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Abstract: We compute the evolution of linear perturbations on top of a background solution of a
general nonlinear electromagnetic theory. This evolution can be described in terms of two effective
metrics, and we analyze under what conditions they are conformally related so that they can be
regarded as analog models of non-trivial gravitational fields in the eikonal approximation. This is
the case in Born-Infeld theory. For the background created by a static point electric charge in the
Born-Infeld theory, the effective metric describes a wormhole geometry for light rays. Depending on
the impact parameter, incoming light rays are either scattered to infinity or approach the wormhole
slowing down their pace until they hit the charge at vanishing speed. The same effective wormhole
geometry is obtained for a magnetic monopole and a dyon and we relate it to the duality invariance
of Born-Infeld electromagnetism. Finally, we analyze the scalar Dirac-Born-Infeld theory and show
that the effective wormhole geometry is not generated by a particle with scalar charge.
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1. Introduction

Nonlinear electrodynamic models have been extensively studied as extensions of
Maxwell electrodynamics with multiple applications (see, e.g., ref. [1] and references
therein). One of the most notable examples is the Born-Infeld nonlinear extension of
Maxwell’s theory [2,3] , motivated by the removal of the infinite self-energy of a point
charge. A second paradigmatic example was obtained by Heisenberg and Euler [4] by
integrating out the electron at one loop and showing that strong electromagnetic fields can
polarize the vacuum, thereby modifying Maxwell’s equations with nonlinear terms.

The general construction of nonlinear electromagnetic theories is obtained by replacing
Maxwell Lagrangian with a nonlinear function of Lorentz invariants of the electromagnetic
field. Nonlinear theories that recover Maxwell electromagnetism in the weak-field limit
are said to obey the principle of correspondence [5]. Some nonlinear theories, such as the
Born-Infeld theory, also share some of the symmetries of Maxwell electromagnetism, e.g.,
invariance under parity transformations and under duality transformations, i.e., Hodge du-
ality rotations [6-8]. It has been recently shown that the conformal and duality invariance
of Maxwell’s Lagrangian is shared by another family of nonlinear electromagnetisms [9]
that do not satisfy the principle of correspondence. An important feature of nonlinear
electromagnetism is that the propagation speed of waves propagating on a non-trivial elec-
tromagnetic background depends on both the point and the polarization of the wave [5,10].
The same physical phenomenon occurs in Maxwell electromagnetism for electromagnetic
waves propagating in a medium [11,12], and this has been used to interpret non-trivial
backgrounds in nonlinear electromagnetism as photons propagating in a medium.

Given the non-trivial nature of wave propagation in a nonlinear electromagnetic field,
it is possible to develop analog models of gravity through nonlinear electrodynamics (see,
e.g., refs. [13-17]). The fundamental concept behind an analog model of gravity is to
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reproduce the propagation of a field in a curved spacetime by means of a field propagating
on a background characterized by appropriate space and time-dependent properties. For
example, a well-known analogy is a phononic propagation on a Bose-Einstein condensate
as an analog for light propagation on a relativistic curved spacetime [18] (see ref. [19] for a
comprehensive review on analog gravity).

To formulate an analog model using nonlinear electrodynamics, one introduces linear
perturbations around a background electromagnetic configuration. We will compute the
quadratic Lagrangian governing the linear dynamics of the perturbations and re-derive
the known result that the propagation of the perturbations can be described, in the eikonal
approximation, by two effective metrics that depend on the characteristics of the back-
ground [5,10,20-22]. Moreover, under certain conditions, both metrics can be related by
means of a conformal factor. Thus, the propagation of high-frequency perturbations in the
nonlinear background is analogous to the propagation of light rays according to a single
effective metric [20-22]. Therefore, by appropriately selecting the nonlinear electromag-
netic theory and a background configuration, it is possible to construct analog models
for non-trivial gravitational fields. In this work, we will exploit this fact to construct a
wormhole geometry within the Born-Infeld theory [2,3]. The possibility of constructing an
effective wormhole geometry was recognized in [14] for the nonlinear electromagnetism
proposed by Born in [23], which is very closely related to the Born-Infeld theory [2,3], but
it does not share its exceptional features such as, e.g., duality invariance or the absence of
shock waves. Here, we will perform a thorough analysis of the wormhole geometry within
Born-Infeld theory and we will show that, by virtue of its duality invariance, the effective
wormhole geometry arises for general dyons, thus explaining why a point-like charge and a
magnetic monopole generate the same effective geometry for the linear perturbations. Fur-
thermore, we will also tackle the case of its scalar analog, the Dirac-Born-Infeld theory, and
show that the effective wormhole geometry is not generated by a point-like particle with
scalar charge.

This work is organized as follows: We will begin in Section 2 by describing a general
nonlinear theory of electromagnetism and introducing linear perturbations described by a
quadratic Lagrangian. This will allow us to obtain two effective metrics that describe the
propagation of the perturbations in Section 3. Then, we will analyze under which conditions
for the background the two effective metrics can be related by a conformal factor, and show
that it is not possible to write the conformal factor as the square root of the determinant of
a single effective metric. We will focus on Born-Infeld theory in Section 4. We will obtain
the effective metric for an electric background generated by a point charge in Born-Infeld
electrodynamics, which satisfies the characteristics of a wormhole geometry. In Section 5,
we will also study the propagation of null geodesics on the wormhole as a function of
the impact parameter. Analogously, we will analyze the dynamics of perturbations in a
background generated by a monopole in Section 6 and by a dyon in Section 7. Lastly, in
Section 8, we briefly consider the scalar Dirac-Born-Infeld theory. We conclude this work
with a summary of the results and conclusions in Section 9.

Convention 1. We use the metric signature (—,+,+,+). The field strength of the four-vector
potential Ay (x) is Fy = 0y Ay — 0y Ay,. The dual of the field strength is given by FF = 1e#V*PF,g.
The electric and magnetic fields are defined as E; = Fy; and B; = Ey;, respectively.

2. Nonlinear Electromagnetism

We will start by presenting the background equations for generic nonlinear electro-
magnetism and the subsequent analysis of the linear perturbations in such a background.
The resulting equations in the eikonal approximation will be the basis for our analog of
photons propagating on a wormhole geometry for Born-Infeld electromagnetism.
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2.1. Background Dynamics

Let us consider a general theory for nonlinear electromagnetism in flat spacetime,
described by the Lagrangian
L=K(Y,Z)+AJ", (1)

where Y = — %FWF W and Z = — %Fyvf #V are the two independent Lorentz invariants (the
latter only under proper transformations), K(Y, Z) is an arbitrary function of them and J*
is the current acting as an external source. The two quantities Y and Z can be written in

terms of the electric and magnetic fieldsas Y = %(Ez — Ez) and Z = E - B. The general

Lagrangian (1) reduces to the Maxwell Lagrangian when K(Y, Z) =Y.
In the nonlinear theory, the Euler-Lagrange equations are

oy (KyFM + Kz ") = J, (2)

where Ky and K7z stand for the corresponding partial derivatives. In addition to the equa-
tions of motion, we also have the Bianchi identity for the field strength tensor 9, [* = 0,
as a consequence of gauge invariance.

