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Abstract: Fractional calculus in discrete-time systems is a recent research topic. The fractional maps
introduced in the literature often display chaotic attractors belonging to the class of “self-excited
attractors”. The field of fractional map with “hidden attractors” is completely unexplored. Based on
these considerations, this paper presents the first example of fractional map without equilibria
showing a number of hidden attractors for different values of the fractional order. The presence of
the chaotic hidden attractors is validated via the computation of bifurcation diagrams, maximum
Lyapunov exponent, 0–1 test, phase diagrams, complexity, and entropy. Finally, an active controller
with the aim for stabilizing the proposed fractional map is successfully designed.

Keywords: chaos; control; hidden attractors

1. Introduction

Continuous-time and discrete-time chaotic dynamical systems have been extensively studied
over the last few years [1], and a large number of papers on chaos control, synchronization, and chaos
application has been introduced continuously [2,3]. Chaotic microelectromechanical resonator model
has been analyzed in [3]. Multistability has been observed in a chaotic system with two circles
of equilibrium points [4]. The digital chaotic oscillator has been designed and implemented [5].
Complex dynamics of a memristor-based chaotic circuit has been reported in [6]. It is noted that
Nozaki et al. studied nonlinear control system applied to atomic force microscope including parametric
errors [7]. Referring to continuous-time systems, the most common type of attractors are the
so-called “self-excited attractors”, for which the initial conditions are located close to the saddle
points of the chaotic flow [8,9]. However, chaos can be generated also in systems without saddle
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points—for example, in systems characterized by the absence of equilibria [10] or by the presence of
stable equilibria only [11]. These types of attractors are the so-called “hidden attractors”, for which the
initial conditions can only be found via extensive numerical search [12]. Consequently, these types
of chaotic attractors are difficult to be discovered [13]. Referring to discrete-time systems, the topic
of chaotic maps characterized by “hidden attractors” has been only recently investigated [14–16].
For example, in [14], a 1D chaotic discontinuous map without equilibria has been illustrated, whereas,
in [15], 2D and 3D chaotic maps with different types of stable equilibria have been proposed.
Moreover, 2D chaotic quadratic maps without equilibria and with no discontinuity in the right-hand
equations have been introduced in [16]. After deriving a simple detailed explanation about the
procedure of designing such systems with quadratic nonlinearities and continuous right-hand side
function, the authors systematically investigated the complex dynamical behaviors of these maps
using numerical simulation.

The previous considerations are related to integer-order chaotic systems. However, over the
last few years, several efforts have been devoted to the study of fractional-order chaotic systems,
i.e., both continuous-time systems described by fractional-order differential equations [17,18] and
discrete-time systems described by fractional-order difference equations [19,20]. Referring to the latter
systems, a number of fractional-order chaotic maps has been recently introduced [21–24]. For example,
in [21] 3D Stefanski, Rössler, and Wang fractional maps have been illustrated, whereas, in [22],
a novel 3D generalized Hénon map is analyzed. Moreover, in [23], the fractional-order version of the
Grassi–Miller map is considered, whereas, in [24], the dynamics of the fractional discrete double scroll
are analyzed in detail.

It should be noted that the mentioned fractional maps show chaotic attractors belonging to the
class of “self-excited attractors”. To the best of the authors’ knowledge, no fractional map showing
“hidden attractors” has been introduced in the literature to date. Based on these considerations,
this paper presents a fractional map without equilibria on the basis of reference [16], which shows
a number of hidden attractors for different values of the fractional order in the difference equations.
The presence of the chaotic hidden attractors is validated via the bifurcation diagrams, the computation
of the maximum Lyapunov exponent, and the 0–1 test. Additionally, the complexity (that reflects
the irregularity in the discrete data) and the entropy (that quantifies the amount of regularity and
the unpredictability of fluctuations in the data) are carefully evaluated and analyzed. The paper is
organized as follows. In Section 2, by exploiting the Caputo difference operator, a 2D fractional-order
map with no discontinuity in the right-hand equations is introduced. In particular, it is shown that
there is no equilibrium point in the system dynamics for any value of the bifurcation parameters.
In Section 3, bifurcation diagrams, maximum Lyapunov exponent, 0–1 test, phase diagrams, complexity,
and entropy are computed and discussed. Finally, an active controller with the aim of stabilizing the
proposed fractional map is designed in Section 4.

