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Abstract

In this work, we discuss the conditions that allow the establishment of an equivalence
between f(R,T) = R + Ah(T) gravity models and General Relativity (GR) coupled to a
modified matter sector. We do so by considering a D-dimensional spacetime and the matter
sector described by nonlinear electrodynamics and/or a scalar field. We find that, for this
particular family of models, the action and field equations can indeed be written in terms of
a modified matter source within GR. However, when several matter sources are combined,
this interpretation is no longer possible if #(T) is a nonlinear function, due to the emergence
of crossed terms that mix together the scalar and vector sectors.

Keywords: matter-curvature couplings; modified gravity; nonlinear electrodynamics

1. Introduction

Despite the vast amount of experimental and observational data that support General
Relativity (GR) as our standard gravitational theory in local and astrophysical scenarios, the
strongly sustained finding that the expansion of the universe is currently accelerating [1-6]
has led the international community to question whether GR, through the standard A Cold
Dark Matter (ACDM) model, is a sufficiently good description of gravitational phenomena
at large cosmological scales. In fact, cosmology poses an ideal playground to test GR,
as more observations are suggesting inconsistencies within the standard cosmological
model, with the Hubble tension being the most notable one [7,8]. In this regard, many
generalizations of and alternatives to the Einstein-Hilbert action have been formulated and
have become collectively known as modified theories of gravity [9-11]. Indeed, modified
gravity models propose, among other aspects, alternative descriptions of the late-time
cosmic acceleration that rely on extra fields or geometrical contributions rather than on the
cosmological constant, which is the main characteristic of the ACDM model.

One specific class of modified theories of gravity assumes that the matter and geometry
sectors can be non-minimally coupled to each other; therefore, they are often referred
to as non-minimal geometry-matter coupling theories [12-19]. In this context, a non-
minimal coupling between the two sectors means that at the action level, the geometry
and matter sectors are no longer separated, as in GR (and, more generally, in all metric
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theories of gravity). In such theoretical frameworks, a fifth force can appear, offering
alternative mechanisms to justify the anomalous dynamics of rotation curves in spiral
galaxies [20]. Moreover, the usual energy-momentum tensor of matter is generally non-
conserved, leading to violations of the equivalence principle. This non-conservation has
been interpreted in the literature mainly as two-sided. While one interpretation assumes
that the geometry sector exchanges energy and momentum with the matter sector, yielding
a phenomenological production of macroscopic particles according to the irreversible
thermodynamics of open systems [21,22], the other states that the momenta of particles are
not evolving as demanded by momentum and energy conservation, but differently [23,24].

Among the criticisms that non-minimal geometry-matter couplings have faced
throughout the years, one of them is of particular interest. To illustrate it, let us con-
sider the so-called f(R, T) gravity theory [13], where R is the Ricci scalar and T is the
trace of the energy-momentum tensor of matter Ty,. It has been argued that when the
function has the form f(R, T) = R + Ah(T), where h(T) is an analytic function of T, then
the theory is not a genuine modification of the gravitational sector. In other words, despite
having a general non-conservation of the energy-momentum tensor of matter, the theory
does not present an explicit non-minimal coupling between geometry and matter because
in such a case one can absorb the function #(T) into the matter sector, hence defining a
new, modified matter Lagrangian [25,26]. Moreover, it has been proven that for other
non-minimal geometry-matter coupling theories, models of a similar type are dynamically
equivalent to GR with non-minimal matter interactions [27].

In this paper, we aim to fill a gap in the literature by demonstrating that indeed f(R, T)
gravity models in which the function f is given by f(R, T) = R+ Ah(T), with h(T) being a
function that solely depends on T, are physically equivalent to GR plus a modified matter
sector, by considering explicit kinds of matter described by nonlinear electrodynamics
(NED) and a scalar field. As we will see, when the matter sector is limited to a single
source, the resulting field equations are equivalent to those of GR coupled to a nonlinear
version of the original matter source. However, if several matter sources are considered
together and the function i(T) is nonlinear on T, then the coupling between the scalar
and vector degrees of freedom prevents a clear splitting of both sectors. In any case, it
is always possible to interpret the dynamics as corresponding to GR with a conserved
effective energy-momentum tensor.

