the bouncing evolution of the Friedmann
universe can also be achieved within a mimetic theory [23] (the mimetic, constrained scalar
field was introduced in the Einstein theory to induce mimetic dark matter by making the
longitudinal degree of freedom of the gravitational field dynamical [24]). However, some
of these limiting curvature models suffer from instabilities [25–27]. Bouncing evolution
is also supported by certain potentials of the mimetic matter [28]. Bouncing cosmology
with a matter-dominated phase of contraction can provide a scale-invariant spectrum of
curvature fluctuations in agreement with the recent CMB observations [1,2]. In this matter
bounce scenario, instabilities may also develop [29,30], depending on the proposed model
governing the evolution around the bounce. The null energy condition can be violated
by Quintom matter, which is a set of two scalar fields [31,32]. One of them obeys the
weak energy condition, while the other one has a negative kinetic term. The bounce is
supported by the Quintom matter; however, the negative kinetic term leads to an instability
problem [33]. The ghost instability problem resulted from the fact that the negative kinetic
term can be cured by introducing higher powers of the kinetic term into the action in order
to create a stable fixed point. Bounce may also occur as a result of a scalar field which
undergoes ghost condensation [34]. The original ekpyrotic bouncing model was based
on colliding braneworlds in heteoric M-theory. [35]. The bounce is caused by an effective
scalar field with large equation-of-state parameter values (w ≫ 1) in the contracting phase.
This can be realized with a scalar field that has a negative exponential potential. In the
original ekpyrotic scenario, no scale-invariant adiabatic fluctuations are obtained [36,37].
However, this can be rectified within Horndeski theory [38] or in the S-brane model [39].
Bouncing cosmological models were also obtained in other alternative gravitational models
(see, for example, the recent papers [40–49]). Most of the bounce scenarios are based on the
bosonic sector of the universe; however, they can also be supported by the fermionic sector.
The Dirac field, through minimal coupling to the torsion, gives a negative contribution
to the energy density, which may induce a bounce [50]. Moreover, the singularity may
be avoided when the coupling of the Dirac field is non-minimal in the Einstein–Cartan
theory [51,52]. Recently, it has been shown that a self-interacting fermionic field within
Brans–Dicke scalar–tensor gravitational theory may also support the bouncing evolution
of the scale factor [53]. For comprehensive reviews of bouncing cosmological models,
the interested reader may consult Refs. [54,55].

The literature on dark energy is far richer than on bouncing cosmologies (see
e.g., Refs. [56–58] and the references therein). The simplest form of dark energy is the
cosmological constant with an equation of state p/ρ = −1. In this paper, we present a
Dirac field potential term, which leads to the conclusion that the Dirac field contribution
can mimic an effective cosmological constant during late-time cosmological evolution.

In this paper, we introduce a spinor model, which can provide a bouncing universe
scenario and behaves as dark energy in the late-time universe. In Section 2, we summarize
the useful formulae for the Einstein–Cartan theory and for the covariant derivative of the
Dirac field. Then, we introduce a new model which generalizes the Einstein–Cartan–Dirac
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theory, including local phase invariance of the spinor field supported by a gauge scalar and
certain couplings to the torsion. In a natural gauge, the field equations simplify significantly,
and they correspond to that of the Einstein–Dirac theory with a potential that has polar
and axial spinor currents. In our model, the Dirac field potential includes three types of
contributions: (i) mass, (ii) spinor currents, and (iii) a term proportional to the square of the
ratio of the spinor axial scalar and spinor scalar.

In Section 3, the evolution of flat Friedmann universes is considered. The analytical
results are presented when one type of potential term is only nonvanishing. Numerical
investigations are carried out when all three types of potential terms occur. The spinor
model is also compared to a flat ΛCDM model and observations related to low redshifts,
where mostly dark energy dominates. Finally, Section 4 contains the conclusions.

Throughout the paper, we work in units of c = 1, where c is the speed of light.

2. A Spinor–Scalar–Tensor (SST) Model with a Gauge Scalar Singlet
2.1. Connection and Curvature

Like in Einstein–Cartan theory, we use a metric-compatible covariant derivative allow-
ing the presence of torsion. Then, the affine connection is decomposed (see Refs. [59–62])
as follows:

Γc
ab = Γ̃c

ab + Kc
ab, (1)

where Γ̃c
ab is the Christoffel symbol, while Kc

ab represents the contorsion tensor relating to
the torsion tensor Tc

ab = Γc
ab − Γc

ba as

2Kc
ab = Tc

ab − T c
a b − T c

b a. (2)

By construction, the contorsion tensor is antisymmetric in the first two indices Kcab = −Kacb.
We use the convention where the second lower index of the connection is the derivative
index, e.g., for any vector field Va,

∇aVc = ∂aVc + Γc
baVb = ∇̃aVc + Kc

baVb, (3)

where ∇̃a is associated with the torsion-free part, hence being the Levi-Civita covari-
ant derivative.

The torsion tensor can be decomposed into three irreducible parts as follows:

Tc
ab =

1
3
(Taδc

b − Tbδc
a) + ηc

abdSd + Pc
ab, (4)

where ηcabd is the totally antisymmetric volume element (η0123 =
√−g), while

Ta = Tb
ab, Sd =

1
6

ηdabcTabc, (5)

and Pcab obeys
Pb

ab = 0, ηdabcPabc = 0. (6)

The curvature tensor Rd
cab is defined as

(∇a∇b −∇b∇a)Vd = Rd
cabVc + Te

ab∇eVd, (7)

leading to the following expression of the Ricci scalar [61]1:

R = R̃ −
(

2∇̃dTd +
2
3

TaTa − 3
2

SaSa +
1
2

PabcPabc
)

, (8)
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where R̃ stands for the torsion-free part.

