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Abstract: In III-nitride quantum dots (QDs), optical transition rate is very low because of the
large built-in electrostatic field caused by the spontaneous polarization (SP) and piezoelectric (PZ)
effects. In this work, we study the screening potential which is a solution of the self-consistent
Hartree equation taking into account the built-in electrostatic field and its effect on light emission
characteristics of non-polar wurtzite (WZ) (112̄0) GaN/AlN QD. It is found that the light emission
intensity of the non-polar (112̄0) GaN/AlN QD structure is expected to be about four times larger
than that of the c-plane (0001) GaN/AlN QD structure because the y-polarized matrix elements in
the non-polar QD are larger than that in the c-plane QD. These predictions indicate that non-polar
GaN/AlN QD structure have strong potential for highly efficient opto-electronic devices.
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1. Introduction

Wurtzite (WZ) GaN-based quantum dots (QDs) have attracted significant attention as promising
candidates for application in optical, optoelectronic, and electronic devices [1–7]. Unfortunately, these
structures have large spontaneous (SP) electric dipoles along the [0001] direction (c-axis) of the lattice
on top of strong piezoelectric (PZ) polarization [8,9], which results in the substantial reduction of
transition probability between the electrons and holes in heterostructures.

To overcome these problems, nanostructures along nonpolar directions have been proposed by
several authors. In the case of quantum well (QW) structures, the electric field is shown to vanish when
they are grown on the non-polar substrate [10,11]. On the other hand, in the case of QD structures,
facets along the [0001] direction still remain even when grown on a non-polar substrate because they
are three dimensional objects, in contrast to the case of non-polar QWs. Therefore, consideration
of the screening effect on the internal field due to SP and PZ polarizations will be important for
the design of non-polar QD devices [12,13]. There has been very little work done on studies on the
light emission characteristics of nonpolar QD structures taking into account the screening potential
effects self-consistently.

In this paper, we investigate screening potential arising from the internal field and light emission
characteristics of non-polar WZ (112̄0) GaN/AlN QDs by using k · p multi-band effective mass theory.
The wavefunctions are obtained by solving the Schrödinger equation for electrons and the (112̄0)
6× 6 Hamiltonian for holes [14,15] adopted for the QD structure. We consider a cubic QD structure
(GaN) grown on GaN of a length d, which is embedded in AlN cladding material with a size of
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200× 200× 200 Å
3
). In Figure 1, we plotted schematic geometry for (a) c-plane and (b) a-plane QD

structures. The growth axes for c-plane and a-plane correspond to (0001)- and (112̄0)-orientations.
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Figure 1. Schematic geometry for (a) c-plane and (b) a-plane QD structures.

2. Theory

2.1. (0001)-Oriented Hamiltonian and Built-in Potential

The (0001)-oriented c-plane Hamiltonian for the valence-band structure can be written as [14,15]

H(k, ε) =



F −K∗ −H∗ 0 0 0
−K G H 0 0 ∆
−H H∗ λ 0 ∆ 0

0 0 0 F −K H
0 0 ∆ −K∗ G −H∗

0 ∆ 0 H∗ −H λ



|U1 >

|U2 >

|U3 >

|U4 >

|U5 >

|U6 >,

(1)

where

F = ∆1 + ∆2 + λ + θ,

G = ∆1 − ∆2 + λ + θ,

λ =
h̄2

2mo
[A1kz

2 + A2(kx
2 + ky

2)] + D1εzz + D2(εxx + εyy),

θ =
h̄2

2mo
[A3kz

2 + A4(kx
2 + ky

2)] + D3εzz + D4(εxx + εyy),

K =
h̄2

2mo
A5(kx + iky)

2,

H =
h̄2

2mo
A6(kx + iky)kz,

∆ =
√

2∆3 (2)
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Here, ∆1 is the crystal-field split energy, ∆2 and ∆3 account for spin-orbit interactions, the Ai’s
are the valence-band effective-mass parameters, the Di’s are the deformation potentials for wurtzite
crystals, ki is the wave vector, and εij is the strain tensor. Here, εxx = (as− ae)/ae and εzz = (cs− ce)/ce,
which are due to mismatches between the lattice constants of the well (ae and ce) and the substrate (as

and cs). The bases for the Hamiltonian are defined as

|U1 > = − 1√
2
|(X + iY) ↑>,

|U2 > =
1√
2
|(X− iY) ↑>,

|U3 > = |Z ↑>,

|U4 > =
1√
2
|(X− iY) ↓>,

|U5 > = − 1√
2
|(X + iY) ↓>,

|U6 > = |Z ↓> . (3)

The strain tensors and built-in potential are obtained by [16]

σij = Cijlmεij − ekjiEk,

Di = ε0εrEj + Pi + Psp, (4)

where σ are vectors of the stress, C is the elastic stiffness tensor, e is the piezoelectric constant tensor,
and D is the electric flux, which are related to the strain ε and electric field E vectors. Here, Pi, εr,
and Psp are the piezoelectric polarization, relative dielectric constants, and spontaneous polarization,
respectively.

