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Abstract: A scientific method that proposes a value Y to estimate a target value p is often subject to
some level of uncertainty. In the Bayesian framework, the level of uncertainty can be measured by the
width of the 68% interval, which is the range of the middle 68% of the ranked p values sampled from
the posterior distribution p(p|Y). This paper considers Bayesian knowledge infusion (BKI) to reduce
the uncertainty of the posterior distribution p(p|Y) based on additional knowledge that an event
A happens. BKl is achieved by using a conditional prior distribution p(p|A) in the Bayes theorem,
assuming that given the true p, its error-contaminated value Y is independent of event A. We use
two examples to illustrate how to study whether or not it is possible to reduce uncertainty from
14C reconstruction (Y) of the annual sunspot number (SSN) () by infusing additional information (A)
using BKI. Information (A) that SSN is from a year that has a Far Eastern record of naked eye sunspots
is found to be not so effective in reducing the uncertainty. In contrast, information that SSN is from a
year at a cycle minimum is found to be very effective, producing much narrower 68% intervals. The
resulting Bayesian point estimates of SSN (the posterior medians of p) are cross-validated and tested
on a subset of telescopically observed SSNs that were unused in the process of Bayes computation.
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1. Introduction

We propose a Bayesian knowledge infusion (BKI) method to incorporate additional
information to improve a scientific measurement method that is subject to measurement
errors. We are interested in a quantity p for a target study unit, which is estimated as Y by a
scientific method. If the target study unit is known to satisfy an event A, then this additional
information may be useful to improve the posterior distribution p(p|Y) to become a more
precise conditional posterior distribution p(p|Y, A). The current paper may be regarded as
an exercise of applying BKI to improve the estimation of p = the annual sunspot numbers
(SSN) of a target year in the remote past based on Y = the *C reconstruction of p from tree
samples. The additional information is, for example, A = the event that the target year has
an ancient record of naked eye sunspot observation.

The evolvement of SSN (p) reflects the activity of the sun over the history. The sunspot
numbers of longer time series are important for studying how solar dynamo works in
maintaining solar magnetic field and possible solar influence on climates of the earth; see,
e.g., [1]. Recently, [2] recovered the 11-year cycles of SSN since about 1000 A.D. using
information of *C from tree samples. SSN is negatively correlated with the *C level in
the tree samples since, in the lower activity period, the sun generates lower interplanetary
magnetic field, which blocks less cosmic rays that increase *C in the atmosphere and
in the plants on the earth (see, e.g., [1]). However, the estimated SSN (Y’s) based on
14C are associated with a large amount of uncertainties, sometimes even being negative.
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For example, for the year 1566 AD, the reconstruction shows “(SN)” = —18.4 for the
“Annual value of the reconstructed sunspot number” and 023.4 for the “1-sigma uncertainty
of (SN)”. See [3]'. In a Bayesian framework with a flat prior assuming no additional
knowledge and Gaussian measurement error, this finding corresponds to estimating the
true SSN p from a Gaussian posterior distribution with a negative mean —18.4 and a large
standard deviation 23.4, displaying a large amount of uncertainty.

We investigate whether additional knowledge can be used to improve the estimation
of the SSN and reduce the uncertainty. For example, the most basic knowledge is that the
SSNs have never been negative. They follow a certain distribution that can be derived from
the telescopic observations in the later centuries. In the Bayesian statistical perspective,
such a distribution on annual sunspot numbers over a collection of years may be regarded
as a prior distribution that may be useful to summarize some kind of human knowledge,
which can then be infused into the information from the *C reconstruction, thereby much
reducing the level of uncertainty. More details will be given in Section 2. Below, we will
consider two kinds of possible additional knowledge and assess how useful they are.

During many of the years that are included in the C reconstruction, even before tele-
scopes were invented, there are ancient records of naked-eye observations of the sunspots;
see, e.g., a catalogue in [5] covering from 165 BC to AD 1918. We initially investigate
whether knowing that a year has a record of naked-eye sunspots (NES) can reduce the
level of uncertainty for the *C reconstruction of the sunspot number of that year. For
this purpose, we use a prior distribution of sunspot numbers “conditional on having an
NES record”, derived from the observed SSNs with their standard errors during the years
1818-1918 for those years that also have at least one NES record. We found that the knowl-
edge of having a NES record is not very effective for improving the estimation of the SSN.
This complements a similar finding on the GSN (group sunspot numbers) by [6], who
compared the distributions of the GSN with and without NES observations between 1848
and 1918 and did not find a big difference. The current paper directly shows that the NES
information does not further improve the 4C reconstruction of the SSN either.

Next, we want to investigate whether the knowledge of being at a cycle minimum
is useful in improving the accuracy of the C reconstructed SSN. This is an interesting
question since the SSN at the cycle minimum is important for modeling the entire solar
cycle, as pointed out by [7,8]>. This is investigated by using a prior distribution that
is “conditional on being at a cycle-minimum”, which is constructed from the observed
SSNs with their standard errors at the 19 cycle minimums between 1818 and 2023. The
information on cycle minima from these years includes the distribution of the observed
SSN values, which automatically includes the information that they cannot be negative
and also how much higher than 0 they typically are. We notice that this prior distribution,
“conditional on being at a cycle-minimum”, does reduce the uncertainty significantly further
compared to the “unconditional prior” using all the annual sunspot numbers between 1818
and 2023, ignoring the cycle-minimum information.

