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Abstract: In this paper, we first propose two TVL1 variational problems for restoring images degraded
by blurring and impulse noise, and then we propose two fixed-point-like methods, using proximal
operators, for solving the new proposed TVL1 problems. Numerical experiments for several test
images blurred by Gaussian kernel and corrupted by salt-and-pepper impulse noise are provided to
demonstrate the efficiency and reliability of the proposed fixed-point-like methods. Numerical results
show that two fixed-point-like methods for solving the new TVL1 variational problems perform
very well in both PSNR (Peak signal-to-noise ratio) values and CPU time as compared with the
fixed-point-like methods for solving two existing TVL1 variational problems.
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1. Introduction

In this paper, we consider the problem of restoring images degraded by blurring and impulse noise.
Impulse noise is often generated by malfunctioning pixels in camera senses, faulty memory locations in
hardware, or erroneous transmission. Two common types of impulse noise are salt-and-pepper noise
and random-valued noise. Assume that an intensity range of an image is [d,,i,, dax|. Salt-and-pepper
noise corrupts a portion of pixels with only two values of d,,;;, or dy,.x while keeping other pixels
unaffected. For random-valued noise, a portion of pixels is corrupted in the same manner as
salt-and-pepper noise except that the corrupted pixels can take any random value between d,;,
and dyx-

Let us assume that the true image U has an N x N square array. For convenience of exposition,
the image U is represented by a long vector u of size m = N? which is defined by stacking the columns
of U, i.e.,

w=(uly,uly, ... uiy)"

where u,, € RN denotes the /th column of U. In this paper, we only consider the reflexive boundary
condition, which means that the scene outside the image boundaries is a mirror image of the scene
inside the image boundaries, and we assume that an observed (or degraded) image f € R™ is
represented by

f=Au+y (€))

Electronics 2020, 9, 735; d0i:10.3390/ electronics9050735 www.mdpi.com/journal/electronics


http://www.mdpi.com/journal/electronics
http://www.mdpi.com
https://orcid.org/0000-0001-6841-8137
http://dx.doi.org/10.3390/electronics9050735
http://www.mdpi.com/journal/electronics
https://www.mdpi.com/2079-9292/9/5/735?type=check_update&version=2

Electronics 2020, 9, 735 20f17

where A € R™*™ is a blurring operator, u € R™ is the original image, and 7 € R™ denotes the impulse
noise. Then, for salt-and-pepper noise, the noisy image f = (f;) € R" is defined as

dpmin  with probability %
fi =3 dmax with probability §
il with probability 1 — s

where ii = Au and s is the noise level of the salt-and-pepper noise. For random-valued noise, f is
defined as
fi= d; with probability r
Z il; with probability 1 —r '

where d; is the uniformly distributed random variable in [d,,;;,, dmax] and r is the noise level of the
random-valued noise. Our objective of this paper is to restore u from the blurred and noisy image f as
well as possible.

The classic TVL1 model for recovering a true image u from an observed image f with impulse
noise is given by the following variational problem with the /;-norm data fidelity term and total
variational regularization term

min {[|Au — flly + pl[ullrv : u € R}, )

where p > 0 is a regularization parameter and ||u ||ty denotes the total variation (TV) of u. There are
two possible definitions for ||u||Ty; one is the anisotropic TV, and the other is the isotropic TV. In this
paper, we only consider the isotropic TV of u € R™, which is defined by

(&2
(vyu)m+i

where the discrete gradient operator v : R” — R?™ is defined as follows:

m

lullry = flnwu)inz -y

i=1

, ®)

2

(Vu); = ((Vxu)i, (Vyu)er,')T foreachi=1,2,...,m

with
0 , ifimod N =1,

0 , if i <N,
(Viu); = o
u; —uj_q, fimod N #1,

and (Vyu ;=
(V)i {ui—ui_N, if i > N.

Note that, if /1-norm is used instead of ¢,-norm in Equation (3), then the resulting TV norm
is anisotropic.

Notice that there have been many existing mathematical models other than the TVL1 model (2)
for recovering a true image from an observed image corrupted by blur and impulse noise (e.g., see [1,2]
and the references therein). In this paper, we only consider fixed-point-like methods for solving several
types of TVL1 variational models. In the last few decades, the problem of solving the classical TVL1
model Equation (2) has been studied by many researchers (see [3—12] and the references therein). It
was shown in [9-11] that the TVL1 model works successfully in recovering blurred images corrupted
by impulse noise. Notice that the TVL1 model has many difficulties in finding its solutions both
mathematically and numerically since both the /1-norm data fidelity and regularization terms are not
differentiable.

