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Abstract: Using the projection evolution (PEv) approach, time can be included in quantum mechanics
as an observable. Having the time operator, it is possible to explore the temporal structure of various
quantum events. In the present paper, we discuss the possibility of constructing a quantum clock
which advances in time during its quantum evolution, in each step having some probability to localize
itself on the time axis in the new position. We propose a working two-state model as the simplest
example of such a clock.
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1. Introduction

Time is one of the most important features of our physical world. Its measurement is a
fundamental procedure, and not only in physics. At every step of technical development
there are projects of investigation leading to the construction of better and better clocks
which are able to measure extremely small time intervals [1-4].

In book [5], three types of time are discussed: time as a parameter, dynamical time,
and time as a quantum observable. The most consistent with quantum mechanics is the last
concept, i.e., time as a quantum observable, considered on the same footing as the other
position operators. In physics, especially in the quantum regime, one requires more and
more precise measurements of time to better understand and predict the evolution of such
systems. On the other hand, to measure very short time intervals one needs to construct a
clock which, in fact, is a specific quantum system working according to quantum rules and,
in addition, is often (weakly) coupled to the measured system.

For many years time was treated in physics as a universal parameter enumerating
the evolution of physical systems. Special and general relativity changed this notion
substantially. In quantum mechanics, however, especially after the publication of the Pauli
theorem [6,7], time is still considered as an evolution parameter.

Overviews of the role of time in quantum mechanics can be found, among others,
in [8-41].

A nice discussion about both the early and more recent works concerning quantum
time and quantum clocks can be found in the review paper [42]. In the model of Wigner
and Salecker [43], time has the form of a parameter with discrete values, ty = k1, where
k =1,2,3,..., and 7 is the time unit. Peres [44] recognized in the full Hamiltonian its
temporal part H, given by H, = w(—ih)a%. Here, 0 ~ k, k = 1,2,3,..., is a discrete
parameter and served a similar role as the time of Wigner and Salecker. The Page and
Wootters model [45], on the other hand, contains two times: the internal time of the clock,
and the external macroscopic time. The clock is represented by the evolution of a quantum
observable. The outcomes of the measurements of this observable serve as indicators that
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time passes. In other words, the internal time in the Page-Wootters model is a quantum
observable, while the external time is defined by the classical readouts of this observable
through the measurement process. In our model, we call such a system the ‘clock” and
its subsystem responsible for the measurements the ‘interface’. A few problems with the
Page-Wootters model were pointed out, starting with the observation that their clock
was not able to make more than one tick. Another objection was that in order to use
conditional probability in their calculations, a preferred time variable is needed, and there
is no procedure to make this choice. More details can be found in the review [42].

The authors of [42] extend the Page-Wootters model using the clock Hamiltonian
He = —ih2- 5., and conditioning the reference clock time t. to time . The temporal part ¢ ()
of the global wave function of the Universe ¥ is then given by the projection onto the state
associated with time ¢ as follows:

[p(8)) = (T ©)

Finally, the time eigenstates are constructed as Fourier transforms of the energy eigenstates.
Further discussion involves, among other topics, the problem of relating the proper time to
the dynamics generated by the quantum clock, as well as the problem of the flow of time,
i.e., the translation of the system along the time axis.

The main problem of the models described above is that in order to build a consistent
model of a quantum clock, time must be included in the theory as a quantum observable.
A time operator, therefore, is needed, acting in a similar way on the wavefunction as the
position operators. The wavefunction itself must be dependent on all four coordinates
of spacetime, where time appears on an equal footing with the position variables. This
approach solves the problem of a preferred time variable, as well as the Hamiltonian
constraint given by the Wheeler-DeWitt equation H|¥) = 0, and the problem of how to
describe the flow of time.

In this paper, we treat time as a component of a composite quantum observable of
the spacetime position. To be consistent, we use the projection evolution model (PEv),the
most recent version of which can be found in [46,47]. These references also present a more
extended introduction to the problem and the corresponding bibliography.

According to the PEv approach, quantum time and space positions should be con-
sidered on the same footing. However, one needs to realize that we have direct access to
the space position observable but only indirect access to the time position observable on
the time axis. The latter requires special measuring devices called clocks. A proper clock
definition is vital for investigating the structure of the real spacetime.

2. Projection Evolution

In a more general approach, the evolution of quantum states is described by the so-
called quantum operations, which transform one quantum state into another. These can
be viewed as the state changes happening at some spacetime points and respecting the
probability distribution of the outcome [48-50].

