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Abstract: We have derived the tensor amplitudes for partial wave analysis of ψ → ∆∆̄, ∆ → pπ

within the helicity frame, as well as the amplitudes for the other decay sequences with same final
states. These formulae are practical for the experiments measuring ψ decaying into pp̄π+π− final
states, such as BESIII with its recently collected huge J/ψ and ψ(2S) data samples.
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1. Introduction

Recently, many measurements of J/ψ or ψ(2S) decays into baryon pairs have
been reported by BESIII collaboration, such as ψ(2S) → Ω−Ω̄+ [1], ψ(2S) → p p̄(nn̄) [2],
J/ψ(ψ(2S)) → Σ+ Σ̄− [3], J/ψ(ψ(2S)) → Ξ0Ξ̄0 [4], J/ψ(ψ(2S)) → Ξ−Ξ̄+ [5], J/ψ
→ Ξ(1530)−Ξ̄+ [6], ψ(2S) → Ξ(1530)−Ξ(1530)+(Ξ(1530)−Ξ+) [7] etc. These measure-
ments are based on the huge J/ψ or ψ(2S) samples collected at the BESIII detector, which
is operating at the electron position collider BEPCII. Taking advantage of the improved
statistics, more precise measurements have been achieved, and some insights on the physics
have been provided, such as the polarization parameters of baryons, relative phase between
electric–magnetic and strong amplitudes, decay mechanism of ψ decaying into baryon
pairs, and search for excited baryon states, etc. However, there is no measurement of
ψ → ∆∆̄ among these new exciting experimental results. A single ψ will represent both
J/ψ and ψ(2S) states later in this paper if not specified. The latest measurement of ψ → ∆∆̄
was conducted by BESII about 20 years ago [8]. The lack of a ∆∆̄ study does not mean this
channel is not essential. In contrast, a careful analysis of ψ → ∆∆̄ would provide a lot of
important information on the decay mechanism of the vector charmonia to the pair of ∆,
the first discovered resonance in particle physics, as well as the line shape of the invariant
mass of the final states of this resonance. The main difficulty of this measurement is that
∆ has a much broader width than other baryon states. From PDG [9], the Breit–Wigner
width of the ∆(1232)++ is about 117 MeV, and the widths of other excited ∆ states are at
the same level. It makes the interference effect significant in the measurement, but that has
been ignored in previous measurements [8,10]. When we try to measure ψ → ∆∆̄ via final
states protons and pions, which are the products of the strong decays of ∆, the interference
between ∆++∆−− and ∆0∆̄0, as well as the excited ∆ states and even (excited-)nucleons, is
expected to be large. This large interference makes a simple measurement of a two-body
decay impossible since the signal yield cannot be extracted by a naive fit with only signal
and background components, and needs to be considered carefully.

A partial wave analysis (PWA) is necessary to consider this interference correctly, while
suitable formulae to describe these complex processes are still in short supply. Till now,
most studies of ∆ have been based on πN or γN scattering [11–15], where the PWA is
applied but not suitable for ψ → ∆∆̄ studies since there are sequential decaysin the latter
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case. Compared with the abundant PWA formulae on the ψ or heavy vectors decaying into
final meson states [16,17], including radiative decays [18], similar results on the baryons are
relatively rare. To the best of our knowledge, there are only two papers that have discussed
the ψ decays containing final baryon states. One has studied ψ → ωpp̄ [19], and the other
one has studied ψ → NN∗M [20], but none of them can satisfy our request completely.
This situation encourages us to write down the PWA formulae ourselves.

While there are many frames and formalisms in PWA, we choose to derive our formu-
lae within the helicity frame with the covariant tensor formalism [21–24]. This choice is
based on the following considerations. Firstly, the helicity frame is suitable for processes
of sequential decays. In this frame, all the helicity states are defined in the rest frame of
the mother particles, and the whole amplitude is a product of the amplitudes of sequen-
tialprocesses. It reduces the complexity of the derivation of the formulae compared with
the PWA based on canonical forms, where an L-S coupling method is used, such as that
in [19,20,25]. Secondly, the advantage of the tensor formalism, compared to the helicity
formalism, is that a spin tensor can couple to any four-momentum or another spin tensor
to form the Lorentz invariant amplitudes, and the momentum dependence is separated
explicitly from couplings. The momentum independence is important since it distinguishes
the kinematics of an interaction from the dynamics that is really crucial. On the other hand,
the helicity formalism takes simpler formulae by hiding this dependence in the so-called
couplings, actually form factors. This paper is organized as follows. After this introduction,
we discuss all the possible processes, i.e, the intermediate resonances involved in our partial
wave analysis in Section 2. Then, we give the Lorentz invariant amplitudes in Section 3,
composed of the constructions of each state’s wave function, concerns of the parity and
charge conjugation translations, and the explicit covariant tensor formulae. Finally, we
discuss some validations of these formulae and their possible applications on the present
and future electron–positron colliding experiments.

