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Abstract: This work presents the realization of a complicated stabilization problem for a three
inverted pendulum links-based mobile robot. The actuators of the mobile robot are direct current
motors that have tachometer couplings to measure both the position and speed of the wheels and
links. Using direct measurements under load and analyzing the deceleration curve, the motor
parameters are determined experimentally. A mathematical model of the robot is obtained via the
Euler–Lagrange equations. Next, the nonlinear model is linearized and discretized. Based on this
discrete LTI model, an optimal controller is designed. The states and disturbances are estimated
using a robust detector. Both the controller and detector are implemented in the robot processor.
Numerical simulations and experimental tests show a good performance of the controller despite the
presence of disturbances.

Keywords: inverted pendulum type mobile robot; stabilization control; optimal controller based on
disturbance detector

1. Introduction

Inverted pendulum mobile robots are an excellent testbed for implementing different classical
control strategies and advanced controllers. The most common are the inverted pendulum on a cart [1],
the double inverted pendulum on a cart [2], the double inverted pendulum with an actuator at the
first joint (Pendubot) [3], and the double inverted pendulum with an actuator only in the second joint
(acrobot) [4].

The wide application of this type of mobile robots has attracted the interest of many researchers
in automatic control and robotics. Some examples of these applications are the personal transportation
systems [5], walking design for humanoid robots [6], robotic wheelchairs [7], and educational
purposes [8–10]. From the point of view of automatic control theory, the inverted pendulum mobile
robot presents a complex stabilization problem, since it has only two wheels as a supporting point.
One of the first researchers to tackle the stabilization control problem of two degrees of freedom
inverted pendulum mobile robot was Yamamoto [11], who proposed a mathematical model with one
input and two outputs. In the work presented by S.W. Nawawi [12], a sliding mode controller was
used to balance an inverted pendulum-type mobile robot, also with two degrees of freedom.

Concerning to recent advancements about this kind of robots, in [13], the modified DAYANI
method supported by a five-layered back-propagation neural network is used for the path control
of a two-wheeled self-balancing robot. Using this method, the robot is able to find the optimal
path from the starting point to the target point in a short time without hitting obstacles. In [14],
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a fuzzy controller and a PID controller are optimized using the particle swarm optimization algorithm.
Both controllers are used for the stabilization of an under-actuated mobile robot. The optimized fuzzy
controller shows a better suppression of system oscillations and current peaks than the optimized PID
controller. In [15], the problem of the stabilization of a two-wheeled self-balanced vehicle is solved
by using a nonlinear H∞. Despite external disturbances, un-modeled dynamics and extreme initial
conditions, the system is able to work satisfactorily. In [16], a nonlinear proportional-derivative and
a sliding mode controller using two reaction wheels are designed and implemented for an inverted
pendulum. Both controllers overcome the performance of a previously presented PID controller.
In [17], a self-balancing two-wheeled robot with two manipulator arms is considered. This robot
is able to pick up objects. A dual-loop fuzzy control system is proposed to control the movement,
rotation, and reach the desired position while keeping the robot in balance. In [18], the most common
approaches for the modeling and control of such kind of systems are studied. To solve the stabilization
problem, different kinds of controllers such as PD, LQR, H∞, backstepping, non-linear control,
feedback linearization, model-based control, and model-based disturbance rejection control are studied.
For the case of wheeled inverted pendulum systems subject to disturbances, a disturbance observer as
feedforward compensation is proposed. Likewise, the design of a robust adaptive controller for the
stabilization and trajectory tracking of such systems is considered. This control can work satisfactorily
despite un-modeled dynamics and parametric uncertainties. Finally, advanced approaches based on
soft computing such as neural networks, least squares support vector machine, and fuzzy logic are
discussed. The performance of all the aforementioned controllers is tested by numerical simulations.
On the other hand, regarding the use of inverted pendulum-type systems in education, in [19], a cheap
portable arduino-based self-balancing robot is used to implement different strategies of control. All the
different stages in the design and implementation process such as modeling, parameter estimation,
programming, etc., are considered. In [20], a low-tech self-balancing human transportation vehicle is
presented as a pedagogical tool for teaching feedback control concepts.

In this work, we have designed and assembled a mobile robot with five degrees of freedom and
four inputs. It is a mobile robot whose supporting point is on its two wheels and whose links are three
inverted pendulums. We have also done a complete theoretical analysis with sufficient mathematical
foundations of the relationship between control systems and robotics. For the stabilization under
disturbance of our mobile robot, we have designed an optimal controller based on two fundamental
structural concepts for the compensation of dynamic systems: observability and controllability.