The paper is organized as follows. In Section 2, we present the field equations of
f(R,T) gravity in their general form. In Section 3, we perform our formal analysis by
considering an f(R, T) = R + Ah(T) gravity model coupled to NED, first particularizing
h(T) = T and then taking the general case. In Section 4, we perform the very same analysis,
but this time assuming /(T) = T only, and that the matter sector is solely constituted by
a quintessence scalar type of matter. In Section 5, we consider that the matter sector is
composed of both NED and scalar matter. Finally, we present our main conclusions in
Section 6.

2. Field Equations of f(R, T) Gravity
The general action of D-dimensional f(R, T) gravity is given by

1
S:@/Q\/Tgf(R,T)dejL/Q\/Tgﬁmde, 1)

where Q) is the D-dimensional manifold on which one defines a set of coordinates x*, 2

is the effective gravitational constant, g is the determinant of the metric g;,,, R is the Ricci
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scalar, and T is the trace of the energy-momentum tensor of matter T}, which is defined in
terms of the matter Lagrangian £, by convention as

_ 2 6(V8Lwm)
Tyv._f\/_ig P (2)

The corresponding field equations are obtained by varying Equation (2) with respect to the

metric field
1
fRR]/H/ - Egyvf + (gyVD - vyvv)fR = KZT‘uV - fT(Tyv + ®;n/) ’ 3)

where fr and fr denote, respectively, the derivative of f with respect to R and T, [ is the

D’Alembert opera, defined as [1:= V, V¥, with V, being the covariant derivative of the

Levi-Civita connection, and where we have introduced an auxiliary tensor, ©,,, defined as
0Tup

@yv = gtx‘B (Sgi“’ . (4)

Note that we are working in D dimensions to reinforce the generality of our analysis
and results, which are by no means restricted to 4 spacetime dimensions.

3. f(R,T) = R+ Ah(T) Model Coupled to NED
3.1. Linear Case: h(T) =T

Assuming that the function f(R, T) has the form f(R,T) = R + AT, where A is a real
constant, and that the matter sector consists of a general nonlinear electrodynamics content,
the action (2) becomes

1 7 1
- — [ /2R TD—/fXdD, 5
S 2KZ/Q\/ §RAAT)d"x + o | /=8 9(X)d"x 5)
where we have assumed £, = LNEP = ‘ng) , with ¢(X) being a function of the scalar
X:=— %F;“,F ", where F,, is the Maxwell-Faraday tensor, which is then defined in terms

of a vector field, Ay, as Fy := 9, Ay — dyAy. By varying Equation (5) with respect to the
metric, we obtain the following field equations:

) TNED

1
Gy +A <5g”” - zgvaNED> =P, 6)

where the NED energy-momentum tensor TNED is given b
gy I g y

1 1
TPI;I,ED = I <fPXwaPya + 28;41/@) . (7)

The conservation of this energy-momentum tensor can be easily proven in the case A = 0
by using the equations of motion V(¢xF",) = 0 and the Bianchi identities V, F,5 = 0 to
write F*AV, F, p =2F H4V , Fya. By direct calculation, one finds that

1
4V, Ty = Vi(oxFr )RS + oxF'a VuR® + 5 9x VX, )

and using the fact that V, X = —F “p7,F, p = —2F H*V , Fyy and the above tips, one confirms
that V,, T#, = 0. When A # 0, one must find out how the A —dependent terms modify the
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G;w +

equations of motion and the divergence of Equation (6) to check if anything is conserved

and how. To proceed, we note that the trace of TPII\LED is given by
1 (D
NED _ L (P
and NED
oT 1 D—-4 N
g an <X(PXX I (PX>F1/szy - (10)

Therefore, we have the following explicit form for the field equations:

A D-4 1 D K2 1
p {(X(PXX_ 2 Q”X)FvaFya"‘z(X(PX_ 4(P>g;w] = 47_[((PXF1/0(FHD‘‘|‘28;11/‘/’) . (11)
Now, notice that the second term on the left-hand side of Equation (22) can be written as a
tensor T%ED of the form
A D—4 1 D
NED _
Tw = e {(Xq’XX 4§0X)wapylx‘|‘ 2(X(PX 4§9>g;41/:| ’ (12)

which has the same formal structure as the energy-momentum tensor present in
Equation (7), in the sense that it can be decomposed into

1
Ty ” = B(X)FuuF,* + EgWA(X), (13)

where B(X) and A(X) are functions of the scalar X previously defined. By comparing
Equations (12) and (13), one can easily verify that

A D
AX) = o~ <X§0X - 4<p) , (14)
and, as a consequence, that
A D—4
B(X) = AX = E <X§DXX - 1 §9X> . (15)

Therefore, we can rewrite the field equations as

K2 47 1 47

If we now define a new scalar function ¢ as
. 4r 2A D
(P:=<P—K2A:¢—K2<chx—4¢)/ (17)

it becomes clear that Equation (16) can be directly recovered through the variation with
respect to the metric of the following action:

_ L [ kP L [ —ea(x)dP
S = [, V8RO x+ o [ /=gp(X)d x, (18)

where the energy-momentum tensor of the redefined NED, T]I)II,ED, assumes the form

- 1 /. 1 -
T]l;]I/ED = E <(PXFI/1XF‘u’X + ZgVV(P> P (19)
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which precisely corresponds to the right-hand side of Equation (16). Therefore, we conclude
thatan f(R, T) = R+ AT gravity model coupled to NED can be interpreted as GR coupled
to some modified NED, with its energy-momentum tensor conserved by the same formal
manipulations that led to (8).

3.2. General Case

The previous analysis can also be applied in the case of a f(R, T) = R + Ah(T) gravity
model coupled to nonlinear electrodynamics, where 1(T) is a well-behaved function of the
trace of the energy-momentum tensor. In this case, the action is given by

1
s:@/n\/fg[zzwm( de+—/\ﬁ<p (20)

By varying it with respect to the metric field, the modified field equations are then obtained

STNED 1
Guv + A(hT I g,wh> = K*T ™", (21)
where we have denoted the derivative of i with respect to T as hr. Since the matter
Lagrangian is the same as in the previous case, T%,ED and 6TNEP /5¢#V are again of the form
of Equations (7) and (10), respectively. As such, the explicit form of the field equations will
be just a slightly different version of Equation (22):

4 ©2
q)X) FouF* — ngwh} =1

A D — 1
G/ﬂ/ + 7 [hT <X§0XX - ((PXFvocFya + 2gyv§0) , (22)

with the h(T) function possibly introducing a non-linearity with respect to T into the
gravitational dynamics. Following the previous analysis of the linear /1(T) theory, we notice
that the second term of the left-hand side of Equation (22) has the structure

1
T = B(X)FaF" + 5 guwA(X). (23)
Then, by comparing Equations (22) and (23), we identify

A(X) = —AK(T), (24)

and that the derivative of A(X) with respect to X is equal to B(X) once more:

A D—4
B(X) = AX = —)\hTTX = th XGDXX - Px |- (25)
21 4
Thus, Equation (22) can be displayed as
K2 47 1 47
Gpn/ = 47T|:<¢X_ KzAX>chFya+2g;w (4’_ K2A>:| . (26)

Indeed, we reached the same conclusion: an f(R,T) = R+ Ah(T) gravity model
coupled to NED can also be interpreted as GR coupled to a modified NED sector, which we
explicitly computed.

3.3. Invariant NEDs

The nonlinear transformation induced in the effective matter sector in the general NED
case studied above indicates that there might be f(R, T) theories in which the transformed
NED theory might remain dynamically invariant. In other words, there might be NED
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models that remain insensitive to redefinitions of the type of Equation (17). We now
investigate this curious case of invariant NEDs, namely, NEDs that remain invariant under
rescaling. In this context, the general rescaling equation is

4r
@ — K—ZA =0, (27)
where ¢ is a (constant) rescaling parameter. The equation above can also be rewritten in
the form
WT) = X (-1 28
(T) = g5 (e=1e¢, (28)

so one can explore different scenarios depending on the explicit expression of the function
h(T). Notice here that T = TNEP. Next, we explore the linear and power-law cases.