2. Intermediate Resonances and Their JP

We only consider two kinds of first level decays of ψ, which are ψ → ∆∆̄ and ψ → NN∗.
Since our original physics motivation is to measure ψ → ∆++(1232)∆−−(1232) with
∆++(1232) decaying with almost 100% branching fraction to p and π+, the suitable final
states in experiments are pp̄π+π−. The final states determine that there are three possible
decay chains, that are ψ → ∆∆̄, ∆ → pπ, ψ → p̄N∗, N∗ → ∆π, ∆ → pπ, and ψ → p̄N∗,
N∗ → pρ0(σ), ρ(σ) → π+π− as shown in Figures 1–3. The reason why we do not
consider the process of ψ → ϕX(1870), ϕ → π+π−, X(1870) → pp̄ is that the mass of
X(1870) is near the threshold of the pp̄ invariant mass spectrum. Then, the relevant events
can be removed easily during the data analysis. In the present and later descriptions,
we shall omit the discussion on the charge-conjugated modes for compactness when no
ambiguity is caused. Notice there are many possible combinations even in the first-level
decays. For example, ψ can decay into the following ∆∆̄ pairs if the phase space allows:
∆(1232)∆̄(1620), ∆(1620)∆̄(1620), ∆(1232)∆̄(1910), ∆(1620)∆̄(1910) with ∆ representing
both ∆++ and ∆0 here. ∆+ will not be considered since it cannot decay into both charged
p and π. For the ψ → p̄N∗ mode, the decay product at the first level can be, for example,
p̄N(1440), p̄N(1520), p̄N(1675), etc. Notice that we only consider the relevant nucleon and
anti-nucleon pairs that are necessary for the ∆∆̄ analysis, not including all possible nucleon
and anti-nucleon pairs.

From the physical consideration, complex spin and parity combination sets are ob-
tained. At the first level, decaying from a vector mother particle, i.e., 1−−, the JP of the
decay products could be 1
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involving the combination sets mentioned above, the orbital momenta should take all
possible values to ensure conservation of the total angular momentum and parity.

Figure 1. Illustration of decay ψ → ∆∆̄, ∆ → pπ.

Figure 2. Illustration of decay ψ → p̄N∗, N∗ → ∆π, ∆ → pπ.

Figure 3. Illustration of decay ψ → p̄N∗, N∗ → pρ0(σ), ρ(σ) → π+π−.

3. Preparations
3.1. Wave Functions

To construct the covariant tensor amplitudes, we need the tensor wave functions de-
scribing relativistic particles with arbitrary spin (helicity) and satisfying the Rarita–Schwinger
formalism [26]. We will follow the method proposed by Auvil and Brehm [27] to write
down these wave functions explicitly. The wave function of a scalar particle is constant.
We start with a particle of spin-1 at rest, whose wave functions may be expressed explicitly
as column vectors:

e(±1) = ∓ 1√
2

 1
±i
0

, e(0) =

0
0
1

. (1)

Since a particle at rest cannot have the energy component if the spin (helicity) wave
function is presented in the momentum space, the four-vector describing a spin-1 particle
at rest is defined as

eµ(0, λ) = {0, e⃗(λ)}, eµ(0, λ) = {0,−e⃗(λ)}. (2)

Then, the general helicity state vector with four-momentum p can be obtained by
performing a Lorentz boost in the z direction and a proper rotation:
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eµ(p, 0) =
E
m


−p/E

sin θ cos ϕ
sin θ sin ϕ

cos θ

, eµ(p,±1) =
1√
2


0

∓ cos θ cos ϕ + i sin ϕ
∓ cos θ sin ϕ − i cos ϕ

± sin θ

, (3)

where m, E, p, and (θ, ϕ) are the invariant mass, energy, momentum, and helicity (polar and
azimuthal) angles of the particle, respectively, and satisfy E2 = p2 + m2 with the natural
unit. The wave function describing spin-2 particles can be constructed out of the wave
functions of spin-1 via C-G coefficients as follows:

eµν(p, 2λ) = ∑
λ1λ2

(1λ11λ2|2λ)eµ(p, λ1)eν(p, λ2). (4)