2.2. Covariant Derivative of the Dirac Spinor Field

We define the Dirac–Pauli matrices γi (i = 0, 1, 2, 3) to obey the anticommutation
relations

{
γi, γj} = 2ηij I and the Hermiticity condition

(
γi)+ = γ0γiγ0. Here, ηij is the

inverse of the Minkowski metric ηij, I stands for the 4 × 4 unit matrix, and the superscript
+ stands for the Hermitian conjugate. Such a representation for γi is given in Ref. [63],
which we will use2. Denoting the tetrad field as ea

i , the “curved spacetime” Dirac–Pauli
matrices are γa = ea

i γi, obeying {
γa, γb

}
= 2gab I. (9)

The covariant derivative of the Dirac spinor field Ψ is introduced as

DaΨ = ∂aΨ + ΓaΨ, (10)

and
DaΨ+ = (DaΨ)+,

where Γa stands for the spinor connection. As usual, we require the compatibility with
the covariant derivatives of tensor fields. Introducing the Dirac conjugate as Ψ̄ = −Ψ+iγ0,
where i is the imaginary unit3, and the relation Da(Ψ̄Ψ) = ∂a(Ψ̄Ψ) results in

DaΨ̄ = ∂aΨ̄ − Ψ̄Γa, (11)

while Da

(
Ψ̄γbΨ

)
= ∇a

(
Ψ̄γbΨ

)
gives [63]4

Daγb = ∂aγb + Γb
caγc +

[
Γa, γb

]
. (12)

Then, Dagbc = ∇agbc holds, which can be checked using (9). In addition, we impose
Daγb = 0, leading to the following form of spinor connection:

Γa = − i
4

ωijaσij + iAa I, (13)

where Aa is an arbitrary real four vector,

σij =
i
2

[
γi, γj

]
, (14)

and [65]
i
4

ωijaσij =
i
4

ω̃ijaσij − 1
4

Kbcaγbγc, (15)

with a torsion-free part
ω̃ija = eb[i∂aeb

j] + Γ̃b
caeb[ie

c
j]. (16)

Note that the usual Fock–Ivanenko covariant derivative is defined by

D̃aΨ = ∂aΨ + Γ̃aΨ, (17)

with
Γ̃a = − i

4
ω̃ijaσij. (18)

It can be shown that Daγb = D̃aγb; hence, D̃aγb = 0 is implied.
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Throughout this paper, the four-vector Aa in (13) will be chosen as

Aa =

√
2
3

Ta. (19)

The invariance of Dirac action under local phase variation is usually maintained by cou-
pling the Dirac field to the electromagnetic field. In the next subsection, we introduce
an alternative gravitational model in which the coupling of the Dirac field to torsion will
ensure this property through Equation (19). This ansatz corresponds to the non-minimal
coupling presented in Ref. [61].

2.3. Action, Gauge Transformations and Field Equations

The action describing a modified Einstein–Cartan–Dirac theory is given by

S = S(G) + S(ϕ) + S(Ψ) + S(m). (20)

The first term stands for the Einstein–Cartan action

S(G) =
1

2κ2

∫
dx4√−gR, (21)

where κ2 = 8πG with the gravitational constant G. The second term in Equation (20) is a
scalar field action

S(ϕ) = −1
2

∫
dx4√−g

(
∇aϕ∇aϕ +

2
√

2√
3κ

Ta∇aϕ

)
, (22)

coupled to the torsion Ta. The third term is the action for the Dirac field:

S(Ψ) =
∫

dx4√−g
[

h̄
2
(Ψ̄γaDaΨ − (DaΨ̄)γaΨ)− mDκ + W

]
, (23)

with a reduced Placnk constant h̄, a mass parameter mD and a potential

W = κ2h̄2(cJ Ja Ja + cPPaPa)− ΛD

κ2
ϖ2

κ2 , (24)

where cJ and cP are real constants, while ΛD has the dimension of 1/length squared.
In addition5,

κ = Ψ̄Ψ, ϖ = iΨ̄γ5Ψ, (25)

Ja = −
√

2
3

iΨ̄γaΨ, (26)

and
Pa = − i

2
Ψ̄γaγ5Ψ (27)

are real vector and axial vector currents, respectively. Here γ5 = iγ0γ1γ2γ3. The decompo-
sition of Γa into Γ̃a and torsional parts implies the following form of S(Ψ):

S(Ψ) =
∫

dx4√−g
[

h̄
2
(
Ψ̄γaD̃aΨ −

(
D̃aΨ̄

)
γaΨ

)
+

ih̄
2

Ψ̄γa

(
3
2

γ5Sa + 2

√
2
3

Ta

)
Ψ − mDκ + W

]
. (28)

Hence, the Dirac field is coupled to both Sa and Ta. Finally, S(m) denotes the matter action.
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Motivation for the above-presented action relies on the following. The coupling of
the scalar field to torsion will maintain the invariance of total action under the local phase
variation of the Dirac field in a natural way. The Dirac field will give three different kinds
of contributions to the total energy density. The ratio ϖ2/κ2 will be responsible for a dark
energy contribution, the current terms for the singularity avoidance, while the mass term
for a dark matter like contribution, respectively.