Recently, Lu et al. [13] proposed a fixed-point method for solving the following TVL1
variational problem:

. A
min {14~ £l + 5 Il + plulry s w e R @
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where A and p are positive numbers. They showed that the fixed-point method performs remarkably
better in the image quality measured by PSNR and preserves more features than FTVd (Fast total
variation deconvolution) proposed in [11] at the expense of much increase in computational time.
Furthermore, Han and Yun [14] proposed a fixed-point-like method for solving the following TVL1
variational problem:

min {[|Au — flly + Allulla + pllullzy : u € B}, ©)

where A and p are positive numbers. They showed that the fixed-point-like method restores the true
image much better than the fixed-point method proposed by Lu et al. [13]. These two approaches
motivate us to propose the following two TVL1 variational problems

. A
mn {141 = fls + F1Dul + pllly s € R, ©
min {[[Au — fl}1 + Al[Dull2 + pllufry : u € R"™}, @)
where D = —A and A denote a discrete Laplacian operator. Under the reflexive boundary condition,

the discrete Laplacian operator is represented by a singular matrix in R"*™ (see Section 6). The
new TVL1 model Equation (6) uses a smooth term ||Du/||3 instead of using a smooth term ||u||3. The
reason for using the term || Du||3 is that it may better recover a true image 1 from an observed image f
by taking four neighborhood pixels into account when updating an approximate image during the
iteration step of iteration methods to be proposed in this paper. In addition, the new TVL1 model
Equation (7) uses a non-smooth term || Du||, instead of using a smooth term || Du/||3 for the purpose of
better preserving the edges and corners in the restored images.

Notice that the TVL1 problem Equation (4) has a unique solution since its objective function is
strictly convex, while the TVL1 problems Equations (5)-(7) may not have a unique solution since its
objective functions are just convex, not strictly convex.

This paper is organized as follows. In Section 2, we provide some definitions and useful properties
which are fundamental tools for developing numerical algorithms for solving the TVL1 variational
problems Equations (6) and (7). In Section 3, we just provide the fixed-point algorithm proposed
in [13] for solving the TVL1 problem Equation (4) and the fixed-point-like algorithm proposed in [14]
for solving the TVL1 problem Equation (5) for the purpose of comparison. In Section 4, we propose
a fixed-point-like method, using proximal operators, for solving the new proposed TVL1 problem
Equation (6). In Section 5, we propose a fixed-point-like method, using proximal operators, for solving
the new proposed TVL1 problem Equation (7). In Section 6, we provide numerical experiments for
several test images blurred by Gaussian kernel and corrupted by salt-and-pepper impulse noise in
order to demonstrate the efficiency and reliability of two fixed-point-like methods for solving the TVL1
problems Equations (6) and (7). Performance evaluation for these two methods is done by comparing
their numerical results with those of two fixed-point-like methods for the existing TVL1 problems
Equations (4) and (5). Lastly, we provide some concluding remarks.

2. Preliminaries

Some definitions and useful results which we refer to later in this paper are provided below. We
first provide the proximal operator introduced by Moreau [15].

Definition 1. Let i : R™ — R U {+co} be a proper, convex, and lower semi-continuous (1.s.c) function. The
proximal operator of  at v € R™ is defined by

prox,(v) = argmin{; | u—o |3 +p(u):uc R’”} : 8)
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Definition 2. Let ¢ : R" — R U {+o0} be a proper, convex, and l.s.c function. The subdifferential of i at
v € R" is defined by

p(v)={yeR":¢(z) >ypv)+ <yz—v> VzeR"}. )
Elements in 0y (v) are called subgradients.

It is well known that a subdifferential of a convex function ¢ is a set-valued mapping from R"
into a nonempty convex compact set in R [16]. We now provide explicit formulas for three proximal
operators used in this paper, which are the /;-norm, [-norm, and isotropic TV norm [14,16]. The first
example gives two proximal operators for the /;-norm and /,-norm defined on R™.

Example 1. Let || - ||; and || - ||2 be the Iy-norm and ly-norm defined on R™, respectively. For any A > 0 and
veR™

1 .
prox%H.Hl(v) = max { lv| — A'O} sign(v),
1 v
rox v) = max\ ||v|lp — =, 0p ——,
where |v| denotes elementwise absolute value of the vector v and .x denotes the elementwise multiplication.

Notice that the isotropic TV of u € R" defined by Equation (3) can be expressed as

[ullv = (¢ o B)(u), (10)

where ¢ : R?" — R is a convex function defined by

0;
Om+i

and B is a d x m matrix which represents a discrete gradient operator V with m = N? and d = 2m
(see Section 6). The next example gives the proximal operator of the convex function ¢ = %q) on R?"
which is called the generalized shrinkage formula, where A > 0.

for each v = (v;) € R?™"
2

¢(v) = i

Example 2. If ) = 1¢and v = (v;) € R?™, then

m
— i
Prox%qﬂ(v) = i|:1| <p1ro><i|_|2 <0m+i>> ,

where [ ] denotes Cartesian product of vector spaces.

The following theorem outlines a relationship between the proximal operator and the
subdifferential of a convex function.

Theorem 1 ([13,15]). If ¢ is a proper, convex and l.s.c. function on R™ and v € R™, then
y€dy(v) & v=prox,(v+y) < y=(I—prox,)(v+y), (11)
where I denotes an identity operator on R™.

