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Abstract: This paper proposes a variable stiffness joint based on a symmetrical crank slider mechanism
(SCM-VSJ). Firstly, the mechanical design and the working principle of the variable stiffness joint
is described, and its stiffness regulation characteristics are studied. Secondly, the dynamical model
of variable stiffness joint including joint motor, harmonic reducer and stiffness adjustment motor
is established, in addition, the transmission mechanism of the crank slider mechanism and the
elastic deformation of the spring bar are considered in the dynamic modeling. Finally, in order
to control the dynamic stiffness of the variable stiffness joint in real time, a kind of improved PID
(proportional-integral-derivative) control algorithm based on feed-forward and feedback closed-loop
is proposed on the basis of the existing dynamical model, and the simulation analysis of real-time
tracking control of dynamic stiffness for sinusoidal wave expected stiffness signal and random
expected stiffness signal is carried out respectively. The research shows that the real-time stiffness
control of SCM-VSJ can be realized effectively, and during the stiffness adjustment process, the output
torque of the stiffness adjustment motor will be affected by the elastic deformation of the spring bar.

Keywords: variable stiffness joint; symmetrical crank slider mechanism; dynamical model; real-time
stiffness control

1. Introduction

Presently, the traditional rigid manipulator lacks enough environmental adaptability in various
complex working environments, for example, in the case of human robot interaction. Human robot
interaction is a key component of future robots, especially in the application of service robots, such as
the care of the elderly and the disabled, deliver meals to guests in the restaurant. The direct contact
between human and robot requires the robot to have enough safety, especially the mechanical safety
of the robot itself. Therefore, more and more attention and research have been paid to the flexible
manipulator. It is one of the main research directions to make the joints flexible of the robot [1–3]. If the
joint stiffness of service robot is variable, when it is close to human, it can reduce the joint stiffness to
increase the safety of human robot interaction, and when it is far from human, it can work with high
joint stiffness. The main feature of the variable stiffness joint is that there are elastic elements with
adjustable stiffness between the input and output of the actuator, which can convert the kinetic energy
and elastic potential energy of the joint. Since the variable stiffness joint has great potential value for
the future development of service robots, its mechanical design, dynamic performance, and real-time
control of stiffness become the focus of research [4,5].

The SEA (Series Elastic Actuators) was proposed by Ratt et al. in 1995 [6]. Since then,
many researchers have begun to study it and applied it to the joints of robots, and various variable
stiffness joint have evolved and improved on the basis of SEA. According to the principle of variable
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stiffness of joints [7–9], the common variable stiffness joints are mainly of the following two types:
antagonistic controlled variable stiffness joints and mechanically controlled variable stiffness joints.
Antagonistic controlled stiffness originates from the antagonistic principle of biceps brachii and
triceps brachii, the joints with similar principle and different structure are VSA (variable stiffness joint
actuator) [10], AMASC (actuator with mechanically adjustable series compliance) [11], QA-Joint [12],
this method requires more springs and complex structure. Mechanical controlled variable stiffness
joints to changes joint stiffness by changing the connection between elastic elements and rigid
structures, for example, VS-Joint [13], FSJ [14] and others adjust joint stiffness by change the preload
of elastic elements; pVSJ (passive variable stiffness joint) [15], AwAS (actuator with adjustable
stiffness) [16–18] and others [19–22] adjust joint stiffness by changing the effective length according
to the lever principle. In addition, according to whether the stiffness of variable stiffness joint is
continuous, it can be divided into continuous variable stiffness joint and discrete variable stiffness joint,
such as BcVSA (Binary-Controlled Variable Stiffness Actuator) [23], pDVSJ (Passive Diskrete Variable
Stiffness Joint) [24].

The variable stiffness joint may be helpful to improve the joint flexibility of the service robot.
Therefore, it is necessary to put forward some requirements for the design of the variable stiffness joint
according to the application of human robot interaction of the service robot. In the design of variable
stiffness joint, the following factors should be taken into account: the joint output stiffness can change
in a large range continuously, which is beneficial to improve the adaptability of the service robot to the
working environment; the size of the joint should be as compact as possible and the lighter the better;
the stiffness of the joint can be adjusted in real time, in some unexpected situations, the adjustment
time of the stiffness is too long to guarantee the safety of human robot interaction.