Using the decomposition of the Ricci scalar (8), the total action can be written as6

S =
1

2κ2

∫
dx4√−g

(
R̃ +

3
2

SaSa − PbcaPabc − κ2D̂aϕD̂aϕ

)
+ S(Ψ) + S(m), (29)

where we have defined the gauge derivative as

D̂aϕ = ∇aϕ +

√
2
3

Ta

κ
. (30)

The action (29) is invariant under the local phase variation of the Dirac field

Ψ(xc) → eiα(xc)Ψ(xc), (31)

provided ϕ and Ta transform as

ϕ(xc) → ϕ(xc) + κα(xc), (32)

Ta(xc) → Ta(xc)−
√

3
2

∂aα(xc), (33)

while Sa and Pabc do not change.
The variations in the action with respect to ϕ, Ψ̄ and Ψ result in the following equations

of motion:

∇̃a

(
∇̃aϕ +

√
2
3

Ta

κ

)
= 0, (34)

iγaD̃aΨ =
im
h̄

Ψ +

(
3
4

Sa − κ2h̄cPPa

)
γaγ5Ψ +

√
2
3

(
Ta − 2κ2h̄cJ Ja

)
γaΨ

+
2iΛD

h̄
ϖ

κ2

(
iγ5 − ϖ

κ

)
Ψ, (35)

and the Dirac conjugation of (35), respectively. The Cartan equations arise from the variation
in the action with respect to Kc

ab. After using the irreducible decomposition of the torsion
tensor, these read as

Pc
ab = 0, (36)

2
3

Ta = −
√

2
3

κ∇̃aϕ − κ2h̄Ja, (37)

and
Sa = κ2h̄Pa. (38)

At this point it is worth mentioning that since both Ja and Pa are gauge-invariant quan-
tities, the gauge transformation rule for ϕ implies the desired variation for Ta through
Equation (37). The modified Einstein equations obtained from the variation in the action
with respect to gab are given by

G̃ab + Cab + κ2U(ϕ)
ab + κ2U(Ψ)

ab = κ2Tab. (39)
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Here, Tab is the energy momentum tensor of matter fields, G̃ab is the Einstein tensor
associated with the Christoffel symbols, and Cab stands for the following torsional part

Cab = −2
3

TaTb −
1
2

SaSb +
gab
3

TcTc − gab
4

ScSc, (40)

The contributions of the scalar and the Dirac field are

−U(ϕ)
ab = ∇aϕ∇bϕ +

2
√

2√
3κ

T(a∇b)ϕ − gab
2

(
∇cϕ∇cϕ +

2
κ

√
2
3

Tc∇cϕ

)
, (41)

and

−U(Ψ)
ab = − h̄

2

[
Ψ̄γ(aD̃b)Ψ − D̃(aΨ̄γb)Ψ

]
− h̄

2
S(aPb)

+h̄T(a Jb) +
h̄
2

ScPcgab − W̆gab, (42)

with

W̆ = W +
2ΛD

κ2
ϖ2

κ2 . (43)

Note that the relations (35) and (36) have been used in the derivation of Equation (39).
Since ϕ is a pure gauge field, its equation of motion cannot be independent from the

other ones. The modified Dirac equation (35) using D̃aγb = 0 implies

∇̃a Ja = 0. (44)

Substituting the expression of Ja from the Cartan equation (37) into (44), we arrive at the
scalar field equation (34).

Finally, using the Cartan equations, the modified Einstein equations can be written in
a more compact form as

G̃ab = −κ2h̄
2

[
Ψ̄γ(aD̃b)Ψ − D̃(aΨ̄γb)Ψ

]
+ κ2Tab +

3κ4h̄2

2
J(a Jb)

+κ2h̄T(a Jb) + κ2gab

(
3κ2h̄2

4
PcPc − 3κ2h̄2

4
Jc Jc − W̆

)
. (45)

As a check, it can be shown that all field equations are invariant under the gauge transfor-
mation.

Eliminating the Scalar Field

Writing the Dirac field multiplet in the form

Ψ = eiα(xc)Φ(xc), (46)

and choosing the gauge condition

∇̃aϕ = κ∇̃aα, (47)
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the contributions from the phase α and from the scalar field ϕ cancel each other out in the
field equations, resulting in Ta = −3κ2h̄Ja/2. Hence, the modified Dirac equation reads as

γa∂aΦ = −γaΓ̃aΦ +
mD
h̄

Φ − iκ2h̄
(

3cT
4

− cP

)
Paγaγ5Φ

+2i

√
2
3

κ2h̄
(

3cG
4

+ cJ

)
JaγaΦ +

2ΛD
h̄

ϖ

κ2

(
iγ5 − ϖ

κ

)
Φ, (48)

while the modified Einstein equation simplifies to

G̃ab = κ2Tab −
κ2h̄
2

[
Φ̄γ(aD̃b)Φ − D̃(aΦ̄γb)Φ

]
− ΛD

ϖ2

κ2 gab

+κ4h̄2gab

[(
3cT
4

− cP

)
PcPc −

(
3cG

4
+ cJ

)
Jc Jc
]

. (49)

Here, we have introduced two constants, cT and cG, which parameterize different theories.
The above-introduced SST theory corresponds to cT = cG = 1. The theory, where the
Dirac field does not couple to Ta (i.e., Aa = 0) and there is no scalar field contribution (i.e.,
ϕ = const), corresponds to cT = 1 and cG = 0. Finally, the field equations of a torsionless
theory without a scalar field can be obtained by taking cT = cG = 0.