Then, the wave function of spin-n (n ∈ I) particles can be derived in a cumulative way
as tensor eµ1···µn(p, nλ) [28]:

eµ1···µn(p, nλ) = ∑
λ1,λ2

(n−1λ11λ2|nλ)eµ1···µn−1(p, n−1λ1)eµn(p, λ2) . (5)

Therefore, the wave functions should satisfy the Rarita–Schwinger conditions:

pµ1 eµ1···µn = 0 , (6)

e···µi ···µj ··· = e···µj ···µi ··· , (7)

gµ1µ2 eµ1···µn = 0 . (8)

We shall turn to the Fermion particles now. Consider a spin-1/2 particle at rest and its
basis vectors may be given by the spinors or two-dimensional column vectors:

χ(+
1
2
) =

(
1
0

)
, χ(−1

2
) =

(
0
1

)
. (9)

We adopt the four-component Dirac spinor to describe the relativistic spin 1/2 particles.
Then, the two-component spinors χ(λ) are generalized to the four-component spinors u(0, λ):

u(0, λ) =

(
χ(λ)

0

)
, (10)

where λ = ± 1
2 . After a boost, the helicity wave functions’ explicit expressions can be cast

into the form

u(p,+1/2) =
1√
2m


√

E + m cos(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]
√

E + m sin(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]
√

E − m cos(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]
√

E − m sin(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]

, u(p,−1/2) =
1√
2m


−
√

E + m sin(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]
√

E + m cos(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]
√

E − m sin(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]

−
√

E − m cos(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]

. (11)

The “adjoint” spinor is defined as

ū(p, λ) = u†(p, λ)γ0 . (12)

The helicity wave functions for the anti-Fermion can be written down similarly as

v(p,+1/2) =
1√
2m


√

E − m cos(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]
√

E − m sin(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]
√

E + m cos(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]
√

E + m sin(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]

, v(p,−1/2) =
1√
2m


√

E − m sin(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]

−
√

E − m cos(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]

−
√

E + m sin(θ/2)[cos(ϕ/2)− i sin(ϕ/2)]
√

E + m cos(θ/2)[cos(ϕ/2) + i sin(ϕ/2)]

. (13)



Universe 2024, 10, 376 5 of 13

Following Auvil and Brehm, wave functions corresponding to particles of spin
j = n + 1/2 can be constructed by the spin-1/2 wave functions and spin-n wave functions
with C-G coefficients as the following:

uµ1···µn(p, jλ) = ∑
λ1λ2

(nλ1
1
2

λ2|jλ)eµ1···µn(p, nλ1)u(p, λ2) . (14)

The spin-j wave function Equation (14) is a four-component spinor with the four-vector
indices µ1 · · · µn. Since it describes a state of spin j, it can have only (2j + 1) independent
components. The desired supplementary conditions are just the Rarita–Schwinger equations:

(γµ pµ − m)uµ1···µn = 0 , (15)

u···µi ···µj ··· = u···µj ···µi ··· , (16)

pµ1 uµ1···µn = 0 , (17)

γµ1 uµ1···µn = 0 , (18)

gµ1µ2 uµ1···µn = 0 . (19)

where m is the mass of the spin-j particle and p is its four momentum.

3.2. Effective Vertices

We also need effective vertices to construct various partial wave amplitudes. The prin-
ciple idea is that the decay mechanism has been considered an effective interaction. Then,
all the loops in the Feynman diagrams are absorbed into the effective vertices [29]. A general
form of any amplitude in a single decay chain can be expressed as

A = ū1Γu2eB, (20)

in which ū1, u2, and e are wave functions of two baryons and a meson, respectively; B
is considered the kernel of the propagator and usually parameterized as a Breit–Wigner
function; and Γs are tensors representing effective vertices, which are composed by I, pµ,
γ5, γµ, σµν, gµν, ϵµναβ. The main target of this paper is to find all the independent effective
vertices. Before that, it is worth taking some time to consider the constraints on them due
to symmetry. Since, in these decays, the strong interaction is dominant, the conservation is
expected under the transformation of parity P and charge conjugate C, respectively [30].
However, ū1 and u2 do not correspond to precisely a particle and its anti-particle, and the
charged particles do not have determined C-parity, so we only consider the symmetry of
parity, and its conservation requires

η∗
1 η2ηAΓP = 1, (21)

where ΓP is the transformation property of different tensors, and η1, η2, and ηA are the
parities of the two baryons and one meson, respectively. The properties of different tensors
under the P transformation are listed in Table 1. And we also notice the transformation
property of wave function eµ1···µn will be ∏n

i=1(−1)µi as pµ and ϵµναβ since each of them
only takes Lorentz indexes without the Dirac ones.