2. A Fractional-Order Map without Equilibria

Recently, Panahi et al. [16] proposed a simple two-dimensional chaotic map with no equilibrium
point and with quadratic nonlinearities. The mathematical model of the map is defined as:{

xn+1 = yn + xn,
yn+1 = 0.1x2

n + 0.1 + yn[−xn − byn] + yn,
(1)

where x, y are state variables and b is the bifurcation parameter. The chaotic attractors of this map
are hidden. The phase space, bifurcation diagram, and Lyapunov exponents are plotted in Figure 1
confirming the existence of chaos. In order to derive the fractional version of (1), we start by taking the
the first–order difference as {

∆xn = yn,
∆yn = 0.1x2

n − by2
n − ynxn + 0.1.

(2)
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Let us first recall some of the necessary fractional discrete operators such as fractional sum and
Caputo type delta difference.
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Figure 1. Numerical analysis of system (1) with (x0, y0) = (1.7− 0.39): (a) bifurcation diagram with
the variation of b; (b) Lyapunov exponents with variation of b; (c) hidden chaotic attractor for b = 2.
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Definition 1. Let X (t) : Na → R with Na = {a, a + 1, a + 2, ...} and ν > 0, we define the fractional sum of
X(t) with order ν as [25]:

∆−ν
a X (t) =

1
Γ (ν)

t−ν

∑
s=a

(t− s− 1)(ν−1) X (s) . (3)

Note that the term t(ν) is known as the falling function and may be defined by means of the Γ-function as

t(ν) =
Γ (t + 1)

Γ (t + 1− ν)
. (4)

Definition 2. For X (t) : Na+n−ν → R and ν 6∈ N, the Caputo difference operator of X(t) with order ν is
given as [26]:

C∆ν
a X (t) = ∆−(n−ν)

a ∆νX (t) =
1

Γ (n− ν)

t−(n−ν)

∑
s=a

(t− s− 1)(n−ν−1) ∆n
s X (s) , (5)

where n = dνe+ 1.

By introducing the C∆ν
a operator in the integer order difference Equation (2), the fractional-order

map with order ν ∈ ]0, 1] is given as:{
C∆ν

a x(t) = y(t− 1 + ν),
C∆ν

ay(t) = 0.1x2(t− 1 + ν)− by2(t− 1 + ν)− x(t− 1 + ν)y(t− 1 + ν) + 0.1,
(6)

where a is the starting point and t ∈ Na+1−ν. We denote the equilibrium point of the fractional-order
map (6) with (xe, ye). The equilibrium point of the fractional-order map (6) can be found by solving{

C∆ν
a xe = ye,

C∆ν
aye = 0.1x2

e − by2
e − xeye + 0.1,

(7)

and by taking in mind that the Caputo-like delta difference of constant is equal to zero, we get:

0.1
(

x2
e + 1

)
= 0.

Therefore, there is no any equilibrium point in the fractional-order map (6) for any value of the
bifurcation parameter b.

3. Chaos Analysis

In the following, we will mainly discuss the chaotic behavior of the fractional-order map (6) using
simulation experiments, including phase portraits, bifurcation diagrams, and maximum Lyapunov
exponents. In addition, some tests of chaos such as the 0–1 test, C0 complexity, and entropy are added
to see the performance of our numerical results. To continue with our analysis, we need to recall the
following theorem which will allow us to define the numerical formula of the proposed system.