One of the inherent quantum properties is the localization in spacetime. The projection
evolution (PEv) formalism used in this paper allows the quantum spacetime position oper-
ators to be introduce and the spacetime position of any quantum object to be determined.

In order to model physical processes, one needs to localize the states and transitions in
spacetime; therefore, time and positions must be included as variables of the quantum states.
The PEv model contains the traditional Schrodinger evolution described in spacetime
but also incorporates other evolution equations like the ones of Klein-Gordon, Dirac,
and others.

Refs. [46,47] contain all the details of the PEv model and an extensive bibliography on
the topic.

For readers’ convenience we summarize the main points of the PEv approach.

The main assumption of the PEv evolution model is the changes principle, which
states that:
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The evolution of a system is a random process caused by spontaneous changes in the Universe.
These spontaneous changes are primary processes in the Universe.

In this approach, the changes in the quantum-state space happen according to a proba-
bility distribution which is dictated by the properties of the Universe and its subsystems.
A very important attribute of our Universe is the spacetime itself, which should emerge
from the quantum-state space. In this article, we consider the flat spacetime.

Every single step of the evolution describes the state of a physical subsystem (possibly
the Universe as a whole) in this state space. It means that the evolution is not driven by
time, which is a part of the system’s description at a given evolution step, but it is driven
by an extra parameter T,,. This parameter is not time; it belongs to a linearly ordered set
with no additional structure required.

In the following, we are using 7,, which can be represented by integers Z. This
allows quantum events to be ordered and allows for the notion of the predecessor and the
successor in any set of physical events. As a consequence, one may expect the existence of
a kind of pseudo-causality based on the ordering of the quantum events, which leads to
the causality principle in the case of macroscopic physical systems. An additional, very
important feature of the PEv approach is that this idea does not need the spacetime as
the background, it is background-free. The spacetime is “generated” by the spacetime
position observable.

In the projection evolution formalism, we propose using the generalized form of the
Liders [51] type of the projection postulate as an evolution principle. This allows, as a
special case, the standard unitary evolution to be reproduced, represented by relativistic
and non-relativistic evolution equations.

In the following, we introduce the evolution operators which can characterize a given
physical system. They are formally responsible for quantum evolution of this object.
In this paper, we are using the evolution operators represented by an orthogonal resolution
of unity:

B vn) " = Bt vn),
(s v ) (T3 ) = Oy, E(Tn; V),
Y, Ewvm) = 1, (2)

v €Qp

where 1 denotes the unit operator and v, € Q, represents a set of quantum numbers
describing quantum states. Different alternatives representing random choices of quantum
states are described by different sets of quantum numbers v,,. Such types of operators are
able to describe a wide class of physical systems.

Assume now, that the vector |®(7,_1;1v,_1)) represents a given quantum state at the
evolution step 1,1, where v,,_1 € Q,,_1.

The changes principle implies that there exists in the Universe a physical mechanism,
we call it the chooser, which chooses randomly the next state of the system from the set of
states determined by the projection postulates:

BT, vn) | P(Ty—1,V0-1))
| E(T; i) @ (Tu—1; V1) ||

where the global phase &, can be chosen arbitrarily and ||v|| denotes the norm of the
vector v.

In other words, Equation (3) determines the set of allowed states to which a physical
system can randomly evolve from the state |®(7,_1;v,—1)). To fully describe this stochastic
process, one needs to know the probability distribution for obtaining a given state in the
next step of the evolution. It is given by

|D(Ty;v0)) = elin

)

peV(anl —Up) = <CD(Tn71}Vn71)‘E(Tn)l/nﬂq)(fnfl}vnfl» . 4)
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It is also useful to introduce a tool which facilitates the construction of the evolution
operators in terms of the projection operators. We have found that the required evolution
operators can be obtained from some operators W, which we call generators of the projection
evolution [46].

For a given evolution step T, the projection evolution generator W(T, ) is defined as
a self-adjoint operator whose spectral decomposition gives the orthogonal resolution of
unity representing the required set of the evolution operators.

For example, assuming a discrete spectrum of an evolution generator W(t,), the spec-
tral theorem gives the following relation between W and the evolution operators E: W(t,) =
Y, wyB(Ty; v). Where w, are the eigenvalues of W. In the case of a continuous spectrum,
one needs to use the integral form of the spectral theorem.

The evolution generators allow the already known quantum operators to be used to
generate the appropriate evolution operators E(7,, v).