2.2. (112̄0)-Oriented-Oriented Hamiltonian

The Hamiltonian for an arbitrary crystal orientation can be obtained using a rotation matrix

U =

cos θ cos φ cos θ sin φ − sin θ

− sin φ cos φ 0
sin θ cos φ sin θ sin φ cos θ

 . (5)

Rotations of the Euler angles θ and φ transform the physical quantities from (x, y, z) coordinates to
(x′, y′, z′) coordinates. The z-axis corresponds to the c-axis [0001]. The relation between the coordinate
systems for vectors and tensors is expressed as [17–19]

kp = Uipk′i, (6)

εpq = UipUjqε′ij (7)

epqr = UipUjqUjre′ijk (8)

Cpqrs = UipUjqUjrUjsC′ijk (9)

where summation over repeated indices is indicated. The a-plane Hamiltonian with a set of faces
{112̄0} can be obtained by substituting φ = 0 and θ = π/2 into Equation (1). The misfit strain, ε0,
of the QD is taken with respect to the surrounding matrix and is assumed to be equal to (2ε0a + ε0c)/3,
where ε0a is the misfit strain in the x− y plane and ε0c is the misfit strain along the z plane [20].
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2.3. Self-Consistent Calculation

The total potential profiles for the electrons and holes are [21]

Vc(r) = Vcb(r) + V(r)− |e|φ(r)
Vv(r) = Vvb(r)−V(r) + |e|φ(r), (10)

where Vcb and Vvb are the square potential for the conduction band and valence band, respectively, V
is the static electric potential induced by the piezoelectric and spontaneous polarizations, and φ is the
screening potential induced by the charged carriers, which satisfies Poisson’s equation

5 · (ε(r)5 φ(r)) = −|e|[p(r)− n(r)], (11)

where ε is the dielectric constant. The density of state for a quantum dot is given by ρ(E) = δ(E−
En,m)/V, where V is the volume of the QD. Then, the quasi-Fermi levels for a given carrier density are
calculated from the charge neutrality using the following relations [16]:

n =
2
V ∑

n

1

1 + exp
[
(En−E f c)

kT

]
p =

1
V ∑

m

1

1 + exp
[
(Em−E f v)

kT

] , (12)

where E f c and E f v are the relevant quasi-Fermi levels. Here, we assumed that carriers are injected
into the QD and the contribution from continuum states is negligible in Equation (12). The electron
and hole concentrations, p(r) and n(r), in Equation (11) are related to the wavefunctions of the n-th
conduction subband and the m-th valence subband by [16]

n(r) = 2 ∑
n
|φn(r)|2

1

1 + exp
[
(En−E f c)

kT

] (13)

and

p(r) = ∑
m

6

∑
ν=1
|g(ν)m (r)|2 1

1 + exp
[
(Em−E f v)

kT

] (14)

where ν refers to the bases for the Hamiltonian, φn(r) and g(ν)m (r) (ν = 1, 2, 3, 4, 5, and 6) are envelope
functions in the conduction and valence bands, respectively.

2.4. Optical Matrix Element and Spontaneous Emission Coefficient

The optical momentum matrix elements M for the QD are given by [15]

|ê ·M|2 = | < Ψn
c |ê · p|Ψm

h > |2, (15)

where Ψc and Ψh are the wave functions for the conduction and the valence bands, respectively.
The indices n = {n1n2n3} and m = {m1m2m3} denote the electron states in the conduction band
and the subband states in the valence band, respectively. The polarization-dependent interband
momentum-matrix elements can be written as
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TE -polarization (ê = cos φx̂ + sin φŷ ) :

|ê ·M↑|2 =

∣∣∣∣cos φ

{
− 1√

2
Px〈g(1)m |φn〉+

1√
2

Px〈g(2)m |φn〉
}

+ sin φ

{
−i

1√
2

Px〈g(1)m |φn〉 − i
1√
2

Px〈g(2)m |φn〉
}∣∣∣∣2 (16)

|ê ·M↓|2 =

∣∣∣∣cos φ

{
1√
2

Px〈g(4)m |φn〉 −
1√
2

Px〈g(5)m |φn〉|φn〉
}

+ sin φ

{
−i

1√
2

Px〈g(4)m |φn〉 − i
1√
2

Px〈g(5)m |φn〉
}∣∣∣∣2 (17)