This article is organized as follows: Section 2 describes the development of the dynamic model
of the mobile robot. Section 3 describes the design and assembly of the mobile robot, as well as
its electronic characteristics. Section 4 presents the values of the parameters acquired from each
motor of the mobile robot and the real-time response of each motor. In Section 5, we describe the
mathematical model of the control law for the optimal stabilization for disturbed systems, while in
Section 6, we synthesized, from an observer of state variables, a robust detector to estimate state
variables and disturbances. In Section 7, we present the development of the optimal controller based
on a robust detector for the stabilization of the mobile robot, and the closed-loop system diagram
and numerical simulations that indicate a good performance of the controller. In Section 8, we can
see the description and results of the implementation of the robust controller in the mobile robot,
the movement of the wheels, and the stabilization of the mobile robot. Section 9 is dedicated to the
discussion and conclusions about the results and experience obtained in this work. In Appendix A
the general description of a discrete-time state-space model has been placed. Appendix B shows the
matrices of the mobile robot’s non-linear model, while Appendix C contains the numerical matrices of
the mobile robot, and finally Appendix D shows the efficient performance of the optimal controller
based on the disturbance detector versus PD controller.
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2. Dynamic Model of the Mobile Robot

Figure 1 shows the free-body diagram of the inverted pendulum mobile robot with five degrees
of freedom. The masses of the links are defined as m1, m2, and m3, and the mass of the wheel as mw.
It is assumed that the center of gravity coincides with the geometric center of the links that are at a
distance of l1, l2, and l3 (li is the distance from joint i to the center of mass of the i− th link, i = 1, . . . , 3).
The angle of link 1 relative to the vertical is defined as θ1, the angle of link 2 relative to link 1 as θ2

and the angle of link 3 relative to link2 as θ3. Four torques act on the robot, τ1, τ2, τ3, and τ4, has five
degrees of freedom δr, δl , θ1, θ2, and θ3.

θ₁

θ₂

θ₃

τ₁ τ₂

τ₃

τ₄

m₁,J₁

m₂,J₂

l₁

l₂

l₃

mw,Jw

Rw

m₃,J₃

Figure 1. Diagram of an underactuated mobile robot with five degrees of freedom.

The mobile robot parameters are defined in Table 1. The links are considered as uniform rods
of mass M and length l. The moment of a rod’s inertia calculated about an axis of rotation, which is
perpendicular to the rod and touches one end of the rod, is J = 1

3 Ml2. The wheels are considered as
uniform discs of mass M y radius R. The moment of inertia of a uniform disc about an axis through its
center is given by J = 1

2 MR2.

Table 1. Mobile robot parameters.

Parameter Description Value

l1 Length to CG of link 1 10 cm
l2 Length to CG of link 2 7.5 cm
l3 Length to CG of link 3 5 cm

m1 Mass of link 1 663 g
m2 Mass of link 2 290 g
m3 Mass of link 3 205 g
mw Mass of the wheel 53 g
Rw Radius of the wheel 3.4 cm
H Distance between the wheels 25.5 cm
J1 Moment of inertia around the CM of link 1 22,100 gcm2

J2 Moment of inertia around the CM of link 2 5437.5 gcm2

J3 Moment of inertia around the CM of link 3 1708.3 gcm2

Jw Moment of inertia of the wheel 306.34 gcm2
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The mobile robot’s mathematical model is obtained from the equations of Euler–Lagrange.
The Euler–Lagrange equation is defined as [21]:

d
dt

(
∂Λ
∂q̇i

)
− ∂Λ

∂qi
= τi, i = 1, ...; n (1)

where τi is the vector of generalized forces, qi is the vector of generalized coordinates, q̇i is the vector
of joint velocities, Λ = T − V is the Lagrangian, T is the kinetic energy of the system, and V is the
potential energy of the system.

Equation (1) can be written in its compact form:

τ = M(q)q̈ + V(q, q̇)q + G(q) (2)

where M(q) is the inertia matrix, V(q, q̇) is the Coriolis and centrifugal matrix, g(q) is the vector of
gravitational forces, q is the position vector, and q̇ is the velocity vector.

The appropriate state variables to describe the dynamic model of the robot are the position q and

the velocity q̇. Then Equation (2) can be expressed in terms of the state vector:
(

q q̇
)T

as:

d
dt

(
q
q̇

)
=

(
q̇

M−1(q) [τ −V(q, q̇)q− G(q)]

)
;

(
q(0)
q̇(0)

)
∈ <2 (3)

From the free body diagram of the robot (see Figure 1) it is determined that the generalized

coordinate vector of the mobile robot is q =
(

q1 q2 q3 q4 q5

)T
, where q1 = δr, q2 = δl , q3 = θ1,

q4 = θ2, q5 = θ3.
The displacement of the right wheel is δr, and δl is the displacement of the left wheel, and θ1, θ2,

and θ3, are the angular position of the first, second, and third links respectively.