Table 1. The parity transformation properties of some tensors, the shorthand (−1)µ ≡ 1 for µ = 0
while −1 for µ = 1, 2, 3 is used as in [31].

I γ5 γµ γµγ5 σµν pµ σµνγ5

ΓP 1 −1 (−1)µ −(−1)µ (−1)µ(−1)ν (−1)µ −(−1)µ(−1)ν
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4. Decay Amplitudes in Tensor Formalism

Now we are ready to derive the covariant invariant amplitudes in the tensor formalism
for resonance decays. Let us consider a resonance of spin parity JP and mass m, decaying
into two particles 1 and 2:

J → 1 + 2 .

In the rest frame of the mother resonance, let p be the momentum of particle 1 with
helicity angles (θ, ϕ). Usually, the amplitude A describing the decay process as two particles
with helicity λ1 and λ2 may be written as

A(λ1, λ2, θ, ϕ) = NJ F J
λ1λ2

D J∗
M,λ1−λ2

(ϕ, θ, 0) (22)

in the helicity formalism, where NJ is the normalization factor, F J
λ1λ2

is the helicity coupling,

and D J∗
M,λ1−λ2

is the D function, with M being the z-component of the mother’s spin.
However, with the explicit wave functions and effective vertices, we can construct the
independent covariant invariant amplitudes in the tensor formalism:

4.1. ψ → ∆∆̄

ψ → ∆(
1
2

+

)∆̄(
1
2

−
) : g1ū(p1,

1
2

λ1)γ
µv(p2,

1
2

λ2)eµ(P, λ)+

g2ū(p1,
1
2

λ1)σ
µνPνv(p2,

1
2

λ2)eµ(P, λ) ,
(23)

ψ → ∆(
1
2

+

)∆̄(
1
2

+

) : g1ū(p1,
1
2

λ1)γ
µγ5v(p2,

1
2

λ2)eµ(P, λ)+

g2ū(p1,
1
2

λ1)σ
µνPνγ5v(p2,

1
2

λ2)eµ(P, λ) ,
(24)

ψ → ∆(
3
2

+

)∆̄(
1
2

−
) : g1ūµ(p1,

3
2

λ1)v(p2,
1
2

λ2)eµ(P, λ)+

g2ūν(p1,
3
2

λ1)γ
µPνv(p2,

1
2

λ2)eµ(P, λ)+

g3ūν(p1,
3
2

λ1)pµ
2 Pνv(p2,

1
2

λ2)eµ(P, λ) ,

(25)

ψ → ∆(
3
2

+

)∆̄(
1
2

+

) : g1ūν(p1,
3
2

λ1)γ
5v(p2,

1
2

λ2)eµ(P, λ)+

g2ūν(p1,
3
2

λ1)γ
µγ5Pνv(p2,

1
2

λ2)eµ(P, λ)+

g3ūν(p1,
3
2

λ1)pµ
2 Pνγ5v(p2,

1
2

λ2)eµ(P, λ) ,

(26)

ψ → ∆(
3
2

+

)∆̄(
3
2

−
) : g1ūν(p1,

3
2

λ1)γ
µvν(p2,

3
2

λ2)eµ(P, λ)+

g2ūν(p1,
3
2

λ1)pµ
2 vν(p2,

3
2

λ2)eµ(P, λ)+

g3ūν(p1,
3
2

λ1)pν
2vµ(p2,

3
2

λ2)eµ(P, λ)+

g4ūν(p1,
3
2

λ1)γ
µPνPαvα(p2,

3
2

λ2)eµ(P, λ)+

g5ūν(p1,
3
2

λ1)pµ
1 PνPαvα(p2,

3
2

λ2)eµ(P, λ) ,

(27)
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ψ → ∆(
3
2

+

)∆̄(
3
2

+

) : g1ūν(p1,
3
2

λ1)γ
µγ5vν(p2,

3
2

λ2)eµ(P, λ)+

g2ūν(p1,
3
2

λ1)pµ
2 γ5vν(p2,

3
2

λ2)eµ(P, λ)+

g3ūν(p1,
3
2

λ1)pν
2γ5vµ(p2,

3
2

λ2)eµ(P, λ)+

g4ūν(p1,
3
2

λ1)γ
µγ5PνPαvα(p2,

3
2

λ2)eµ(P, λ)+

g5ūν(p1,
3
2

λ1)pµ
1 PνPαγ5vα(p2,

3
2

λ2)eµ(P, λ) ,

(28)