In terms of the dynamics of variable stiffness joints, Ratt et al. first simplified the dynamics
model of the variable stiffness joint drive system to a simple “power source-spring-load” model for
analysis [6], in the subsequent studies, the dynamical models are gradually enriched, such as the
VSA-II [25] proposed by Grioli, the damping factor is added to the dynamics. In the dynamical
modeling of variable stiffness joints, the influence of motor damping should be taken into account,
damping can play a very good restraining effect for the system with oscillation. We should also consider
the effect of equivalent moment of inertia, which has great influence on the output characteristics of
mechanical system. In addition, in practical applications, such as the motion of robot, the joint stiffness
changes dynamically, and the dynamic stiffness will always affect the output characteristics of the
joint. To establish a more complete dynamical model, the influence of the motor damping, equivalent
moment of inertia, dynamic stiffness and reducer must be considered. Of course, for the specific
variable stiffness drive joint, the transmission mechanism of the variable stiffness module and the
elastic deformation of the elastic device also need to be considered in the dynamic modeling.

To adjust the dynamic characteristics of the robot in real time, it is necessary to identify and control
the dynamic stiffness of the variable stiffness joint in real time and effectively. The joint stiffness value
is not a physical quantity that can be directly measure, and its identification mainly come from the
mathematical model of the system. Giorgio Drioli et al. used non-parametric model identification
method and parametric model identification method respectively for variable stiffness joint actuator
(VSA) [26–28], the results show that the parametric model identification method has better tracking
performance for stiffness identification of non-linear characteristics. In addition, some studies show
that the closed-loop control method is better than the open-loop control method for the variable
stiffness system [29,30]. Therefore, on the basis of dynamic stiffness identification, the real-time
dynamic value of joint stiffness is introduced into the control system as negative feedback, which can
form a closed-loop stiffness control system and realize the dynamic real-time control of joint stiffness.
Furthermore, in order to perform to the solution of the control system, some numerical optimization
techniques proposed in [31,32] can be considered.

In this paper, a variable stiffness joint based on symmetrical crank slider mechanism is designed,
and it can realize the continuous change of joint stiffness in a certain range. In Section 2, according to
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the service robot’s requirements for joint flexibility, the mechanical design of the variable stiffness joint
is introduced in detail, the variable stiffness principle of the joint is expounded, and the mathematical
derivation and characteristic analysis of SCM-VSJ are carried out. In Section 3, the dynamical model of
variable stiffness joint actuator including joint motor, harmonic reducer and stiffness adjustment motor
is established, in addition, we also consider the transmission mechanism of the crank slider mechanism
and the elastic deformation of the spring bar in the dynamic modeling. Through dynamic simulation,
the characteristic curves of the output angle, angular velocity, and torque of the joint under different
stiffness are obtained. In Section 4, a kind of improved PID closed-loop control algorithm of joint
stiffness based on feed-forward and feedback is proposed, and real-time tracking control simulation is
carried out for sine wave expected stiffness signal and random expected stiffness signal respectively,
which verifies the feasibility of the proposed control method. Finally, the summary of the research
work and the prospect of the future work are given.

2. Mechanical Design and Mathematical Analysis of SCM-VSJ

Many human robot interaction scenarios of service robots require that the stiffness of robot joints
can be continuously changed from minimal to maximal, and the change of stiffness can be completed
in a very short time. Our design of variable stiffness joint is based on this requirement. Considering
the principle of saving energy consumption when the joint stiffness is constant, we choose to change
the joint stiffness continuously by changing the effective length of the spring bar according to the lever
principle. Considering the rapidity requirements of service robots for stiffness adjustment, we adopt the
crank slider mechanism. Compared with other mechanisms such as ball screw mechanism, the crank
slider mechanism can quickly adjust the effective length of the spring bar and achieve the required joint
stiffness faster. The following is a detailed introduction to the mechanical design and characteristic
analysis of SCM-VSJ.

2.1. Mechanical Design

The mechanical design structure of SCM-VSJ is shown in Figure 1. The joint motor can drive the
input disk to rotate through the reducer, the center of the spring bar is fixed with the center of the
input disk. Both ends of the spring bar pass through the circular holes on both sides of the output disk,
and the output bar is fixed to the output disk. Therefore, the joint motor can drive the output disk
through the spring bar to realize joint position control. The stiffness adjustment motor is fixed on the
connecting bracket of the input disk, after driving the stiffness adjustment motor, a pair of crank slider
mechanisms can move symmetrically left and right through gear meshing transmission, therefore,
a pair of sliding clamps can slide symmetrically left and right in the convex groove of the input disk.
The contact force pivot point is formed by the contact between the sliding clamp and the spring bar,
the driving stiffness adjustment motor can make the contact force pivot point of the left and right sides
of the spring bar move symmetrically at the same time, and change the effective length of the spring
bar, thereby changing the joint stiffness. We use symmetrical structure to change the stiffness of the
joint, when the joint is subjected to external moment, the load impact on all parts of the joint will be
more balanced. To prevent the spring bar from plastic deformation caused by excessive deformation,
a baffle is set on the input disk and a U-shaped groove is arranged on the output disk.
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Figure 1. Structural model of SCM-VSJ.