Denoting q̇ and q̈ as q̇ =
(

δ̇r δ̇r θ̇1 θ̇2 θ̇3

)T
; q̈ =

(
δ̈r δ̈r θ̈1 θ̈2 θ̈3

)T
.

The kinetic and potential energy of the system are calculated. The robot model represented by the
Euler–Lagrange equations is obtained:

M1δ̈r + M2δ̈l + M3θ̈1 + M4θ̈2 + M5θ̈3 + V1 + G1 = τ1

M2δ̈r + M1δ̈l + M3θ̈1 + M4θ̈2 + M5θ̈3 + V2 + G2 = τ2

M3δ̈r + M3δ̈l + M6θ̈1 + M7θ̈2 + M8θ̈3 + V3 + G3 = 0
M4δ̈r + M4δ̈l + M7θ̈1 + M9θ̈2 + M10θ̈3 + V4 + G4 = τ3

M5δ̈r + M5δ̈l + M8θ̈1 + M10θ̈2 + M11θ̈3 + V5 + G5 = τ4

(4)

In Appendix A, we can see the matrix representation of the system (4), where the matrix M(q)
∈ R5×5 is the positive symmetric and definite inertia matrix, V(q, q̇)q ∈ R5 contains the terms of
centripetal and Coriolis forces, G(q) ∈ R5 is the vector of gravitational forces, and the vector of applied

pairs τ =
(

τ1 τ2 0 τ3 τ4

)T
is produced by two actuators on the wheels, an actuator in the second

link, and an actuator in the third link.

3. Design and Assembly of the Mobile Robot with Five Degrees of Freedom

For the construction of the mobile robot, five pieces were designed using SolidWorks software and
manufactured in a 3D printer with PLA material, 5 Lego motors EV3 and two wheels of 3.4 cm radius
each were used (see Figure 2). A motor with a tachometer is coupled to each wheel. The accuracy of the
tachometer is one degree [22]. The maximum speed of each motor is 160–170 RPM with 20 Ncm torque.
In the third and fourth joints, two motors with the same characteristics are coupled, and in the fifth joint
a motor with a maximum speed of 240–250 RPM with 8 Ncm torque is coupled. The robot has a rotation
sensor EV3 implemented to measure the angular position of the first link with respect to the vertical
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axis. This is an EV3 gyroscopic sensor with an accuracy of ±3 degrees and a sample rate of 1 KHz.
For the control of the mobile robot, a 300 MHz ARM9 Lego EV3 processor with a Linux-based operating
system and a 64 MB RAM memory was acquired, which makes it suitable for the implementation
of the optimal control law designed for the stabilization of the mobile robot. The power source is
a lithium-ion EV3 rechargeable DC battery with a capacity of 2200 mAh. Communication with the
computer and robot is via Wi-Fi.

Motors
20 Ncm

Motor 
12 Ncm

Gyro sensor

Controller and
Power supply

Motors
20 Ncm

Figure 2. Assembly of the mobile robot.

4. Motors Control of the Mobile Robot

The motor parameters are shown in Table 2. These were obtained experimentally by direct
measurements under load and analyzing the deceleration curve. The parameters β, Km, Ke, Ra, and Jm

are the viscous friction coefficient, torque constant, back electromotive force constant, resistance,
and moment of inertia of the motor, respectively. The transfer function that relates the voltage V(s) to
the angular velocity Ω(s) of a DC motor is:

G(s) =
V(s)
Ω(s)

=
ϕ

αs + 1
; with ϕ =

Km

Raβ + KeKm
α =

Ra Jm

Raβ + KeKm

Table 2. Motor parameters.

β Ke Km Ra Jm G(s)

Motor 1 0.000486 0.43798 0.27063 8.34 0.00101
2.207

0.0688 s + 1

Motor 2 0.000577 0.35732 0.24105 9.01 0.00125
2.639

0.1235 s + 1

Motor 3 0.000458 0.44706 0.31059 8.74 0.00123
2.174

0.0755 s + 1

Motor 4 0.000662 0.44535 0.30670 8.47 0.00118
2.1563

0.0707 s + 1

Motor 5 0.000206 0.27480 0.17340 12.22 0.00011
3.45

0.028 s + 1
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The real-time response for each motor is obtained by running the motor at full power and
recording its angular velocity. Next, it is compared with the response of the system Gi(s) obtained
from the estimated parameters, as shown in Figure 3. Observing that the responses have the same
behavior, validating the parameters obtained.
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Figure 3. Motor real-time response.