Hence, the field equations of the original Einstein–Cartan–Dirac theory are obtained
as a subcase with cT = 1, cG = 0, cP = 0, cJ = 0 and ΛD = 0. This theory coincides with
a torsionless Einstein–Dirac theory that has the parameters cT = 0, cG = 0, cP = −3/4,
cJ = 0 and ΛD = 0. Of course, this equivalence holds only when one Dirac field is
present. In addition, the introduced SST theory is equivalent to an Einsten–Dirac model
with rescaled parameters c′P = cp − 3/4, c′J = cJ + 3/4.

3. Cosmological Evolution
In the comoving coordinates t, x, y and z, the line element squared of a flat Friedmann

spacetime is
ds2 = −dt2 + a2(t)

(
dx2 + dy2 + dz2

)
, (50)

with the scale factor a(t). We assume that the matter energy momentum tensor Tab describes
a perfect fluid with energy density ρ and pressure p. In addition, we impose Φ = Φ(t) for
the Dirac field. Then, the modified Dirac Equation (48) becomes

Φ̇ = −3H
2

Φ − mD
h̄

γ0Φ + iκ2h̄
(

3cT
4

− cP

)
Paγ0γaγ5Φ

−2i

√
2
3

κ2h̄
(

3cG
4

+ cJ

)
Jaγ0γaΦ − 2ΛD

h̄
ϖ

κ2

(
iγ0γ5 − ϖ

κ γ0
)

Φ, (51)

where the dot stands for the derivative with respect to t, and H = ȧ/a. The modified
Einstein equations (49) read as

H2 =
κ2

3

(
ρ(D) + ρ

)
, (52)

with an effective energy density

ρ(D) = mDκ +
ΛD

κ2
ϖ2

κ2 + κ2h̄2
[(

3cT
4

− cP

)
PaPa −

(
3cG

4
+ cJ

)
Ja Ja

]
, (53)

and
ä
a
= −κ2

6

(
ρ(D) + ρ + 3p(D) + 3p

)
, (54)
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with an effective pressure

p(D) = −ΛD

κ2
ϖ2

κ2 + κ2h̄2
[(

3cT
4

− cP

)
PcPc −

(
3cG

4
+ cJ

)
Jc Jc
]

. (55)

We note that the ansatz Φ = Φ(t) for the Dirac field is compatible with the metric (50).
This is because the ansatz implies that the matrices γa and the currents Pa and Ja are only
time-dependent; hence, all terms in the field equations are too.

From the modified Dirac field equations, such a system can be derived for real vari-
ables: κ, ϖ, Ja, Pa and

jβ ≡ iΦ̄γ0γβΦ, sβ ≡ Φ̄γ0γβγ5Φ, (56)

which determine the source terms in ρ(D) and p(D), and become closed together with the
modified Einstein equations. Here and hereafter, the greek indices, like β, take values
of {x, y, z}. The mentioned system for the real Dirac field is given in the Appendix A.
The 16 real variables (κ, ϖ, Ja, Pa, jβ, sβ ) introduced to replace Φ are too many, as Φ only
contains 8 real functions. This means that not all the variables are independent, which
has to be taken into account in choosing the initial values, or equivalently, a much simpler
system should be obtained.

Using the parametrization

Φ =
(

σ1eiα1 , σ2eiα2 , σ3eiα3 , σ4eiα4
)T

, (57)

where T stands for the transpose, and the representation of γi is given in Ref. [63], we
obtain

P2 = −3
8
J =

[
σ2

1 σ2
3 + σ2

2 σ2
4 + 2σ1σ2σ3σ4 cos(α1 − α2 − α3 + α4)

]
, (58)

with P2 ≡ PaPa and J ≡ Ja Ja. Hence, P2 is positive, while J is negative. In addition,
a direct computation results in

Jαj
α = −2

√
2
3

P0ϖ, (59)

and

Jαs
α = −2

√
2
3

P0κ. (60)

The above identities highly reduce the number of necessary Dirac field variables, thus we
are left with

κ, υ =
ϖ

κ , P2, P0. (61)

The effective energy density and pressure associated with the Dirac field become

ρ(D) = ρ(mD) + ρ(ΛD) + ρ(PD), (62)

with

ρ(mD) = mDκ, ρ(ΛD) =
ΛD

κ2 υ2,

ρ(PD) = αDκ2h̄2P2, (63)

where

αD =
3cT
4

+ 2cG +
8cJ

3
− cP,
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and
p(D) = −ρ(ΛD) + ρ(PD), (64)

respectively. Finally, the evolution equations for the Dirac field variables (61) are

κ̇ = −3Hκ +
8ΛD

κ2h̄
P0υ

κ + 2αDκ2h̄κυP0, (65)

υ̇ = −4mD
h̄

P0

κ − 2αDκ2h̄
(

1 + υ2
)

P0, (66)

Ṗ0 = −3HP0 +
mD
h̄

κυ − 2ΛD

κ2h̄

(
1 + υ2

)
υ, (67)

Ṗα = −4HPα, (68)

and
P2 = −

(
P0
)2

+ a2 ∑
α

(Pα)2. (69)

These form a closed system together with the modified Einstein equations. Since Equa-
tion (68) can simply be integrated, P2 can also be expressed as

P2 = −
(

P0
)2

+
C2

a6 (70)

with a positive integration constant C2.