When the stiffness adjustment motor rotates, the sliding clamp slides on the spring bar, as shown
in Figure 2a. When the joint is subjected to the external moment, and the position of the sliding clamp
remains unchanged, the larger the external moment is, the larger the elastic deformation of the spring
bar is, as shown in Figure 2b.
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Figure 2. Schematic diagram of crank slider movement and spring bar bending. (a) Different positions
of the sliding clamp. (b) Bending diagram of spring bar.

When using the crank slider mechanism, it is necessary to optimize the dimensions of the crank
slider mechanism. Take the optimal transmission angle of crank slider mechanism as the optimization
objective, optimize the dimensions of L1, L2 and L3 is shown in Figure 3. L1 is the length of the crank,
L2 is the length of connecting rod, which connect crank and slider, L3 is the eccentricity of the crank
slider mechanism, H is the slider stroke of the crank slider mechanism, θ is the polar angle of the crank
slider mechanism, γmin is the minimum transmission angle of the crank slider mechanism.
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Figure 3. Dimensions optimization of slider crank mechanism.

Set θ = 20, H = 30 mm, require the best transmission angle, then the calculation process is as follows:
Rc =

H
2 sinθ = 43.86 mm

cos β =

√
sin2( θ2 )+4−sin( θ2 )

2 = 0.9169
(1)

Then the dimensions of L1, L2 and L3 are calculated as follows:
L1 = 2Rc cos β sin

(
θ
2

)
= 13.96 mm

L2 = 2Rc sin β cos
(
θ
2

)
= 34.47 mm

L3 = R(cosθ− cos 2β) = 11.32 mm
(2)

The optimized minimum transmission angle can be obtained.

γmin = arccos
(L1 + L3

L2

)
= 42.81◦ (3)

According to the above optimization, we choose the dimensions of L1, L2 and L3 as follows:
L1 = 14 mm
L2 = 34 mm
L3 = 12 mm

(4)

Now, the minimum transmission angle of the crank slider mechanism isγmin = 40.12◦, which meets
the transmission requirements of the crank slider mechanism.

We choose the servo motor as the joint motor, and use the harmonic reducer to reduce the speed.
In addition, we choose a DC geared motor as the stiffness adjustment motor, which is required to
provide enough torque to drive the movement of the sliding clamp. The parameters of motor and
reducer are shown in Table 1.

In the structure of SCM-VSJ, there will be friction in the movement of slider crank mechanism,
which will affect the torque requirements of the actuator and the performance of the system.
The influence of friction will be considered in the system dynamics modeling. In addition, as shown in
Figure 2b, when the joint is subjected to the external moment, the elastic deformation of the spring bar
will cause resistance to the sliding of the sliding clamp, which affects the torque output of the stiffness
adjustment motor.
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Table 1. Parameters of motor and reducer.

Parameters Value Unit

Rated power of servo motor 200 W
Rated torque of servo motor 0.64 Nm

Reduction ratio of harmonic reducer 50 -
Rated torque of harmonic reducer 25 Nm
Rated torque of DC geared motor 0.2 Nm

Reduction ratio of DC geared motor 19 -
Speed before deceleration of DC geared motor 395 r/min

The transmission of the crank slider mechanism affects the adjustment of the joint stiffness, and a
model needs to be established to calculate the relationship between the position of the sliding clamp
and the rotation angle of the stiffness adjustment motor. To realize the real-time adjustment of joint
stiffness, dynamic modeling of joints is necessary, which is based on joint stiffness calculation and
crank slider transmission modeling. These will be discussed in detail in later section.

2.2. Mathematical Derivation

The core of the design is the principle of variable stiffness of the lever structure, but its structural
design is novel and simple. The schematic diagram of the stiffness adjustment of SCM-VSJ is shown in
Figure 4.
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The contact force pivot point is symmetrically distributed and can slide left and right along the
spring bar. L is the length from one side of the spring bar to the central cube, l is the distance between
the pivot point and the end of the spring bar, which serves as the variable effective length of the spring
bar, d is the side length of the central cube that is used to fix the spring bar. When the external force F is
applied, the spring bar will bend because of the torque, and the passive deflection angle of the output
shaft of the variable stiffness joint is ψ. The deflection w of the both ends of the spring bar is equal and
the direction is opposite.

We take the right half of the spring bar as an example to make a mathematical analysis of the
variable stiffness joint.