2.2. Perturbations

The objective of this work is to study the propagation of perturbations within a non-
trivial electromagnetic background. For this purpose, we consider small perturbations
around a certain background A, = A, + a;, so that we have the field strength perturbation
fuv(t,¥) = 9,a, — dya, around a solution of the equations of motion Fy, (£, %) = 0, A, — 9y Ay,
The quadratic Lagrangian describing the linear perturbations is

1 1 ~ 1 -
L= *EKYf;wf’w*EKZf;wf’W+EKYZfaﬁF“ﬁfvaﬂv
1 2 1 ~ N2
"‘gKYY(fvaW) +§KZZ(fquw) . (3)

In this expression and the following, Ky and K are the derivatives of K with respect to
Y and Z, evaluated on the background, and likewise for the higher order derivatives. The
quadratic Lagrangian (3) clearly shows how the linear perturbations generally propagate
in an anisotropic and inhomogeneous background determined by the background electro-
magnetic field. We can rewrite the quadratic Lagrangian (3) in the more apparent form

_ 1

£=-3

1 <
Q(Xﬂyvfaﬁfplv - EKZf],{l/fyvr (4)
where we have introduced the background object
QU = K, (17“%‘;7/” - ;7/31*;7”) — KyyF*BFM — K, FBENY _ oKy, F¥BEIY (5)

Since we will be mostly interested later in configurations with only an electric or
magnetic field in the background, we can set Z = 0 so that, assuming parity invariance,
Kz = Kyz = 0. Among other consequences, the non-trivial background induces a (local)
dependence of the propagation speed of the perturbations on both the direction of prop-
agation and the polarization of the wave. This same phenomenon also occurs for light
propagation in anisotropic and/or inhomogeneous media in optics [12], so that we can
establish an analogy between nonlinear electrodynamics and standard electromagnetism in
a medium whose optical properties are related to Q**. In this work, we will be interested
in relating the linear propagation in nonlinear electromagnetism and photons moving on a
curved spacetime. The goal will thus be to relate Q*##" with the geometrical properties of
some curved spacetime.

Before proceeding to establish said analogy, let us point out that we will be interested
in parity invariant theories so that they are invariant under the complete Lorentz group.
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This invariance implies that the Lagrangian K(Y,Z) must be even in Z, and the terms
Kyz and Kz in (3) will, therefore, be odd in Z. Thus, for parity invariant theories, odd
derivatives with respect to Z will vanish for purely electric or magnetic backgrounds for
which Z = 0, which will be the backgrounds of interest for us. These derivatives will also
vanish for backgrounds having E - B = 0 but with E and B non-vanishing. We will not
consider this possibility in this work, although we will eventually study dyon-like solutions
that have Z # 0 in Section 7.

3. On the Existence of a Geometric Analog

In this section, we will analyze the required conditions that permit the reduction in the
propagation of the linear perturbations described by (3) to the propagation of photons on
top of some geometry described by a metric. In other words, we will study the requirements
for the object Q*P*" to admit a factorization in terms of effective metrics. The effective
geometry description in nonlinear electromagnetism has been extensively studied in the
literature [5,10,20-22]. We will re-derive known results here for completeness. Furthermore,
we will seize the occasion to highlight some features that are important for our goal in this
work. A caveat of our goal stems from the conformal (or, more precisely, Weyl) invariance
in Maxwell electrodynamics in four dimensions. This symmetry suggests that the effective
metric, in the cases where it exists, will leave an undetermined conformal factor since the
propagation of photons in Maxwell electromagnetism only depends on equivalent classes
of conformally related metrics.

3.1. Effective Bimetric Theories

The existence of a factorization of Q*" is not a property that is guaranteed a priori.
Furthermore, the existence of a metric description is a stronger requirement because the
factorization has to be a perfect square (modulo a conformal factor). We will then commence
by attempting to factorize Q%" in terms of two, in principle, different metrics so the
quadratic Lagrangian takes the form !

1
L= _Zgiwgggfypfvm (6)

where g{Wz are some effective metrics for the perturbations that depend on the background
configuration which we will determine in the following. Note that we could also consider a
term of the strict form f,, f*V in the Lagrangian (6). However, this term is a total derivative
and, hence, would not contribute to the equations for the perturbations so we can safely
neglect it for our purposes. According to the index structure of Q** the metrics can only
depend on the background fields in the specific form

g = Am" + B,F'E,Y, )

where A; and B; are scalars that, in general, depend on the background fields, and hence on
the function K(Y, Z), its derivatives, and the two invariants Y and Z. Let us notice that we
could have added an additional term FFPF,”, but, upon use of the identity FFF," = ZyH",
we see that it is already included in A;. Since Z is a pseudo-scalar, the inclusion of FFF,"
would require a pseudoscalar piece inside .4; which, in turn, will be related to, e.g., Ky .
For the sake of generality, we will not assume Z = 0 from the onset and we will only
set it to zero at the end. We will then consider the general quadratic Lagrangian (3) and com-
pare it to our desired factorization (6) and (7). This comparison leads to five independent
equations for the coefficients of the effective metrics that are given by the following:
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A1 Ap + (A1By + B1A2)Y — BBy Z? = Ky, (8)
1

E(AlBZ + Bl.Az) + ZBley = Kyy, 9)

1
5 (A1B2 + BiAz) = Kzz, (10)
B1ByZ = Kyy, (11)
0= Ky. (12)

Equations (8)—(10) are obtained by equating the terms proportional to f,y for in (3)
and (6), and therefore, they are also valid when Z does not vanish in the background. We
can solve these first three equations in the general case, obtaining

Kyy — K
B, = XX zZ

B, (13)
A = ﬁ (ZYKZZ - \/K), (14)
Ay = 2;71 (ZYKZZ n x/Z), (15)
where we have defined
A = —72(Kzz — Kyy)? +2Y [KY(KZZ — Kyy) + ZYKZZKYY}. (16)

The fact that we can find solutions for the free functions in (7) for the factorization
shows that the Lagrangian (3) admits the bimetric form (6) and the two effective metrics
will have the expression (7) with the aforementioned coefficients. This is the result that has
been reiteratively obtained in the literature by employing different methods [5,10,20-22].
The last two Equations (11) and (12) consistently recover that Kyy; = Kz = 0 under the
considered assumptions, namely, for Z = 0. If Z # 0, Equation (12) should be considered
as a consistency equation in the eikonal approximation that will be considered below. This
is so because the term Kz f,,, f#* in (3) can be written, upon integration by parts and using
the identity 9, f* = 0, as —20,Kza, f#*. For high-frequency modes with wave-vector k,

this term will then be suppressed with respect to the kinetic term by a factor R 1|E| with Rk
K

parametrically determined by the scale of variation of the background electromagnetic field.
Thus, if the background varies slowly as compared to the frequency of the perturbations so
Rg|k| > 1, we can safely neglect the term K7 and, as commented, Equation (12) is to be
interpreted as a consistency condition of our approximation.

3.2. Geometric Theories

After showing how the perturbations can be described in terms of two metrics, a
natural question to ask is whether these two metrics can be equal so that the perturbations
can be described in terms of a single geometry. We will be interested in studying the
propagation of light rays as null geodesics of the would-be single metric. Since these
geodesics are conformally invariant, actually we will only need the two metrics in the
previous section to differ by a conformal factor. Thus, our next goal will be to determine
the conditions that the function of the background K(Y, Z) must satisfy for the effective
metrics g} and gb" to be equal, up to a conformal factor. This is equivalent to the condition
that Ay / Ay = B1/B;. This means that A = 0, a condition that has been obtained in, e.g.,
ref. [20]. For a configuration with Z = 0, this equation simplifies to

KyyKy

= 17
Ky +2YKyy (17)

Kzz
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This is the condition that the background must satisfy for the dynamics of perturba-
tions to be described by a single metric and a conformal factor. In this case, the Lagrangian
acquires the form

1
L=—- XQZg”VgPUfypfw, (18)
where

2
gyv — 17;41/ + Kzzﬂsz”prV/ QZ _ ZYKZZ

= 4L 19
Kyy —Kzz 19)

We can obtain more restrictions by imposing further requirements such as duality
invariance. In the absence of charges and currents, Maxwell’s equations are invariant
under SO(2) duality rotations, whose conserved charge implies the conservation of pho-
ton helicity [24]. Duality invariance is also a property shared by a family of nonlinear
electromagnetic theories, including Born-Infeld theory [25]. In the first order in perturba-
tion theory, duality invariance implies a condition on the derivatives of the Lagrangian
evaluated on the background as shown in [26]:

1 1
Kzz = | Ky — — |. 20
7z < Y Ky) (20)
By imposing this invariance in (17), we obtain an ordinary differential equation in the

variable Y
2YKyy = K3 — Ky, (21)

which implies that QO? = 1/Ky. This equation must be satisfied for any background with
Z = 0 that preserves both parity invariance and duality invariance. We can integrate (21)
to obtain

K(Y,0) = %\/1 “YA+C, (22)

with A and C being constants of integration. If Y is small we can expand in Taylor the
square root in (22) and obtain

K(Y) ~ —Y+%+C. (23)

Thus, Maxwell electrodynamics is recovered upon Taylor expansion for YA < 1, as
one would expect.