Using the projection evolution model allows the construction of the quantum clock in
a consistent way. In our formulation:

1.  Time t is a quantum observable—the time operator f allows the quantum state to be
localized on the time axis in the same way as the position operators localize the state
in space;

2. The operator pg = —ih% represents the momentum of the system along the time axis;
the sign of the eigenvalues of fy determines the direction of the “the arrow of time”;

3. The clock is a quantum system for which the mean value of the time operator (f) changes;

4. A subsystem of the clock, we call it the interface, periodically determines (f) and
localizes the clock on the time axis, which is interpreted as the classical time flow.

3. Quantum Clock in the Structureless Flat Spacetime

In particle, atomic, molecular, and some other branches of physics, one expects that
the clock, as a measuring device, is weakly coupled to the measured physical system and
to its environment. The weak coupling assures that the measurement does not disturb the
measured system. In the present paper, without the loss of generality, we treat the clock as
being completely decoupled from the measured system.

However, it is only an approximation because the clock is, in fact, a part of this system.
In models in which time is a quantum observable, it should be considered as a part of an
observable describing the position in spacetime. The position in quantum spacetime is,
in turn, one of the attributes of physical matter.

In this paper, we consider the simplest, approximate model which leads to the space-
time based on the L?(R?*, d*x) quantum-state space, i.e., the Hilbert space of square in-
tegrable functions with the scalar product (note the integration over time) (¢, |y;) =
Jre dHx o (x)* 1 (x) [46,47].

In a fixed coordinate frame, a possible realization of the spacetime position operator
can be given by the four-vector operator £# : ¥ f(x) = x" f(x), where p = 0,1,2,3.

We understand the term four-vector as a four-component object which transforms
with respect to a given group of the spacetime transformations. In our case, we think
about two groups: either the Galilean or the Lorentz group. This means that using the
same denotations we may consider either a non-relativistic or relativistic four-dimensional
flat spacetime.

The canonically conjugated observable is the four-momentum operator p, = i %.
Because time is a quantum observable f = £, the temporal momentum py is the corre-
sponding counterpart. By analogy to the space components of the momentum operator one
can think about pj as an observable representing the measure of motion in the temporal
dimension. The sign of py describes the arrow of time. The temporal momentum can
be measured using different equations of motion, which relate it to the spatial and other
properties of the system. For example, the Schrodinger equation (po — H)y(x,{) = 0,
where the variables { represent some additional degrees of freedom of the quantum system,
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relates f to the Hamiltonian H. One can say the same about the Klein-Gordon, Dirac, and
other equations of motion.

In principle, we need some kind of “detectors” measuring positions in spacetime.
They can be represented by POV measures [52]. In the ideal case, this measure is rep-
resented by a sharp observable given by the projection operators My (x,x!,x%,x3) =
X0, x1, %2, x3) (29, x1, x2, x|, where the vectors |10, x!, x2, x3) are eigenstates of the position
operators £¥.

In such models, we come across the (1+3)-D position measurement. There is no
problem with performing the 3D spatial measurement; however, we do not have devices
which allow us to see the whole time axis, i.e., the past, present, and the future. It seems
that our material world is, in most cases, rather well localized in time, and that only a
narrow temporal window moving along the time axis is available for us in the experiments.
From this perspective, a clock has to be a part of the quantum system, well localized in
time, possibly coupled to other physical subsystems. Having a reference clock, one can
construct other types of clocks as devices synchronized with this clock. This procedure
allows the notion of “external time” to be introduced; however, only for systems which are
well decoupled from the reference clock.

We define a quantum reference clock as a kind of device localized on the time axis and
moving with a fixed sign of the average temporal momentum (pg) cock state i Spacetime.
The sign is conventional but it defines the arrow of time. The clock localizing itself in a
time interval (temporal window) shows us, usually indirectly by some kind of an interface
(measurement), its position in time. This means that the clock consists of two subsystems:
the proper clock, evolving from one localization on the time axis to another; and the
interface reading off the clock’s time position.