When the external moment T is applied, the force F is applied perpendicular to the circumference
of the spring bar. The torsional stiffness kr of the joint produced by the spring bar in the right half is
calculated as follows:

kr =
dT
dψ

=
dF(L + d/2)

dψ
(5)

The deflection w of spring bar under external force is approximately as follows:

w = (L + d/2) sinψ (6)
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Since one end of the right part of the spring bar is fixed on the central cube and the other end is
subjected to concentrated load, and there is a movable contact force pivot point between the sliding
clamp and the spring bar, the structure of the spring bar is a cantilever beam at this time. According to
material mechanics, the maximum deflection of the free end of a cantilever beam can be obtained by
superposition principle.

To calculate the end deflection of the spring bar which is the maximum free end deflection of a
cantilever beam subjected to concentrated loads, the above-mentioned stressed structure is shown in
Figure 5.
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The cantilever beam structure in Figure 4 has two points of application under concentrated loads.
F is the force at the end of the spring bar under the action of external torque, which can be regarded as
a concentrated load. FB is the concentrated load exerted by the contact pivot point on the spring bar
when the spring bar bends under the external moment. Therefore, the force structure of the cantilever
beam is composed of two simple load cantilever beam structures, as shown in Figure 6.
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The deflection formula of beam under simple load can be obtained by looking up the table.
The deflection curve formula of cantilever beam in Figure 6a is as follows:

w = −
Fx2

6EI
(3L− x) (7)

The deflection curve formula of cantilever beam in Figure 6b is as follows: w = Fx2

6EI (3(L− l) − x)(0 ≤ x ≤ L− l)

w =
F(L−l)2

6EI (3x− (L− l))(L− l ≤ x ≤ L)
(8)

where x is any point on the cantilever beam, E is the elastic modulus of the spring bar, and I is the
moment of inertia of the cross section of the spring bar to the bending neutral axis under external force.

For the cantilever beam in Figure 6a, when x = L, the deflection at the right end C of the cantilever
beam is as follows:

wc1 = −
FL3

3EI
(9)

When x = L− l, the deflection at point B of the cantilever beam is as follows:

wb1 = −
F(L− l)2

6EI
(2L + l) (10)

For the cantilever beam in Figure 6b, when x = L, the deflection at the right end C of the cantilever
beam is as follows:

wc2 = −
FB(L− l)2

6EI
(2L + l) (11)

When x = L− l, the deflection at point B of the cantilever beam is as follows:

wb2 =
FB(L− l)3

3EI
(12)

When SCM-VSJ is subjected to external load, the deflection at the point B is zero due to the
restraint of sliding clamp on spring bar. According to the principle of cantilever beam superposition,
the equation is as follows:

wb1 + wb2 = 0 (13)

According to Equation (13), the calculation of FB is as follows:

FB =
F(2L + l)
2(L− l)

(14)

Then, according to Equations (11) and (14), the calculation of wc2 is as follows:

wc2 =
F(2L + l)2(L− l)

12EI
(15)

According to the superposition principle of the cantilever beam, the deflection at point C is:

wc = wc1 + wc2 (16)

By calculation, the deflection at the rightmost end C of the spring bar is as follows:

w = wc =
F
(
l3 + 3Ll2

)
12EI

(17)
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The shape of the cross section of the selected spring bar is circular, assuming that the diameter of
the cross section of the spring bar is dT, the moment of inertia I is calculated as follows:

I =
πdT

4

64
(18)

According to Equations (6), (17) and (18), the calculation of the external force F is as follows:

F =
3EπdT

4

16(l3 + 3Ll2)
(L + d/2) sinψ (19)

The external torque T is calculated as follows:

T = F(L + d/2) =
3EπdT

4

16(l3 + 3Ll2)
(L + d/2)2 sinψ (20)

According to Equations (5) and (20), The torsional stiffness kr of the joint produced by the spring
bar in the right half is calculated as follows:

kr =
dT
dψ

=
3EπdT

4

16(l3 + 3Ll2)
(L + d/2)2 cosψ (21)

As the contact forces pivot point on the left and right sides is symmetrically distributed, the spring
bar on the left and right sides of the central cube has the same effect on the torsional stiffness of the
joint, i.e., kl = kr.

Therefore, the stiffness of the variable stiffness joint is calculated as follows:

K = kl + kr =
3EπdT

4

8(l3 + 3Ll2)
(L + d/2)2 cosψ (22)

It can be seen from Equation (22) that the stiffness of the variable stiffness joints is related to the
material, shape, effective length l of the spring bar and the passive deflection angle ψ of the joint.