Torque Equation

Starting from the equation of the electrical subsystem of a DC motor:

u = Ri + La
d
dt

i + ue (5)

where R and La represent the resistance and inductance of the motor, u represents the input voltage,
and ue the back electromotive force (back EMF).

The torque equation is obtained in terms of the voltage input and motor speed:

τ =
Km

R
u− KmKe

R
θ̇. (6)

Using Equation (6) the torques of the mobile robot are determined, obtaining:

τ =


τ1

τ2

0
τ3

τ4

 =



Kmr
Rr

u1 − KmrKer
Rr Rw

δ̇r
Kml
Rl

u2 − Kml Kel
Rl Rw

δ̇l

0
Km1
R1

u3 − Km1Ke1
R1

θ̇2
Km2
R2

u4 − Km2Ke2
R2

θ̇3

 . (7)
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5. Optimal Stabilization

5.1. State Variables Model of Mobile Robot

Let the vector of states x =
(

x1 x2

)T
such that x1 = q ; x2 = q̇. According to the Equation (3)

we get:

ẋ1 = q̇ = x2

ẋ2 = q̈ = M−1(x1) [u−V(x1, x2)x2 − G(x1)]

where x1 =
(

δr δl θ1 θ2 θ3

)T
; x2 =

(
δ̇r δ̇l θ̇1 θ̇2 θ̇3

)T
. Linearizing the system around

the operating point δr = δl = θ1 = θ2 = θ3 = δ̇r = δ̇l = θ̇1 = θ̇2 = θ̇3 = 0 and u1 = u2 = u3 = u4 = 0
and discretizing the system with a sampling period of ts = 0.005 s, the numerical matrices A y B of the
mobile robot are obtained (see these matrices in Appendix C).

The eigenvalues of matrix A are: {1.0; 1.0; 0.3837; 0.7916; 0.859; 0.926; 0.972; 1.03; 1.05; 1.055}.
Since not all eigenvalues are within the unit circle, the system is unstable.

5.2. Optimal Control for Systems with Disturbances

The objective is to find an optimal control law uk that minimizes the performance index Ji in the
interval [k, N]. The performance index is given by [23–25]:

Ji =
1
2

xT
NQ f xN +

1
2

N−1

∑
k=1

[
xT

k Qxk + uT
k Ruk

]
where Q is a positive definite symmetric matrix (or positive semi-defined), R is a positive definite
symmetric matrix, and Q f is a positive definite (or positive semi-defined) symmetric matrix.

The term uT
k Ruk is related to the energy expenditure of the uk control, the term xT

k Qxk is related
to the intermediate states, and the term xT

NQ f xN is related to the final states.
The control law has the form:

uk = −Kkxk + Kv
k hk+1

where Kk is the feedback gain matrix, Kv
k is the gain matrix that depends on the disturbance input wk,

and hk+1 is obtained by solving the differential equation:

hk = (A− BKk)
T hk+1 + Pk+1Ewk

with
hN = 0

and

Kk =
(

BT Pk+1B− R
)−1

BT Pk+1 A

Kv
k =

(
BT Pk+1B− R

)−1
BT

where Pk+1 is the positive symmetric and definite solution matrix of the Riccati equation.

Pk = AT Pk+1 (A− BKk) + CTQC

with
PN = CTQ f C.
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6. Robust Detector for Systems with Disturbances

The equations for the linear system with disturbance wk are:

xk+1 = Axk + Buk + Ewk (8)

yk = Cxk. (9)

Considering the state observer:

x̃k+1 = (A− φC) x̃k + Buk + φyk (10)

where φ is the gain matrix of the observer. Let ek = x̃k − xk, then the error dynamics of the system is:

ek+1 = (A− φC) ek − Ewk. (11)

In Equation (11), it can be observed that even when the eigenvalues of the matrix (A− φC) are
stable, the presence of the disturbance wk does not guarantee that limk→∞ ek+1 tends to zero, so that
from the observer (10) we proceed to synthesize a robust detector of disturbance that guarantees the
zero convergence of the error ek+1.

Synthesis of a Robust Detector for Disturbances

For the synthesis [26] of a disturbance detector, a new output built as Y =

(
yk

yk+1

)
. As yk = Cxk,

then yk+1 = Cxk+1 = CAxk + CBuk + CEwk. Therefore, the new output Y has the form:

Y =

(
C

CA

)
xk +

(
0

CB

)
uk +

(
0

CE

)
wk

Let,

Ỹ =

(
ỹk

ỹk+1

)
.