3. Fixed-Point-Like Methods for the TVL1 Problems Equations (4) and (5)

In this section, we just provide the fixed-point algorithm proposed in [13] for solving the TVL1
problem Equation (4) and the fixed-point-like algorithm proposed in [14] for solving the TVL1 problem
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Equation (5) for the purpose of comparison with two fixed-point-like algorithms to be proposed in
this paper. The fixed-point method, called Algorithm 1, for the TVL1 problem Equation (4) and the
fixed-point-like method, called Algorithm 2, for the TVL1 problem Equation (5) are described below
(see [13,14] for detailed description of algorithms).

Algorithm 1 Fixed-point method for the TVL1 problem Equation (4)

1: Given degraded image (f, choose positive parameters «, 5, A, p
2: Initialization: u° = 0,4 = 0and b° =0

3: for k = 0 to,maxit do

a1 = (I —prox . |1) (Auk — f +a¥)

k+1 _ k k
5 bl = I—proxﬁ%q) (Buk + b")

e

6 k1 — —((XAT k+1 +pﬁBTbk+l)
7. if Hul k+1T| ‘o < tol then

8: é

9 end 1f

10: end for

Algorithm 2 Fixed-point-like method for the TVL1 problem Equation (5)

1: Given degraded image J choose posmve parameters o, 5, v, A, p
2: Initialization: u° = 0,4 = 0and v° =0

3: for k = 0 to,maxit do

4 adtl=(1 — proxi. \1) (Auk — f +aF)

k+1 _ k k
5 b= I—prox%q) (Bu® +b¥)

6: k1 — _%( a AT gk+1 —|—,BBTbk+l)
7: Mk+ — prOXI H H (uk + Ck+l)
k+1
8: |g|”k“u| I < tol then
9:
10: end 1f
11: end for

For all algorithms considered in this paper, maxit denotes the maximum number of iterations and
tol denotes the tolerance value of the stopping criterion.

4. Fixed-Point-Like Method for the TVL1 Problem Equation (6)

In this section, we propose a fixed-point-like method, using the proximal operators, for solving
the new proposed TVL1 variational problem Equation (6). Equation (6) can be expressed as

. A .
min { | Au s + 5 1Dl + plp o B) ) s € 7 | 12)

where A and p are positive numbers, ¢ and B are defined the same as in Equation (10). Using Theorem
1, we can obtain the following property for a solution to the TVL1 problem Equation (12).

Theorem 2. If ¢ is a real-valued convex function on RY, B is an d x m matrix, A is an m x m matrix, and u
is a solution to the TVL1 problem Equation (12), then, for any a, f > 0, there exist vectors a € R™ and b € R4
such that
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a= (I—prox%wl) (Au—f+a), (13)
b= <I - proxz(P) (Bu+1b), (14)
0=aATa+ADTDu + BBTb. (15)

Conversely, if there exist positive numbers a, B, a € R", b € R and u € R™ satisfying Equations (13)~(15),
then u is a solution to the TVL1 problem Equation (12).

Proof. We assume that u € R™ is a solution to the TVL1 problem Equation (12). By the Fermat rule in
convex analysis for problem Equation (12) and using the relations d(¢ o B) = BT o (9¢) o B, we have

0 AT - |1)(Au — f) + ADTDu + pBY (3¢) (Bu). (16)

From relation (16), for any a, > 0, we can choose a vector a € (L[| - ||1)(Au— f) and b €
8(%4))(Bu) satisfying
wATa + ADTDu + BBTb = 0. (17)

From Equation (17), we obtain Equation (15). By Theorem 1, the inclusions a € 3(1|| - ||)(Au — f)
and b € 8(%4)) (Bu) lead to Equations (13) and (14), respectively.

Conversely, suppose that there exist 4,8, a € R"™, b € R? and u € R™ satisfying
Equations (13)~(15). Again, by Theorem 1, Equations (13) and (14) ensure thata € 9(1|| - ||1)(Au — f)
and b € 8(%4))(314), respectively. From Equation (15), relation (16) holds. Hence, u € R™ is a solution
to the TVL1 problem Equation (12). O

By splitting Equations (13) and (14) of Theorem 2 and rearranging the resulting equations, we can
obtain the following corollary.

Corollary 1. If ¢ is a real-valued convex function on R?, B is an d x m matrix, A is an m x m matrix, and u
is a solution to the TVL1 problem Equation (12), then, for any a, B > 0, there exist vectors a € R"™ and b € R?
such that

a*:a—f—proxl”.”l (Au—f +a), (18)

b* = b—prox%q)(Bu—l—b), (19)

(aATA+ADTD + BBTB)u = —aATa* — BBTb*, (20)
b = Bu+Db". (22)

Conversely, if there exist positive numbers a, B, a € R", b € R and u € R™ satisfying Equations (18)~(22),
then u is a solution to the TVL1 problem Equation (31).