In the PEv model [47], the average spacetime localization of a physical system can
change only with the change in the evolution parameter T,. In the following, we denote by
Ty, n =1,2,3,... the evolution steps of the proper clock, and by 1), where 7, < T}, < Ty41,
the evolution steps at which the clock interface reads its temporal position. This implies
that a given quantum clock at the evolution step T, is represented by a set of clock states
®(Ty; v ). The label v, represents a set of quantum numbers describing both the temporal
and other properties of observables required for the construction of a quantum clock.
For a good clock, the variance in the time operator

F= /R dx"Mr(x0), (5)

where
Mr(x%) = [ | dxMx(x,%) ©

projects onto the subspaces of simultaneous events, should be small. More precisely,
the variance should fulfill the following inequality:

var(F ®(T ) = (S(T ) | (F — (@ (03 ) [0 (T3 v)) 2| (T v)) < cx, ()

where cr is a small number and denotes the clock resolution. The corresponding expectation
value of the time operator within the clock states, t = (®(7,; vy ) |F|®(T0; v4)), gives the
expected temporal position of the proper clock, i.e., it gives a parameter f representing the
classical time. In the ideal case, the clock states are eigenstates of the time operator, with
the variance (7) being equal to 0.

In the projection evolution model [47], an important element is the construction of
the evolution operators for the subsequent steps of the evolution 7,1 — 7,_; — T;. This
means that we have to describe the following process: for the evolution step 7, the proper
clock is localized at some time #,_1, this position is read off by the interface at 7, _; and the
proper clock is moving to the next temporal position at 7.
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In this paper, we propose a set of unitary operations, driven by a random variable
¢ € R, transforming the evolution generators, not states, from the previous to the next
step of the evolution process:

U(g,v) = exp(i(&po — v4A)), (8)

where 7 is a coupling constant. The temporal momentum operator fy and the self-adjoint
reconfiguring operator A commute, i.e., [fo, A] = 0. The temporal momentum operator g
is responsible for the motion along the time axis. The values of the random variable ¢ are
related to the internal processes of the clock and to the influence of the environment on
the clock. This leads effectively to a movement of the clock along the time axis. Direction
of the clock motion along the time axis is determined by the expectation value of the
temporal momentum operator py, calculated in the clock states. The reconfiguring operator
A changes some internal states of the clock and allows the required clock interface to
be defined.

Let us denote by W(T,) the evolution generator of the proper clock at the evolution step
Ty. The unitary transformations (8) form a two-parameter group, U(¢ + &', (k+k')y) =
U(E, ky)U(E, k'7v), where k, k' € Z. This feature allows the evolution generator W(T,) to
be related to its initial form W(t):

W(Ty) = U(Gn,v) W(Tu-1) u((;rn/’Yf = U(Bn, ny) W(10) U(ﬁn,”7)+, ©9)

where By = 0, By = Y}, Cx and &1, (2, - . ., Gy are subsequent values of the random vari-
able ¢.

To construct the evolution operators E(7,; v;) from the evolution generator W(t,) one
needs to find its spectral decomposition. Assuming a discrete spectrum of the generator
W(T;,), one has to solve the following eigenequation:

W) [py = w1y, (10)

where c represents the possible degeneration of the spectrum. The transformation prop-
erty (9) implies that it is sufficient to solve the eigenequation (10) only for 1y to obtain all

solutions for every T,. If |1p£8)> = |ihy) are eigenvectors of W(1p), the states

[95e) = U(Bu m7) o) a1
are eigenstates of W(T,). The eigenvalues wé") = w;(JO) = wy, are independent of n.

The distribution of ¢ should have a pronounced maximum very close to zero. (In
this work we assume ¢ > 0 but the general condition is, that { € R has a distribution
around zero, asymmetric towards ¢ > 0 values. This will result in the net time flow in the
positive direction of the time axis. We will discuss this problem in a subsequent paper.)
This implies, that the next instant of classical time during the evolution should be very
close to the previous one. The probability distribution for ¢ is a parameter of the clock. It
seems that this distribution is strongly related to both the construction of the clock, and the
structure of spacetime.

The second component of the clock is an interface allowing the clock to be read.
The interface is, therefore, a measuring device and its full evolution operator has to contain
the appropriate projection operators.

The projection evolution generators simplify the construction of the required evolution
operators for a quantum reference clock. This method will be used in the next section.

3.1. The Proper Clock

For a given observer, quantum spacetime splits into time and 3D position space. In the
following, to present the clock idea we choose a non-covariant description of a proper clock
and its interface.
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Because we treat time on the same footing as the other coordinates, one expects that
every interaction Vj,;(x — y), where x = (tx,x),y = (t,,y) are spacetime points, depends
not only on the positions in space but also on positions in time [46]. One can say the
same about the effective potentials V (¢, x). According to observations, in a wide range
of its density, physical matter is well localized in time. This supports parametric time as
a good approximation. On the other hand, which is even more important, this feature
also suggests that the interaction in the temporal dimension has a very short range. In
normal-density matter, the temporal parts of interactions among many particles lead to
a temporal mean-field effective potential operator V(). One can find a similar effect in
nuclear physics, where the mean-field approach to a short-range nuclear interaction is
a good approximation.