Then the expression Cxk+1 has the form:

Cxk+1 = C [(A− LC) x̃k + Ly + Buk]

where L is the gain matrix of the disturbance detector. Performing the corresponding calculations,
we obtain that:

Ck+1 = CAx̃k + CBuk

where

Ỹ =

(
C

CA

)
x̃k +

(
0

CB

)
uk.

The detector for the disturbed system is defined by the dynamics:

x̃k+1 = Ax̃k + Buk + L(Y− Ỹ).

The dynamics of the detection error has the form:

ek+1 =

[
A− L

(
C

CA

)]
ek +

[
L

(
0

CE

)
− E

]
wk.

Let L =
(

L1 L2

)
and by rewriting, we have:
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ek+1 = [Ā− L1C] ek + [(L2C− I) E]wk

where
Ā = (I − L2C) A.

Then, if the pair (Ā, C) is detectable, a matrix L1 can be found such that the matrix (Ā− L1C) is
asymptotically stable. To avoid the effect of disturbances on the estimation error, an L2 matrix must be
found such that:

E ∈ Ker (L2C− I) .

7. Optimal Control Design Based on a Disturbance Detector to Stabilize the Mobile Robot

In order to stabilize the mobile robot around the equilibrium point, an optimal controller based
on a disturbance detector is designed.

Using the controllability and observability matrices, it is verified that the mobile robot is a fully
controllable and observable system:

Mc =
(

B AB A2B · · · A9B
)

, rank (Mc) = 10

Mo =
(

C CA CA2 · · · CA9
)T

, rank (Mo) = 10.

Appendix C shows the numerical gain matrix L =
(

L1 L2

)
of the robust detector, such that

(L2C − I)E = 0 and (Ā− L1C) is asymptotically stable, with eigenvalues: {0.1999 multiplicity 5;
0.1997 multiplicity 5}. Subsequently, the matrices A and B of the robot system are replaced in the
Riccati equation and finding the positive defined symmetric solution, the numerical feedback matrix
Kk (see Appendix C) that stabilizes the system is obtained. Let:

Q = diag
(

20 20 1× 107 1 1 1 1 1 1 1
)

R = diag
(

50 50 50 5000 5000
)

.

The weight matrices Q and R were selected by observing the behavior of the system in numerical
simulations. A higher weighting factor was given to the stabilization of the pendulum angle on the
vertical axis. The goal is to obtain a fast stabilization process without reaching the input saturation of
the motors.

Simulations

The Matlab-Simulink software was used to verify the performance of the controller, according to
the diagram in Figure 4, with a simulation time of 4 s, implementing a disturbance wk that adds to the
control signal u1 and u2 in 1 Volt during the period of 1.5 s to 2 s, under the initial conditions:

x(0) =
(

2 2 0.1 0.1 0.1 0 0 0 0 0
)T

x̃(0) =
(

1 1 0.05 0.05 0.05 1 1 1 1 1
)T
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Figure 4. Implementation diagram.

Figure 5 shows the tracking of the original states with the estimated states even when disturbances
occur at t = 1.5 s and t = 2 s. For this reason, estimation errors (differences between estimated state
and original state) tend to zero. See Figure 6.
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Figure 6. Estimation errors.

8. Real-Time Experimentation

Using the Matlab Simulink platform, the optimal detector-based control is implemented using the
feedback gains calculated above. By using the Simulink Lego mindstorms EV3 library it is possible to
access the sensors and generate the robot states from them, calculate the control input, and implement
it to the motors. The position and speed signals obtained by the encoder and gyroscope, respectively,
are conveniently conditioned using a low pass filter. The driver implementation is performed for a
period of 50 s, using the diagram in Figure 7.

Controller PWM Motors
Robot

Sensors

Robust detector 
Disturbancex

x

u

w

x

k

k

k
k

k

Vk

~

Figure 7. Real-time implementation diagram.

As well as the disturbance:

wk =



(
0 0 0 0 0

)T
kts < 20(

1 1 0 0 0
)T

20 ≤ kts ≤ 30(
0 0 0 0 0

)T
30 < kts

In Figure 8–10, the red graphics represent the numerical simulations and the blue graphics
represent real-time experiments.
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Figure 8. Response of position states: (a) Displacement of the right wheel δr, (b) displacement of the
left wheel δl , (c) tilt angle of the first link θ1, (d) tilt angle of the second link θ2, and (e) tilt angle of the
third link θ3.

Figure 8a,b show the behavior of the displacement of the right wheel and left wheel of the mobile
robot, taking maximum values of 3 and −2.5 cm during the first 50 s of the experiment. Figure 8c
shows the behavior of the tilt angle of link 1 of the mobile robot, which takes values of −0.34 and 0.017
radians the first 50 s of the experiment. The responses of the tilt angle of links 2 and 3 respectively,
having maximum values of −0.05 and 0.05 radians are presented in Figure 8d,e.