3.1. Integrable Examples
3.1.1. Subcase I (Dust): mD ̸= 0, ΛD = 0 and αD = 0

In this case, only the κ field contributes to the right hand side of the modified Einstein
equation through ρ(mD), and its evolution is described by

κ̇ = −3Hκ. (71)

Both κ and ρ(D) are proportional to 1/a3(t). It is worth mentioning that this result can also
be obtained from the Dirac field continuity equation when p(D) vanishes. Hence, the Dirac
field contributes to the dust.

3.1.2. Subcase II (Cosmological Constant): mD = 0, ΛD ̸= 0 and αD = 0

Now only a term proportional to ΛD contributes to the energy density and pressure.
Since υ̇ = 0, ρ(D) and p(D) are constants. The equation of state is p(D) = −ρ(D) like that of
the cosmological constant. Hence, the Dirac field behaves like dark energy.

3.1.3. Subcase III (Bounce): mD = 0, ΛD = 0 and αD ̸= 0

The field equations for the source terms in ρ(D) simplify to

∂tP2 = −6HP2, (72)

resulting in

ρ(D) ∝
1

a6(t)
. (73)

Note that the equation of state is p(D) = ρ(D), which, together with the continuity equation,
also leads to (73).

Since the radiation and the dust energy densities scale as ρ(r) ∝ a−4(t) and ρ(d) ∝ a−3(t),
respectively, the contribution of ρ(D) to the total energy density can only be significant
in the early universe. In case of a negative ρ(D) = ρ(PD), when αD < 0, the total energy
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density vanishes for a corresponding small value of the scale factor, or equivalently, for a
high value of redshift z. When this happens, Equations (52) and (54) give ȧ = 0 and ä > 0,
respectively; hence, the scale factor takes its minimal value. A contracting universe cannot
reach a Big Crunch singularity in this model; instead, it undergoes a nonsingular bounce.

More particularly, near the bounce, where any other matter component is negligible
with respect to the radiation, Equation (52) leads to

a′2

a2 = Ω(rad)
a4

0
a4 − Ω(D)

a6
0

a6 , (74)

where the prime stands for the derivative with respect to H0t with Hubble constant H0.
We have introduced cosmological parameters characterizing the amount of the Dirac field
and the radiation (including both background photons and neutrinos) in this equation
as follows:

Ω(D) = −
κ2ρ0(D)

3a6
0H2

0
, Ω(rad) =

κ2ρ0(rad)

3a4
0H2

0
= 1.4 × 10−4, (75)

where the subscript 0 denotes the present value of the respective quantity. Equation (74)
can be rewritten as

d
d(H0t)

a3

a3
0
= ±3

√
Ω(rad)

a2

a2
0
− Ω(D) (76)

showing that a/a0 must satisfy

a
a0

≥
√

Ω(D)

Ω(rad)
. (77)

The turning point can only occur at the equality, where ȧ vanishes. Hence, we can introduce
a new variable η as follows

a
a0

=

√
Ω(D)

Ω(rad)
cosh η (78)

without the loss of generality. Substitution of this parameterization into Equation (76)
leads to

cosh2 ηdη =
Ω3/2

(rad)

Ω(D)
d(H0t), (79)

where we have assumed that dη/dt > 0. The integration of this equation results in

sinh 2η + 2η =
4Ω3/2

(rad)

Ω(D)
H0t (80)

with the requirement that η = 0 for t = 0. The solution of this transcendental equation
gives the function η(t).

The evolution of the scale factor near the bounce is shown in Figure 1. Such a spinor-
driven bounce is stable against the linear order perturbation proven in an Einstein–Cartan–
Holst model [66,67].
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Figure 1. The evolution of the scale factor near the bounce.

Similar bouncing evolution for closed Friedmann universes was presented in Ref. [50].
However, there is an important difference in what causes this bounce. The usual Einstein–
Cartan–Dirac model corresponds to cT = 1, cG = 0, cP = 0, cJ = 0 and ΛD = 0. Equiva-
lently, when there is only one Dirac field under consideration, the usual Einstein–Cartan–
Dirac model also corresponds to cT = 0, cG = 0, cP = −3/4, cJ = 0 and ΛD = 0, as we
have noted in the section Eliminating the Scalar Field. Then, the contribution of the Dirac
field to the energy density is

ρ(D) =
h̄
4

[
Φ̄γ0D̃0Φ + Φ̄γ0D̃0Φ −

(
D̃0Φ̄

)
γ0Φ −

(
D̃0Φ̄

)
γ0Φ

]
− 3κ2h̄2

4
P2, (81)

as can be seen from Equation (49). The last term, arising from the spin–torsion coupling,
corresponds to the second one on the right hand side of Equation (9) in Ref. [50]. There,
the first term on the right hand side of Equation (9) was handled as a radiation component
in the early universe. Evolving the field equations backward in time, the negative term
arising from the spin–torsion coupling becomes comparable in terms of absolute value
with the energy density of the radiation. At a certain time, when the total energy density
vanishes, a bounce occurs. Hence, in Ref. [50], the bounce is a consequence of the spin–
torsion coupling. However, when considering a space-independent spinor field in a flat
Friedmann universe as in Ref. [16], the first term in ρ(D) can neither be considered as a pure
radiation component nor neglected. Using the Dirac field equation, we obtain

h̄
4

[
Φ̄γ0D̃0Φ + Φ̄γ0D̃0Φ −

(
D̃0Φ̄

)
γ0Φ −

(
D̃0Φ̄

)
γ0Φ

]
= mDκ +

3κ2h̄2

2
P2. (82)

The second term on the right hand side gives a similar contribution to the energy density
when compared to the second term in Equation (81) and originates from the spin–torsion
coupling through the Dirac equations. The energy density of the Dirac field becomes