In this paper, the effective length l of the spring bar is changed by means of symmetrical crank
slider mechanism. The relationship between the effective length l and the rotation angle θR of the
stiffness adjustment motor is shown in Figure 7.
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Spring bar diameter 
Td   3 mm 

Figure 7. Schematic diagram of the crank slider mechanism.

In Figure 7, L0 is the distance between the gear shaft and the joint center point O along the slideway
direction, L4 is the distance between the contact force pivot point B and the reference point A, effective
length l is the distance between rightmost point C of the spring bar and the contact force pivot point B,
and θL is the angle between connecting rod and slideway.
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To calculate the effective length l, the length of L4 can be calculated first. According to Figure 7,
we can see that: {

L1 cosθR + L2 sinθL = L3

L1 sinθR + L2 cosθL = L4
(23)

According to Equation (23), we can get that:

θL = arcsin
(L3 − L1 cosθR

L2

)
(24)

The length of L4 is calculated as follows:

L4 = L1 sinθR + L2 cos
(
arcsin

(L3 − L1 cosθR

L2

))
(25)

It can be seen from Figures 4 and 7:

L + d/2 = L0 + L4 + l (26)

Then, the effective length l can be calculated as follows:

l = L + d/2− L0 − L4 (27)

The stiffness of the variable stiffness joint can be derived from Equations (22) and (27).

2.3. Characteristic Analysis

Next, we analyze the characteristics of SCM-VSJ based on its design parameters and its stiffness
adjustment formula. After optimization design of dimension parameters, the design parameters of
SCM-VSJ are shown in Table 2.

Table 2. Parameters of SCM-VSJ.

Parameters Value Unit

SCM-VSJ maximum diameter D 130 mm
Central cube side length d 8 mm

SCM-VSJ passive deflection angle ψ [−8,8] ◦

Spring bar diameter dT 3 mm
Spring bar length LT 110 mm

The length from one side of the spring bar to the central cube L 51 mm
Spring bar elastic modulus E 206 Gpa

Horizontal distance between the joint center point O and the gear shaft L0 5 mm
Length of the crank L1 14 mm

Length of connecting rod L2 34 mm
The eccentricity of the crank slider mechanism L3 12 mm

Substitute the parameters of Table 2 into Equation (27), the relationship between the effective
length l and the rotation angle θR of the stiffness motor can be obtained. To prevent interference of
symmetrical crank slider mechanism, the range of stiffness motor rotation angle θR is set between
[0◦, 190◦]. The relationship between effective length l and stiffness motor rotation angle θR is shown in
Figure 8.
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It can be seen from Figure 8 that the effective length l of the spring bar increases gradually when
the rotation angle of the stiffness motor is between [120◦, 190◦], and the movement of the crank slider in
the above range will not cause interference between the mechanisms, so a reasonable range of stiffness
motor rotation angle is [120◦, 190◦], and the range of effective length is [9.6 mm, 30.2 mm].

Considering the rated torque of the reducer of the joint motor and the adjustment range of the
effective length, according to Equation (16), we can get the relationship between the passive deflection
angle and the external torque and the effective length, as shown in Figure 9.
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Figure 9. The relationship between the passive deflection angle and the external torque and the
effective length.

As can be seen from Figure 9, when the external torque is less than the rated torque of the reducer
of the joint motor, no matter how we adjust the effective length of the spring bar, the maximum passive
deflection angle is not more than 8◦, which is why we limit the range of passive deflection angle to
[−8◦, 8◦].

Substitute the parameters of Table 2 into Equation (22), the relationship between the joint stiffness
K and the effective length l and the passive deflection angle ψ can be obtained, as shown in Figure 10.
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Figure 10. The relationship between the joint stiffness and the effective length and the passive
deflection angle.

As can be seen from Figure 10, the joint stiffness is mainly affected by the effective length, which has
little relationship with the passive deflection angle. The effective length of the spring bar is inversely
proportional to the joint stiffness, the stiffness range of the SCM-VSJ is [368, 3968], and the unit
is Nm/rad.

When the joint is subjected to high load, the spring bar will bend and produce elastic deformation.
In this case, we should discuss how the driving torque of the stiffness adjustment motor will be affected
when the sliding clamp slides on the spring bar to adjust the stiffness.