In the following, we present a non-relativistic proper clock described by a modified
Schrédinger type of quantum motion in the structureless flat spacetime [46]. Relativistic
versions of the clock can be constructed in a similar way.

Following the discussion about the evolution generators described in [46], the initial
projection evolution generator W(Ty) for a proper clock is postulated in the following form:

W(t) = po— B — L0 — vp(d), (12)

where the temporal momentum operator is pg = i %, and the Hamiltonian H acts on
functions of the position variables x € R® and potentially on some intrinsic variables, i.e., it
does not depend on time. The signs in front of the temporal part of the generator (12) are
chosen to keep the coefficient mt positive. By analogy to the spatial kinetic term in the
Hamiltonian H, the term 7 can be called the “temporal inertia”.

The proper clock is determined by the generator, which describes the physical system
localized in time, and the Hamiltonian H, which allows an appropriate interface to be built
in its state space. The proper clock is localized on the time axis by the effective temporal
potential operator Vr(f).

Using the unitary operator (8) one obtains the evolution generator for any arbitrary
evolution step T;:

W(T) = U(Bn,n7) W(To) U (B, y)" = po — A = 2,’j§T v, )
where the potential localizing the clock in time is given by
Vi (#) = vp(F - Bad). (14)
The modified Hamiltonian has the following form:
A" = exp(—iny A)Hexp(+iny A) . (15)

According to the definition of the projection evolution generators we have to construct the
spectral decomposition of W(t,). For this purpose one needs to look for the eigenfunctions
of W(1p). In our case, we can find them by separating the variables,

IIJ/\KVH (t/ X) = X)uc(t)(pvﬂ (X) ’ (16)

where x,(t) := e ™7t f)(t). The indices x and y indicate a possible degeneration of
the solutions. In the following, we assume that the temporal functions ), (t) represent
the states which, on average, move in the positive direction of time. This means that the
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temporal functions x . () are the states for which the expectation value of the temporal
momentum operator,

(XaxlPolxax) = mr + /RdthK(t)*?ofAK(t), (17)

is a positive number.
The functions ¢y, (x) denote the eigenvectors of the Hamiltonian H,

H(Pvu(x) = Ev(f’vy(x) ’ (18)

where E, represents the eigenvalues of H.
The function f) () solves the equation

52
Po 7 _ (Mr _ (T
<2mT - w(ﬂ)m(ﬂ = (5 —e")fuelt), (19)
while together with the exponential function it constitutes the full solution of the equation
7 ; (1)
po — ﬁ - VT(t) X/\K(t) =€) X/\K(t> . (20)

This allows one to write the eigenequation for W(T) as

W(TO)IPAKV}l(t’ X) = Wy(A,v) lpx\wy(tlx)/ (21)
with ), given by Equation (16) and

Wh(Av) = GE\T) —Ey, (22)

where the function labeling the eigenvalues of W(1) fulfills the condition: b(A',v') =
b()\, 1/) 4 wbwﬂ,/) = wb(/\,v).

Collecting the above partial solutions, the eigenstates of W(t,) for a given evolution
step T, are given by the vectors

Wi (6,%) = U(Bn, 1) Prsun (%) = X3 (985 (%), (23)

where x\1) (1) := xax(t — ) and 13 (x) = exp(—iny A)puy (x).
The evolution operators generated by W(T,) are the projections onto eigenspaces of
the evolution generator,

B(Tww) = Y 0(w = el — E) Y9, ) (@, | = U(Bu, n7)E(; ) U (Ba,n7)t . (24)
Av Ky

The Kronecker-type function is defined as §(w = e(AT> —E)=1ifw = e(AT) — E,, oth-

erwise it is equal to 0. The sums will be substituted by some integrals in the case of
a continuous spectrum.

3.2. The Clock Interface

To read the change in the internal state of the proper clock, we introduce the interface
evolution operators denoted by (7, v), where T, < T, < T,+1 describes an intermediate
event between T, and 7, 1. They form an orthogonal resolution of unity projecting onto
eigenstates of the Hamiltonian H, showing in which eigenstate of H the clock actually
is. Changes in the states of the Hamiltonian along the time axis represent the clock ticks.
The clock interface should disturb neither the proper clock localization in time nor its
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movement along the time axis but it should show in which eigenstate of the Hamiltonian
the proper clock is.