3.3.1. Linear Case: h(T) =T

In this case, and after some algebra, Equation (28) becomes

D 2
whose solution is
X Y
P(X) = <X> @0 - (30)
0

3.3.2. Power-Law Case: h(T) = T*

Considering a power-law function of the trace, Equation (28) renders

1
D K2 Eoa
79 Xox = [W(Ul)} 2mpi, 31)

which is a Bernoulli differential equation and admits an exact analytical solution of the form

27An X % w1
P(X) = <4(¢x —1)+ Da + <X0> ) ' (52)

The above two examples show that there exist NED theories whose dynamics is not
affected by modifications of the gravitational Lagrangian of the type R — R + AT* and,
therefore, they yield exactly the same solutions as they would in GR.

4. f(R,T) = R+ AT Model Coupled to Scalar Matter

Now, let us consider a linear D-dimensional f(R,T) gravity model coupled to a
general scalar field sector with action

1 1
S:@/ﬂ\/jg(R—i_)\T)de—i_E/Q\/ng(()b/Z)de, (33)

where F(Z, ¢) is a function of a scalar field ¢ and of a kinetic term Z := ¢""0,,¢0, ¢. By vary-
ing Equation (33) with respect to the metric, we obtain the corresponding field equations:

oT? 1
ny + A((Sg}w - 2gy1/T¢) = KzT;qfv ’ (34)
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where the energy-momentum tensor T;fv assumes the form
o 1
Ty = Eg‘qu — Fz0u¢ovep, (35)

G+ (

D-2

where F7 denotes the partial derivative of F with respect to the kinetic term Z. To check
the conservation of TZ)V' we proceed like in the NED case, considering first the GR scenario
(A = 0). We need to use the corresponding equations of motion for the field, which for
A = 0 take the form Fy — 2V, (Fz0#¢) = 0, and note that V,F = FyV,¢ + FzV, Z, with
VyZ = 201¢V,0,¢. With this, it is immediately clear that

1 1
VuTF, = =V, (Fz0"¢)0y¢ — Fz0" ¢V 10, + §F4>Vv4’ + EFZVVZ (36)

vanishes when the equations of motion are satisfied.
To check the conservation in the A # 0 case, we proceed as before. First, we obtain the
trace of the energy-momentum tensor, which is
D

TY = EF — ZFz, (37)

and from this the following variation is verified

5T? <D—2

5~ \ 2 Fz + ZFZZ) 0oy (38)

Taking into account these results, the explicit form of Equation (34) is
1 D 5(1
FZ — ZFZZ ay(l)av(l) — Egiﬂ/ EP - ZFZ =K Egyvp - anyqbaﬂp ’ (39)

which can be equivalently rewritten as

GVV = %gw/ {KZF —|—)\<§F — ZF2>] — |:K2FZ + /\( Fz — ZFZZ>:|ay¢av(P- (40)

Once again, by defining a new scalar function F as

A (D
F:=F+ Kz(zF ZFZ) ) (41)

whose derivative with respect to Z is

A(D-=2
Fz=Fz+— (FZ - ZFZZ) , (42)
K 2

subsequently, one writes the field equations of the theory as
1 N
Guy = K (2 guF — fza;l([)av(])) = KZT;ﬁ,, (43)

in which the right-hand side represents a modified scalar field source, which is analogous to
the result found in the NED case. The same occurs if we have f(R,T) = R+ Ah(T). Inboth
cases, the resulting energy-momentum tensor is conserved by the same arguments as given
in the discussion of Equation (36). The situation, however, changes if we combine sources
of different types simultaneously because /(T) models can lead to nonlinear mixings, as
we are going to see next.
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6T

STNED  5T¢ 1

Before concluding this section, we note that, like in the NED case, one could consider
the set of scalar field theories whose dynamics under an f(R,T) = R + AT* remain the
same as in GR. Since the procedure to identify such a family is analogous to the NED case,
we do not repeat that calculation here.