TM -polarization (ê = ẑ ):

|ê ·M↑|2 =
∣∣∣Pz〈g(3)m |φn〉

∣∣∣2 (18)

|ê ·M↓|2 =
∣∣∣Pz〈g(3)m |φn〉

∣∣∣2 . (19)

Furthermore,

Px = Py = 〈S|px|X〉 = 〈S|py|Y〉 =
mo

h̄
P2, Pz = 〈S|pz|Z〉 =

mo

h̄
P1,

P2
1 =

h̄2

2mo

(
mo

mz
e
− 1
)

(Eg + ∆1 + ∆2)(Eg + 2∆2)− 2∆2
3

Eg + 2∆2
,

P2
2 =

h̄2

2mo

(
mo

mt
e
− 1
)

Eg[(Eg + ∆1 + ∆2)(Eg + 2∆2)− 2∆2
3]

(Eg + ∆1 + ∆2)(Eg + ∆2)− ∆2
3

. (20)

The spontaneous emission coefficient for the quantum dot is [1]

gsp(h̄ω) =
e2

m2
oω

√
µo

ε ∑
n,m

1
V
|ê ·Mn

m|2 (21)

· h̄/τin
(Een

hm − h̄ω)2 + (h̄/τin)2 ( f n
c − f m

v ),

where mo is the free-electron mass, ω is the angular frequency, µo is the vacuum permeability, and τin
is the intraband relaxation time, which is assumed to be 1× 10−13 s.

3. Results

Figure 2 shows the calculated potential along x-, y-, and z-axes for (a) (0001)- and
(b) (112̄0)-oriented GaN/AlN QD structures grown on GaN substrate. The length d of cubic QD
is set to be 40 Å. The (0001)-oriented GaN/AlN QD structure shows that there exists a large potential
along x-, y-, and z-axes. The potentials along x- and y-axes are mainly due to the strain-induced
piezoelectric polarization. In the case of the potential along z-axis, its magnitude is observed to be
slightly larger than that along x- or y-axis because there exists a spontaneous polarization along z-axis.
On the other hand, in the case of the (112̄0)-oriented GaN/AlN QD structure, the dominant potential
is observed for the case along x-axis only because the spontaneous polarization is toward the polar
[0001] direction and the strain-induced piezoelectric polarization is small. As a result, we expect that
the internal field effect can be reduced for the non-polar GaN/AlN QD structure.



Electronics 2020, 9, 1256 6 of 10

-100 -50 0 50 100
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2

-100 -50 0 50 100
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2

-100 -50 0 50 100
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2

-100 -50 0 50 100
-0.2

-0.1

0.0

0.1

0.2

-100 -50 0 50 100
-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

-100 -50 0 50 100
-0.2

-0.1

0.0

0.1

0.2

Po
te

nt
ia

l (
eV

) 

z (Å)y (Å)x (Å)

Po
te

nt
ia

l (
eV

) 
(a) 

  

(0001) 

 

(b) 

 

(1120)
  

Figure 2. Calculated potential along x-, y-, and z-axes for (a) (0001)- and (b) (112̄0)-oriented GaN/AlN
QD structures grown on GaN substrate. The length d of cubic QD is set to be 40 Å.

Figure 3 shows the screening potential φ(r) along x-, y-, and z-axes for (a) (0001)- and
(b) (112̄0)-oriented a-plane GaN/AlN QD structures grown on GaN substrate. The (0001)-oriented
GaN/AlN QD structure shows that the screening potential along z-axis is larger than that along x- or
y-axis because there exists larger internal field along z-axis due to the spontaneous polarization. In the
case of the (112̄0)-oriented GaN/AlN QD structure, however, dominant screening potential is observed
along x-axis while the screening potential along y- or z-axis is relatively small. The magnitude of the
screening potential may be related to the magnitude of the potential due to the PZ and SP polarizations.
Furthermore, the increase in the screening potential will affect the optical matrix elements.