ψ → ∆(
5
2

+

)∆̄(
1
2

−
) : g1ūµν(p1,

5
2

λ1)Pνv(p2,
1
2

λ2)eµ(P, λ)+

g2ūνα(p1,
5
2

λ1)γ
µPνPαv(p2,

1
2

λ2)eµ(P, λ)+

g3ūνα(p1,
5
2

λ1)pµ
1 PνPαv(p2,

1
2

λ2)eµ(P, λ) ,

(29)

ψ → ∆(
5
2

+

)∆̄(
1
2

+

) : g1ūµν(p1,
5
2

λ1)Pνγ5v(p2,
1
2

λ2)eµ(P, λ)+

g2ūνα(p1,
5
2

λ1)γ
µγ5PνPαv(p2,

1
2

λ2)eµ(P, λ)+

g3ūνα(p1,
5
2

λ1)pµ
1 PνPαγ5v(p2,

1
2

λ2)eµ(P, λ) ,

(30)

ψ → ∆(
5
2

+

)∆̄(
3
2

−
) : g1ūµν(p1,

5
2

λ1)vν(p2,
3
2

λ2)eµ(P, λ)+

g2ūνα(p1,
5
2

λ1)γ
µPνvα(p2,

3
2

λ2)eµ(P, λ)+

g3ūνα(p1,
5
2

λ1)pµ
1 Pνvα(p2,

3
2

λ2)eµ(P, λ)+

g4ūνα(p1,
5
2

λ1)PνPαvµ(p2,
3
2

λ2)eµ(P, λ)+

g5ūνβ(p1,
5
2

λ1)γ
µPνPβPαvα(p2,

3
2

λ2)eµ(P, λ)+

g6ūνβ(p1,
5
2

λ1)pµ
1 PνPβPαvα(p2,

3
2

λ2)eµ(P, λ) ,

(31)

ψ → ∆(
5
2

+

)∆̄(
3
2

+

) : g1ūµν(p1,
5
2

λ1)γ
5vν(p2,

3
2

λ2)eµ(P, λ)+

g2ūνα(p1,
5
2

λ1)γ
µγ5Pνvα(p2,

3
2

λ2)eµ(P, λ)+

g3ūνα(p1,
5
2

λ1)pµ
1 Pνγ5vα(p2,

3
2

λ2)eµ(P, λ)+

g4ūνα(p1,
5
2

λ1)PνPαγ5vµ(p2,
3
2

λ2)eµ(P, λ)+

g5ūνβ(p1,
5
2

λ1)γ
µγ5PνPβPαvα(p2,

3
2

λ2)eµ(P, λ)+

g6ūνβ(p1,
5
2

λ1)pµ
1 PνPβPαγ5vα(p2,

3
2

λ2)eµ(P, λ) ,

(32)

ψ → ∆(
7
2

+

)∆̄(
1
2

−
) : g1ūµνα(p1,

7
2

λ1)PνPαv(p2,
1
2

λ2)eµ(P, λ)+

g2ūνβα(p1,
7
2

λ1)γ
µPνPβPαv(p2,

1
2

λ2)eµ(P, λ)+

g3ūνβα(p1,
7
2

λ1)pµ
1 PνPβPαv(p2,

1
2

λ2)eµ(P, λ) ,

(33)
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ψ → ∆(
7
2

+

)∆̄(
1
2

+

) : g1ūµνα(p1,
7
2

λ1)PνPαγ5v(p2,
1
2

λ2)eµ(P, λ)+

g2ūνβα(p1,
7
2

λ1)γ
µγ5PνPβPαv(p2,

1
2

λ2)eµ(P, λ)+

g3ūνβα(p1,
7
2

λ1)pµ
1 PνPβPαγ5v(p2,

1
2

λ2)eµ(P, λ) ,

(34)

ψ → ∆(
7
2

+

)∆̄(
3
2

−
) : g1ūµνα(p1,

7
2

λ1)Pνvα(p2,
3
2

λ2)eµ(P, λ)+

g2ūνβα(p1,
7
2

λ1)γ
µPνPαvβ(p2,

3
2

λ2)eµ(P, λ)+

g3ūνβα(p1,
7
2

λ1)pµ
1 PνPαvβ(p2,

3
2

λ2)eµ(P, λ)+

g4ūµβα(p1,
7
2

λ1)PνPβPαvν(p2,
3
2

λ2)eµ(P, λ)+

g5ūνδα(p1,
7
2

λ1)γ
µPνPδPαPβvβ(p2,

3
2

λ2)eµ(P, λ)+

g6ūνδα(p1,
7
2

λ1)pµ
1 PνPδPαPβvβ(p2,

3
2

λ2)eµ(P, λ) ,

(35)