5. f(R,T) = R+ Ah(T) Model Coupled to Several Sources

As a final case, we consider the model f(R, T) = R+ Ah(T) coupled to a matter sector
that is composed of matter coming from NED and scalar matter, i.e.,

S= %/ V/—8& [R+ AR(T)] dPx + SNED 1 g¢, (44)
Q
where 1 1
NED _ -+ — D.. — = uv
S 81 /Q \/ g(p(X)d x; X: 21:;41/1: ’ (45)
and 1
st = 5/ V=8F(Z,¢)d"x; Z := g upaup. (46)
Q
Varying Equation (44) with respect to the metric yields
or 1 2 2(TNED | ¢
Guv + /\(hTégW - 2g1/”/h) = KTy =« (THV + Tw) ’ (47)
where 1 1
T};,I,ED = in (@XFWFM‘X + zgyvq)) ’ (48)
and 1
TS, = S8 F — Fz0,40,9. (49)

Accordingly, the variation 6T /0gH" is also constituted by two terms, which render

D—-4

sghv

D-2
—_ _ 14
+ Jg’“/ T (X(PXX 1 (PX) waFy + (ZFZZ + — Fz>ay4)av¢. (50)
Indeed, 6T /g™ is linear in TNED 4 T¢ However, if h(T) is a nonlinear function of T, then

STNED ST?
5gyv + T‘P(sgyv .

6T
hT—W # hoNep

52 (51)

As a result, there is a mixing between the terms from NED and the scalar field ¢ that
prevents a clear splitting of the action terms in the same types of sources. In other words,
there is a mixing between scalar and vector degrees of freedom, and it is not clear which
field combinations will play the role of scalar and vector in the resulting effective theory.
Nevertheless, one can always define an effective tensor T;f}tal that is conserved due to the

Bianchi identities

oT 1
1._
T;Sta = KzTyv —A (hT§gP“/ — 2gﬂvh) . (52)

Yet, it is not clear what is conserved due to the exchanges between the scalar and NED fields.

6. Summary and Conclusions

In this work, we have explored some formal aspects of the dynamics of modified
theories of gravity of the f(R, T) type. Even in the absence of explicit couplings between
the scalars R and T, it is generally claimed that these theories lead to violations in the
conservation of the energy-momentum tensor. However, we have shown that this fact is not
always so. In particular, if one considers a single matter source of scalar or electromagnetic
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nature in theories of the form f(R, T) = R + Ah(T), the effect of the modified dynamics
is equivalent to a modification of the matter sector, which generically becomes nonlinear.
We have shown explicitly how this occurs when an arbitrary NED Lagrangian ¢(X) or an
arbitrary quintessence Lagrangian F(¢, Z) is taken, with the result being valid in arbitrary
dimension D. This also allowed us to see that there are some special families of theories for
which the dynamics remain unchanged as compared to those found in GR. However, we
also saw that when different kinds of matter are considered simultaneously, such as an NED
plus a scalar sector, in nonlinear f(R, T) = R + Ah(T) models, there is an explicit mixing of
the elements of the matter sector that prevents their interpretation as the result of a (new
and nonlinear) NED plus scalar sector in GR. This is so simply because the interactions
induced between the matter fields via the /(T) term (of gravitational origin) cannot be
re-coded in self-interactions of the participating fields due to the nonlinear couplings that
arise between the scalar and vector sectors of the matter terms. The results presented
here are thus useful to better understand the nature of the mechanisms that induce new
dynamics in this type of theory [28], where nonlinear self-interactions do not need to imply
violations of energy-momentum conservation.

To conclude, one should note that for more general Lagrangians, not restricted to
the decomposition f(R, T) = R + Ah(T), the explicit non-minimal coupling between the
geometric and matter sectors via products of curvature and matter, R"T" (where n and m
are real exponents), will in general lead to violations of energy-momentum conservation.
Thus, in such a case, it is impossible to interpret the new matter terms, coming from T, as
nonlinear realizations of the original matter action, as these terms will necessarily exchange
energy and momentum with gravitons.
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