According to Equations (14) and (20), the force between the spring bar and the sliding clamp is
calculated as follows:

FB =
F(2L + l)
2(L− l)

=
T(2L + l)

2
(
L + d

2

)
(L− l)

(28)

Considering the friction between sliding clamp and spring bar, when the sliding clamp slides
on the spring bar, the elastic deformation of the spring bar will increase the resistance to sliding.
To overcome the resistance, it is necessary to increase the driving torque of the stiffness adjustment
motor. The resistance moment formed by the resistance to the stiffness adjustment motor is shown in
Figure 11.Electronics 2020, 9, x FOR PEER REVIEW 13 of 22 
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Where F f is the resistance, T f is the resistance moment of the resistance to the stiffness adjustment
motor. Then we can calculate the resistance moment as follows:

T f = F f L3 = FB f L3 (29)

where f is the sliding friction coefficient between the sliding clamp and the spring bar.
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We assume the external moment T = 20 Nm, the coefficient of sliding friction f = 0.1, then we
can get the resistance moment that must be overcome when the sliding clamp slides on the spring bar,
as shown in Figure 12.
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Figure 12. The relationship between resistance moment and effective length.

It can be seen from Figure 12 that the longer the effective length is, the greater the resistance
moment that the stiffness adjustment motor must overcome when the external moment is constant.
In other words, the smaller the joint stiffness is, i.e., the larger the elastic potential energy of the spring
bar is, the greater the resistance moment that the stiffness adjustment motor must overcome. We can
think that when the sliding clamp slides toward the bending direction of the spring bar, the elastic
potential energy of the spring bar decreases gradually, and the resistance moment to be overcome also
decreases gradually. When the sliding clamp slides toward the non-bending direction of the spring bar,
the work done to overcome the resistance is converted into the elastic potential energy of the spring
bar, and the elastic potential energy of the spring bar increases gradually.

The performance of SCM-VSJ is compared with other variable stiffness joint, as shown in
Table 3 [33].

Table 3. Parameter comparison among several variable stiffness joints.

Category SCM-VSJ VSJ VsaUT-II

Size/mm ∅130 × 260 ∅146 × 144 -
Weight/kg 4.5 4.95 2.5

Stiffness/(Nm/rad) [368, 3968] [252, 3674] [0.7, 948]
Deformation angle/◦ [−8, 8] [−180, 180] [−28.6, 28.6]

Rated power/KW 0.2 0.2 -

3. Dynamics Analysis of SCM-VSJ

3.1. Dynamical Model

The variable stiffness joint drive system based on symmetrical crank slider mechanism is mainly
composed of joint motor, harmonic reducer, input shaft, stiffness adjustment module, and output shaft.
In the dynamic modeling, we should consider the electrical damping of the motor, the output damping,
and the reduction ratio of the harmonic reducer. In addition, we should also consider the friction in the
movement of crank slider mechanism and elastic deformation of spring bar, which will also affect the
torque requirements of the actuator and the performance of the system. Combining the above factors,
the dynamical model of the variable stiffness joint drive system is established as shown in Figure 13.
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The dynamic equations of SCM-VSJ are as follows:

TM = JM
..
θM + BM

.
θM + T0

T0 = T1
Nη

θM = Nθ1

T1 = T2 = K(θ1 − θ2) + B
( .
θ1 −

.
θ2

)
T2 = J2

..
θ2 + B2

.
θ2 + TL

TR = JR
..
θR + BR

.
θR +

Td
NRηR

Td = 2T f
ψ = θ1 − θ2

(30)

The meanings of parameters in Equation (30) are shown in Table 4.

Table 4. The meaning of each parameter in the dynamical model of SCM-VSJ.

Parameters Meaning Unit

TM The input torque of the main motor Nm
BM The electrical damping coefficient of the main motor Nm/(rad/s)
θM The input angle of the main motor rad
JM The moment of inertia of the main motor kg ·m2

T0 The output torque of the main motor Nm
N The reduction ratio of the harmonic reducer -
η The transmission efficiency of the harmonic reducer -
θ1 The output angle of the harmonic reducer rad
T1 The output torque of the harmonic reducer Nm
K The joint stiffness Nm/rad
B The damping coefficient of the variable stiffness module Nm/rad
T2 The output torque of the flexible part Nm
J2 The equivalent moment of inertia of the output kg ·m2

θ2 The joint output angle rad
B2 The damping coefficient of the output Nm/(rad/s)
TL The load torque Nm
TR The input moment of the stiffness adjustment motor Nm
JR The moment inertia of the stiffness adjustment motor kg ·m2

BR The damping coefficient of the stiffness adjustment motor Nm/(rad/s)
θR The angle of the stiffness adjustment motor rad
ηR Transfer efficiency of stiffness adjusting motor -
T f Resistance moment caused by spring bar Nm
Td Output torque of stiffness adjustment motor Nm
NR Reduction ratio of the stiffness adjusting motor -
ψ The joint passive deflection angle rad
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3.2. Dynamics Characteristics of SCM-VSJ

According to Equation (22) and Equations (28)–(30), the visual block diagram of dynamical model
of the variable stiffness joint is established by MATLAB/Simulink, and its dynamics characteristics are
simulated and analyzed.