Theorem 1. [27] For the fractional difference equation,{
C∆ν

au(t) = f (t + ν− 1, u(t + ν− 1)),
∆ku(a) = uk, n = dνe+ 1, k = 0, 1, ..., n− 1,

(8)
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the equivalent discrete integral equation can be obtained as

u(t) = u0(t) +
1

Γ(ν)

t−ν

∑
s=a+n−ν

(t− s− 1)(ν−1) f (s + ν− 1, u(s + ν− 1)), t ∈ Na+n, (9)

where

u0(t) =
n−1

∑
k=0

(t− a)(k)

Γ (k + 1)
∆ku(a). (10)

Using Theorem 1 and assuming that a = 0, the system (6) is converted to:
x (n) = x (0) + 1

Γ(ν) ∑n
j=1

Γ(n−j+ν)
Γ(n−j+1) (y (j− 1)) ,

y (n) = y (0) + 1
Γ(ν) ∑n

j=1
Γ(n−j+ν)
Γ(n−j+1)

×
(
0.1x2(j− 1)− by2(j− 1)− x(j− 1)y(j− 1) + 0.1

)
.

(11)

This numerical formula will allow us to examine the sensitivity of the fractional-order map (6)
throughout the remainder of this paper.

3.1. Bifurcations and Maximum Lyapunov Exponents

This subsection is devoted to analyze the dynamic properties of the fractional-order map (6).
Consider the dynamic evolution of system (6) with respect to parameter b under the given initial
condition (x0, y0) = (1.7,−0.39). The bifurcation diagrams of the fractional-order map (6) for two
different values of ν are shown in Figure 2. As it can be seen, the variation of order ν has a critical
impact on the states of the fractional-order map (6). Figure 2a is the bifurcation diagram of system (6)
with order ν = 1. When b ∈ [1.975, 1.983], a series of periodic windows is observed. As we range b
from 1.983 to 2, the states of the fractional-order map (6) display chaotic dynamics. In the bifurcation
diagram of Figure 2b, we use the fractional order value ν = 0.7457. In this case, the route leading to
chaos is a period doubling bifurcation. Comparing this diagrams, it can be seen that the area of chaotic
motions decreases as the order ν varied. Now, we consider the effect of ν on the dynamic behavior
of the fractional-order map (6) for b = 2. Figure 3 shows the resulting bifurcation diagram. Clearly,
a period doubling scenario route to chaos is observed as ν decreases. In this case, the fractional-order
map is chaotic when ν ∈]0.01, 0.1962[∪[0.996, 1], while it is regular in the remaining interval. To validate
this, the maximum Lyapunov exponent is calculated using the Jacobian matrix algorithm [28]. As is
well known, a system is verified to be chaotic when the maximum Lyapunov exponent (LE) is positive.
The maximum LE diagram which is associated with Figure 3 is reported with a red line. In Figure 3,
the maximum Lyapunov exponent is equal to zero or negative over most of the rang (0.1962, 0.996),
which implies that the fractional-order map is periodic. For small values of ν, the fractional-order map
is more complex because the corresponding maximum LE is larger. The phase diagrams with several
specified values of fractional order are plotted in Figure 4. From Figure 4, we can see that there are
different and new hidden chaotic attractors, which is consistent with the results in Figure 3.
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Figure 2. Bifurcation diagrams of the fractional-order map (6) when the parameter b is varied with the
different values of order ν: (a) for ν = 1; (b) for ν = 0.7457.
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fractional order ν is varied with b = 0.2.
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Figure 4. Hidden attractors for different values of ν: (a) Hidden chaotic attractor for ν = 0.0852;
(b) Hidden periodic attractor for ν = 0.2931; (c) Hidden chaotic attractor for ν = 0.998.
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3.2. 0–1 Test

In this subsection, we justified the existence of chaos by means of a 0–1 test method. The 0–1 test
for chaos is a relatively new method that is applied directly to a series of data and does not require
phase space reconstruction. Based on the state x(n) of the numerical formula (11), we define the
translation variables pc(n) = ∑n

j=1 x(j) cos(jc) and qc(n) = ∑n
j=1 x(j) sin(jc), for n = 1, ..., n, with c

being randomly chosen from the interval (0, 2π). To determine whether chaos occurs, we can simply
plot qc and pc in the the two-dimensional (pc − qc) plane. Namely, Brownian-like trajectories imply
chaos, whereas bounded trajectories imply regular dynamics. Next, we compute the mean square
displacement Mc(n) as follows:

Mc(n) = lim
N→∞

1
N

N

∑
j=1

[pc(j + n)− pc(j)]2 + [qc(j + n)− qc(j)]2 . (12)

From this one, we can define the asymptotic growth rate Kc for random number c as:

Kc = lim
n→∞

log Mc(n)
log(n)

. (13)

Finally, we define K as the median of all Kc values for which K = 1 signifies chaos while K = 0
describes the regular dynamics. Table 1 and Figure 5 depict the results of the test for different values
of ν with b = 2. We observe that, when ν = 0.06767, ν = 0.0852 and ν = 0.998, the asymptotic
growth rate K of the fractional order map are K = 0.996, K = 0.901, and K = 0.7633, respectively.
Additionally, the unbounded behavior of the translation component in the p− q plane (Figure 5) shows
Brownian-like trajectories which indicates chaos. These results agree well with the phase diagrams in
Figure 4. Conversely, for ν = 0.2931, the 0–1 test approaches 0 and returns bounded trajectories as
shown in Figure 5b, confirming that the fractional order map is periodic for ν = 0.2931.

Table 1. Results of the 0–1 test for the fractional order map (6) with different fractional order values.

ν 0.06767 0.0852 0.2931 0.4244 0.998

K 0.996 0.901 −0.0015 −0.00762 0.7633
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Figure 5. Dynamics of the translation components p− q for the fractional order map (6) different values
of ν: (a) ν = 0.0852, (b) ν = 0.2931, (c) ν = 0.998.
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3.3. C0 Complexity

The C0 complexity is an index that can describe the random degree of a discrete data [29].
This algorithm is described as follows. Considering the state {x(n), n = 0, 1, 2, ..., N − 1} of the
fractional-order map (6), its corresponding Fourier transformation is computed by

ψN(j) =
1
N

N−1

∑
k=0

x(j) exp−2πi( kj
N ), j = 0, 1, 2, ..., N − 1, (14)

where j is the imaginary unit. Next, calculate the mean square value of ψN as:

GN =
1
N

N−1

∑
j=0
|ψN(j)|2 , (15)

and let

ψ̄N(j) =

{
ψN(j), if |ψN(j)|2 > rGN ,

0 if |ψN(j)|2 ≤ rGN ,
(16)

where r is a control parameter. Thus, C0 complexity is defined as:

C0 =
∑N−1

k=0 |x(k)− x̄(k)|2

∑N−1
k=0 |x(k)|

2 . (17)

The C0 complexity of state x(n) of the numerical formula (11) is calculated versus order ν as
shown in Figure 6. Figure 6 presents that the complexity of the fractional order map (6) decreases with
the increment of the fractional order ν, which agrees with the results in Figure 3.
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Figure 6. Co complexity of the fractional order map (6) with ν varying and b = 2.
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3.4. Approximate Entropy

Now, the complexity of the fractional-order map (6) is described by employing approximate
entropy (ApEn), which is briefly described as follows. Given n set of discrete data x(1), x(2), ..., x(n)
obtained from the fractional-order map (6), for a given m, form a sequence of vectors X(j) for
j = 1, ..., n−m + 1 as X(j) = (x(j), ..., x(j + m− 1)). These vectors represent m consecutive x values,
starting with the i−th point. Define the distance d(X(i), X(j)) between vectors X(i) and X(j) as the
maximum difference in their respective scalar components. For a given X(i), count the number of j so
that d(X(i), X(j)) ≤ r is denoted as K, the relative frequency of X(i) being similar to X(j) is:

Cm
i (r) =

K
n−m + 1

. (18)

The approximate entropy [30] is defined by

ApEn = φm(r)− φm+1(r), (19)

where φm(r) is considered as

φm(r) =
1

n−m− 1

n−m+1

∑
i=1

log Cm
i (r). (20)