Proof. It is sufficient to show that Equations (13)—(15) in Theorem 2 are equivalent to Equations
(18)=(22) in Corollary 1. Splitting Equations (13) and (14) and using notations (18) and (19) for a* and
b*, one obtains
a = Au—f+a—proxy (Au—f+a)=Au+a", (23)
b:Bu—i—b—prox%(P(Bu—i—b):Bu—i—b*. (24)
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Hence, we obtain Equations (21) and (22). Substituting Equations (21) and (22) into Equation (15),
Equation (20) is also obtained. O

From Equations (18)—(22) of Corollary 1, we can obtain a fixed-point-like method, called
Algorithm 2, using the proximal operators for the TVL1 problem Equation (6).

Algorithm 3 Fixed-point-like method for the TVL1 problem Equation (6)

1: Given degraded ima g choose posmve parameters &, 5, A, p
2: Initialization : u® = fg =0and b’ =0

3: for k = 0 to maxit do

4 atr=gh—f— proxi (Auk — f +a¥)

5 bRl =pk— proxs,, (Bu* + b¥)
Solve (xATA + BBTB+ ADTD)ut! = —xATak*2 — BBTHE for uk+1

6:

7. A = Ayktl g k+2
g bk+lk+:1 Buk+1 +bk+2

9o if W < tol then
10: étop

11: end if

12: end for

Notice that the linear system in line 6 of Algorithm 2 is equivalent to solving the following least
squares problem

_\/EakJr% \/EA
min —/But: | = BB |u| - (25)
0 VAD

2

Hence, the linear system in line 6 of Algorithm 2 is solved by applying the CGLS (Conjugate
gradient least squares method [17]) to the problem Equation (25). The following theorem provides a
convergence analysis for Algorithm 2.

Theorem 3. Let {a"}, {b"}, and {u"} be sequences generated by Algorithm 2. If we can find two consecutive
vectors u* and uF+1 such that u**1 = uk for some positive values of &, B, A and p, then u*+1 is a solution to the
TVL1 problem Equation (6).

Proof. Substituting Equations (13) and (14) into Equation (15), one obtains

0=aAT (I _prOX%HWh) (Au—f +a)

(26)
+ BBT (I - proxE(P) (Bu+1b) +AD Du.

From Theorem 2, it can be easily seen that, if u, 4, and b satisfy Equation (26) for some positive
values of «, B, A and p, then u is a solution to the TVL1 problem Equation (6). In Algorithm 2, if
1wk = y* for some positive values of «, 8, A and p, then it can be easily shown that

ak+1 — (I _ proxi”.lh)(Auk-‘rl —f+6lk), (27)
k k k
Pl = (1 —prox%(P)(Bu ok, (28)

Simplifying the linear system in line 6 of Algorithm 2 using the relations in lines 7 and 8 of
Algorithm 2, one can obtain

aATa1 4 BTV 4 ADT DU = 0. (29)
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Substituting Equations (27) and (28) into Equation (29), one obtains

N kel k
0=aA (I proxH.H]) (Au f+a )
T k+1 k T k+1 (30)
+ BB (I—prox£q)) (B + ) + ADTDu .

From Equation (30), it can be seen that u**1, a¥, and b* satisfy Equation (26) for some positive
values of «, 8, A and p. Hence, u**1 is a solution to the TVL1 problem Equation (6). [

Theorem 3 gives an idea of how to stop Algorithm 2. In practical applications, we do not have to
find u**1 which is equal to u*. Instead, we need to find u**! which is reasonably close to u*. Hence,
we have used the following stopping criterion in Algorithm 2

||”k+1 - ”k||2

L, b

where tol is a suitably chosen small tolerance value.

5. Fixed-Point-Like Method for the TVL1 Problem Equation (7)

In this section, we propose a fixed-point-like method, using the proximal operators, for solving
the new proposed TVL1 variational problem Equation (7). Equation (7) can be expressed as

min {[|Au — fls + Al|Dull2 + (g0 B)(u) : u € R"}, (1)

where A and p are positive numbers, ¢ and B are defined the same as in Equation (10). Using Theorem
1, we can obtain the following property for a solution to the TVL1 problem Equation (31).

Theorem 4. If ¢ is a real-valued convex function on R Bisan d x m matrix, A is an m x m matrix, and u
is a solution to the TVL1 problem Equation (31), then, for any «, B,y > 0, there exist vectors a,c € R™ and
b € R? such that

a=(I-proxy ) (Au—f +a), (32)
b= <I - proxE(p) (Bu+b), (33)
c= (I — pI‘OX1|_|2> (Du+c¢), (34)
0=aATa+ BBTb +yAD'c. (35)

Conversely, if there exist positive numbers «, B,y and vectors a,c € R"™,b € R?, and u € R™ satisfying
Equations (32)—(35), then u is a solution to the TVLI problem Equation (31).