We have analyzed the conditions under which the background dynamics of perturba-
tions can be described by a metric and a conformal factor. We may now inquire whether
we can express the conformal factor as the square root of the determinant of a single effec-
tive metric. This would be the necessary condition for the geometric description to work
perfectly for the entire dynamics of the perturbations and not only for the ray propagation.

In view of the form of the Lagrangian, a natural approach is to impose that it has
the form

Q2 g™ = /|| . (24)

However, we will see that this cannot be achieved. Let us write
g = (B, O = |02 25)

where 7 is a real number. Taking determinants in (25), we obtain Q*| det(¢*")| = 1. This is
a nontrivial condition for the background. If we consider the particular case of a purely
electric or purely magnetic background and calculate the determinant of the metric (19),
this condition becomes

Kyy — Kzz = 2YKyyKzz. (26)

Recall that condition (17) for the background must hold so that the two effective
metrics are related by a conformal factor. These two conditions together imply that Ky =1
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and hence that Q2 = 1, i.e., the trivial solutions to our problem are unimodular theories. A
trivial solution is of course Maxwell’s electromagnetism, which falls outside the class of
non-linear electromagnetism theories.

This result shows that the theory effectively describing the dynamics of perturbations
in the nonlinear background will not be, in general, invariant under conformal transforma-
tions. In fact, this invariance is lost when the Constraint (24) is imposed on the determinants
of the effective metrics. Consequently, the propagation of perturbations in a nonlinear
background effectively describes the dynamics of photons in curved spacetime only in the
regime where light rays are described as null geodesics. We will elaborate on this result in
the next section.

3.3. Geometrical Optics Approximation

Nonlinear electromagnetic fields effectively provide a background that behaves as a
curved spacetime for the propagation of perturbations. However, perturbations do not
evolve in an effective metric, strictly speaking, they do so up to a conformal factor. In the
limit of geometrical optics, where wavelengths are much smaller than the characteristic
scale of variations of the background curvature (characteristic length of the gradients of
the background field in this analog model), light rays propagate along null geodesics [27],
which are conformally invariant. Therefore, the conformal factor is not relevant to our
analysis but only to the conformal structure. Let us analyze this limit in our case.

The source-free equations of motion for the perturbations derived from Lagrangian (3),
particularized to Z = 0, can be written as follows:

3 (Q“ﬁwaaaﬁ) -0, 27)

where 4, is the perturbation of the vector potential that inherits the gauge symmetry
ay — ay + 9y f for an arbitrary function f.

In the geometrical optics approximation (i.e., for short wavelengths), we can express
the vector potential a;, of the perturbations by introducing a rapidly varying phase  and a
slowly changing amplitude a;, [28]

a, = Re (oc},e*ie). (28)

The equations of motion enable us to derive the dispersion relation for the perturba-
tions. Indeed, if we define the wave vector as k;, = 9,6 and introduce the vector poten-
tial (28) into the equation of motion (27), we obtain at the lowest order in the wavelength
the equation

agkaky QP = 0. (29)

Following the analysis of reference [22], let us think of the previous equation as an
eigenvalue problem o, M"# = 0 for the matrix M"# = k,xk/g()"“’"ﬁ. A necessary and sufficient
condition for the eigenvalue problem to have non-trivial solutions is det(M"#) = 0. It
is convenient to adopt the temporal gauge «y = 0, so that the eigenvalue problem splits
into two equations a;M"0 = 0 and a;M7 = 0. Thus, the Equation (29) admits a non-trivial
solution only if

det(Mif) —0. (30)

Equation (30) provides the dispersion relation, i.e., the frequency k° as a function of
the wave vector k/, for light propagating in our non-trivial background.

By explicitly writing the form of the matrix M;;, it can be easily seen that the determi-
nant has the following structure

det(Mif) = (ko)*Pa(k), (31)
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where P4 (k) is a homogeneous fourth-order polynomial in the wavevector k. Thus, in the
most general case, there will be four dispersion relations corresponding to the four roots
of the polynomial P4 (k). However, as we have seen in Section 3.1, the aforementioned
polynomial can be factored into two quadratic forms, i.e., two effective metrics [5,20-22]

Py(k) = (gqvkykv)(ggﬁk“kﬁ). 32)

Under more restrictive conditions, given in Equation (17), these two metrics are equal
up to a conformal factor, yielding a single quadratic dispersion relation ¢*'k,k, = 0.
This analysis is completely equivalent to the study we have conducted in the previous
Sections 3.1 and 3.2.

4. Born-Infeld Theory

Up to this point, we have been working with a general nonlinear electromagnetic
theory. In this section, we will specialize in the nonlinear electromagnetic theories outlined
in (1) to the Born—Infeld theory [2,3]. In Maxwell’s theory of electromagnetism, the electric
field created by a point charge diverges at the position of the particle. This results in
an infinite Lagrangian and self-energy of the point particle. In order to eliminate this
divergence, Born and Infeld introduced a new nonlinear theory of electromagnetism,
modifying the action function of Maxwell’s theory into [2,3]:

mya:#(lzypg (33)
’ A4 A8 ’

where A is a constant with units of energy. From (33) we can recover the usual Maxwell
action when the electromagnetic field is small compared to the energy scale A. Born-
Infeld theory stands out among general nonlinear electromagnetism due to its exceptional
properties (see, e.g., refs. [10,26,29-33]).

The remarkable property of the Lagrangian (33) for our purposes here is that it auto-
matically satisfies the condition (17) for the background in which the two effective metrics
are related by a conformal factor, as can be checked by direct substitution. The exceptional
nature of Born-Infeld theory featuring one single effective metric has been repetitively
highlighted in the literature (see, e.g., refs. [10,20,21,32]). It is also well-known that the
Born-Infeld theory is duality invariant [6-8], so it is not surprising that the Lagrangian also
satisfies Equation (20) for Z = 0, and hence Equation (21): the Born-Infeld Lagrangian (33)
corresponds to the solution (22) with A = 2/A%. Since the background (33) satisfies
Equation (17), we can assert that it is possible to construct two effective metrics that are
related through a conformal factor. The Lagrangian for the perturbations in this case can be
written as (18) with Q% = 1/Ky, and the effective metric as

—4

T
8§ =N Ty oy s

FHPE,". (34)

In the regime where the eikonal approximation is valid, light rays will effectively propa-
gate through an electromagnetic nonlinear background according to the previous metric. The
question that we want to answer next is what type of geometry is described by this metric, i.e.,
what type of geometry is experienced by photons in Born-Infeld electromagnetism.

5. Electric Wormhole

In this section, we will specialize in the case of perturbations propagating on the electric
field generated by a static charged point-like particle in Born-Infeld electrodynamics. In
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this case, the field equations can be readily solved due to spherical symmetry and staticity,
and the resulting electric field is as follows [3]:

- q 1 .
E = 7, 35
rrg /14 (r/r0)* )

where g is the charge of the particle and rg := A~! g is the radius that parametrically

controls when the nonlinearities become relevant. Here, we observe explicitly that the
electric field remains finite below the radius rq and it saturates to the value A? at the position
of the particle. Note that the electric field acquires its usual profile E ~ #? when r > 1o,
and is suppressed with respect to the Maxwellian behavior for r < r¢. For this reason, the
scale r( is sometimes referred to as the screening radius, as we will conduct in the following.