Let b = 2 and (x0, y0) = (1.7,−0.39), Figure 7 shows the ApEn of the proposed fractional-order
map (6) for different fractional order values. As one can see, the complexity of the fractional-order
map (6) varied as we change ν. Therefore, we must be aware of the selected fractional order in order
to have a relatively high structural complexity. The fractional-order map (6) is more complex when
ν ∈ (0.1253, 0.1353).
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Figure 7. ApEn of the fractional-order map (6) with ν varying and b = 2.
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4. Chaos Control

For the purpose of stabilizing the fractional-order map (6), we design an active controller in this
section. First, let us present the following theorem reported in [31], which provides the basis for the
stability conditions of the zero solution of a fractional-order map.

Theorem 2. The zero equilibrium of the linear fractional-order discrete–time system

C∆ν
a X (t) = MX (t + ν− 1) , (21)

where X(t) = (x1(t), ..., xn(t))
T , 0 < ν ≤ 1, M ∈ Rn×n and ∀t ∈ Na+1−ν, is asymptotically stable if

λ ∈
{

z ∈ C : |z| <
(

2 cos
|arg z| − π

2− ν

)ν

and |arg z| > νπ

2

}
, (22)

for all the eigenvalues λ of M.

The states of the fractional-order map (6) with controller (C1,C2)
T are described as:{

C∆ν
a x(t) = y(t− 1 + ν) + C1,

C∆ν
ay(t) = 0.1x2(t− 1 + ν)− by2(t− 1 + ν)− x(t− 1 + ν)y(t− 1 + ν) + 0.1 + C2.

(23)

Here, our goal is to design a suitable controller to assure that all states of the fractional-order map
converge to zero asymptotically. For that, we propose the following theorem.

Theorem 3. The two–dimensional fractional-order map (6) is stabilized under the following two–dimensional
control law described by {

C1 = −x(t),
C2 = −y(t)− 0.1x2(t) + by2(t) + x(t)y(t)− 0.1.

(24)

Proof. Substituting the proposed control law (21) into the system (22) yields the simplified dynamics

C∆ν
a (x (t) , y (t))T = M× (x (t− 1 + ν) , y (t− 1 + ν))T , (25)

where

M =

(
−1 1
0 −1

)
. (26)

Based on the stability results of linear fractional-order maps Theorem 2, the zero equilibrium
point of the system (25) is asymptotically stable if the eigenvalues λ1, λ2 of the matrix M satisfy

|arg λi| = π >
νπ

2
and |λi| = 1 <

(
2 cos

|arg λi| − π

2− ν

)ν

, i = 1, 2.

Clearly, the above condition is fulfilled, which means that the zero equilibrium of the system (23)
is asymptotically stable. Hence, the states are guaranteed to converge to zero asymptotically.

In order to validate the result of Theorem 3, one can set the system (23) with b = 2, a = 0,
and fractional order ν = 0.998, and the evolution of states is displayed in Figure 8. Obviously, Figure 8
shows clearly that the states converge rapidly towards zero, which confirms the result very well.
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5. Conclusions

Since the field of fractional map showing “hidden attractors” is completely unexplored in the
literature, this paper has made a contribution to the topic by presenting the first example of fractional
map without equilibria. The proposed fractional difference equations exploit the Caputo operator
and do not contain any discontinuity on their right-hand side. The conducted analysis has shown
that the map possesses a number of hidden attractors for different values of the fractional order in the
difference equations. Bifurcation diagrams, maximum Lyapunov exponent, 0–1 test, phase diagrams,
complexity, and entropy have been computed in order to highlight the effectiveness of the proposed
approach. Finally, an active controller for stabilizing the system dynamics has been successfully
designed. The influence of parametric errors will be studied in our future works. It is believed that the
proposed no equilibrium fractional-order map will contribute to the development of the theoretical
study of fractional-order maps with hidden attractors. Moreover, it has the potential application of
being used in several scientific and engineering fields.
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