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Abstract: The Finite Volume Time-Domain (FVTD) method is an effective full-wave technique which
allows an accurate computation of the electromagnetic field. In order to analyze the scattering
effects due to electrically large structures, it can be combined with methods based on high-frequency
approximations. This paper proposes a hybrid technique, which combines the FVTD method with
an asymptotic solver based on the physical optics (PO) and the equivalent current method (ECM),
allowing the solution of electromagnetic problems in the presence of electrically large structures with
small details. Preliminary numerical simulations, aimed at computing the radar cross section of
perfect electric conducting (PEC) composite objects, are reported in order to evaluate the effectiveness
of the proposed method.
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1. Introduction

Several electromagnetic problems require solvers able to characterize complex and multi-scale
structures [1–4]. To this end, two main classes of approaches can be identified. The first one is composed
by full-wave approaches, which aim to solve Maxwell’s equations (or equivalent equations derived
from them) without approximations different from the ones introduced by the numerical discretization
of the problem. Common solvers belonging to such a class are the method of moments (MoM) [5], the
finite-difference time-domain (FDTD) [6] and finite-difference frequency-domain (FDFD) [7] methods,
the finite integration technique (FIT) [8], the finite-element method (FEM) [9], and the method of lines
(MOL) [10]. Although being very effective in several practical applications, these approaches have
the drawback that the computational requirements usually increase significantly when very large (in
terms of wavelengths) radiating or scattering structures are considered. In such cases, high-frequency
techniques based on asymptotic approximations are frequently adopted. Common methods belonging
to this second class are based on the physical optics (PO) approximation and on the geometrical/physical
theory of diffraction [9,11].

When targets composed by large and small scatterers are concerned, hybrid methods, in which
full-wave and high-frequency techniques are combined together, can also be adopted. In this framework,
different hybrid formulations have been proposed in the literature in the past years. For example, the
method of moments has been combined with different high-frequency solvers, both for characterizing
the radiation of antennas in the presence of large structures [12–15], and for computing the field
scattered by large or multi-scale objects [16–18]. Iterative techniques have also been proposed for
increasing the accuracy and reducing the computational time [19,20]. Time-domain approaches, such as
the FDTD and FIT methods, have been adopted in combination with asymptotic algorithms, too [21–25].
It is worth remarking that, in several cases, one of the main difficulties in developing hybrid methods
is represented by the design of a correct interface between the full-wave and asymptotic solver. To
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partially overcome such a problem, the use of Green’s functions, including the scattering contributions
from the large scatterers present in the simulated scenario, has also been proposed [26–28].

In this paper, a hybrid approach based on the Finite Volume Time-Domain (FVTD) method [3,29–31],
which is a full-wave technique based on a finite-volume discretization of Maxwell’s equations, is
proposed. The FVTD method has been successfully used in several applications [32–35] concerning
both perfect electric conducting (PEC) and dielectric targets, and even in combination with other
approaches. For example, full-wave FVTD/FDTD techniques have been proposed in [36,37], whereas
in [38], a hybrid FVTD/PO method has been developed and applied to two-dimensional (2D) structures.
In the present paper, the FVTD method is combined with an asymptotic technique in order to analyze
the radar cross section (RCS) of three-dimensional (3D) structures. In particular, the FVTD solver is
used for computing the scattering contributions due to one or more small dielectric or metallic objects,
whereas the asymptotic solver is adopted for including the effects of large metallic structures located
nearby them. The initial idea concerning such a hybridization has been firstly reported in [39], where
it has been used for characterizing antennas near large metallic structures. In that case, however, only
sources internal to the FVTD region were handled and only the PO contributions due to the nearby
metallic structures were included. In the present work, the proposed hybrid technique is extended for
the first time in order to include more scattering contributions from the asymptotic region. To this end,
the PO approximation is adopted for computing the scattered fields from smooth surfaces, whereas
the Equivalent Current Method (ECM) [11] is used for including the effects of the edges. As far as we
know, this is the first time that such a hybrid approach is developed and numerically validated for
3D configurations.

The paper is organized as follows. The formulation of the hybrid method is reported in Section 2.
Numerical results aimed at validating the proposed computational technique are provided in Section 3.
Finally, conclusions are drawn in Section 4.

2. Formulation of the Hybrid Method

With reference to Figure 1, the computational domain is split into two parts, namely the FVTD
region and the asymptotic region. In the first region, which contains an electrically small-size object,
the FVTD solver is applied. In the second region, which is used for the electrically large structures,
electromagnetic fields are calculated by using the asymptotic technique. In particular, the PO method
is applied to compute the scattered field by the surfaces in which the asymptotic region is discretized,
whereas edges are taken into account by using ECM.Electronics 2019, 8, x FOR PEER REVIEW  3  of  10 
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The computational domain is illuminated by a plane wave, EINC(r) = E0
INCe− jk0d̂t·r, where d̂t is

the propagation direction, E0
INC describes the electric field amplitude and polarization, and k0 is the
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vacuum wavenumber. The overall scattered electric field in the far-field region, indicated as EFF
SCAT(r),

is approximately given by the following contributions:

EFF
SCAT(r) � EFF

FVTD(r) + EFF
PO(r) + EFF

ECM(r) + EFF
FVTD→PO(r) + EFF

FVTD→ECM(r) (1)

The first term, EFF
FVTD(r), represents the electric field scattered by the object inside the FVTD region,

whereas EFF
PO(r) and EFF

ECM(r) denote the primary electric fields scattered by the plane surfaces in which
the asymptotic region is discretized and by their edges, respectively. However, these three terms do not
take into account the interactions between the two regions. The most significant of these interactions
are included in secondary scattered fields, denoted as EFF

FVTD→PO(r) and EFF
FVTD→ECM(r). These two

terms concern the field scattered by the objects located in the asymptotic region when illuminated by
the field produced by the FVTD region.