To test whether these new estimates from the Bayesian methods are more reliable,
we test the new estimates on the observed SSNs at the selected cycle minimums between
1700 and 1899. During this period of time, the *C reconstruction of the sunspot numbers
is also available and displays 12 plausible cycle minimums®, which can be compared
with our Bayes estimates, regarding their differences from the cycle minimums of the
observed SSNs*.

We find that the Bayes estimates (i.e., the posterior medians) are much closer to the
observed SSNs, cutting the root mean square error to less than a half, compared to the
original '*C reconstruction truncated above 0. In addition, the new and much narrower
interval estimates did not cover the observed SSNs less often than the wider 0-truncated-
14C intervals. Here, to be fair, we have used the idea of “cross-validation” in Section 2: We
have carefully avoided using the observed SSN data between 1700 and 1899 themselves
when obtaining our Bayes estimates and saved this period of data only for comparison at
the end.
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Here, the closeness between the estimated SSNs and the observed SSNs is measured
by the “root mean square error”. The uncertainty is measured by the “average width of
the 68% intervals”. These two concepts will be defined in Section 2. In summary, we see
that additional information infused through the prior can be either useful or not useful.
The Bayesian method we present here is useful in telling which knowledge may be useful
and which is not, for reducing the uncertainty in SSN estimation. When the additional
information reduces the uncertainty, it is important to use a cross-validation method if
possible, to see if the now-narrower 68% intervals will still cover the observed SSNs for
at least about 68% times, and also to check if the new point estimates are closer to the
observed SSNs overall.

The observed SSN data we use is from “Source: WDC-SILSO, Royal Observatory of
Belgium, Brussels”, downloadable from the website [9]. The SSN estimates are available from
1700-2023, with standard errors listed since 1818.

2. Materials and Methods

Bayesian methods found many different applications in astronomy, e.g., on studying
galactic nuclei (e.g., [11]), gravitational wave (e.g., [12]), star clusters (e.g., [13]), stellar
spectrum(e.g., [14]), and also on sunspots (e.g., [15-17]).

Our method adapts Bayesian bootstrap to infuse additional knowledge, improving
the recent sunspot number reconstruction from C by [2], involving the remote past of
more than 1000 years ago. Although there are several versions of Bayesian bootstrap, our
method is closest to [18], but we have adapted his method to allow annual sunspot numbers
to be not exactly known but subject to different levels of uncertainty, which can be related
to fewer number of days of telescopic observation during earlier years.

Let p be the true annual sunspot number, say, for year 1566, when there were not yet
telescopic records. We have Y, the 14C reconstructed value for p, subject to a large amount
of uncertainty. The probability density function of Y conditional on p, p(Y|p), is assumed
to be known. We further assume it to be

p(Ylp) = e~ =P/ /\/ome2, (1)

with a known o.
Based on the Bayes theorem, the true value of p follows a posterior distribution
conditionalon Y,

p(plY) < p(Y|p)p(p), )

where p(p) is a prior distribution. Additional knowledge about p can be incorporated
through the choice of the prior distribution. For example, in 1566, there exists a record of
NES observation. Let such knowledge be represented by an event A. To incorporate this
knowledge, we should compute

p(elY, A) < p(Y|o, A)p(p|A) = p(Ylp)p(plA), )

where we assumed
p(Ylp, A) = p(Ylp), (4)

Which means that given the true p, its error-contaminated value Y is independent of
event A.

To obtain the “conditional prior” distribution p(p|A) (conditional on event A), we will
use a data set D(A), which satisfies event A and contains information about p. Ideally, we
could look at years that are similar to 1566, where the true annual sunspot number p is
known and A also happens (e.g., a NES record also exists). In such an ideal case, the data
D(A) consists of these sample points of p. Then the histogram of these sample points of p’s
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from these years forms an approximation of p(p|A). Using éx(p) to denote the point-mass
distribution of p located at x, then we have

p(plA) = Z Jx( Z 1)=p ®)

xeD(A) xeD(A)

which could be used to find the estimated quantiles of p(p|A). The sample quantities based
on p have variations that need to be taken care of. This can be solved by the Bayesian
bootstrap that resamples D(A) with replacement.

This ideal situation (knowing exactly the p’s for some similar years), however, is
not possible due to a lack of telescopic observation back then. Even in the years after
1700, telescopically observed SSN was not so frequent and the true annual value p is
only estimated to be R, which we will refer to as the “observed SSN” and is subject to
an uncertainty that varies with the number of observations in each year. This kind of
uncertainty is measured by the standard error, which is needed to apply our method
and is available in the dataset we use since 1818. There is also another kind of uncertainty
in deciding which subset of years after 1818 are similar to 1566. To accommodate this kind
of uncertainty as much as possible in a most conservative approach, we will not infuse any
further knowledge on the similarity and allow all the years after 1818 to be considered as
possibly similar to the year 1566. Of course, if one wishes, further knowledge on similarity
could be added into the event A, sharpening the conditional prior distribution p(p|A),
at the cost of reducing the data set D(A) that is used to estimate p(p|A).