Assuming that the joint is subjected to a certain external load, TL = 2 Nm, and input torque of
main motor is rated torque, when the joint stiffness K takes different values, the response curves of
joint output angle, angular velocity and output torque are shown in Figures 14–16 respectively.
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As can be seen from Figure 14, the joint output angle increases gradually from 0. When the
stiffness of the joint is small, the response curve of the output angle of the joint with time will fluctuate
greatly. When the joint stiffness is large, the curve of the output angle of the joint with time is close to
the linear curve.
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Figure 15. The response curve of the output angular velocity.

It can be seen from Figure 15 that the output angular velocity of the joint increases from 0 until
it eventually stabilizes, but the whole process shows large fluctuation. When the stiffness is small,
the angular velocity fluctuates greatly, which takes a long time to stabilize. When the stiffness is large,
the angular velocity fluctuates less and the response speed is faster.
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As can be seen from Figure 16 that the output torque of the joint increases from 0 until it eventually
stabilizes, but the whole process shows great fluctuation. The lower the stiffness, the greater the
fluctuation of the output torque.

4. Real-Time Dynamics Stiffness Control of SCM-VSJ

To realize the real-time change of joint stiffness according to the needs of the environment
during the movement of the robot, it is necessary to control the dynamic stiffness of the joint with
variable stiffness.

For the real-time control of dynamic stiffness of SCM-VSJ, this paper proposes an improved PID
control method based on feedforward and feedback closed-loop. The block diagram of the control
system is shown in Figure 17.Electronics 2020, 9, x FOR PEER REVIEW 17 of 22 
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Figure 17. Block diagram of closed-loop control system of SCM-VSJ.

Where ψ is the passive deflection angle, which can be obtained in real time through encoder
measurement, and it is a known quantity; Ke is the expected stiffness of the joint, Re is the
random disturbance.

Given the expected stiffness Ke and the passive deflection angle ψ, according to Equation (22),
the expected effective length le can be calculated as follows:

le = f (Ke,ψ), le ∈ [9.6, 30.2] (31)

The feedforward control is to introduce the difference el between the expected effective length le
and the actual effective length l regulated by the stiffness adjustment motor into the control system.
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The feedback control is to introduce the difference eK between the expected stiffness Ke and the
actual calculated stiffness K into the control system. The control of the rotation angle θR of the
stiffness adjustment motor is a closed-loop feedback control with random disturbance Re. The stiffness
adjustment motor is disturbed randomly, and the difference between the expected rotation angle of
the stiffness adjustment motor and the actual rotation angle θR of the stiffness adjustment motor is eθ,
then we can get the expected torque of the stiffness adjustment motor by PID control. According to
the dynamical model of stiffness adjustment motor in Equation (30), the rotation angle θR of stiffness
adjustment motor can be controlled.

The relevant variables are calculated as follows:
el = le − l
eK = Ke −K
eθ = el + eK − θR

(32)

According to the control method shown in Figure 17, the visual block diagram of SCM-VSJ
closed-loop PID control based on feedforward and feedback is established by MATLAB/Simulink,
and the simulation analysis of real-time dynamic tracking of joint stiffness is carried out to verify the
effectiveness of the proposed method. The simulation parameters of SCM-VSJ are shown in Table 5.

Table 5. The simulation parameters of SCM-VSJ.

Parameters Value Parameters Value Parameters Value

JM 3.1× 10−4 J2 0.071 B2 0.08
BM 7.4× 10−3 f 0.1 B 0.095
JR 3× 10−6 ηR 0.8 N 50
BR 7.4× 10−5 NR 19 η 0.8

How to choose the gain of PID is a very important issue, which has a great influence on the control
effect of the system. We use PID Tuner in Simulink to adjust PID parameters, and select to adjust PID
gain in time domain, and adjust response time and transient behavior to obtain PID gain automatically.
We hope that the closed-loop control system has good stability, fast response speed for reference signal,
and a small overshoot in the response curve.

After the PID parameters are automatically adjusted, the overshoot of the response curve is 10.3%,
rise time is 0.0299 s and setting time is 0.329 s. The tuned response curve is shown in Figure 18.
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The real-time tracking control of dynamic stiffness for sinusoidal wave expected stiffness signal
and random expected stiffness signal is carried out respectively. We assume that the joint is subjected
to a certain external load, TL = 2 Nm, and input torque of main motor is rated torque, a random
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disturbance Re is given to the system, running time is set to 2 s. When the expected joint stiffness is
a sine wave signal, Ke = 1000 sin(2πt) + 2000; When the expected joint stiffness is a random signal,
we assume that it is a random curve with an average stiffness value of 2000 Nm/rad and a variance of
10000 (Nm/rad)2.