As we are interested in studying the propagation of null geodesics, we will use
the metric with a convenient conformal factor. Substituting the expression (35) for the
electric field into (34), we obtain the following representative of the conformal class of
effective metrics

ds?> = —d* + dr? 4 K% (r)dQ?, (36)
where 2
_ ro\*
h(r)r{l—i—(r)] . (37)

This function goes as h(r) ~ r when r > ry (well outside the screened region) so the
effective metric is the usual Minkowski metric in spherical coordinates, as it should since
this regime recovers Maxwell’s solution. However, it presents a minimum at the screening
radius and it grows again (as h ~ r3/r) inside the screened region. This behavior suggests
that the metric (36) describes a wormhole geometry.

This same geometry was obtained in [14] for a nonlinear electromagnetism described by

K(Y):/\4< 1-%-1), (38)

that closely resembles the Born-Infeld theory (33). In fact, they are equivalent for con-
figurations with Z = 0. The above Lagrangian was in fact used by Born [23] in his first
attempt to regularize the self-energy of the electron before constructing (33) together with
Infeld [2,3]. Thus, the theory (38) could be referred to as precursor Born-Infeld theory
or, even better, simply Born theory. Despite the close relation to Born-Infeld theory, the
Lagrangian (38) does not share the unique properties of (33). In particular, it is not duality
invariant, and this has important consequences as we will see below. Let us notice that,
although our purely electric background has Z = 0 and, hence, both theories have the same
purely electric background solution, the perturbations are, in principle, sensitive to the
Z-dependence of the Lagrangian (the quadratic Lagrangian does depend on derivatives
with respect to Z) so the effective geometry could have been affected. We find, however,
that this is not the case and both theories generate the effective metric (34) for the electric
field produced by a point-like charge.

The metric (36) is said to describe a (traversable, Lorentzian) wormhole if the following
two conditions are satisfied [34]:

¢  First, the area of the sphere of coordinate radius r must have at least one minimum.
We will call i, the value of r where this is achieved. Then, the area of the spheres
must be greater than this minimum on both sides of this i For the metric (36), the
area of the sphere of the coordinate radius r is

A(r) = 4rh?(r) = 4mr? [1 + (:0)4} . (39)
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By minimizing this function, we obtain that the area reaches a minimum value at
"min = *0, as can be seen in Figure 1. Thus, h(ry) = V2ry corresponds to the area
radius of the throat of the wormhole, and 7y to its proper radial coordinate.

e Second, the functions accompanying d#? and d? in (36) must be regular and positive
over a range of r containing the throat and values of  on both sides of the throat such
that /1(r) > h(*min). Since our metric (36) is already written in terms of the proper
radial coordinate, in which the function accompanying dr? is unity, this condition is
trivially satisfied. In addition, in these coordinates, the condition for the wormhole to
be asymptotically flat is

|dh/dr| — 1 as r — oo, (40)

which expression (37) satisfies, as can be directly checked.

10!

10%

Ar)

102,

r/ro

Figure 1. Area of the spheres given by Equation (39) as a function of the coordinate radius r/r(. The
behavior of this area function shows how the geometry can be interpreted as a wormhole.

Therefore, the metric (36) describes the geometry of an asymptotically flat wormhole.
As we have mentioned, when r > r(, we recover the usual Minkowski metric in spherical
coordinates. On the other hand, the area function diverges in the limit » — 0. In fact, the
curvature and Kretschmann scalars of the effective metric are given by

2[5 +9(r/r0)2}
12 [1 + (r/ro)ﬂz,
12 [3 +14(r/r0)* + 27(1*/7’0)8}

Ryuwpo RIPT = R , (42)
ré [1 + (r/r9) ]

R=— (41)

so they diverge as 1/r? and 1/r%, respectively, in the limit r — 0. Consequently, r = 0
is a curvature singularity. Note that the divergence is smoother than in the case of the
Schwarzschild metric [35]. This divergence can be understood as a result of the pointlike
structure of the charge that creates the electric field. It would be possible to regularize
this divergence by considering a spherical charge with a certain non-zero radius. How-
ever, the Born-Infeld structure near the origin makes the solution more regular than in
other situations [36].

In general, electromagnetic waves propagating on a medium will have different propa-
gation speeds, which depend on the polarization of the wave in the background. However,
in Born-Infeld electrodynamics it is possible to describe the dynamics of perturbations
using a single metric, which is equivalent to obtaining a single propagation speed for
electromagnetic waves that does not depend on the polarization, i.e., there is no birrefrin-
gence [5,10,22,32,33]. The propagation speed will, however, depend on the direction of
propagation and we can read it from the effective metric (36). Thus, waves traveling along
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a radial direction propagate at the Maxwellian speed of light, while waves propagating
along angular directions propagate at the speed ¢, = r?/h(r)?, in agreement with previ-
ous results [26]. Let us notice that we obtain one single propagation speed for angular
directions, which is again a consequence of having one single metric. The angular propa-
gation speed approaches the Maxwellian speed of light in the asymptotic region r — oo
(as it should because we recover the Maxwellian regime in that region), while it becomes
subluminal upon entering the screening region r < rp. Well inside the screening radius, we
have ¢ ~ (r/ r0)4 so that photons propagate arbitrarily slowly as they approach the origin.
This means that it takes them an increasingly longer time to travel a given proper distance.
A consequence of this slower propagation of photons is that angular diameter distances
become larger, which can be interpreted as spheres becoming increasingly bigger beyond
the throat of the wormhole (see Figure 1). We could be rightly concerned with the fact
that the propagation speed becomes zero in the limit r — 0 and this could induce a strong
coupling problem near the position of the particle. This is another way of interpreting the
related issue of having diverging curvature scalars for the effective metric. Of course, one
can argue that this feature by itself does not represent a problem from a physical point of
view because the eikonal approximation will cease being valid before reaching the origin.
The regime of validity of the eikonal approximation can be roughly estimated by comparing
the scale over which the propagation speed varies, namely r, and the wavelength of the
perturbation, i.e., it will be valid as long as the wavelength is much smaller than r. In the
asymptotic region, this poses no restriction but it obviously implies a breakdown in the
approximation as we get closer to » = 0. Beyond the eikonal approximation, we need to
take into account the wave nature of the fluctuations. However, the propagation speed
of the fluctuations beyond the eikonal approximation is still given by ¢, so that does not
resolve the potential strong coupling problem. Again, one could argue that effects from the
internal structure of the source (that is modeled as point-like) will be relevant so that our
approach will not be valid arbitrarily near the origin. An interesting possibility that might
allow to push the regime of validity to smaller scales without hitting the strong coupling
regime is to invoke higher order derivative operators so the dispersion relation is no longer
quadratic and the leading order term comes from, e.g., k* corrections as it occurs in the
ghost condensate [37].

Null Geodesics

Now that we have established the analog model of a wormhole as the geometry seen by
linear perturbations (in the eikonal approximation) propagating on the electric background
generated by a point-like charge, let us study in some detail such a propagation. In this case,
the trajectories of light rays are described by the null geodesics of the effective metric (36).
As usual, spherical symmetry implies the conservation of the angular momentum, which
restricts the motion of trajectories to a plane. Therefore, we will consider, without loss of
generality, the equatorial plane § = 77/2. Let us note that the metric (36) evaluated in the
equatorial plane has two conserved quantities, namely, it possesses two Killing vectors
d¢ and 9y, ¢ being the azimuthal angle. Therefore, the quantities E = f and ¢ = h(r)*¢ are
conserved, and we will refer to them as energy and angular momentum, respectively. We
denote with a dot the derivative with respect to the affine parameter 7.