In summary, we will use a data set D(A), which consists of R;’s from all years i € S 4, where
S 4 consists of the years i € {1818, ...,2023} for which A; happened (e.g., with NES records).
We would like to approximate p(p|A) by the sample points in D(A). However, these
sample points R; are subject measurement errors. Assume that they follow independent
normal distributions.

p(Rilo;) = e~ Ri=0*/@5) /., [os?, (6)

With a known s;. This same formula will also give the density of p(p;|R;) approxi-
mately, assuming a relatively flat prior of p;. This approximation is valid whenever the
telescopic-observation uncertainty s; is much smaller than the standard deviation of the
true SSN p;’s over different years. To simplify computation, we will also assume similarly
that p(p;|R;, A;) and p(p;|R;, A;, Y;) follow the righthand side of Equation (6). This allows
us to simulate the true SNN p; based on the telescopically observed SSN R; alone, if such
information is available for year i, and ignore other information. This is usually a good
approximation if other information being ignored is much weaker than R; for the purpose
of determining p;. If not, it may still be regarded as a conservative approach, allowing p; to
be more uncertain than it really is.

Then we could do the following five steps:

Step I: Sample the “true SNN”s p} from p(p;|R;) = e ~(pi=Ri)*/ (2s}) / 27rs% independently,
foralli € S4.

Step II: Then the p’s are bootstrapped in a renormalized way to form a possible empirical
sample p!’s of p(p|A), which is now estimated to be the “predictive” distribution
p(plp;,i € Sx) for the “future” p (in a “future” year 1566), from the simulated “true”
SSN data in Step I, using “past” information (from “historical” data (R;);cs ,)- This is
done as follows:

Ia: {p},i € S4}’s are bootstrap resampled as {w;,i € S4}’s, and sample standard
deviation s;, is obtained.

Ib: {p},i € S }’s are bootstrap resampled again as {g;,i € S4}’s, and sample mean
§ is obtained.

Ilc: {p},i € S4}’s are bootstrap resampled again as {f;,i € Sy }’s, and we compute

pf = p* +5p: (fi — §)/50- )



Universe 2024, 10, 370

50f 14

where p* is the sample mean, and s,+ is the sample standard deviation for
{p?rl € SA}

These sub-steps marginalize over uncertainties in the means and variances given the
sample of p}’s, which would lead to a correct predictive t-distribution (e.g., [19], first
formula on p16) in a special case involving normal distributions.

Step III: Then one p(*) is sampled from this empirical sample pl’s, weighted by
p(Ylpf) = =002 Vo2, ®)

and converted to 0 if negative.

Step IV: Steps I to II are repeated T times’. We then get o) for t =1,..., T, which forms
an approximate sample of the “posterior distribution” p(p|Y, A, R;,i € Sp).

Step V: Then we could get the quantiles of p from {p(*) : t = 1,..., T}, with details
explained below.

The set {p(*) : t=1,..., T} approximates the “posterior distribution”
P(P|Y1A/Ri/i € SA)/ )

Which combines information Y (*4C reconstructed SSN in 1566), A (the event that the
year 1566 has a NES record), and information about how SSN relates to the event of NES
records based on selected telescopic data of the observed SSNs {R; : i € S4}.

Based on this sample {p(!) : t =1,..., T} that approximates the “posterior distribu-
tion” p(p|Y, A, R;,i € S4), we can find a triplet of summary statistics

[a,¢,b] = [Q(0.16), Q(0.50), Q(0.84)], (10)

where Q(g) for any fraction g denotes the gth quantile of the sampled values of the true SSN
according to the posterior distribution, so that 1004% of these sampled values are below Q(g).
For the *C reconstruction with no additional knowledge infused, [a,c,b] = [Y —,Y,Y +0].
Its zero-truncated version is [g, ¢, b] = [max{Y —¢,0}, max{Y, 0}, max{Y + ¢,0}], which uses
the fact that SSN is nonnegative. All these are different methods that describe the probability
distribution of the unknown true SSN p conditional on the same '*C reconstruction estimate
Y, with ¢ being the point estimate of p and [a, b] being its 68% interval. The [g, b] is called a
68% interval since 68% of the ranked sampled values in the middle fall in this interval.