Figure 9a,b show the velocity of the left wheel and right wheel taking values between −10 and
10 cm/s. Figure 9c–e present the angular velocity of links 1, 2, and 3 with ranges [−0.3, 0.2] rad/s,
[−0.4, 0.4] rad/s, and [−0.05, 0.04] rad/s, respectively.
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Figure 9. Response of velocities states: (a) Linear velocity of the right wheel δ̇r, (b) linear velocity of
the left wheel δ̇l , (c) angular velocity of the first link θ̇1, (d) angular velocity of the second link θ̇2, and
(e) angular velocity of the third link θ̇3.

In Figure 10a,b the control inputs to the right and left wheel motor are shown. In Figure 10c,d the
control inputs of the second and third link motors are presented, having values between [−2.5, 1] V
and ±1 V . It is important to mention that, as can be verified, the control signals for the motors are
within the operating range ±7.6 V. That is, there is no saturation.
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Figure 10. Control inputs: (a) Control input u1 for the right wheel motor, (b) control input u2 for the
left wheel motor, (c) control input u3 for the second link motor and, (d) control input u4 for the third
link motor.

The differences between simulated and experimental responses may be mainly due to un-modeled
dynamics, sensor, and actuator noises. Nonetheless, in general, as can be appreciated, such differences
are not significant for the achievement of the main goal of the controller, that is, to keep the system in
balance. In fact, from Figure 10, it is interesting to observe the ability of the control signal to compensate
for the deleterious effect of noises, disturbances, and un-modeled dynamics. Thus, it can be considered
that the experimental performance of the controller is good, particularly considering the difficulty of
the stabilization problem.

Figure 11 shows the robot’s behavior during the experiment, maintaining a tilt angle close to zero
with respect to the vertical axis and remaining at the same point with respect to the horizontal axis
throughout the time of the experiment.

Figure 11. Mobile robot stabilization.
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Appendix D describes the comparison with another control technique known as PD
(Proportional-Derivative).

9. Conclusions

The proposed inverted pendulum mobile robot is an excellent reference problem for studies of
advanced control techniques, due to the complex task of keeping its structure in balance. We decided
to develop an optimal disturbance detector-based controller for our mobile robot. The controller
was implemented using the Matlab-Simulink algorithm via a Wi-Fi connection with the robot.
Stabilization in the vertical position of the robot was successfully achieved. The oscillations that
occurred when there were no disturbances were approximately±0.017 rad, measured by the gyroscope
coupled to the first link. When a slight force is applied contrary to the movement of the robot
(disturbance), the oscillations that occurred were ±0.035 rad with ±5 V requirement for the two-wheel
motors, while the behavior of links 2 and 3 presented values between [0, 0.5] rad and [0,−0.05] rad
with a requirement of [1,−2.5] V and ±1 V.

For future work, an extension of the current controller will be used to cope with the tracking
trajectory problem. Likewise, the Coefficient of Friction between the robot body and motors,
as well as the Coefficient of Friction between the robot wheels and bearing surface will be studied.
Besides, the uncertainty associated with some robot parameters, and a variable load in the last link
could be considered. Finally, the problem of ascending and descending ramps will be addressed.
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Appendix A. Control Systems

For a discrete linear time-invariant system, the state equation and the output equation are written
as [27,28]:

xk+1 = Axk + Buk
yk = Cxk

(A1)

where xk is the state vector n× 1, uk is the control signal m× 1, yk is the output vector p× 1, A is
the state matrix n× n, B is the input matrix n× m, and C is the output matrix p× n. The (A, B, C)
system represented by Equation (A1), is completely controllable if and only if the controllability
matrix MC =

(
B AB · · · An−1B

)
has rank n, and it is completely observable if and only if the

observability matrix MO =
(

C CA · · · CAn−1
)T

has rank n.
If the system (A, B, C) is completely controllable [29,30], then there exists a feedback gain matrix

K of the control law uk = −Kxk. Substituting the control law u in the first system equation (A, B, C),
the closed-loop system matrix (A − BK) is obtained, which is stable if its eigenvalues λi are all
inside the unit circle of the complex plane, that is, |λi| < 1 for i = 1, . . . , n. Equivalently, we could
say that a discrete-time linear system is asymptotically stable if and only if all the eigenvalues of
its corresponding state matrix are inside the unit circle [30]. If the system (A, B, C) is completely
observable, then the state observer is given by the equation:

x̃k+1 = (A− φC) x̃k + Buk + φyk (A2)
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where φ is the observer gain matrix n× p.
Let ek = x̃k − xk, then the error dynamics of the system is:

ek+1 = (A− φC) ek. (A3)

If all the eigenvalues of the (A − φC) matrix are stable then the observer (A2) is stable and
limk→∞ ek = 0.