On the other hand, by applying the null vector normalization condition g,zx" xP =0,
which can be associated with the conserved quantity corresponding to the invariance under
translations of the parameter 7 in the action, we obtain the following equation for the
null geodesics:

02

E2:;'*2+Vr, Vi) =——F+—,
(r) (r) r24rg/r?

(43)
where we have used the expressions for energy and angular momentum. The effective
potential resembles a centrifugal potential, except for a correction proportional to rj which
dominates at small distances. We can find the maximum value of the potential by solving
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dV(r)/dr = 0, obtaining that, at the radial coordinate r = ry, it reaches the maximum value
V(rg) = 2/ Zr%. This effective potential was also derived in [14].

The behavior of the orbits depends on the reduced impact parameter b = |¢/(Erg)|. In
Figure 2, we plot the effective potential for various values of b. Let us consider a light ray
that initiates its trajectory from r >> r(, and descends towards the wormhole throat. The
turning point is located where V (r) = E? since it is where the radial velocity becomes zero.
If b < /2, there is no turning point, and the ray falls down the throat of the wormhole. On
the contrary, if b > /2, there exists a turning point as we can observe in Figure 2. In this
case, the ray reaches a certain radius of maximum approximation rmi, and then scatters off
towards infinity. Finally, the case with the critical impact parameter b.;; = v/2 corresponds
to rays that enter and remain in circular orbit at the radial coordinate ry, that is, at the throat
of the wormhole. However, this orbit is unstable since a small perturbation in the impact
parameter leads to the ray either dispersing to infinity or collapsing to r = 0.

5
b=1/2
A /
b=+2
3l —b=3
S — B
™
2,
1/
O N n 1 T - T -
0 1 2 3 4 5 6 7

r/ro

Figure 2. The effective potential (43) for different values of impact parameter b.

In view of this result, we can analyze whether the rays falling through the wormhole
reach the region r = 0 in a finite time. For this purpose, we can integrate the radial velocity
in expression (43) from the throat to the center, resulting in

L)y (S
EJo /j1__bv
P2+1 / pz
where p = r/ry. We explicitly observe that the arrival time increases with the impact
parameter and is finite if b < v/2. Indeed, by numerical integration, we obtain that the
descent time is T = 1.03ry/E when b = 1/2, and T = ry/E when b = 0. Thus, trajectories
with nonzero impact parameters require more time to reach r = 0 than radial free fall
trajectories, as one would expect.
Differentiating Equation (43) yields the null geodesic equation for the radial coordinate
in the equatorial plane

(44)

; (1 —rg/r%)

PB(1+ri/r4)*
which is more amenable to numerical integration. Together with the conservation of angular
momentum ¢ = ¢/ (r* +r3/r*), we can integrate the system to obtain the trajectories of
null geodesics. This is what we have conducted in Figure 3, where we show a congruence
of null geodesics with different impact parameters. The screened region is represented
with a gray circle and its edge corresponds to the throat of the wormhole. The congruence
describes geodesics that start at ¥ > rg and propagate towards the particle. We can clearly
identify three regions depending on the value of the impact parameter. When b > /2,
the light rays surpass the wormhole throat without substantially deviating from their
initial trajectory. As we approach the throat, yet with b > /2, the lensing effect on the

(45)
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trajectories becomes increasingly significant. Trajectories with an impact parameter b < /2
fall down the throat towards the center of the wormhole in a finite time. As we have
analyzed previously, geodesics with b = /2 approach the unstable circular orbit at r =
from infinity. Any small perturbation will cause the rays to either fall into the center of the
wormhole or escape with a scattering angle as we can see in the right panel in Figure 3.
We can see how rays pass very close to the critical value but above it suffer from a huge
deflection, and they can even go around the throat multiple times before escaping to infinity.
Furthermore, the outgoing beam of rays undergoes a large dispersion. On the other hand,
rays with impact parameters close to the critical value but smaller can also go around the
throat multiple times before falling into the center. In both cases, however, the rays either
escape to infinity or fall to the center very rapidly without spiraling.

3

Figure 3. (Left): Trajectories of an incident homogeneous beam of rays from the right. The gray
circle corresponds to the screened region whose edge determines the throat of the wormhole.
(Right): Detail of the trajectories for incident rays with impact parameter very close to the criti-
cal value b = v/2 that, as explained in the main text, determines whether the rays fall towards the
center. We have chosen impact parameters within the range b = 1.41579 & 10~° and everything is in
units of rg.

A natural question that we could ask is what is the image that an incident beam of rays
would form on a screen placed at some distance from the particle in the outgoing region.
The answer to this question is illustrated in Figure 4 for a screen placed at a distance 4ry
behind the throat of the wormhole. We consider an incident homogeneous beam with a
transversal cut as the one shown in the left panel of Figure 3. From this Figure, we can
understand and interpret the image shown in Figure 4. If there were no particles, we
would obtain a featureless image corresponding to the constant intensity image of the
ingoing beam. However, the presence of the particle generating the wormhole geometry
produces features in the image. For the rays passing far from the screened region, the effect
is small and we obtain the constant intensity region far from the center of the screen. Since
the rays with impact parameters smaller than /2 fall towards the center, those rays do not
reach the screen and we might expect to see a shadow at the center of the screen. However,
rays with impact parameters close to the critical value undergo significant lensing and
we observe a penumbra with a non-vanishing intensity, as we can see in the left panel in
Figure 4. In our treatment, we are assuming that the rays that fall towards the center do
not propagate any further. This is obviously incorrect and, as explained above, the ray
(or eikonal) approximation upon which our analysis is based ceases being valid before
reaching the origin. A proper treatment of those rays would require going to higher orders,
which is beyond the scope of this work. Finally, let us notice that there are some rays (those
with impact parameters very close to the critical value) that will also illuminate regions of
the screen arbitrarily far from the projection of the screened region. However, the intensity
of the image formed by those rays is negligible with respect to the incident intensity and,
hence, cannot be observed.
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Figure 4. (Right): In this Figure we show the image projected on a screen placed at a distance 4 (we
have chosen units of 7y on the screen) from the origin when the particle is illuminated with a wide
homogeneous beam. In practical terms, we solve the geodesic equations for congruence of geodesics
starting at a distance 30r( from the particle, and we define the intensity on the screen as the density
of trajectories that we compute by binning in bins of size 0.1. We represent the wormhole throat as a
white dashed circle. (Left): Intensity profile received on the screen. The profile is normalized with
respect to the maximum intensity value.