2.1. Bayesian Inference for Many Target Years

The previous procedure was for SSN in one particular target year, e.g., p = pj,
where year j = 1566. This can be repeated for the p; over many target year j’s. For each
target year j, we will find a sample {p](.t) : t=1,...,T} to approximate the posterior
distribution p(p;|Yj, Aj, {Ri,i € Sa;}). Then for each p; we have a triplet of summary
statistics [a;, ¢j, b;] = [Q;(0.16),Q;(0.50), Q;(0.84)], where Q;(q) for any fraction q denotes
the gth quantile of the sampled values {p](t) : t=1,..., T} of the true SSN p; according
to the posterior distribution p(p;|Y;, A, {R;,i € S A].}), so that 1009% of these sampled
values are below Q;(q). For the 14C reconstruction with no additional knowledge infused,
laj,cj,bj] = [Yj —0,Y],Y; + 0j]. Its zero-truncated version is [aj,cj,b;] = [max{Y; —
(Tj,O},max{Yj,O},max{Yj + 0;,0}], which uses the fact that SSN is nonnegative. All
these are different methods that describe the probability distribution of the unknown

true SSN p; conditional on the same 14C reconstruction estimate Y;, with ¢; being the
point estimate of p; and [a;, bj] being its 68% interval.
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2.2. Cross Validation

We can compare several different methods for inference about the true annual SSN p;
over asetof yearsj € S, e.g., S = {1566,1567, ..., }. To evaluate the success of the point
estimate c;, we would ideally like to see how far it is from the true p;, but knowing p; would
be very difficult in the pre-telescopic years. However, in the post-telescopic years, we can
use the “observed SSN” R;, which estimates the value of p; from telescopic observations,
as its good approximation. We could then compute the “root mean square error”, which is

the square root of the average of the (c; — Rj)2 ’s over all the years j € S:

Y (c;—Rj)?/ ) 1 (11)

JES JES

To be objective in prediction, it is preferable for c; (and similarly for [a;, b;]) to be esti-
mated by a “cross-validation” method that withholds the available telescopic information
R; for each year j; e.g., computation of ¢; (and [a}, bj]) uses the 14C reconstruction Y; for
year j, but not R; itself.

To evaluate the success of a method for computing the interval estimate [a;, b;], we
compute its “empirical coverage” probability of covering R;, i.e., to see how often we find
[a; < R; < bj] over all the years j € S:

Y Ilaj <Rj <bj]/ Y 1, (12)

JjES jE€S

where I[event] = 1 if event happens or = 0 if otherwise. We do not wish this empirical
coverage probability to be much lower than the intended coverage probability 68%.

We also care about the “width” of such intervals [a;, b;], defined as |b; — a;|. We prefer
intervals with “narrower” widths, whose overall behavior is summarized as the “average
interval width”, which is the average of |b; — a;|’s over j € S:

Yo lbj—a;l/ ) 1. (13)

jes jeSs

The “average interval width” can be used to assess the usefulness of additional
knowledge that is infused into the Bayes method in order to improve inference about the
true SSN given its 1*C reconstruction. Useful additional knowledge infused through the
prior distribution will cut down the uncertainty, and make the intervals |b; — a;|’s having a
smaller “average interval width”, without hurting the “empirical coverage”.

3. Results
3.1. Using NES Information

Using the year 1566 as an example, when there exists a NES record that year,
the C reconstruction of the SSN provides a 68% interval [a,b] = [—41.8,5.0]. (The year
1566 is chosen only for illustration; there are many other years with NES records and
14C reconstructions, which could have been used instead.) We use BKI to combine these
two pieces of information.

The telescopically observed SSNs with known standard errors for the 22 years between
1818 and 1918, when NES records exist, are used in a prior distribution to update the 68%
interval obtained from the *C method, [4,b] = [~41.8,5.0], to a Bayesian 68% interval,
[a,b] = [0.0,28.1], according to the posterior distribution. There was a reduction in the
width of the interval. However, if the 1*C-based interval is zero-truncated to [a, b] = [0,5.0],
then combining the telescopic SSN data from NES records actually increases the uncertainty
for this particular year. If all the telescopically observed SSNs between 1818 and 2023
are used in the prior distribution, whether or not NES records exists, then the Bayesian
posterior 68% interval actually narrows down slightly, to [, b] = [1.6,22.4]. These imply
that NES records provide little additional information. This is consistent with the findings
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of [6], who show that the distributions of GSN do not differ much between years with or
without NES records.

When this is repeated on all the 89 years before 1818 when there is both a *C recon-
struction and an NES record (see Figure 1), we found that the average width of the 68%
intervals is {83.6,72.0,63.2,61.6}, respectively, for the 14C method, the *C method with
zero-truncation, the Bayesian method using all post-1818 years’ telescopic SSN informa-
tion, and the Bayesian method using post-1818 telescopic SSN information from only the
NES years. There are some small improvements (about 12%) in reducing the uncertainty
caused by using the Bayesian methods; however, after using the SSN information from the
telescope observations, adding that the year has an NES causes very little further reduction
(less than 3%). All these confirm that NES records provide little additional information
in estimation of annual SSN, after using the Bayesian method. The combination of using
the Bayesian method AND the NES does lead to a moderate decrease in average interval
width (about 15%), compared to the *C method with 0-truncation. This leads us to use
cross-validation to check if these slightly narrower intervals cover the observed SSNs
less often.