Let us denote an orthonormal basis gsyy(t, x) = es(f)$yu(x) in the state space. We
obtain the required properties by assuming that

ZM’W (Z les) <35|> <¢vy| =E(v), (25)

where (Y |es)(es|) = 17 is the unit operator in the time domain. The projection opera-
tors (25) are independent of 1), i.e., we keep the same interface for every evolution step.

3.3. The Clock

The evolution operators described above allow different reference clocks to be con-
structed using different forms of the operators: A, [, and Vr(f).

The clock starts from any arbitrary quantum state |®). The evolution operator
B(70; uo) prepares the initial state of the clock:

E(o; o) Po (t, x)
|[E(70; 40) Po|
where 1 represents, according to the PEv formalism, a randomly chosen eigenvalue wy, ,

of the evolution generator W(1).
The state (26) is read by the interface

CD(TQ,‘ Up; t, X) = (26)

&, (00)®(70; uo; £, x)
| & (00)@(T0; 10)]|

CD(TO/ UO/ MO/ t X) (27)

where 0y represents a randomly chosen eigenvalue E, of the Hamiltonian H. The simplest
choice of the initial state is any eigenstate of the evolution generator (16),

cDO(t/ X) = lp)\oKoVQ}lo (tl X) = X/\()K(] (t)(PVOPO (X) . (28)

Then, ®(1); 09, 1o; t,x) = Po(t,x), where 0y = vg and ug = e)T\O — Ey,.

To simplify the notation let us denote by (o, 1), the sequence of quantum numbers
which gives a possible evolution path

(0/ u)n - (Un/ Un, Op—1, Up—-1,-+-,00, MO) = (Un/ Uy, (U—/u)l’lfl)'

The subsequent cycles of the clock are described by the following recurrence relations:

(T un)P(T,_1; (0, 1) p—1;t, )

‘P(Tn}unr (U/u)nfl;t’x) = HE(TH;un)CD(Tn 17 ( )n—1)|

, (29)

and

EI(U")CD(TH;uﬂr (‘Tru)nfl;tlx)
& (00) P (T i, (0, 1) 1) |

BT @t i (00t ) 0

HE} o) B( Tn/”n)q)(T;g 1/(0'ru)n71)|

whereq the probabilities of choosing next states are given by (4), i.e., by the denominators
of (29) and (30), respectively.

The action of the evolution operator B; (c3, ) E(T; 1) on any function ®(7,,_4; (0, 1),—1;t,x)
can be written as

D(7),; (0, u)n; t, x)

By (00 ) B3 10) (173 (0, )15, %) = G (0, 0)0 A )X (Db (X), (31
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where the expansion coefficients, taking into account (24) and (25), read

G (0w Mgty = Y 6(un = €7 — Ey) (@ [05)) (9|4 (@, 0)5)) - (32)

Vi

Because the functions 7( P ( )Po, e (x) and )( e ,( )@ (x) are orthonormal, the coefficient
N(ty; (0, u),) which normalizes Equation (31) can be expressed by the coefficients (32)

N (s (0, 1)) = [|8;(00) E(Tas ) (T _y; (0, ) )| = 1 1G((0, ) s A ). (33)
Arp!

Using the coefficients G, the clock state (30) can be rewritten as

D (5 (0, )i %) = Nt (0,10)0) ™ 12 G0, 0)as Ap )X (Db (). (34)
Arp!

The definition (32) and Equations (33) and (34) lead to the recurrence relation for the
G-coefficients:

g(((flu)n})mﬂ/) = N(Tnfl} (U/”)nfl) Z 5(”1’1 ( Ev1)<¢¢7ny ’¢V1y1>

Vip

Y G )1 Aamaph) 0 1) @ | Bt (35)

Agkopth

Having the G-coefficients, one can calculate the transition probability between the sub-
sequent readings off the interface. The square of the normalization factor represents
this probability:

pev(t,_1 = T — T,)
= (D (135 (0, 1)) [P (T tn, (0 1) 1)) (P (T thn, (0, 10) 1) [P (T 5 (0, 4) 1)) |
= 1B () (s ) (11 (0, 10) 1) || > = N (i (0, 1)n)?. (36)