ψ → ∆(
7
2

+

)∆̄(
3
2

+

) : g1ūµνα(p1,
7
2

λ1)Pνγ5vα(p2,
3
2

λ2)eµ(P, λ)+

g2ūνβα(p1,
7
2

λ1)γ
µγ5PνPαvβ(p2,

3
2

λ2)eµ(P, λ)+

g3ūνβα(p1,
7
2

λ1)pµ
1 PνPαγ5vβ(p2,

3
2

λ2)eµ(P, λ)+

g4ūµβα(p1,
7
2

λ1)PνPβPαγ5vν(p2,
3
2

λ2)eµ(P, λ)+

g5ūνδα(p1,
7
2

λ1)γ
µγ5PνPδPαPβvβ(p2,

3
2

λ2)eµ(P, λ)+

g6ūνδα(p1,
7
2

λ1)pµ
1 PνPδPαPβγ5vβ(p2,

3
2

λ2)eµ(P, λ) .

(36)

4.2. ∆ → pπ

∆(
1
2

+

) → p(
1
2

+

)π(0−) : gū(p1,
1
2

λ1)γ
5u(P,

1
2

λ) , (37)

∆(
1
2

−
) → p(

1
2

+

)π(0−) : gū(p1,
1
2

λ1)u(P,
1
2

λ) , (38)

∆(
3
2

+

) → p(
1
2

+

)π(0−) : gū(p1,
1
2

λ1)pµ
1 γ5uµ(P,

3
2

λ) , (39)

∆(
3
2

−
) → p(

1
2

+

)π(0−) : gū(p1,
1
2

λ1)pµ
1 uµ(P,

3
2

λ) , (40)

∆(
5
2

+

) → p(
1
2

+

)π(0−) : gū(p1,
1
2

λ1)pµ
1 pν

1γ5uµν(P,
5
2

λ) , (41)

∆(
5
2

−
) → p(

1
2

+

)π(0−) : gū(p1,
1
2

λ1)pµ
1 pν

1uµν(P,
5
2

λ) , (42)

∆(
7
2

+

) → p(
1
2

+

)π(0−) : gū(p1,
1
2

λ1)pµ
1 pν

1 pα
1γ5uµνα(P,

7
2

λ) , (43)

∆(
7
2

−
) → p(

1
2

+

)π(0−) : gū(p1,
1
2

λ1)pµ
1 pν

1 pα
1uµνα(P,

7
2

λ) . (44)
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4.3. ψ → N∗N̄

This type of partial wave formula for ψ → N∗N̄ where the spin of N̄ is 1
2
−

has been
included in ψ → ∆∆̄ and will not be repeated.

4.4. N∗ → ∆π

N∗(
1
2

+

) → ∆(
3
2

+

)π(0−) : gūµ(p1,
3
2

λ1)Pµγ5u(P,
1
2

λ) , (45)

N∗(
1
2

−
) → ∆(

3
2

+

)π(0−) : gūµ(p1,
3
2

λ1)Pµu(P,
1
2

λ) , (46)

N∗(
3
2

+

) → ∆(
3
2

+

)π(0−) : g1ūµ(p1,
3
2

λ1)γ
5uµ(P,

3
2

λ)+

g2ūν(p1,
3
2

λ1)pµ
1 Pνγ5uµ(P,

3
2

λ) ,
(47)

N∗(
3
2

−
) → ∆(

3
2

+

)π(0−) : g1ūµ(p1,
3
2

λ1)uµ(P,
3
2

λ)+

g2ūν(p1,
3
2

λ1)pµ
1 Pνuµ(P,

3
2

λ) ,
(48)

N∗(
5
2

+

) → ∆(
3
2

+

)π(0−) : g1ūµ(p1,
3
2

λ1)pµ
1 γ5uµν(P,

5
2

λ)+

g2ūα(p1,
3
2

λ1)pµ
1 pν

1Pαγ5uµν(P,
5
2

λ) ,
(49)

N∗(
5
2

−
) → ∆(

3
2

+

)π(0−) : g1ūν(p1,
3
2

λ1)Pµuµν(P,
5
2

λ)+

g2ūα(p1,
3
2

λ1)pµ
1 pν

1Pαuµν(P,
5
2

λ) ,
(50)

N∗(
7
2

+

) → ∆(
3
2

+

)π(0−) : g1ūµ(p1,
3
2

λ1)pν
1 pα

1γ5uµνα(P,
7
2

λ)+

g2ūβ(p1,
3
2

λ1)pµ
1 pν

1 pα
1 Pβγ5uµνα(P,

7
2

λ) ,
(51)