When not all state variables are available for feedback, then u control law feeds the estimated
states, that is, u = −Kx̃.

Appendix B. Matrices of the Mobile Robot Non-Lnear Model

C1 = (m1/4 + m2/4 + m3/4 + mw + Jw/Rw2) C9 = (L2
2m2 + 4L2

2m3 + L2
3m3)

C2 = (m1/4 + m2/4 + m3/4) C10 = 4L1L3m3

C3 = ((L1m1)/2 + L1m2 + L1m3) C11 = 2L1L3m3

C4 = ((L2m2)/2 + L2m3) C12 = m3L2
3

C5 = ((L3m3)/2) C13 = C7/2
C6 = (2L1L2m2 + 4L1L2m3) C14 = (J2 + L2

2m2 + 4L2
2m3 + L2

3m3)

C7 = (4L2L3m3) C15 = (m3L2
3 + J3)

C8 = (J1 + L2
1m1 + 4L2

1m2 + 4L2
1m3 + L2

2m2 + 4L2
2m3 + L2

3m3)

M1 = C1

M2 = C2 M8 = C13 cos(θ3) + C12 + C11 cos(θ2 + θ3)

M3 = C3 cos(θ1) + C4 cos(θ1 + θ2) + C5 cos(θ1 + θ2 + θ3) M9 = C14 + C7 cos(θ3)

M4 = C4 cos(θ1 + θ2) + C5 cos(θ1 + θ2 + θ3) M10 = C13 cos(θ3) + C12

M5 = C5 cos(θ1 + θ2 + θ3) M11 = C15

M6 = 2C6 cos(θ2) + C7 cos(θ3) + C10 cos(θ2 + θ3) + C8

M7 = C6 cos(θ2) + C7 cos(θ3) + C11 cos(θ2 + θ3) + C9

V1 = −
(
C5θ̇2

1 + C5θ̇2
2 + C5θ̇2

3 + 2C5θ̇1θ̇2 + 2C5θ̇2θ̇3
)

sin(θ1 + θ2 + θ3)

−
(
C4θ̇2

1 + C4θ̇2
2 + 2C4θ̇1θ̇2

)
sin (θ1 + θ2)− C3θ̇2

1 sin(θ1)

V2 = V1

V3 = −
(
C11θ̇2

1 + C11θ̇2
3 + C10θ̇1θ̇2 + C10θ̇1θ̇3 + C10θ̇2θ̇3

)
sin(θ2 + θ3)

−
(
C6θ̇2

2 + 2C6θ̇1θ̇2
)

sin(θ2)−
(
C13θ̇2

3 + C7θ̇1θ̇3 + C7θ̇2θ̇3
)

sin(θ3)

V4 = C11θ̇2
1 sin(θ2 + θ3) + C6θ̇2

1 sin(θ2)−
(
C13θ̇2

3 + C7θ̇1θ̇3 + C7θ̇2θ̇3
)

sin(θ3)

V5 = C11θ̇2
1 sin(θ2 + θ3) +

(
C13θ̇2

1 + C13θ̇2
2 + C7θ̇1θ̇2

)
sin(θ3)

G1 = G2 = 0
G3 = −2g (C3 sin(θ1) + C4 sin(θ1 + θ2) + C5 sin(θ1 + θ2 + θ3))

G4 = −2g (C4 sin(θ1 + θ2) + C5 sin(θ1 + θ2 + θ3))

G5 = −2gC5 sin(θ1 + θ2 + θ3)
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Appendix C. Numerical Matrices of the Mobile Robot

A =



1 0 −0.02263 0.00131 0.00039 0.003653 −0.00047 −0.00004 −0.00026 −0.00001

0 1 −0.02337 0.00135 0.0004 −0.0007 0.00404 −0.00004 −0.00026 −0.00001

0 0 1.002 −0.000687 −0.00005 0.00006 0.00004 0.005 0.00004 0.0

0 0 −0.002379 1.002 −0.00049 −0.00006 −0.00004 0.0 0.0048 0.00004

0 0 −0.000304 −0.00156 1.004 −0.00001 −0.00001 0.0 0.00017 0.0048

0 0 −7.768 0.4327 0.1386 0.5267 −0.1554 −0.02263 −0.08804 −0.00275

0 0 −8.174 0.4561 0.1456 −0.231 0.6568 −0.02337 −0.0927 −0.00288

0 0 0.7731 −0.2674 −0.01856 0.002113 0.01496 1.002 0.01717 −0.00121

0 0 −0.8613 0.9628 −0.1933 −0.02352 −0.01666 −0.00237 0.94894 0.01574

0 0 −0.1215 −0.6058 1.386 −0.00337 −0.00237 −0.00032 0.06469 0.9347



B =



0.01046 0.0045 0 0.00059 0.00003
0.005456 0.009055 0 0.0006 0.00003
−0.00048 −0.000408 0 −0.0001 0.00001
0.000536 0.000457 0 0.0003 −0.0001
0.000069 0.000058 0 −0.0003 0.0006