Proof. We assume that u € R™ is a solution to the TVL1 problem (31). Applying the Fermat rule in
convex analysis to problem (31), one can obtain

0€ ATQ@[l - I1)(Au — f) + BT (9pg) (Bu) + AD* (3] - [l2) (D). (36)

From relation (36), for any a, 8,7 > 0, we can choose a vector a € (1| - |1)(Au—f), b €
a(%(p) (Bu)and ¢ € 8(%“ - ||2) (Du) satisfying

«aATa + BBTb +yADTc = 0.
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Hence, Equation (35) holds. By Theorem 1, the inclusions a € 9(1 || - [|1)(Au — f), b € 8(%4))(Bu)
andc € a(% || - ||l2)(Du) lead to Equations (32)-(34), respectively.

Conversely, suppose that there exist &, 8,7 > 0, a,c,u € R, and b € R? satisfying Equations
(32)—(35). By Theorem 1, Equations (32)~(34) ensure thata € d(1|| - ||1)(Au—f), b € 8(%¢)(Bu) and

ce a(% Il - l2) (Du), respectively. From Equation (35), relation (36) holds. Hence, u € R™ is a solution
to the TVL1 problem Equation (31). O

By splitting Equations (32)—(34) of Theorem 4 and rearranging the resulting equations, we can
obtain the following corollary.

Corollary 2. If ¢ is a real-valued convex function on R Bisand x m matrix, A is an m x m matrix, and u
is a solution to the TVL1 problem Equation (31), then, for any «, B,y > 0 there exist vectors a,c € R™ and
b € R? such that

a*:a—f—prox%wHl (Au—f+a), (37)
* —
b*=b proxg,, (Bu+b), (38)
c* = c—prox%H.”2 (Du+c¢), (39)
(xATA + BBTB 4+ yADTD)u = —aATa* — BBTb* — yADT ", (40)
a=Au-+a”, (41)
b = Bu + b*, (42)
c = Du+c*. (43)

Conversely, if there exist positive numbers , B,y and vectors a,c € R™,b € R, and u € R™ satisfying
Equations (37)—(43), then u is a solution to the TVL1 problem Equation (31).

Proof. It is sufficient to show that Equations (32)—(35) in Theorem 4 are equivalent to Equations
(37)—(43) in Corollary 2. Splitting Equations (32)—(34) and using notations (37)—(39) for a*, b* and c*,
one obtains

a=Au—f+a—prox, (Au—f+a) = Au+a*, (44)

b:Bu—kb—prox%(p(Bu—kb):Bu+b*, (45)

c:Du+c—prole_H2 (Du+c¢) = Du+c*. (46)
v

From Equations (44)—(46), Equations (41)—(43) are obtained. Substituting Equations (41)—(43) into
Equation (35), Equation (40) is also obtained. [

From Equations (37)—(43) of Corollary 2, we can obtain a fixed-point-like method, called
Algorithm 3, using the proximal operators for the TVL1 problem Equation (7).

Notice that the linear system in line 7 of Algorithm 3 is equivalent to solving the following least
squares problem:

—Jaakth VA
i _ k+3% -
min VB k:; VBB |ul . (47)
—YAC T2 vVYAD )

Hence, the linear system in line 7 of Algorithm 3 is also solved by applying the CGLS to the
problem Equation (47). The following theorem provides a convergence analysis for Algorithm 3.
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Algorithm 4 Fixed-point-like method for the TVL1 problem Equation (7)

1: Given degraded image (f choose positive garameters o, B, v A p
2: Initialization : u® = 0,4 = 0,° =0 and ¢

3: for k = 0 to maxit do

g atr=gh—f— proxi (Auk — f +a¥)

5. btz =pk— proxe,, (Bu* + b¥)
A4

6 k+2_C —prOX1H H (Du +C)

7: Solve (aATA+ BB"B+ yAD"D)utt! = —aATa 3 _ gTHd _ DT for uktl

8: ak-l-l AukH ﬂk+2

9 pk+1 — Byk+1 4 bk-‘rz

0

10 Ck+1 = D k+1 4 Ck+2
1 if W < tol then
12: étop

13: end if

14: end for

Theorem 5. Let {a"}, {b"}, {c"}, and {u"} be sequences generated by Algorithm 3. If we can find two
consecutive vectors uk and u*+1 such that U+ = u* for some positive values of a, B,7y, A and p, then u**1isa
solution to the TVL1 problem Equation (7).