In our model, the clock shifts subsequently on the time axis about the random variable ¢.
However, our knowledge about this shift is supplied only by the clock interface. It is impor-
tant to calculate the expectation value of the time operator within the states corresponding
to reading off the interface. For this purpose, let us denote by t, the average value of the
time operator in the state (30), i.e., t, = (®(1,; (¢, u)n)|f|®(7),; (¢, u)n)). Using (30) and the
following matrix elements:

/]R dtf/\lKl (t — ﬁn)*thsz(t - ﬁ")

(SAI)‘Z(SKUQIB” + \/R dt f/\lKl (t)* tf)\sz(t)
= O aOkima B+ (X |EXAgrs ) (37)

O ()

the required expectation value reads

tnzﬂn+(N(Tn(1> [zz

)\1K1 )\21(2
Y9 ((o,w)n; Aarr, 1) G (0, u)n; Aoz, V')] O X012 (38)
P"

The ideal clock should show the value t,, = B, i.e., the place where the clock is localized on
the time axis. The interface, however, is also a quantum device and acts randomly. There
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is, therefore, a finite probability that the proper clock moves to the next position on the
time axis, but the interface does not change its state, i.e., the “hand of the clock” does not
advance forward. This implies that for a good clock the second term in (38) should always
be close to zero.

4. A Two-State Clock

As an example, we build a schematic clock for which there is no summation over
A, 1, %, and v in Equation (24).

This is often the case when both (18) and (19) have discrete non-degenerate spectra,
which allows the evolution operators to be rewritten (24) in a simpler form:

Bt Av) = [9{") (9. (39)

We express the clock Hamiltonian describing the clock interface by making use of the
spectral theorem:

H = Z Ev|¢v><¢v| . (40)

0

The reconfiguration operator is taken in the following form:

A = |go) (1] + 1) (¢o] - (41)

This means that our clock interface is oscillating between two states, |¢p) and |¢1), and the
corresponding evolution operators, reading the actual state of the interface, are given by

£1(0) = l¢o){¢pol, o=0,1. (42)

The state of the proper clock and its interface at the evolution step 7/, _; is |® (T} _; (0, A, v),—1))-
To reach the next step of the evolution one needs to calculate

(T A, V)[R (T (0,4, v)m1)) = (3" |@(h_i; (@, A ) )9 ) (43)
and
By (00) (T A, V) [P (T3 (0, A, ¥) 1)) =
(90,95 (9" 1D (Th_1; (@, A V)1 ) A 907, - (44)

Because in Equations (29) and (30) the common multiplication factors in the nominators
and denominators can be simplified, and overall phases are unimportant, the resulting
clock states, after simplification of notation, are represented by the vectors

(T3 (0,4, v)n)) = [ (T Anv)) = [, ), (45)
(D (th; (0, A, v)n)) = |@(Th 0, An)) = X)) |0, - (46)

The clock states (45) and (46) allow the transition probability between the states representing
two subsequent readings from the clock interface to be calculated. The probability of
passing the evolution path

(T, 0, A, v) 1 = (T, Ay Vi, (T,0,A,0) 1) = (T, 0,A,v)n
according to the expression (36) reads

peV, = | <CD(T;!,‘ On, An) ‘qD(Tn; A, Vn)> <q>(Tn/' A, Vn) ’qD(Tyll_l} On—1, An71)> ’2 . (47)
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Using relations (43) and (44), one can cast (47) in the form
~1
pev’ = [ 1) P Lo [ 08)) (940 1) 2. (48)

For the reconfiguration operator (41), the A-dependent part of the U(&,y) operator (8) is
given by
exp(—ivA) =1 —isinyA + (cosy —1)A?, (49)

where 1 is the unit operator in the full state space, while A acts in its two-dimensional
subspace only. It follows that the scalar product reads

(P | O0) = (G| exp(—i7A) P} = Soar €O Y — (851800 + Se00,1) SNy, (50)

which allows the transition amplitudes to be calculated:

(11! (@ |9o) = fsm(Zv) (51)
(5™ (S |<Po>=—*51n(27) (52)
(pol ™) (¢! o) = sin? 1, (53)
(polo™) (0" |<P0>—COS 7, (54)
(olg\") (" |¢1>:_,sm(z,y> (55)
(90l (95" Ig1) = 2 sin(27), (56)
(@1161") (1" | 1) = cos?, (57)
(1|05 ) (95" 1) = sin® 1. (58)

To register the time passing is equivalent for the clock to change the state from 0;, = 1
to o, = 0 or from 0 to 1, i.e., the clock “clicks”. Using Equation (48) and the appropriate
amplitudes (51)—(58) gives the probabilities that the clock “clicks”, in the form

p(Ay) :=Prob(o,_1 =1— 0, =0) = Prob(c,,_ 1 =0— 0, = 1)
1

5 (59)