300

200

sunspot numbers

I

- I} | ; ;I::!
LT

-100

1000 1200 1400 1600 1800 2000
year
Figure 1. Bayesian point estimates and 68% intervals (symbolized by red dots with vertical error bars)
for the SSNs, computed using post-1818 SSNs at years with NES observations, plotted over the years
before 1818, and compared to the *C reconstruction (solid curve with shade for 68% uncertainty)
and to the telescopically observed SSNs (dashed curve).

Cross-Validation of the Bayesian Results Using NES Information

The observed SSN (with or without knowing its standard error) is known since 1700.
There are 27 NES years since then. We use the later 13 NES years (after 1862) to drive
the prior distribution used in the Bayesian method, which incorporates the knowledge
that these are NES years. The Bayesian estimates using NES information in later years
are then tested on the observed SSNs in the earlier 14 NES years (before 1862). We found
that the root mean square error between the Bayesian point estimates (the medians) and
the observed SSNis is 50.2, which is only slightly less (less than 8%) than the root mean
square error between the O-truncated *C estimates and the observed SSNs, which is 54.4.
The difference is not statistically significant since out of these 14 NES years, for exactly
7 times the observed SSNs are closer to the Bayesian estimates than to the 0-truncated
4C estimates.

We found that the average interval widths (for the earlier 14 NES years) for the
Bayesian method with NES information is 64.4, compared to 75.3 for average interval
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width for the O-truncated *C method. This represents about 14% reduction. The narrower
intervals did not reduce the empirical coverage. The Bayesian intervals cover the observed
SSN 11/14 times compared to 10/14 times for the empirical coverage of the 0-truncated
14C intervals. However, the reduction of the interval width is not statistically significant,
since for 7 times out of these 14 NES years, the Bayesian intervals are wider than the
0-truncated *C intervals.

In summary, there is some indication that NES information plus the use of the Bayes
method may lead to moderately narrower interval estimates compared to the 1*C method
with O-truncation, without hurting the ability to cover the underlying SSN, but we did not
find the supporting evidence to be statistically significant.

3.2. Using Cycle Minimum Information
3.2.1. Narrowing of 68% Intervals

There are many approximately 11-year cycles of annual SSN since about 1000 years
ago, identified by Usoskin and Solanki et al. (2021) using the 14C reconstruction method.
The locations of cycle maximums and minimums are only approximate, but are found to
be typically within +2 years comparing to recent telescopic SSN data. We are interested
in whether the information of a cycle minimum can help reduce the large amount of
uncertainty in the reconstructed SSN. For example, the year 1363 is a cycle minimum,
with 74 £ 58.9 SSN, that is bracketed by two high peaks, one at year 1369 [with SSN in
199.9 £ 80.5], and one at year 1357 [with SSN in 206.5 &= 89.3], which are 12 years apart.
The actual cycle minimum may not be exactly located at 1363, but we would like to improve
the estimation of SNN at this cycle minimum around 1363, regardless of in which year
exactly it is located®.

The BKI method combines information from the wide *C interval 74 4 58.9 with the
telescopically observed SSN information from 19 cycle minimums between 1818 and 2023,
using their standard errors. The resulting 16%, 50%, and 84% quantiles of the posterior
distribution for the SSN are found to be [4, ¢, b] = [3.6,11.0, 18.1], respectively. Therefore,
the Bayesian interval has a width b —a = 18.1 — 3.6 = 14.5. In contrast, the 14C method
gives an interval width of (74 + 58.9) — (74 — 58.9) = 117.8. We see that the Bayesian interval
becomes much narrower (about 1:8) in comparison.

In order to assess whether the information of cycle minimum is influential to the
Bayesian method, we incorporated the telescopic information on SSNis for all years with-
out restricting to cycle minimums using their standard errors. This time the Bayesian
posterior 0.16, 0.50, and 0.84 quantiles become [a,¢,b] = [16.7,60.0,109.2], whose range
is no longer so much narrower than the *C interval (about 4:5 in comparison this time).
This shows that information about cycle minimum was highly influential in reducing the
uncertainty, in contrast to the information of NES records in the previous analysis.

Side-to-side boxplots in Figure 2 confirm that the same phenomenon appears over all
the cycle minimum years from the *C reconstruction before 1818. In addition, the average
widths for the 68% intervals are 66.8 for the 1*C interval, 30.9 for the 0-truncated *C interval,
36.5 for the Bayesian interval using telescopic SSN information from all years after 1818,
and 12.9 for the Bayesian interval using telescopic SSN information after 1818 only at the
cycle minima. Therefore, the cycle minimum information is very useful in reducing the
uncertainty in 4C reconstruction of the SSN and reduces the average 68% interval width to
less than a half. The usefulness of the cycle minimum information is related to the fact that
the SSNs in the cycle minimum years are much smaller than the SSNs in other years, which
influence the posterior distribution to focus on small and positive SSN values that allow
much less uncertainty. In contrast, in the previous exercise, the SSNs in the years with NES
records were not so much different from the SSNs in other years, as found in Usoskin et al.
(2015) [6]. That is why the NES information was not so useful.