ρ(D) = mDκ +
3κ2h̄2

4
P2. (83)

The total contribution of the spin–torsion coupling is strictly positive; hence, it cannot cause
a bounce. In contrast, in the model presented above, the bounce is caused by the spinor
current terms in the potential. A simple case where a bounce occurs is cT = 0, cG = 0,
cP > 0, cJ = 0 and ΛD = 0, which is not the subcase equivalent to the Einstein–Cartan–
Dirac model.
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3.2. Numerical Examples

The evolution of the system is described by Equations (52), (62)–(67) and (70). The
initial values will be chosen at the present time, where the scale factor is a0 = 1. The energy
density contributions of the Dirac field are given by three components listed in Equation (63).
In addition to the Dirac field, we include dust (baryonic and dark matter), radiation and
a cosmological constant in the consideration with energy densities of ρ(dust), ρ(rad) and
ρ(Λ), respectively. To characterize the amount of different components, we introduce
dimensionless energy densities by multiplying them with κ2/3H2

0 . These dimensionless
quantities will be distinguished by a hat, for instance, ρ̂(PD) = κ2ρ(PD)/3H2

0 . The sum
of ρ̂(mD), ρ̂(ΛD), ρ̂(PD), ρ̂(dust), ρ̂(rad) and ρ̂(Λ) gives Ĥ2 ≡ H2/H2

0 , which determines the
large-scale cosmological evolution of the Friedmann universe. The present values of these
dimensionless energy densities coincide with the usual cosmological parameters denoted
by capital omegas, like ρ̂(dust)(z = 0) = Ω(dust) with redshift z.

We choose αD < 0; hence, ρ̂(PD) < 0 with an initial value parametrized as

ρ̂(PD)(z = 0) = Ω(PD) = −
Ω(rad)

(1 + z∗)
2 . (84)

Here, Ω(rad) = 1.4 × 10−4 determines the present value of the energy density of the
radiation component. Since ρ̂(rad) and ρ̂(PD) dominate for small values of the scale factor,
z∗ gives approximately the redshift of a bounce, where Ĥ2 = 0. The initial values will be
chosen in the following way. We fix the parameters z∗, Ω(mD) and Ω(ΛD). The contribution
of the cosmological constant is derived from Ω(Λ) = 0.69 − Ω(ΛD). Then, the parameter
Ω(dust) follows from the relation

Ω(dust) = 1 − Ω(rad) − Ω(mD) − Ω(PD) − Ω(ΛD) − Ω(Λ). (85)

Choosing κ2h̄P(z = 0)/H0 = κ2h̄P0/H0 = 10, the value of Ω(PD) determines αD.
The present values of P0, κ and υ will be chosen to satisfy

P0(z = 0) = 0, κ(z = 0) =
√

2P0,

υ(z = 0) = −1, (86)

which corresponds to the following initial Dirac field configuration:

Φ(z = 0) ∝
(

1, 1, eiπ/4, eiπ/4
)T

. (87)

Then, the values of the parameters mD and ΛD are obtained from Ω(mD) and Ω(ΛD), respec-
tively.

In the case of small Ω(mD) and Ω(ΛD), Figure 2 shows the evolutions of ρ̂(dust), ρ̂(rad),
ρ̂(ΛD), −ρ̂(PD) and ρ̂(mD) as functions of the redshift. All Dirac field contribution to Ĥ2 is
negligible with respect to ρ̂(dust) and ρ̂(rad), except ρ̂(PD) for z ≳ 108. Hence, this model only
predicts differences with respect to the ΛCDM one at high redshifts, where the contribution
from the current terms cancels the radiation component (at z ≈ z∗, where the blue and the
red lines cross each other), inducing a bounce.

For higher values of Ω(mD) and Ω(ΛD), Figure 3 presents the evolutions of different
dimensionless energy density contributions. Similarly to the integrable subcases, we may
conclude the following. Since the evolutions of ρ̂(dust) and ρ̂(mD) are described by roughly
parallel lines, the term ρ̂(mD) behaves similarly to a cold dark matter component. The term
ρ̂(ΛD) gives a constant contribution which may be responsible for dark energy (see the
second line of Figure 3 with Ω(ΛD) = 0.69 and Ω(Λ) = 0). Note that all dark energy
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contribution comes from the Dirac field on the panels shown in the second line of Figure 3.
The current term ρ̂(PD) contributes significantly at high redshifts, where it causes a bounce.

Figure 2. The evolutions of ρ̂(dust) (dotted green), ρ̂(rad) (dashed blue), ρ̂(ΛD) (dashed–dotted purple),
−ρ̂(PD) (red) and ρ̂(mD) (dashed–dotted yellow) are presented as functions of the redshift z, in the
case of Ω(mD) = 10−13, Ω(ΛD) = 10−13 and z∗ = 1010.

The equation of state of the Dirac field is shown in Figure 4 in the range of 1 + z ∈[
1, 106] with the parameters Ω(ΛD) = 0.69 and Ω(mD) = 0.1 corresponding to the last case

presented in Figure 3. The Dirac field behaves like dark energy and cold dark matter at low
and high redshifts, respectively. However, when the current term contribution becomes
significant, there is a redshift (z ≈ 5 × 107 in this case (see Figure 3)), where the energy
density of the Dirac field vanishes leading to a divergence in the equation of state. At even
higher redshift values, where the current term dominates, the equation of state of the Dirac
field becomes 1 due to Equation (64).