N∗(
7
2

−
) → ∆(

3
2

+

)π(0−) : g1ūµ(p1,
3
2

λ1)pν
1 pα

1uµνα(P,
7
2

λ)+

g2ūβ(p1,
3
2

λ1)pµ
1 pν

1 pα
1 Pβuµνα(P,

7
2

λ) .
(52)

4.5. N∗ → pρ0

N∗(
1
2

+

) → p(
1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)γ
µγ5u(P,

1
2

λ)e∗µ(p2, λ2)+

g2ū(p1,
1
2

λ1)Pµγ5u(P,
1
2

λ)e∗µ(p2, λ2) ,
(53)

N∗(
1
2

−
) → p(

1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)γ
µu(P,

1
2

λ)e∗µ(p2, λ2)+

g2ū(p1,
1
2

λ1)Pµu(P,
1
2

λ)e∗µ(p2, λ2) ,
(54)

N∗(
3
2

+

) → p(
1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)γ
5uµ(P,

3
2

λ)e∗µ(p2, λ2)+

g2ū(p1,
1
2

λ1)pµ
1 γνγ5uµ(P,

3
2

λ)e∗ν(p2, λ2)+

g3ū(p1,
1
2

λ1)pµ
1 Pνγ5uµ(P,

3
2

λ)e∗ν(p2, λ2) ,

(55)
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N∗(
3
2

−
) → p(

1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)uµ(P,
3
2

λ)e∗µ(p2, λ2)+

g2ū(p1,
1
2

λ1)pµ
1 γνuµ(P,

3
2

λ)e∗ν(p2, λ2)+

g3ū(p1,
1
2

λ1)pµ
1 Pνuµ(P,

3
2

λ)e∗ν(p2, λ2) ,

(56)

N∗(
5
2

+

) → p(
1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)pµ
1 γ5uµν(P,

5
2

λ)e∗ν(p2, λ2)+

g2ū(p1,
1
2

λ1)pµ
1 pν

2γαγ5uµν(P,
5
2

λ)e∗α(p2, λ2)+

g3ū(p1,
1
2

λ1)pµ
1 pν

2Pαγ5uµν(P,
5
2

λ)e∗α(p2, λ2) ,

(57)

N∗(
5
2

−
) → p(

1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)pµ
1 uµν(P,

5
2

λ)e∗ν(p2, λ2)+

g2ū(p1,
1
2

λ1)pµ
1 pν

2γαuµν(P,
5
2

λ)e∗α(p2, λ2)+

g3ū(p1,
1
2

λ1)pµ
1 pν

2Pαuµν(P,
5
2

λ)e∗α(p2, λ2) ,

(58)

N∗(
7
2

+

) → p(
1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)pµ
1 pν

2uµνα(P,
7
2

λ)γ5e∗α(p2, λ2)+

g2ū(p1,
1
2

λ1)pµ
1 pν

2 pβ
1 γαuµνβ(P,

7
2

λ)γ5e∗α(p2, λ2)+

g3ū(p1,
1
2

λ1)pµ
1 pν

2 pβ
2 Pαuµνβ(P,

7
2

λ)γ5e∗α(p2, λ2) ,

(59)

N∗(
7
2

−
) → p(

1
2

+

)ρ0(1−) : g1ū(p1,
1
2

λ1)pµ
1 pν

2uµνα(P,
7
2

λ)e∗α(p2, λ2)+

g2ū(p1,
1
2

λ1)pµ
1 pν

2 pβ
1 γαuµνβ(P,

7
2

λ)e∗α(p2, λ2)+

g3ū(p1,
1
2

λ1)pµ
1 pν

2 pβ
2 Pαuµνβ(P,

7
2

λ)e∗α(p2, λ2) .

(60)

4.6. The Formula of N∗ → pσ

N∗(
1
2

+

) → p(
1
2

+

)σ(0+) : gū(p1,
1
2

λ1)u(P,
1
2

λ) , (61)

N∗(
1
2

−
) → p(

1
2

+

)σ(0+) : gū(p1,
1
2

λ1)γ
5u(P,

1
2

λ) , (62)

N∗(
3
2

+

) → p(
1
2

+

)σ(0+) : gū(p1,
1
2

λ1)p1µuµ(P,
3
2

λ) , (63)

N∗(
3
2

−
) → p(

1
2

+

)σ(0+) : gū(p1,
1
2

λ1)γ
5uµ(P,

3
2

λ)p1µ , (64)

N∗(
5
2

+

) → p(
1
2

+

)σ(0+) : gū(p1,
1
2

λ1)pµ
1 pν

1uµν(P,
5
2

λ) , (65)