The results of the Bayesian reconstruction for SSN combining '#C information and
cycle minimum information are listed in comparison with the #C results in Table 1.



Universe 2024, 10, 370 9of 14

For years with 14C-reconstructed cycle minimums
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B 20
£ o
E
14C 0-truncated 14C Bayes Bayes with cycle min

Figure 2. Information of cycle minimums does further reduce uncertainty of SSN estimated from
14C construction. Each boxplot is from 28 widths of the 68% intervals for the 28 years of plausible
cycle minima found from the *C reconstruction (listed in Table 1). For the boxplot above ‘14C’,
the interval width for year j is 20;; for the boxplot above ‘O-truncated 14C’, the interval width for
year j is max{Y;j + ¢;,0} — max{Y; — 0j,0}, where Y] is the 14C reconstruction and 0j is the 1-sigma
uncertainty. For both the boxplots above ‘Bayes’ and above ‘Bayes with cycle min’, each interval width
is computed as the difference of the 84% quantile and the 16% quantile of the posterior distribution.
For ‘Bayes with cycle min’, the prior distribution uses the telescopic observations of annual SSNs,
only at years of cycle minima, between years 1818 and 2023. For ‘Bayes’, the prior distribution
uses all the telescopic observations of annual SSNs, whether or not at cycle minima, between years
1818 and 2023.

Table 1. Table of 16%, 50%, and 84% quantiles of SSNs at years of plausible cycle minimums
from 14C reconstruction (last three columns) and from the Bayesian method incorporating the cycle
minimum information from later telescope observations (the 2nd to the 4th columns).

Year Q(0.16)B Q(0.50)B Q(0.84)B Q(016)C  Q(0.50)#C  Q(0.84)1C
1796 1.36 6.18 13.45 -515 299 -83
1783 448 11.8 18.48 63.4 112.7 162.0
1771 241 7.86 15.41 —439 -155 12.9
1763 3.53 10.04 17.84 6.7 61.7 116.7
1734 2.11 7.11 15.05 -70.8 -40.1 —94
1609 3.08 8.42 17.29 -29.0 4.0 37.0
1584 2.85 8.43 16.33 -337 —43 25.1
1375 241 7.75 15.43 —54.6 —245 5.6
1363 3.56 10.97 18.06 15.1 74.0 132.9
1275 2.26 7.0 14.61 —51.7 -235 47
1250 2.79 8.45 15.86 —427 —9.5 237
1241 347 9.62 17.4 —27.0 15.2 574
1210 2.57 8.48 16.18 —45.6 -11.6 224
1199 2.05 7.0 14.66 —59.1 —30.9 2.7
1188 413 9.85 17.1 -16.2 285 732
1163 0.92 5.25 12.67 —57.5 -35.0 -125
1154 1.09 6.0 13.26 —58.5 —354 -12.3
1142 3.03 8.51 16.78 —55.8 ~134 29.0
1131 3.62 11.08 17.86 18.3 64.6 1109
1124 3.17 8.81 16.57 208 8.0 36.8
1115 4.1 10.62 17.63 52 38.0 70.8
1093 2.8 8.59 16.16 -39.0 6.3 264
1074 3.29 8.86 15.98 —345 —3.6 27.3
1020 1.09 5.49 11.78 —60.1 -39.1 -18.1
1008 1.8 6.81 14.85 —56.2 —294 —-2.6
997 1.6 5.5 12.43 -77.3 -51.8 -263
988 1.89 6.51 14.53 -77.1 —46.0 —149
976 1.07 54 115 —86.4 —62.0 —37.6

In Figure 3, the Bayesian point estimates and 68% intervals for SSNs at plausible cycle
minimums are plotted over the years and compared to the 4C reconstruction and to the
telescopically observed SSNs in the later years.
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Figure 3. Bayesian point estimates and 68% intervals (symbolized by red dots with vertical errorbars)
of the SSNis, incorporating telescopic data after 1818, at plausible cycle minimums before 1818, plotted
over the years, compared to the 14C reconstruction (solid curve with shade for 68% uncertainty)
and to the telescopic SSNis in the later years (dashed curve).

3.2.2. Cross-Validation of the Bayesian Results Using Cycle Minima Information

An important question is: will the much narrowed Bayesian intervals miss the ob-
served SSN by a bigger amount, or miss more often?

To test whether the observed SSN in a year is missed by the Bayesian interval, we
would like to use the idea of cross-validation and to make sure that this observed SSN
to be tested is not used in the prior distribution when computing the Bayesian interval.
We use cycle minimum years before 1899 to test if their SSNs are missed since after 1899,
the C reconstruction data are not available for use in the Bayesian method. This implies
that we should only use the data after 1899 to construct the prior distribution for computing
the Bayes intervals.

For the SSNs to be tested, we select 11 cycle minimum years for the observed SSNs
between 1700 and 1899. For each of these 11 years, a nearest minimum according to the 1#C
reconstruction is found to be a plausible cycle minimum in the sense of note 3. The SSN
cycle-minimum year 1843 is special, since two “C-plausible-cycle-minimum years are its
equally distant nearest neighbors, each being 4 years apart. We take the average for these
two nearest neighbor cycle minimums according to the *C reconstructions.