Figure 3. The evolutions of ρ̂(dust) (dotted green), ρ̂(rad) (dashed blue), ρ̂(ΛD) (dashed–dotted pur-
ple), −ρ̂(PD) (red) and ρ̂(mD) (dashed–dotted yellow) are presented as functions of the redshift
z, with z∗ = 1010. In the first row, Ω(ΛD) is set to 0.1, while in the second line, it is set to 0.69.
The parameter Ω(mD) is 0.01 in the left column, and 0.1 in the right column.
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Figure 4. Evolution of the Dirac field’s equation of state.

3.3. Comparison with a Flat ΛCDM Model and Observations

In this subsection, we compare two subcases of the SST model with a flat ΛCDM
model. The first subcase, which will be referred to as SST-1, corresponds to the last case
presented in Figure 3, for which the evolution of the equation of state is shown in Figure 4.
For the second case, referred to as SST-2, the cosmological parameters are chosen as follows:

Ω(ΛD) = 0.64, Ω(Λ) = 0

Ω(mD) = 1 − Ω(rad) − Ω(b) − Ω(PD) − Ω(ΛD), (88)

with a baryonic matter component Ω(b) = 0.049. Hence, the Dirac field is only responsible
for dark energy and the dust-like component (apart from the baryonic matter contribution).
The ΛCDM model parameters are Ω(Λ) = 0.69 and Ω(dust) = 1 − Ω(rad) − Ω(Λ). In this
ΛCDM model, the dark energy–matter equality happens at z ≈ 1.3, while the matter–
radiation equality happens at z ≈ 2210.

The evolution of the dimensionless Hubble parameter is presented in Figure 5. Apart
from the very high redshifts, the Hubble parameter values almost coincide for the three
models. However, the Hubble parameter starts to decrease when the negative energy
contribution arising from the Dirac field current becomes significant for the SST models.
The Hubble parameter tends to zero, and a bounce happens, where it vanishes.

The behavior of the deceleration parameter is another important characteristic of a
cosmological model, and is defined as

q = −1 − Ḣ
H2 =

1
2
+

3p
2ρ

. (89)

The evolution of this parameter is presented in Figure 6. The SST-2 model indicates some-
what higher deceleration than the SST-1 and ΛCDM models at low redshifts. Significant
differences with respect to the ΛCDM model occur at high redshifts, where q → −∞ for the
SST models. This is because ρ vanishes at the bounce, while p is finite and negative. Never-
theless, the three models give the same deceleration in the intermediate evolution regime.
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Figure 5. Evolution of Hubble parameter is depicted for ΛCDM (red), SST-1 (dashed black) and SST2
(dashed–dotted green) models in different redshift intervals.

Figure 6. Evolution of deceleration parameter is depicted for ΛCDM (red), SST-1 (dashed black) and
SST2 (dashed–dotted green) models in different redshift intervals.

The cosmological evolution at low redshifts, where mostly dark energy dominates,
can be tested using the data sets on baryon acoustic oscillations (BAOs), Hubble parameter
and distance modulus. We do not carry out a test for the SST model looking for the best fit
parameters; we only show that the presented SST-1 and SST-2 models fit as well with these
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data sets as the flat ΛCDM model. One test with BAO data relies on calculating the ratio of
the angular diameter evaluated at the epoch of photon decoupling (zdec ≈ 1091)

dA(z) =
∫ z

0

dz
H(z)

(90)

and the dilation scale

DV(z) =

[
zd2

A(z)
H(z)

]1/3

(91)

evaluated at the BAO redshift zBAO [68]. The BAO data set is given in Table 3 of Ref. [68].
The evolution of dA(zdec)/DV(zBAO) together with the data set is presented in Figure 7.

The Hubble parameter and the distance modulus

µ(z) = 5 log
dL(z)
Mpc

+ 25 (92)

(with dL(z) = (1 + z)dA(z)) depend on H0, which we set to 73 km/sec/Mpc. The functions
H(z) and µ(z) together with the data sets are presented in Figure 8, where we have used
Table 2 of Ref. [68] for the Hubble parameter, and the Pantheon+ data set [69] for the
distance modulus.

We can conclude from Figures 7 and 8 that the respective functions of all three models
differ insignificantly. This supports the idea that the presented unconventional Dirac field
may be responsible for the effects that are usually attributed to dark energy.

Figure 7. Comparison of ΛCDM (red), SST-1 (dashed black) and SST2 (dashed–dotted green) models
with BAO data set.

Figure 8. Comparison of ΛCDM (red), SST-1 (dashed black) and SST2 (dashed–dotted green) models
with Hubble parameter (left) and distance modulus (right) data sets.
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4. Conclusions
We introduced a model generalizing the Einstein–Cartan–Dirac theory, including local

phase invariance of the spinor field supported by a gauge scalar and certain couplings to the
torsion. The role of the scalar field is somewhat similar to that of the Dirac gauge function in
the Weyl–Dirac theory [70,71]. In a natural gauge, the field equations correspond to that of
an Einstein–Dirac theory with a potential that has polar and axial spinor currents. Dropping
the local phase invariance and, hence, the scalar field and the coupling between the spinor
and the trace of the torsion, the proposed model reduces to the usual Einstein–Cartan–
Dirac theory. In this subcase, we showed that the Einstein–Cartan–Dirac theory with one
Dirac field is equivalent to the Einstein–Dirac theory, where the Dirac field potential has a
term −3κ2h̄2/4PaPa with a spinor axial current Pa. In our model, the Dirac field potential
includes three types of contributions: (i) a mass term mDκ (κ being the spinor scalar),
(ii) a term containing the spinor currents κ2h̄2(cJ Ja Ja + cPPaPa), and finally (iii) the term
−ΛDϖ2/κ2κ2 (ϖ being the spinor axial scalar).