N∗(
5
2

−
) → p(

1
2

+

)σ(0+) : gū(p1,
1
2

λ1)pµ
1 pν

1γ5uµν(P,
5
2

λ) , (66)

N∗(
7
2

+

) → p(
1
2

+

)σ(0+) : gū(p1,
1
2

λ1)pµ
1 pν

1 pα
1uµνα(P,

7
2

λ) , (67)

N∗(
7
2

−
) → p(

1
2

+

)σ(0+) : gū(p1,
1
2

λ1)pµ
1 pν

1 pα
1γ5uµνα(P,

7
2

λ) , (68)
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4.7. ρ0(σ) → π+π−

For completeness of the given formulae, we give the amplitudes of σ(0+) → π+π−

and ρ0 → π+π−. The amplitude formula of σ(0+) → π+π− is 1. The amplitude formula
of ρ0 → π+π− is

ρ0(1−) → π+(0−)π−(0−) : gpµ
1 eµ(P, λ) . (69)

5. Discussion
5.1. Comparison to Helicity Formalism

Compared with the amplitudes in helicity formalism Equation (22), it is obvious
that the helicity coupling F J

λ1λ2
ought to have momentum dependence but not expressed

explicitly as that in the tensor formalism. When the measurements deal with narrow
resonances such as Λ and Σ, this momentum dependence can be safely ignored. However,
when the target resonance is the broad ∆, separating the momentum dependence, i.e., the
kinematic effect, from the dynamic part is crucial for the study of the ∆ line shape that
reflects the internal interactions. As a cross check, we also calculate the number of F J

λ1λ2
considering the relevant symmetry, and it is found to be consistent with the number of gi
in the tensor formalism.

5.2. Amplitude for Sequential Decays

In the previous section, we gave the sub-amplitudes for each interaction vertex.
The whole amplitude of a decay chain then can be obtained in a straightforward way
by the product of each sub-amplitude in the cascading decays. Thus, the cross-section can
be written as

σ =
∫

dΩ|M|2 (70)

with
M = ∑

Λ
∏

i
Mi(Λ) = ∑

Λ
∏

i
BWi ∑

j
gj

i Aj
i(Λ) , (71)

where Ω and Λ indicate collectively all angular and helicity variables of decay chains
and of the intermediate and final states. BWi are the propagators describing the dynamic
interactions of each decay process, usually expressed in a Breit–Wigner form. Notice that in
the helicity frame, the direction of the polarization of a state would be different when this
state is in different decay chains. So an alignment, usually a rotation, is required to align
the directions. This kind of alignment has been handled by experimentalists already [32,33]
and been discussed further by new means in [34–36].

6. Summary

In this paper, we have derived the helicity amplitudes in the tensor formalism needed
for the measurement of ψ → ∆∆̄, ∆ → pπ, as well as the formulae for the sequential
decaysof the other processes with the same final states. The covariant tensor formalism is
adopted instead of the helicity formalism to make the momentum dependence explicit then
more suitable to the measurements with broad resonances such as ∆ and its excited states.
The number of independent terms in each decay chain has been checked and confirmed to
be the same as the number of helicity amplitudes, and of course, the same as the number
of partial waves in the decay too. These formulae are prepared for the measurements of
ψ decaying into pp̄π+π− final states, and also can be extended to the final states, such
as pp̄K+K− since their spins and parities are same. Experiments which collected large
J/ψ and ψ(2S) data samples, such as BESIII, would benefit from this study. Furthermore,
as soon as the transitions of ∆ into nucleon and pion are well known phenomenologically
and experimentally, some numerical analyses of the cascade decay of the charmonia states
will be useful for readers.

It should be noticed only P-parity but not C-parity conservation is considered during
the formula derivation since the fermions do not have certain C-parity. But in some special
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cases, where the daughter states are particles and anti-particles to each other, the C-parity
is determined to be (−1)L+S. It means if the L-S coupling scheme has been adopted, there
is a chance to check the C violation by measuring the amplitude of the corresponding
wave. However, the construction of pure spin wave functions based on high-fractional
spin states such as two 3/2-spin states is beyond our ability. It also should be noticed
that sometimes, the momentum notations P, p1, and p2 are replaceable in the formulae
since the constructed terms are dependent on each other, so the choice between them is
somewhat just arbitrary. Breit–Wigner functions and projection operators are important in
the experimental measurements too. But the projection operators can be obtained by the
construction of wave functions mentioned in this paper straightforwardly. So we ignore
a discussion of them. Furthermore, a complete discussion of the Breit–Wigner functions
is beyond this paper’s scope, and their choices are left to experimentalists for when some
specific forms are needed for specific resonances or decay channels.
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