Figure 4 shows the normalized optical matrix element for x-, y-, and z-polarization for (a) (0001)-
and (b) (112̄0)-oriented a-plane GaN/AlN QD structures grown on GaN substrate. The x or y coordinate
indicates the subband index in the conduction and valence bands. (x, y) = (i,j) means that the matrix
element corresponds to the transition between i-th subband in the conduction band and j-th subband
in the valence band. The quasi-Fermi levels in the conduction and valence bands are located below the
first subband for both (0001)- and (112̄0)-oriented QD structures. That is, energy spacings between
the quasi-Fermi energy and the first subband are −0.020 and −0.042 eV for the conduction and
valence bands in the (0001)-oriented QD structure, respectively. Similar results are obtained for the
(112̄0)-oriented QD structure. Thus, in the case of the conduction band, we plotted only two subbands
because the energy spacing between subbands is large (∼0.24 eV). On the other hand, in the case of
the valence band, we plotted twelve subbands because the energy spacings between subbands are
very small (∼0.005).
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Figure 3. Screening potential φ(r) along x-, y-, and z-axes for (a) (0001)- and (b) (112̄0)-oriented a-plane
GaN/AlN QD structures grown on GaN substrate.

In the case of the x-polarization, the (0001)-oriented GaN/AlN QD structure shows that dominant
matrix elements are related to transition between the first subband in conduction and the first
two valence bands. On the other hand, the (112̄0)-oriented QD structure shows that the matrix
elements related to transition between the first subband in conduction and the 4- and 5-th valence
bands are dominant and larger than those of the (0001)-oriented GaN/AlN QD structure. However,
the (0001)-oriented GaN/AlN QD structure shows that x-polarized light intensity is larger than that
of the (112̄0)-oriented QD structure. This means that matrix elements related to the transition between
lower subbands are important because carrier population in higher subbands is low. On the other
hand, the (112̄0)-oriented GaN/AlN QD structure shows much larger y-polarized matrix elements
than the (0001)-oriented GaN/AlN QD structure, which is related to the transition between lower
subbands. Thus, the y-polarized light intensity for the GaN/AlN QD structure is about four times
larger than that for the (0001)-oriented GaN/AlN QD structure. Similar tendency is observed for the
case of the z-polarization.

Figure 5 shows the spontaneous emission spectra for x-, y-, and z-polarizations for (0001)- and
(112̄0)-oriented a-plane GaN/AlN QD structures grown on GaN substrate. Spontaneous emission
coefficients are calculated at the carrier density of N3D = 1 × 1019 cm−3. The (0001)-oriented GaN/AlN
QD structure shows that x- or y-polarized light intensity is much larger than z-polarized light intensity.
This is because the optical matrix element for x- or y-polarization between ground state subbands is
relatively larger than that for the z-polarization. On the other hand, the (112̄0)-oriented GaN/AlN
QD structure shows that the light intensity for y-polarization is dominant. Furthermore, we observe
that the y- or z-polarized light intensity for the (112̄0)-oriented GaN/AlN QD structure is four times
larger than that for the (0001)-oriented GaN/AlN QD structure. Thus, we expect that non-polar
GaN/AlN QD structure can be used for optoelectonic device with high light intensity, as observed for
QW structures.
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Figure 4. Normalized optical matrix element for x-, y-, and z-polarization for (a) (0001)- and
(b) (112̄0)-oriented a-plane GaN/AlN QD structures grown on GaN substrate.
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Figure 5. Spontaneous emission spectra for x-, y-, and z-polarizations for (0001)- and (112̄0)-oriented
a-plane GaN/AlN QD structures grown on GaN substrate.
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4. Conclusions

We investigated screening potential and light emission characteristics of non-polar WZ GaN/AlN
QDs by using an effective mass theory. The (0001)-oriented GaN/AlN QD structure shows that the
screening potential along z-axis is larger than that along x- or y-axis because there exists larger internal
field along z-axis. In the case of the (112̄0)-oriented GaN/AlN QD structure, however, the screening
potential along x-axis is large while the screening potential along y- or z-axis is very small. The light
intensity for the a-plane GaN/AlN QD structure is shown to be about four times larger than that for the
(0001)-oriented GaN/AlN QD structure because the internal field of the former is reduced, compared
to that of the latter. We expect that non-polar GaN/AlN QD structure can be used for optoelectonic
device with high light intensity, as observed for QW structures.
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