For the Bayes method, we use the non-overlapping telescopic SSN data from the
12 cycle minimums after 1899 to derive the posterior distribution for each of the 11 cycle
minimums before 1899 and compute its 0.16, 0.50, and 0.84 quantiles. The 0.16, 0.50, and
0.84 quantiles are also obtained for the *C reconstruction method. The details of these
quantiles can be seen in Table 2, where the actual telescopic SSN data are also listed
for comparison.

In Figure 4, the Bayesian point estimate and 68% intervals for the SSNs at these 11 cycle
minimums are plotted over the years before 1899 and compared to the *C reconstruction
and to the unused information on telescopic SSNs. We can see that the Bayesian reconstruc-
tion tends to have fewer uncertainties and tends to be closer to the telescopic SSNs.
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Table 2. Table of observed cycle minimum SSN (the 5th column) and its year (the 6th column), 16%,
50%, and 84% quantiles of SSN at years of plausible cycle minimums from *C reconstruction (last
three columns), and from the Bayesian method using the cycle minimum information (the 2nd to
the 4th columns). The first column is the year of the nearest-neighbor plausible cycle minimum(s)
(defined according to note 3, with ties being averaged), as identified by the 14C method. These 11
cycle minimums are taken from between 1700 and 1899, when both telescope observations of SNN
and the 14C reconstructions in [2] are available. The values from the Bayesian method have some
minor differences from those on Table 1, since here only non-overlapping cycle minimums after 1899
are incorporated in the prior distribution for Bayesian computation.

Yri4C Q(0.16)B Q(0.50)B Q(0.84)B ObsSSN YrObs Q(0.16)C Q(0.50)C Q(0.84)"C
1888 0.7 5.33 12.41 10.4 1889 —62.1 —39.3 —16.5
1878 1.87 6.75 14.2 5.7 1878 —48.9 —24.1 0.7
1865 3.21 9.48 17.47 13.9 1867 -9.3 26.8 62.9
1856 2.64 8.66 16.29 8.2 1856 —274 9.6 46.6
1847, 1839 2.65 8.75 17.27 18.1 1843 —16.1 22.3 60.7
1829 3.15 9.09 17.05 13.4 1833 —33.8 14.5 62.8
1796 1.47 5.66 12.77 6.8 1798 —51.5 —29.9 —-8.3
1783 4.14 11.68 18.63 17.0 1784 63.4 112.7 162.0
1771 2.23 7.7 15.92 11.7 1775 —43.9 —15.5 12.9
1763 3.17 10.08 18.1 19.0 1766 6.7 61.7 116.7
1734 2.03 7.29 14.48 8.3 1733 —70.8 —40.1 —-94
300
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Figure 4. Bayesian reconstruction for SSNs at 11 cycle minimums before 1899, using post-1899
telescopic data at the cycle minimums, plotted over the years, compared to the 14C reconstruction
(solid curve with shade for 68% uncertainty) and to the unused information on telescopic SSNs
(dashed curve). The red dots and the vertical error bars display the Bayesian point estimate (posterior
median) and the nominal 68% intervals. The horizontal error bars extend to the year of the nearest
plausible cycle minimum according to the #C reconstruction, as defined in note 3, with ties averaged.
Therefore, the lengths of the horizontal error bars reflect the errors of placements of the cycle
minimums by the *C reconstruction.

When we obtain the *C-based point estimates and 68% intervals, we assume that
the uncertainty related to '4C reconstruction is normally distributed, which is alluded to
in the discussion of Section 3.4 in [2]. The intervals of the Bayesian method are obtained
non-parametrically and may not be symmetric. Now we check the “empirical coverage”
of the 68% intervals and the root mean square errors of the corresponding point estimates
based on Section 2. For each year j = 1,...,11 of this set of 11 years, we compute the
point estimate and the 68% interval for the Bayesian method and the *C method with
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and without O-truncated, respectively. The 68% intervals based on '*C reconstruction
cover the observed SSN 6/11 ~ 54.5% times, with an average interval width of 71.3
or 41.4 after applying O-truncation. The 68% intervals from the Bayesian method using
the cycle minimum information cover the observed SSN 9/11 ~ 81.8% times, despite
having a much narrower mean interval width of only about 13.4. The empirical coverage
81.8% is higher than the nominal coverage 68%. This is not surprising, since the empirical
coverage, even for a perfect 68% interval over only 11 trials, has a large standard deviation
of 1/0.68 * (1 — 0.68) /11 ~ 14%. The higher than-nominal empirical coverage may also be
caused by our computation method in Section 2 using some conservation approximations.

If we compare the point estimates to the observed SSNs for these 11 years, the point
estimate max{Y;,0}’s based on the 0-truncated 14C reconstruction achieves a root mean
square error of 32.4, while the Bayesian estimate (the posterior median Q;(0.50)) achieves a
root mean square error of about 5.0, only about 1:6 as large.