We considered the evolution of a flat Friedmann spacetime. Our analytical inves-
tigation showed that the ΛD term in the potential provides a cosmological constant for
mD = 0 and αD = 0. For mD = 0 and ΛD = 0, the contributions of the spinor current
terms to the energy density and pressure scale as 1/a6 (a being the scale factor). Hence,
they count only in the early universe, where they cause a cosmological bounce for αD < 0.
The observations from the analytical investigations are also confirmed by the numerical
examples with nonvanishing mD, αD and ΛD. The known cosmological evolution can be
reproduced even if the Dirac field contributes significantly to the dark energy through the
ΛD -term. The spinor current contributions to both the energy density and pressure are
significant only at small values of the scale factor. In the case of αD < 0, they are responsible
for the avoidance of a cosmological singularity occurring in the standard model, replacing
it with a bounce. In addition, two subcases of the SST model are compared to a flat ΛCDM
model. Finally, the comparison with BAOs, Hubble parameters and Pantheon+ data sets
indicates that the evolution is compatible with the observations even if the total amount of
dark energy is related to the presented unconventional Dirac field.
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Appendix A. Equation of System Derived from Modified Dirac Equation
The system closed together with the Einstein field equations is given by

κ̇ = −3Hχ + 2κ2h̄
(

3cT
4

− cP

)
P0ϖ +

8ΛD

κ2h̄
P0ϖ

κ2 − 2

√
2
3

κ2h̄
(

3cG
2

+ 2cJ

)
Jβjβ, (A1)

ϖ̇ = −3Hϖ − 4mD
h̄

P0 − 2κ2h̄
(

3cT
4

− cP

)
P0κ

+2

√
2
3

κ2h̄
(

3cG
2

+ 2cJ

)
Jβsβ +

8ΛD

κ2h̄
ϖ2

κ3 P0, (A2)

J̇0 = −3HJ0, (A3)
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J̇α = −4HJα − 2

√
2
3

mD
h̄

jα − κ2h̄
(

3cT
2

+ 4cG +
16
3

cJ − 2cP

)
εα

βγ JβPγ

+
4ΛD

κ2h̄

√
2
3

ϖ

κ2

(
sα +

ϖ

κ jα
)

, (A4)

Ṗ0 = −3HP0 +
mD
h̄

ϖ − 2ΛD

κ2h̄

(
1 +

ϖ2

κ2

)
ϖ

κ , (A5)

Ṗα = −4HPα, (A6)

j̇β = −2Hjβ +
2mD

h̄

√
3
2

Jβ − 2κ2h̄
(

3cT
4

− cP

)
P0sβ + 2κ2h̄

(
3cT
4

− cP

)
εβαγPαjγ

+2

√
2
3

κ2h̄
(

3cG
2

+ 2cJ

)
κ Jβ −

4ΛD

κ2h̄

√
3
2

ϖ2 Jβ

κ3 , (A7)

ṡβ = −2Hsβ −
4ΛD

κ2h̄

√
3
2

ϖ Jβ

κ2 + 2κ2h̄
(

3cT
4

− cP

)
P0jβ

+2κ2h̄
(

3cT
4

− cP

)
εβαγPαsγ − 2

√
2
3

κ2h̄
(

3cG
2

+ 2cJ

)
ϖ Jβ. (A8)

Here, we have introduced the 3-dimensional Levi–Civita tensor as

εαβγ = η0αβγ. (A9)

Note that Equation (A3) is a consequence of the global phase invariance of the modified
Dirac action, which implies a conserved four-current Ja, i.e., ∇a Ja = 0. In addition, the Dirac
field obeys the continuity equation

ρ̇(D) + 3H
(

ρ(D) + p(D)

)
= 0, (A10)

which can be checked directly using the field equations.

Notes
1 Note that the coefficient of the term TαTα in Equation (2.17) of Ref. [61] should be −2/3 instead of −4/3. The notation

correspondence between Ref. [61] and this article is given by {Tα,Sα,qαβγ}→{Ta,−6Sa,Pabc}.
2 The representation for the Dirac gamma matrices is given [63] by

γ0 = i

(
0 I
I 0

)
, γ1 =

(
0 iσ3

−iσ3 0

)
,

γ2 =

(
0 iσ1

−iσ1 0

)
, γ3 =

(
0 iσ2

−iσ2 0

)
,

where I is the 2 × 2 unit matrix and

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

are the Pauli matrices.
3 This definition of the Dirac conjugate carries an extra imaginary unit factor with respect to Refs. [63,64].
4 Note that Γa is introduced with an extra minus factor in Ref. [63]
5 The global phase invariance of the Dirac field action implies a conserved, real 4-current −iΨ̄γaΨ. The integration of the

perpendicular component of this current to a three-dimensional spacelike hypersurface Σ over Σ gives a conserved charge Q.
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Upon quantization Q is interpreted as the fermion number N f inside Σ. Here, we have defined the conserved 4-current Ja

including an extra factor
√

2/3, which must be taken into account when relating to the particle number.
6 We have dropped the boundary term resulting from ∇̃dTd in the expression of the Ricci scalar.
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