Proof. Substituting Equations (32)—(34) into Equation (35), one obtains
0=aAT (I _prOX%H'\h) (Au—f +a)
+ BBT (I - proxzq)) (Bu+b) (48)
+ yADT (I —prox;|‘2> (Du+c).
Theorem 4 implies that if u, 4, b and c satisfy Equation (48) for some positive values of &, B, v, A

and p, then u is a solution to the TVL1 problem Equation (7). In Algorithm 3, if %1 = u¥ for some
positive values of «, 8,7, A and p, then it can be shown that

A= (1 - prox%va)(AukH — f+ab), (49)
b = (1 - p]fox%(lj)(BukJrl + k), (50)
K= (1— prox%H.Hz) (Duk+1 + Ck). (51)

Simplifying the linear system in line 7 of Algorithm 3 using the relations in lines 8 to 10 of
Algorithm 3, one can obtain

w AT 4 BBTYH 4 4 ADT M1 = 0. (52)
Substituting Equations (49)—(51) into Equation (52), one obtains
0=aAT (I - prox%wl) (Auk+1 —f+ ak)
+ BT (1 —proxﬁq)) (B 4 1%) )
+ yADT (I prox“.lz) (Duk+1 + ck) :

K1, gk, b* and c* satisfy Equation (48) for some positive values of

is a solution to the TVL1 problem Equation (7). O

Equation (53) implies that u
®,B,7,A and p. Hence, u**1
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Theorem 5 also gives an idea of how to stop Algorithm 3. Thus, Algorithm 3 has the same
stopping criterion as Algorithm 2.

6. Numerical Experiments

In this section, we provide numerical experiments for several test problems to evaluate the
efficiency of two fixed-point-like methods, called Algorithms 3 and 4, proposed in this paper.
Performances of these two algorithms are analyzed by comparing their numerical results with those of
Algorithms 1 and 2.

In Section 2, it was shown that the isotropic TV of u € R™ can be represented by ||u||ty =
(¢ o B)(u), where ¢ and B are defined the same as in Equation (10). Let D, = D, be the first order
backward finite difference matrix of order N defined by

0 0 --- --- 0
-1 1 - -0

Dy =Dy, = : . . .o
o -~ -1 10

o -~ 0 -1 1

Then, B can be expressed as a d x m matrix given by

B — IN @ Dy )
Dy ® In
where ® denotes the Kronecker product, Iy denotes the identity matrix of order N, m = N2, and
d = 2m. The discrete negative Laplacian operator D = —A can be represented by an m x m matrix

(IN ® Dyx + Dy, ® Iy), where Dy, = Dy, is the second order finite difference matrix of order N
defined by

1 -1 0
-1 2 -1 0
DXX = Dyy = '..
0 -1 2 -1
0 0 -1 1

In order to illustrate the efficiency and reliability of two fixed-point-like methods, called
Algorithms 3 and 4, for solving the new proposed TVL1 problems Equations (6) and (7), we provide
numerical results for five test images such as Cameraman, Lena, House, Boat, and Pepper (see Figure 1).
The pixel size of five test images is 256 x 256. All numerical tests have been performed using Matlab
R2019a (Mathworks, Natick, MA, USA) on a personal computer with 3.2 GHz CPU and 8 GB RAM.
maxit is set to 3500 (for Algorithms 1 and 2) or 500 (for Algorithms 3 and 4), and fol is set to 1 x 1072
(for Algorithm 1), 1.5 x 10~ (for Algorithm 2), 2 x 10~* (for Algorithm 3) or 2 x 1073 (for Algorithm 4).
For the CGLS method which is used to solve a linear system every iteration of Algorithms 3 and 4, the
tolerance for stopping criterion is set to 5 x 1073 (for Algorithm 3) or 1 x 10~2 (for Algorithm 4), and
the maximum number of iterations is set to 25. Note that the CGLS uses a symmetric preconditioner to
accelerate its convergence. To see how to construct the symmetric preconditioner, we refer to [18,19].

To evaluate the quality of the restored images, we use the PSNR (peak signal-to-noise ratio) value
between the restored image and original image which is defined by

NZ max |u;j|?
1
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where || - || refers to the Frobenius norm, U and U are the original and restored images with size
N x N, respectively. In addition, u;; stands for the value of original image U at the pixel point (i, )
and N? is the total number of pixels. It is generally true that the larger PSNR value stands for the
better quality of restored image.

Cameraman image Lena image House image Boat image Pepper image

Figure 1. True images for Cameraman, Lena, House, Boat, and Pepper.

For all numerical experiments, we have used the test images with an intensity range of [0, 1]. For
all test problems, we choose the degraded test images which are resulting images blurred by Gaussian
kernel of size 15 x 15 with standard deviation 9 under the reflexive boundary condition, and then
corrupted by salt-and-pepper impulse noise with noise levels 20%, 30%, 60%, or 70%. In Tables 1-4, Py
represents the PSNR values for the blurred and noisy images f, Alg denotes the algorithm to be used,
Cam denotes the Cameraman image, PSNR represents the PSNR value for the restored image, Iter
denotes the number of iterations, and CPU denotes the elapsed CPU time in seconds. All parameters
«, B, v, A, and p are chosen as the best one by numerical tries.