The absolute differences of these point estimates from the observed SSN R;’s are
compared by taking pairwise differences:

|Qj(0.50) — Rj| — |max(0,Y;) = R;[,j =1,...,11.

Only 2/11 of such differences are positive. The chance of observing 2 or less such
positive differences randomly out of 11 trials is the probability of a Binomial(11, 0.5)
random variable being 0, 1, 2, which is only (1 + 11 + 11 * 10/(2 * 1))/211, about 0.033.
We have relatively strong statistical evidence that the Bayesian estimates are closer to the
telescopically-observed SSN values, compared to the zero-truncated *C estimates.

4. Conclusions

We apply a Bayesian method to infuse additional information into a “target” mea-
surement result, here being the estimated SSN from the 14C reconstruction. An example
of additional information that is not very effective for improving the 4C reconstruction is
that a certain year is included in the Far Eastern NES catalog. In contrast, an example of
very effective additional information for improving the *C reconstruction is that a certain
year is a cycle minimum. This method may be adapted to other applications for reducing
uncertainty with effective additional information.

The BKI method requires choosing a prior distribution properly. In our application, it
involves the decision about which years with telescopically observed SSNs are regarded
as “similar years” that are similar to a “target year”. The pre-conditions themselves are
easy to check, e.g., which of the years in the telescopic era have NES records, or which
years are cycle minimums. When the target year satisfies a pre-condition, we can select
similar years in the telescopic era that satisfy the same pre-condition. However, any
subset of these years could be used, and when we change the subset of “similar years”
used in the prior distribution for BKI, the results will differ. For example, the target
year 1796 is a cycle minimum according to the *C reconstruction, and it appears both in
Tables 1 and 2. The prior distribution used for Table 1 uses all 19 telescopically observed
cycle minimums between 1818 and 2023. The prior distribution for Table 2 only uses
12 telescopically observed cycle minimums after 1899. This causes the resulting (0.16, 0.50,
0.84) quantiles of the posterior distributions to change from (1.36, 6.18, 13.45) to (1.47, 5.66,
12.77). Although the change is minor in this case, one can imagine that bigger changes
could happen when a different subset of years is used in the prior distribution.

The following are some recommendations:

1.  When we are not sure, we propose to use all years available that satisfy the pre-
condition to account for the uncertainty in our knowledge as much as possible. This
is the approach we take in the current paper.

2. It may be safer to report a result together with the corresponding assumption,
e.g., “Assuming that the target year 1796 is similar to the cycle minimum years after
1899, then the posterior quantiles for the SSN in year 1796 will be (1.47, 5.66, 12.77)".
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3. Subject matter knowledge may help to tell if a subset of years are similar to the target
year, or none of the years in the telescopic era is similar to the target year, and a
scaling up or long-term de-trending (say) of the SSN values has to be done first before
applying BKI. (So we may regard BKI as a mathematical framework that can be made
useful with additional scientific knowledge).
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Notes

1

It is noted that this issue with negative sunspots does not affect the series by [1] or [4]. However, [1] reconstructed the solar
activity decadely without resolving the 11-year cycles. [4] did not directly reconstruct the sunspot numbers but instead estimated
the solar modulation potential, which, as [2] pointed out, characterizes the flux intensity of galactic cosmic rays and is not
straightforward to convert into quantities useful for Sun-Earth relations.

Hathaway et al. (1994) found that in a parametric model of the SSN cycle involving a cubic polynomial rising phase followed by a
Gaussian tail decline, two parameters are most important: the starting time and the amplitude. The amplitude parameter can be
estimated well using only about 2-3 years of data after the start of the cycle, near the cycle minimum. This is why the placement
and size of the cycle minimum are very important for fitting the whole cycle. We study the size of the cycle minimum in this
paper but not the placement, since the latter is already determined quite well by the *C reconstruction, according to Section 4.1.3
in [2].

The “plausible cycle minimums” in this paper are minimums found from the *C reconstruction of the SNN series, such that
each minimum is bracketed by two adjacent maximums, one on each side, with neither one being too low after accounting
for its standard error ¢ (i.e., >76.3 — 7), and located a reasonable number of years apart (between 7-16). According to all the
telescopically observed SSN data since 1700, the value 76.3 is the lowest of all cycle maximums, and all adjacent cycle maximums
are located 7-16 years apart.

The cycle minimums of the observed SSNs are found from the local minimums in the observed SSN dataset from [9]. A flat local
minimum at years 1711.5 and 1712.5 are averaged. Some minor local minimums that are at least 1 year away from any cycle
minimum listed in the following website (before the current cycle) are omitted: [10].

We used T = 600 for all our computations, and np.random.seed(101) and random.seed(10) in Python codes.

We only examine the values of the sunspot minimums, since their times are reconstructed by the '*C method quite successfully
already, according to Section 4.1.3 in [2]. They found by comparison with the direct sunspot series in later years, that the true year
of the cycle minimum is usually located within £2 years of the cycle minimum from the *C reconstruction.
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