3.674 1.479 0 0.1999 0.01144
1.793 3.265 0 0.2104 0.01199
−0.1641 −0.1424 0 −0.0399 0.00423
0.1826 0.1585 0 0.1197 −0.0591
0.02618 0.02261 0 −0.148 0.2504



L1 =



0.8 0 0 0 0 0.0022 −0.0001 0 −0.00005 0
0 0.8 0 0 0 −0.0002 0.0023 0 −0.00005 0
0 0 0.8 0 0 0.00006 0.00005 0.005 0.0008 0.0001
0 0 0 0.8 0 0 0 0 0.0024 0
0 0 0 0 0.8 0 0 0 0.00002 0.0024
0 0 0 0 0 −0.1997 0 0 0 0
0 0 0 0 0 0 −0.1997 0 0 0
0 0 0.175 0.048 0.008 0.0179 0.0179 0.8 0.3521 0.0645
0 0 0 0 0 0 0 0 −0.1997 0
0 0 0 0 0 0 0 0 0 −0.199


and

L2 =
(

010×5 L22

)
where

L22 =



0.0027 0.000112 0 0.00005 4.93× 10−7

0.00016 0.002694 0 0.00005 4.95× 10−7

−5.8× 10−5 −5.4× 10−5 0 −0.00088 −0.00016
1.55× 10−5 1.0× 10−5 0 0.00252 −7.× 10−6

1.65× 10−6 1.1× 10−6 0 −0.00002 0.002528
1 0 0 0 0
0 1 0 0 0

−0.01794 −0.01793 0 −0.35207 −0.06449
0 0 0 1 0
0 0 0 0 1


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Kk =


0.1564 −0.4012 −216.69 10.3534 7.2929 −0.1585 −0.1998 −8.0696 −0.8519 0.1453
−0.4221 0.1899 −197.21 9.2464 6.61 −0.2045 −0.1215 −7.411 −0.7594 0.1361

0 0 0 0 0 0 0 0 0 0
0.0335 0.0340 21.676 27.850 3.7542 0.0381 0.0382 4.4966 2.8026 0.5614
0.0101 0.0103 14.9591 14.6288 13.4266 0.0118 0.0118 2.3487 1.6512 0.7638


Appendix D. Optimal Controller Based on Disturbance Detector vs. PD Controller

To test the performance of the robust detector based optimal controller and the PD controller,
a disturbance signal of 1 V is added in the input u1 and u2 in t = 5. This signal is applied only during
2 s. According to Figure A1, it can be appreciated how the optimal controller can significantly reduce
the negative effect of the disturbance. However, when the PD controller is used, important deviations
from the equilibrium are presented. For example, for the case of the wheels displacements δr and δl ,
the deviations from the equilibrium reach 2 cm and 1 cm, respectively, during the presence of the
disturbance. Likewise, the deviations for the angular positions θ1, θ2, and θ3 are 0.7 rad, −0.65 rad,
and −1.47 rad, respectively. In contrast, the deviations are barely perceptible if the optimal controller
is used.
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Figure A1. Optimal controller based on disturbance detector vs. PD (Proportional-Derivative) controller.
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For the right and left wheel speeds, that is, δ̇r and δ̇l , the deviations reach ±14 rad/s during the
disturbance when the PD controller is utilized. Nevertheless, the deviations only reach ±4 rad/s using
the optimal controller. Finally, with the PD controller, for angular speeds θ̇1, θ̇2, and θ̇3, the maximum
deviations are±1.1 rad/s,±3 rad/s and±14 rad/s, respectively. With the optimal controller, the effect
of the disturbance is practically negligible for all the aforementioned angular speeds.

Abbreviations

The following abbreviations are used in this manuscript:

PID Proportional-Integral-Derivative
PD Proportional-Derivative
LQR Linear Quadratic Regulator
CG Center of Gravity
CM Center of Mass
PLA Polylactic Acid
RPM Revolutions per minute
EMF Electromotive Force
PWM Pulse Width Modulation
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