Tables 1-4 contain numerical results of Algorithms 1-4 for degraded test images with 20%, 30%,
60%, or 70% salt-and-pepper impulse noises. In Table 1, we do not provide numerical results for
Algorithms 1 and 2 since it does not converges within maxit = 3500. Figure 1 contains the true images
for Cameraman, Lena, House, Boat, and Pepper. In Figures 2-6, the first row contains the images
restored by Algorithms 14 for blurred images with 60% salt-and-pepper noise, and the second row
contains the images restored by Algorithms 1-4 for blurred images with 30% salt-and-pepper noise.

e

60% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4

30% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4

Figure 2. Image restoration for blurred Cameraman image with 60% or 30% salt-and-pepper noise.
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60% noisy blurred image Restoration by Alg 1

-

30% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4
Figure 3. Image restoration for blurred Lena image with 60% or 30% salt-and-pepper noise.

60% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4

545 45

30% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4

Figure 4. Image restoration for blurred House image with 60% or 30% salt-and-pepper noise.

60% noisy blurred image

30% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4
Figure 5. Image restoration for blurred Boat image with 60% or 30% salt-and-pepper noise.
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60% noisy blurred image

P

30% noisy blurred image Restoration by Alg 1 Restoration by Alg 2 Restoration by Alg 3 Restoration by Alg 4

— s

Figure 6. Image restoration for blurred Pepper image with 60% or 30% salt-and-pepper noise.

Table 1. Numerical results for TVL1 problems with 20% salt-and-pepper impulse noise.

Image Py Alg| « B 0% A P tol PSNR Iter CPU
Cam 11.42 3 130  0.09 0.0001  0.0017 2x107% 3271 146 81
4 90  0.001 0.0003 0.004 0.00007 2x10~3 3552 257 107
Lena 1152 3 | 270  0.09 0.0002 0.0015 2x10"%* 3233 133 71
4 150 0.0008 0.0003 0.004 0.00007 2x10~3 3438 317 106
House 11.54 3 500 0.2 0.002 0.0015 2x107% 3874 123 61
4 | 170 0.0004 0.0006 0.004 0.0005 2x1073 4053 339 90
Boat 11.11 3 480 0.2 0.0008 0.0017 2x107* 3314 163 83
4 160 0.0004 0.0007 0.004 0.00004 2x1073 3588 290 77
Pepper 11.65 3 270  0.09 0.0002 0.0015 2x10"* 3657 136 71
4 170  0.0004 0.0006 0.004 0.00005 2x10~3 3801 316 82

Table 2. Numerical results for TVL1 problems with 30% salt-and-pepper impulse noise.