Real-time dynamic stiffness tracking curve is shown in Figure 19, whether it is tracking the
sine wave expected stiffness curve or a given random expected stiffness curve, the improved PID
closed-loop control method based on feedforward and feedback can effectively track the expected
stiffness curve in real time, and the average error of the stiffness tracking is less than 5%.
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During the tracking control of dynamic stiffness, the joint passive deflection angle is also changing
in real time due to the change of joint stiffness, as shown in Figure 20. Whether it is tracking a sine
wave expected stiffness signal or a random expected stiffness signal, the change in passive deflection
angle conforms to such a rule, i.e., when the expected tracking stiffness becomes larger, the passive
deflection angle becomes smaller, and vice versa.
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Figure 20. The curve of joint passive deflection angle during stiffness tracking. (a) The expected joint
stiffness is a sine wave signal. (b) The expected joint stiffness is a random signal.

The change of joint output torque is shown in Figure 21. Whether it is tracking the sine wave
expected stiffness signal or the random expected stiffness signal, the output torque of the joint motor
will tend to the magnitude of the load torque.
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Figure 21. The output torque curve of the joint during stiffness tracking. (a) The expected joint stiffness
is a sine wave signal. (b) The expected joint stiffness is a random signal.

As can be seen from Figure 22, whether it is tracking the sine wave expected stiffness signal or a
random expected stiffness signal, the output torque of the stiffness adjustment motor will change with
the change of the expected stiffness. When the expected tracking stiffness increase, the output torque
of the stiffness adjustment motor decreases and vice versa. This is in accordance with the rule shown
by the sliding clamp when sliding on the spring bar, i.e., when the joint stiffness increases, the elastic
potential energy of the spring bar decreases, and the resistance moment that the sliding clamp must
overcome when sliding on the spring bar decreases. Since the stiffness is always changing, the output
torque of the stiffness adjustment motor always shows fluctuation.
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Figure 22. The output torque curve of the stiffness adjustment motor during stiffness tracking.
(a) The expected joint stiffness is a sine wave signal. (b) The expected joint stiffness is a random signal.

5. Conclusions

In this paper, a variable stiffness joint SCM-VSJ based on a symmetrical crank slider mechanism is
proposed. The effective length of the spring bar is adjusted by the crank slider mechanism to change
the stiffness of joint.

Taking SCM-VSJ as the research object, we proposed the mechanical design model of SCM-VSJ
and optimized the dimensions of the crank slider mechanism. During the mathematical derivation and
characteristic analysis of the stiffness, we found that in the process of adjusting the stiffness, due to the
potential energy difference caused by elastic deformation of the spring bar, the resistance moment that
must be overcome in the movement of the crank slider mechanism changes in real time. The dynamical
model including motor and harmonic reducer is established, and the dynamic characteristics are
simulated and analyzed. For the dynamic modeling of SCM-VSJ, it is also necessary to consider the
friction in the movement of crank slider mechanism and elastic deformation of spring bar, which will



Electronics 2020, 9, 973 20 of 22

affect the torque requirements of the actuator and the performance of the system. The simulation
results show that the response curves of joint output angle, angular velocity and output torque are
different under the same driving torque and load and different stiffness. The smaller the stiffness is,
the slower the response is, and the longer it takes to reach a stable state.

The dynamic stiffness control method of SCM-VSJ is studied, and the dynamic stiffness of the
joint can be tracked in real time by adopting a kind of improved PID closed-loop control algorithm
based on feedforward and feedback. We track and control the sine wave expected stiffness signal and
random expected stiffness signal respectively, and get the stiffness tracking curve, passive deflection
angle curve, joint output torque curve and stiffness adjustment motor output torque curve. The results
show that the real-time tracking of expected stiffness can be realized, but it is more difficult to track the
random expected stiffness signal. In addition, in the process of stiffness tracking, whether the joint
output torque curve, the stiffness adjustment motor output torque curve or the passive deflection angle
curve all conforms to the dynamic characteristics of SCM-VSJ.

In the future research work, it is our research goal to apply variable stiffness joints to service
robots, and we hope to improve the environmental adaptability of robot. Of course, the joint dynamic
stiffness control methods may be diverse, how to choose a good control method to control the stiffness
of joints is an interesting problem, which requires us to further study. In addition, the reasonable
design of variable stiffness joint is also the work we will continue to do.
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