The numerical integration of the geodesic equations has permitted us to thoroughly
analyze the trajectories of rays. We can, however, do better than numeric and obtain an
analytical expression for an important quantity like the deflection (or lensing) angle A¢,
defined as the angle between the incident and outgoing trajectories. We can compute the
deflection angle by integrating the trajectory equation

dr 7 2 !
(1), 1

do_o_ ! (46)

to obtain . 1
Ap =2 dr -, (47)
Ymin h2
h) ey — 1

where we have used the symmetry of the trajectory to integrate only until the maximum
approach of the ray, hence the factor 2, and we have subtracted 7 that corresponds to
the non-deflected case. As usual, we introduce the variable u = r,;,/7 and we use the
equation determining the maximum approximation radius

b = 1 (Fmin) /175 (48)

Using these variables, the deflection angle can be computed as

1 1/2
o ] _ (49)

L du
Ap =2
¢ /0 m{l—f—uz(uz—l)(x—aztﬁ

4
_ (o
‘= (rmin> (50)

where the dimensionless parameter
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controls the correction to the undeflected trajectory of the trivial background. For small
angles, we can Taylor expand the integrand up to the first order in « to obtain

L d 1
A(p:Z/O Vliliuz[l—kz(l—f—uz—u‘l)a—k(?(az) — . (51)

These integrals can be analytically computed and we obtain

Ap ~ 9—na + O(a?). (52)
16
The fact that « scales with the fourth power of ry/7min makes the series in « converge
quickly so this first-order approximation is valid for relatively small values of rpn, i.e.,
trajectories passing close to the screening radius and, thus, having relatively large deflection
angles. In fact, the first-order correction is accurate to better than 1% for rmin 2 2rp. In any
case, it is not difficult to calculate higher-order corrections:

97 73w 5 26097
a”+

— i 3 4
A= 16T Tom Tesa ™ O (53)

Equation (48) relates « and the impact parameter b, i.e., b> = a~1/2(1 + «). We then
see that the difference between b? and a~1/2 will only contribute to higher orders. This al-
lows us to express the deflection angle in terms of the impact parameter to the

lowest order: 9 1
T -8
A~ To o+ O(070). (54)

We plot in Figure 5 the deflection angle A¢ as a function of the impact parameter b.
We observe that the first-order expression (54) (dashed line in Figure 5) aligns well with
the exact solution (47) (solid line in Figure 5) even for trajectories with impact parameters
relatively close to the critical value b.j; = /2. We see that the deflection angle has a vertical
asymptote at the critical value b = /2 that corresponds to the rays that stay orbiting in
the throat of the wormhole. Near the throat, trajectories scatter significantly, even possibly
completing a loop, as can be seen in Figure 3. Therefore, the deflection angle is greater
the closer we are to b = v/2. Outside the throat (to the right of the vertical asymptote in
Figure 5), the deflection angle decreases and asymptotically tends to zero, since when the
impact parameter is much larger than the throat radius, null geodesics cross the wormhole
without deviation.

0.25F

0.201
0.15}F
S
<
0.10

0.00

Figure 5. Deflection angle A¢ as a function of the impact parameter b. The analytical expression to
first order (54) has been represented by a dashed line, while the solid line represents the numerically
integrated expression (47).
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6. Magnetic Monopole

Having studied the propagation of perturbations in an electric background, we now
consider, for completeness, a magnetic field generated by a static monopole located at the
origin, identical to that in Maxwell theory [38]

- U
B=—"=Tt. 55

a2’ (9)

Note that this magnetic field trivially satisfies the Born-Infeld equations of motion.

By applying the same procedure as in the purely electric case, we derive the following
effective metric for null geodesics propagating in a magnetic background generated by

a monopole (55)
ds? = —dt* +dr? + F%(r)dQY?, (56)

where
1/2

~ 4
o
n <r> 1 , (57)

and 7y := A1 \/E . Note that despite the fact that the monopole magnetic field and the
point-charge electric field have different functional forms, they both give rise to the same
kind of effective geometry and hence the dynamics of null geodesics are entirely analogous.
This equivalence of the geometries for the purely electric and magnetic backgrounds might
have been anticipated on the basis of the electric-magnetic duality invariance of Born-
Infeld theory. The fact that purely electric and purely magnetic backgrounds give rise to
the same effective geometry encourages us to consider backgrounds with both electric and

magnetic charges. This is the task we will undertake in the next section.

h(r)=r

7. Dyon

The existence of dyon-like solutions carrying both electric and magnetic charges
in Born-Infeld electromagnetism has been shown in, e.g., [38]. In order to obtain the
background solutions, we simply need to consider the magnetic monopole given by (55),
that trivially solves the field equations, and plug it into the field equations that will then
determine the electric field background. The solution is given by

B, 1
E=_1

7, (58)
artrgy /1 + (r/rp)*

where the screening radius is now given by
4 _ —
p =T + ry = . (59)

The dyon solution clearly has Z # 0, so we need to employ the expressions for the
effective metric for arbitrary non-vanishing Z. At this point, it should not come as a surprise
that Born—Infeld electromagnetism is sufficiently amicable to satisfy A = 0 also for Z # 0
so the dyon background and also fulfills the requirement to have one single effective metric.
A difference with respect to the situation with Z = 0 is that Equation (11) does not seem to
be trivially satisfied. However, Born-Infeld theory again identically satisfies that equation.
To see that this is a non-trivial statement, let us notice that we can obtain B15; from (11)
and (13) so we have the relation

_ Kyz  Kyy—Kzz
BiBy = XL = DY _NEL (60)
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This is a non-trivial constraint on the derivatives of K that is, in turn, satisfied by the
Born-Infeld Lagrangian. Thus, the dyon background also admits an effective metric for the
propagation of rays in the eikonal approximation given by

gt =yt + 7 _12YF”PFPV, (61)
where we have already substituted
Kyy —Kzz 1
= . 2
2Y 1-2Y (62)

The line element (up to a conformal factor) can be written as
ds? = —df? + dr? + K3 (r)dO?, (63)
where the area function takes the form

1+ B2
1-—E2’

W3 (r) = r? (64)
and if we substitute the expressions for the magnetic and electric fields of the dyon, we
obtain once again the expression

ho(r) = r {1 + (?)4} " (65)

i.e., the wormhole geometry actually corresponds to a dyon with an arbitrary electric and
magnetic charge. This strongly suggests that the effective geometry is determined by the
duality invariance of the Born-Infeld Lagrangian. To see this more clearly, we can express
the area function in terms of the magnetic field B and the electric displacement D that is
given by
E+ZB

V1-2Y -7

Let us notice that, since the electric displacement satisfies the usual equation for a
static pointlike electric charge

oK

D=— =KyE+KzB=— 66
°F Y z (66)

vV.-D= qo(7), (67)
its solution is simply
= q A
D= = 7. (68)

On the other hand, we can solve (66) for E in terms of D and B, resulting

—

- D
E=——r. (69)
1+ B2+ D?
If we plug this relation into (64), we obtain
1(r) = r? (1 2 132). (70)

Now, we recall that duality invariance can be realized as a rotation of the complex
vector D + iB — ¢ (5 +iB ) for an arbitrary angle x. We can finally corroborate that the

area function is indeed duality invariant since it can be written as

1(r) = r2<1+ ’5+i§’2>, (71)
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that is manifestly duality invariant. This provides a clear explanation for why the electric
charge, the magnetic monopole and the dyon all give rise to the same effective wormhole
geometry as a consequence of duality invariance.

8. A Digression on the Scalar Dirac-Born-Infeld Analog

The existence of remarkable properties that single out Born—-Infeld electromagnetism
among the family of nonlinear electrodynamics also occurs for its scalar field counterpart,
namely the Dirac-Born-Infeld (DBI) theory. If we consider the Lagrangian for a generic
shift-symmetric scalar field

L=P(X), X= %(aq))z, (72)

the particular case of DBI that corresponds to the choice

P(X) = A4(\/1 12X/ A —1), (73)

exhibits unique properties that make it very special among the generic shift-symmetric
theories (see e.g., refs. [39-44]). Among such properties, we can mention that it has causal
propagation and it avoids the formation of caustics [39-41], very much like the Born-Infeld
theory. The resemblance of the DBI and Born-Infeld Lagrangians is apparent so it does not
come as a surprise that they share some remarkable properties.