1 .
= 5 sin? )| Y )P <

The probability of the opposite event, i.e., that the clock changes its state without the “click”,
is1— p(An).
The probability that the clock “clicks” exactly in the /th step is given by

-1
p(A) [T = p(A) - (60)
k=1

The probability amplitude (X(AZ) | )(E\Zj)) can be expressed as

O8Iy = e [ atf, (0= 6)"hr, (). (61)

The elementary step of movement along the time axis should be extremely small, i.e.,

the expectation value of () =~ 0, for every step k of the clock evolution. This implies

that |<XA |7()::l 11)> |> = 1 to a very good approximation, and one can write p(A;) ~ p =

1sin?(27).
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Let us calculate the average value of the time operator f. It is given by
(@ (5 0, A [P (T35 0, An)) = B+ (xalElx0)- (62)
Since x, = e~ "7t f, (t), we have
Golil) = [ dttlfamP (63)

A good clock is characterized by the term (63) being as small as possible. If f)(—t) =
el fa(t), this term vanishes. It follows, that after n steps of evolution, the localization of the
clock on the time axis is close to ;.

In a similar way, one may obtain the average value of the temporal momentum
operator,

(@ (5450, An) [F0lP (33 0, An)) = mr -+ [ AL Pofa (1) (64)

Since po = i2, the condition f) (—t) = e/ f, (t) implies that the second term in Equation (64)
vanishes, which results in a constant arrow of time:

(®(T); 00, Au) | Po| @ (T); 0n, An)) = mp > 0. (65)

To estimate how long, on average, we have to wait until a “click” appears, we calculate
the variance in ¢. The normalized probability that a single “click” takes place at any of the
steps, during an {-step evolution, is given by

: _ p(=ptt s
Prob(click, ) = T (- )1 p=(1—p). (66)

This results in the average ¢,
(€) = Y_ £ Prob(click, ¢) = ) (pPP(1—p)t= 2=y p, (67)
=1 (=1

and the average (2,

(2) = Z;ez Prob(click, ¢) = ;zzpzu )l = %. (68)
Thus, the variance var(/) is given by
2-2
var(f) = (£%) — (0)% = > E. (69)

The probability Equation (66) is presented in Figure 1 as a function of the number of
steps £. We note that for higher probabilities p the number of required evolution steps ¢
decreases. The exact position of the maximum is given by the relation

1

Emax = —m, (70)

which for p = 0.1 gives {max = 9.49, for p = 0.25 is {max = 3.48, and for p = 0.5 drops to
Cmax = 1.44.

The variance in ¢ is presented in Figure 2. For the ideal case of p = 0.5, the average ¢
from Equation (67) is (¢) = 3 while the standard deviation reads ¢ = /var(¢) = 2. This
gives the average number of the required evolution steps as 3 & 2.
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025 F p="y .
0.20 . E

0.15 K E

Prob(click,?)

010 f -~ 1

0.05 . -~ ]
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Figure 1. The probability (66) of a single click during ¢ steps of the clock’s evolution. The values of p
are 0.1, 0.25, and 0.5.

100 T

80 F

60

var(f)

40

20 F

p

Figure 2. The variance (69) in the number of steps ¢ as a function of p.

5. Final Remarks

We expect that a quantum clock’s precision exceeds the precision reached by the
currently used systems. For example, the time unit measured by an atomic clock is derived
from the frequency of the photon emitted by an atom during its de-excitation. The stability
of the chosen atomic transitions is so high that modern atomic clocks [1-4] achieve system-
atic uncertainty on the level of At ~ 10~ !8s, where this number is measured with respect to
an external laboratory clock.

Since each evolution step advances the quantum clock on the time axis by ¢ and we
are required to wait between 1 and 5 steps to register the click, the value of ¢ must be at
least an order of magnitude smaller than At to assure the already achieved precision.

In a more complicated case, in which ¢ has an uncertainty and its value is determined
in each step of the evolution according to some probability distribution, we require the
average () to be small. In that case, one may take the statistics from as many evolution
steps as needed, which will lower the value of var(¢) and increase the clock’s accuracy to
the required level.
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We note also that every clock, even theoretically considered as a quantum system,
is influenced by spacetime and physical fields. Observed changes in the clock can give
information about the temporal structures of these objects. This is an open problem for
future investigations.
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