Image Py Alg « B 0% A P tol PSNR Iter CPU
1 2.2 0.1 0.14 0.004 1x107° 2512 2323 868
2 6.3 0.001 13 1.03 0.003 15x107* 30.03 1843 678
Cam 9.86 3 450 0.008 0.0001  0.003 2x107% 3049 243 80
4 | 1150 00004 00004 0.003 0.0002 2x10"% 3346 359 101
1 2.2 0.07 0.13 0.01 1x107% 2665 3122 1172
2 6.3 0.0003 1.3 1.1 0.003 15x10°* 30.09 1845 679
Lena 9.92 3 50.0  0.0002 0.0008  0.003 2x107* 3042 270 44
4 40.0  0.0006 0.0006 0.005 0.00004 2x1073 3278 195 85
1 2.2 0.2 0.15 0.02 1x107° 3120 2195 829
2 6.6 0.00003 1.3 11 0.003 15x107* 3657 2332 857
House  9.91 3 460 0.002 0.005 0.003 2x107* 3702 161 21
4 37.0  0.0005 0.007 0.004 000005 2x1073  39.03 191 79
1 22 0.06 0.14 0.007 1x107° 2623 2907 1082
2 6.6 0.00008 1.3 11 0.003 15x107* 3043 1668 624
Boat 9.55 3 450 0.002 0.001 0.003 2x107% 3075 228 41
4 36.0  0.0006 0.0004 0.005 000005 2x10"3 3399 206 94
1 22 0.07 0.13 0.01 1x1075 2811 3060 1123
2 6.3 0.0003 13 11 0.003 15x107* 3415 1680 628
Pepper 10.13 3 50.0  0.0002 0.0008  0.003 2x107* 3458 230 37
4 370 0.0005 0.007 0.004 000005 2x1073 3651 178 74
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Table 3. Numerical results for TVL1 problems with 60% salt-and-pepper impulse noise.
Image Py Alg | « B 0% A P tol PSNR Iter CPU
1 2.6 0.2 0.29 0.02 1x107° 2211 1433 536
2 6.3  0.002 1.1 1.1 0014 15x107% 2486 1096 409
Cam 711 3 | 670 0.002 0.004 0014 2x107* 2495 287 58
4 | 235 003 0.003 0.01  0.0011 2x1073 2696 227 118
1 2.6 0.2 0.29 0.03 1x107° 2389 1716 643
2 59 0.0008 1.1 1.1 0015 15x107% 2638 1143 428
Lena 712 3 | 20.0 0.002 0.009 0013 2x107* 2654 246 40
4 |275 00019 0.0017 0.0081 0.0007 2x1073 2855 320 110
1 2.5 0.3 0.25 0.02 1x107° 2717 1313 513
2 53  0.0008 0.7 1.3 0015 15x107* 3115 958 356
House 7.07 3 | 200 0.003 0.009 0013 2x107* 3153 175 34
4 | 240 00018 0.003 00082 0.0004 2x1073 3444 250 86
1 2.5 0.2 0.24 0.01 1x107° 23.13 1553 582
2 1.5  0.001 14 2.2 0.015 15x107% 2472 1546 578
Boat 676 3 10.0  0.001 0.020  0.011 2x 1074 25.00 242 41
4 | 385 0002 0002 0008 0.001 2x1073 2843 320 101
1 2.5 0.3 0.25 0.02 1x107° 23.79 1507 555
2 53  0.0008 0.7 1.3 0015 15x107% 2777 877 328
Pepper 740 3 | 200 0.002 0.009 0013 2x107* 27.88 258 41
4 | 275 00019 00017 0.0081 0.0007 2x1073 31.22 309 105
Table 4. Numerical results for TVL1 problems with 70% salt-and-pepper impulse noise.
Image Py Alg | « B 0% A P tol PSNR Iter CPU
1 20 077 0.10 0.05 1x107° 2226 2258 835
2 6.0 030 50 150 003 15x107* 2340 709 266
Cam 647 3 26  0.03 0.01 0.03 2x 1074 2349 169 46
4 85 0.017 009 0018 0022 2x1073 23.55 93 34
1 20 077 0.10 0.05 1x107° 24.11 2605 960
2 6.0 050 50 150 003 15x107% 2484 649 243
Lena 647 3 | 240 0.006 0.03 0.03 2x 1074 2511 247 40
4 |200 0017 002 005 00065 2x1073 2548 166 46
1 1.9 0.80 0.09 0.05 1x107° 2712 2095 786
2 100 1.00 70 1.90 003 15x107* 2871 546 204
House 640 3 | 260 0.03 0.02 0027 2x107* 29.18 154 35
4 18.0 0018 0.02 005 0.0065 2x1073 29.54 154 44
1 20 077 0.10 0.05 1x107° 2254 2563 940
2 50 050 50 1.90 003 15x107% 2324 570 213
Boat 611 3 7.0 0.003 0.04 0024 2x107* 2348 278 46
4 130 0019 002 005 00053 2x1073 2404 135 44
1 19 080 0.09 0.05 1x107° 2347 2662 978
2 6.0 050 40 150 003 15x107* 2466 506 189
Pepper 675 3 | 260 0.03 0.02 0027 2x107* 2487 169 40
4 120 0.02 0.02 0.05 0.01 2x1073 2520 109 36

As can be seen in Tables 1-4, Algorithm 4 for the TVL1 problem Equation (7) restores the true
image best, and Algorithm 1 for the TVL1 problem Equation (4) restores the true image worst. That
is, Algorithm 4 yields the highest PSNR values, and Algorithm 1 yields the lowest PSNR values.
Algorithm 4 for the TVL1 problem Equation (7) restores the true image much better than Algorithm 3
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for the TVL1 problem Equation (6), while Algorithm 4 takes much more CPU time than Algorithm 3 in
most cases. In addition, Algorithms 3 and 4 for the new proposed TVL1 problems Equations (6) and (7)
perform better than Algorithms 1 and 2 for the TVL1 problems Equations (4) and (5) in both PSNR
values and CPU time. Based on numerical results, Algorithm 4 for solving the new TVL1 problem
Equation (7) is preferred over Algorithm 3 for solving the new TVL1 problem Equation (6), though it
may take more CPU time than Algorithm 3 in most cases.

7. Conclusions

In this paper, we proposed two new TVL1 variational problems Equations (6) and (7) for
restoring images degraded by blurring and impulse noise, and then we proposed two fixed-point-like
methods, called Algorithms 3 and 4, for solving the new TVL1 problems Equations (6) and (7).
Numerical experiments showed that Algorithms 3 and 4 for solving the new proposed TVL1 problems
Equations (6) and (7) perform better than Algorithms 1 and 2 for solving the existing TVL1 problems
Equations (4) and (5) in both PSNR values and CPU time, and Algorithm 4 restores the true image
much better than Algorithm 3 at the expense of some increase in CPU time. Hence, it can be concluded
that Algorithms 3 and 4 are preferred over Algorithms 1 and 2, and Algorithm 4 for the new TVL1
problem Equation (7) is strongly recommended to use even though it may take more CPU time than
Algorithm 3 for the new TVL1 problem Equation (6).

The fixed-point-like methods and TVL1 problems Equations (6) and (7) proposed in this paper can
be applied to an image inpainting problem or image denoising problem with impulse noise. Future
work will study these kinds of problems. Notice that the problem of finding optimal parameters for
fixed-point-like methods is a very challenging problem. Future work will also study how to choose
optimal or near optimal parameters for the fixed-point-like methods proposed in this paper.
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