Given the similarities between both theories, it is pertinent to wonder if the DBI theory
shares the effective wormhole geometry for perturbations around a non-trivial background
generated by a point-like particle similar to the Born-Infeld theory. Furthermore, the
question is relevant because the linear perturbations of the DBI field (and, in fact, for any
P (X)) can be exactly described in terms of an effective geometry [45] and not only in the
eikonal approximation as it occurs for Born—-Infeld electromagnetism. The answer to the
question is negative and this can be understood by simply considering the propagation
speed of the perturbations. The DBI profile generated by a point-like particle has a gradient
that exactly coincides with the Born-Infeld solution (35) so we have

qs 1 ~

= 2 1",
4rtrg \/1+ (r/10)*

with g5 the scalar charge of the particle and r( the screening radius analogous to the
Born-Infeld case. The propagation speed for the scalar field perturbations around this
background is given by

Vg (74)

2XPxx
Px

At large distances, we recover cf ~ 1, but as the perturbation enters the screened re-
gion, the propagation speed becomes superluminal and eventually diverges at the position
of the particle. This is a radically different situation from the Born-Infeld theory, where
the perturbations propagate subluminally in the screened region and arbitrarily slowly as
they approach the position of the particle. This slowdown of the Born-Infeld perturbations
permitted us to interpret why the effective geometry (in the eikonal approximation) could
be associated with a wormhole. For the DBI theory, having the opposite behavior, i.e., the
perturbations propagate arbitrarily fast as they approach the position of the particle, the
perturbations will not see an effective wormhole geometry.

This conclusion can be made more explicit by considering the effective metric seen by
the scalar perturbations that is given by [45]

=1+

o
=1+ (75)
T

géﬂ/ = ’Pxiﬂw + Pxxayq)au(p. (76)
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For the considered background profile, the effective line element can be written as

dr? 2 12
20 +r°dQ)”. (77)
If we transform to proper distance by the change in radial coordinate dp = dr/cs(r)
we can put the metric in terms of an area function (up to the conformal factor Px) like in the
Born-Infeld case. The area function A = 47tr%(p), however, does not present a minimum
in the DBI case and, in fact, it goes to zero as p?>/3 at the position of the particle instead of
diverging. Thus, the geometry does not correspond to a wormhole as in the Born-Infeld
case. We will not perform a detailed analysis of the resulting effective geometry (which is
beyond the scope of this work), but we will simply report the radically different nature of
the effective geometries for these closely related theories.

Pxds? = —dt* +

9. Conclusions

In this work, we have studied nonlinear electrodynamics through which it is possible
to formulate analog models of gravity. To this end, we have computed the quadratic
Lagrangian for the perturbations around a non-trivial background and obtained necessary
conditions for the dynamics to be described by an effective metric. An important feature
of nonlinear electromagnetism is that it is not possible, in general, to describe the entire
dynamics of the perturbations in terms of a metric, but only in the eikonal approximation.
This is an important difference with respect to nonlinear scalar field theories where the
dynamics of the linear perturbations around non-trivial backgrounds admits an effective
metric description for all frequencies (at linear order in perturbations). We have then
obtained the effective metric for the propagation of rays in nonlinear electromagnetism
for the cases when this is possible, up to a conformal factor that is irrelevant because rays
follow null geodesics of the effective metric. This result is the basis for the construction of
analog models with nonlinear electromagnetism.

We have shown that Born-Infeld electromagnetism admits an effective metric, and
we have shown that such an effective metric for a charged point-like particle describes a
wormbhole geometry. We have carried out a complete analysis of the light trajectories as
a function of the impact parameter in the effective geometry. By numerically solving the
equation of null geodesics we observed that, depending on the impact parameter of the
geodesics, light rays experience a lensing effect, fall through the throat of the wormhole,
or undergo an unstable circular trajectory in the throat of the wormhole. We have also
seen how the behavior of geodesics relates to the propagation velocity in the wormhole.
This same dynamics has been obtained in a magnetic background created by a magnetic
monopole and in the background generated by a dyon. In all cases, we obtain the same
wormbhole geometry and we have associated it with the duality invariance of the Born-
Infeld theory.

Finally, we have briefly considered the scalar field version of Born-Infeld theory, i.e.,
the shift-symmetric DBI theory, to compare with the effective geometry generated by a
particle with scalar charge. We have seen that, despite the great resemblance between
the scalar and electromagnetic theories that make them share exceptional properties, the
effective geometries differ. In particular, the effective geometry in the DBI theory does not
correspond to a wormhole. We have related the difference to the different behavior of the
propagation speed of the perturbations as they enter the strong field (screened) region.
While in Born-Infeld theory, the propagation speed of the perturbations becomes smaller
as they approach the origin, in DBI the opposite occurs, i.e., the propagation speed becomes
increasingly larger as the trajectories approach the particle.
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Notes

1

2

Although we do not write explicitly the symmetry properties of the factorisation, the obvious (anti-)symmetries of QB will be
inherited by the factorisation.

In this section, we will set A = 1 to alleviate the notation so all the quantities will be measured in units of A.

References

1. Sorokin, D.P. Introductory Notes on Non-linear Electrodynamics and its Applications. Fortsch. Phys. 2022, 70,2200092. [CrossRef]

2. Born, M,; Infeld, L. Foundations of the new field theory. Nature 1933, 132, 1004. [CrossRef]

3. Born, M.; Infeld, L. Foundations of the new field theory. Proc. R. Soc. Lond. Ser. A 1934, 144, 425. [CrossRef]

4. Heisenberg, W.; Euler, H. Consequences of Dirac’s theory of positrons. Z. Phys. 1936, 98, 714-732. [CrossRef]

5. Plebanski, J.E. Lectures on Non-Linear Electrodynamics; NORDITA: Stockholm, Sweden, 1970.

6. Schrodinger, E. Contributions to Born’s new theory of the electromagnetic field. Proc. Roy. Soc. Lond. A 1935, 150, 465-477.
[CrossRef]

7. Gibbons, G.W.; Rasheed, D.A. Electric-magnetic duality rotations in nonlinear electrodynamics. Nucl. Phys. B 1995, 454, 185-206.
[CrossRef]

8. Hatsuda, M.; Kamimura, K.; Sekiya, S. Electric magnetic duality invariant Lagrangians. Nucl. Phys. B 1999, 561, 341-353.
[CrossRef]

9.  Bandos, L; Lechner, K.; Sorokin, D.; Townsend, PK. A non-linear duality-invariant conformal extension of Maxwell’s equations.
Phys. Rev. D 2020, 102, 121703. [CrossRef]

10. Boillat, G. Nonlinear electrodynamics—Lagrangians and equations of motion. . Math. Phys. 1970, 11, 941-951. [CrossRef]

11. Landau, L.D,; Lifshitz, E. Electrodynamics of Continuous Media; Pergamon Press: Oxford, UK, 1960.

12. Born, M.; Wolf, E. Principles of Optics: Electromagnetic Theory of Propagation, Interference and Diffraction of Light, 7th ed.; Cambridge
University Press: Cambridge, UK, 1999; pp. 790-852. [CrossRef]

13.  Novello, M.; De Lorenci, V.A.; Elbaz, E. Some aspects of geometrical confinement. Int. J. Mod. Phys. A 1998, 13, 4539-4552.
[CrossRef]

14. Baldovin, E; Novello, M.; Perez Bergliaffa, S.E.; Salim, ]. M. A Nongravitational wormhole. Class. Quant. Grav. 2000, 17, 3265-3276.
[CrossRef]

15. Novello, M,; Salim, ].M.; De Lorenci, V.A.; Elbaz, E. Nonlinear electrodynamics can generate a closed spacelike path for photons.
Phys. Rev. D 2001, 63, 103516. [CrossRef]

16. Novello, M,; Visser, M.; Volovik, G. Artificial Black Holes; G-Reference, Information and Interdisciplinary Subjects Series; World
Scientific: River Edge, NJ, USA, 2002.

17.  Goulart, E.; Bittencourt, E. Photon traps in nonlinear electrodynamics. Class. Quant. Grav. 2024, 41, 195026. [CrossRef]

18. Garay, L.J.; Anglin, J.R,; Cirac, J.I; Zoller, P. Black holes in Bose-Einstein condensates. Phys. Rev. Lett. 2000, 85, 4643-4647.
[CrossRef]

19. Barcelo, C.; Liberati, S.; Visser, M. analog gravity. Living Rev. Rel. 2005, 8, 12. [CrossRef] [PubMed]

20. Novello, M.; De Lorenci, V.A; Salim, ].M.; Klippert, R. Geometrical aspects of light propagation in nonlinear electrodynamics.
Phys. Rev. D 2000, 61, 045001. [CrossRef]

21. Obukhov, Y.N.; Rubilar, G.F. Fresnel analysis of the wave propagation in nonlinear electrodynamics. Phys. Rev. D 2002, 66, 024042.
[CrossRef]

22. Visser, M,; Barcelo, C.; Liberati, S. Birefringence versus bimetricity. arXiv 2003, arXiv:gr-qc/0204017. [CrossRef]

23.  Born, M. On the quantum theory of the electromagnetic field. Proc. Roy. Soc. Lond. A 1934, 143, 410-437. [CrossRef]

24. Calkin, M.G. An Invariance Property of the Free Electromagnetic Field. Am. J. Phys. 1965, 33, 958-960. [CrossRef]

25. Aschieri, P; Ferrara, S.; Zumino, B. Three lectures on electric-magnetic duality. SFIN A 2009, 1, 1-42.

26. Beltran Jiménez, J.; Bettoni, D.; Brax, P. Polarisability and magnetisation of electrically K-mouflaged objects: The Born-Infeld
ModMax case study. JHEP 2023, 2,9. [CrossRef]

27. Stephani, H. Relativity: An Introduction to Special and General Relativity, 3rd ed.; Cambridge University Press: Cambridge, UK,
2004; pp. 165-167. [CrossRef]

28. Misner, C.W.,; Thorne, K.S.; Wheeler, J.A. Gravitation; Princeton University Press: San Francisco, CA, USA, 1973; pp. 570-583.

29. Boillat, G. Shock relations in nonlinear electrodynamics. Physics Lett. A 1972, 40, 9-10. [CrossRef]


http://doi.org/10.1002/prop.202200092
http://dx.doi.org/10.1038/1321004b0
http://dx.doi.org/10.1038/1321004b0
http://dx.doi.org/10.1007/BF01343663
http://dx.doi.org/10.1098/rspa.1935.0116
http://dx.doi.org/10.1016/0550-3213(95)00409-L
http://dx.doi.org/10.1016/S0550-3213(99)00509-X
http://dx.doi.org/10.1103/PhysRevD.102.121703
http://dx.doi.org/10.1063/1.1665231
http://dx.doi.org/10.1017/CBO9781139644181
http://dx.doi.org/10.1142/S0217751X98002183
http://dx.doi.org/10.1088/0264-9381/17/16/311
http://dx.doi.org/10.1103/PhysRevD.63.103516
http://dx.doi.org/10.1088/1361-6382/ad756b
http://dx.doi.org/10.1103/PhysRevLett.85.4643
http://dx.doi.org/10.12942/lrr-2005-12
http://www.ncbi.nlm.nih.gov/pubmed/28179871
http://dx.doi.org/10.1103/PhysRevD.61.045001
http://dx.doi.org/10.1103/PhysRevD.66.024042
[
http://dx.doi.org/10.48550/arXiv.gr-qc/0204017
http://dx.doi.org/10.1098/rspa.1934.0010
http://dx.doi.org/10.1119/1.1971089
http://dx.doi.org/10.1007/JHEP02(2023)009
http://dx.doi.org/10.1017/CBO9780511616532
http://dx.doi.org/10.1016/0375-9601(72)90174-0

Universe 2024, 10, 459 21 of 21

30.

31.
32.
33.
34.

35.
36.
37.

38.
39.

40.
41.
42.
43.
44.

45.

Tseytlin, A.A. Born—Infeld Action, Supersymmetry and String Theory; World Scientific: River Edge, NJ, USA, 1999; pp. 417-452.
[CrossRef]

Gibbons, G.W. Aspects of Born-Infeld theory and string / M theory. AIP Conf. Proc. 2001, 589, 324-350. [CrossRef]

Gibbons, G.W.; Herdeiro, C.A.R. Born-Infeld theory and stringy causality. Phys. Rev. D 2001, 63, 064006. [CrossRef]

Russo, ].G.; Townsend, P.K. Nonlinear electrodynamics without birefringence. JHEP 2023, 1, 039. [CrossRef]

Bronnikov, K.A.; Konoplya, R.A.; Pappas, T.D. General parametrization of wormhole spacetimes and its application to shadows
and quasinormal modes. Phys. Rev. D 2021, 103, 124062. [CrossRef]

Carroll, S.M. Spacetime and Geometry: An Introduction to General Relativity; Cambridge University Press: Cambridge, UK, 2019.
Alam, Y.F; Behne, A. Review of Born-Infeld electrodynamics. arXiv 2021, arXiv:2111.08657. [CrossRef]

Arkani-Hamed, N.; Cheng, H.C.; Luty, M.A.; Mukohyama, S. Ghost condensation and a consistent infrared modification of
gravity. JHEP 2004, 5, 74. [CrossRef]

Kim, H. Genuine dyons in Born-Infeld electrodynamics. Phys. Rev. D 2000, 61, 085014. [CrossRef]

Deser, S.; McCarthy, J.G.; Sarioglu, O. ‘Good propagation’ constraints on dual invariant actions in electrodynamics and on
massless fields. Class. Quant. Grav. 1999, 16, 841-847. [CrossRef]

Mukohyama, S.; Namba, R.; Watanabe, Y. Is the DBI scalar field as fragile as other k-essence fields? Phys. Rev. D 2016, 94, 023514.
[CrossRef]

de Rham, C.; Motohashi, H. Caustics for Spherical Waves. Phys. Rev. D 2017, 95, 064008. [CrossRef]

Pajer, E.; Stefanyszyn, D. Symmetric Superfluids. JHEP 2019, 6, 8. [CrossRef]

Grall, T.; Jazayeri, S.; Pajer, E. Symmetric Scalars. JCAP 2020, 5, 31. [CrossRef]

Beltran Jiménez, J.; Bettoni, D.; Brax, P. Resilience of DBI screened objects and their ladder symmetries. JHEP 2024, 10, 108.
[CrossRef]

Babichev, E.; Mukhanov, V.; Vikman, A. k-Essence, superluminal propagation, causality and emergent geometry. [HEP 2008,
2,101. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1142/9789812793850_0025
http://dx.doi.org/10.1063/1.1419338
http://dx.doi.org/10.1103/PhysRevD.63.064006
http://dx.doi.org/10.1007/JHEP01(2023)039
http://dx.doi.org/10.1103/PhysRevD.103.124062
http://dx.doi.org/10.48550/arXiv.2111.08657
http://dx.doi.org/10.1088/1126-6708/2004/05/074
http://dx.doi.org/10.1103/PhysRevD.61.085014
http://dx.doi.org/10.1088/0264-9381/16/3/015
http://dx.doi.org/10.1103/PhysRevD.94.023514
http://dx.doi.org/10.1103/PhysRevD.95.064008
http://dx.doi.org/10.1007/JHEP06(2019)008
http://dx.doi.org/10.1088/1475-7516/2020/05/031
http://dx.doi.org/10.1007/JHEP10(2024)108
http://dx.doi.org/10.1088/1126-6708/2008/02/101

	Introduction
	Nonlinear Electromagnetism
	Background Dynamics
	Perturbations

	On the Existence of a Geometric Analog
	Effective Bimetric Theories
	Geometric Theories
	Geometrical Optics Approximation

	Born–Infeld Theory
	Electric Wormhole
	Magnetic Monopole
	Dyon
	A Digression on the Scalar Dirac–Born–Infeld Analog
	Conclusions
	References