The contribution produced by the field scattered by the asymptotic region and radiated onto the
FVTD region is neglected, assuming that the latter region is significantly larger than the former one.
Under this assumption, it is possible to simulate the FVTD region alone, and subsequently combine
the result with the contributions due to the asymptotic region. The scattering problem is solved by
adopting a proper discretization of both regions, as described in the following sections.

2.1. Scattered Field from the FVTD Region

The primary scattering contribution from the FVTD region is computed using the full-wave FVTD
method. We adopt a discretization with tetragonal elementary volumes Vn (n = 1, . . . , N), whose faces
are denoted as Sn,k (k = 1, . . . , 4) and characterized by outward unit vectors n̂n,k. By defining the vector

field U(r, t) =
(
Ex, Ey, Ez, Hx, Hy, Hz

)t
and using the second-order Lax–Wendroff temporal scheme [40],

from Maxwell’s equations we obtain the following explicit update equations for each nth elementary
volume [3],

U
(i+ 1

2 )
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n +
∆t
2

 1
Vn

4∑
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Λ
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2 )

n
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where the superscript i represents the time-step index and ∆t is its time-width, which is chosen to
satisfy the stability criterion [3]. The term Un is the field vector computed at the center of the nth
tetrahedron, whereas Λn,k represents the field flux through the surface Sn,k, which is related to the
tangential component of electromagnetic field [1]. By applying the Monotonic Upwind Scheme for
Conservative Laws (MUSCL) [1], it is possible to compute the value of the electromagnetic field at the
center of each face, which is a quantity required for evaluating Λn,k. The term A−1

n CnU(i)
n takes into

account the presence of media with finite electric conductivities. This term is computed by means of the
Additive Induced Source Technique (AIST) [34]. In particular, An is a matrix containing the values of the
dielectric permittivity ε and magnetic permeability µ inside the nth subdomain, whereas Cn is a matrix
containing the values of the electric conductivity in the same volume element. Detailed definitions
of these matrices can be found in [1]. At the boundaries of the simulation domain, Silver–Müller
absorbing boundary conditions [1] are applied in order to remove the inward components of the
flux at the boundary faces. Near-field to far-field (NFFF) transformations in the time-domain [6] are
then used to compute the scattered electric and magnetic fields EFF

FVTD and HFF
FVTD outside the FVTD

region, i.e., in test points and in both faces and edges of the asymptotic region. In order to compute
the NFFF transformation, a proper Huygens surface is considered inside the FVTD region. Since the
subsequent steps of the hybrid procedure are evaluated in the frequency-domain, the Fast Fourier
Transform (FFT) is applied to FVTD results in order to compute the scattered field term EFF

FVTD(r) at the
considered frequency.
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2.2. Scattered Field from the Asymptotic Region

The primary scattered field due to the asymptotic region, which is assumed to be composed of a
PEC material, is computed by considering two different contributions. The first one is related to the
scattering from surfaces and it is computed by using the PO method [11,41] in the frequency-domain.
The scattered field is approximated with the field generated by the current density vector JPO, given
by [42]

JPO(r) =

2n̂(r) ×HINC(r) if r ε Sill

0 otherwise
(4)

where n̂ is the outward unit vector perpendicular to the illuminated part of the surface Sill and
HINC(r) = d̂t × η−1

0 EINC(r) is the incident magnetic field vector at a point r on Sill. Assuming that the
illuminated surface Sill is discretized into I triangular faces, Si, i = 1, . . . , I, the resulting scattered
electric field can be expressed as [42]

EFF
PO(r) = LPO(HINC)(r) =

η0e− jk0r

j2λ0r

∑
i

{
Ni

PO(r̂) −
[
Ni

PO(r̂) · r̂
]
r̂
}

(5)

where λ0 is the wavelength, η0 is the intrinsic impedance of the vacuum, and Ni
PO is the radiation

vector related to the ith face, which is given by Ni
PO(r̂) =

∫
Si

JPO(r′)e
jk0r

′

·r̂dr
′

.
The second contribution is related to the edges. As previously mentioned, the ECM is used [11,41],

which assumes that the scattered field due to the edges can be computed in terms of equivalent electric
and magnetic line currents. With reference to the above discretization in triangular elements, this
part of the scattered field is obtained by summing the contributions of each lth elementary edge [42]
between adjacent triangles, i.e.,

EFF
ECM(r) = LECM(EINC, HINC)(r) =

η0e− jk0r

j2λ0r

∑
l

{
Nl

ECM(r̂) −
[
Nl

ECM(r̂) · r̂
]
r̂−

1
η0

r̂× Ll
ECM(r̂)

}
(6)

where Nl
ECM and Ll

ECM are the electric and magnetic radiation vectors related to the lth edge, given

by Nl
ECM(r̂) = t̂l

∫
Cl

Ie(r′)e jk0r
′

·r̂dr
′

and Ll
ECM(r̂) = t̂l

∫
Cl

Im(r′)e jk0r
′

·r̂dr
′

, respectively, t̂l being the unit
vector defining the direction of the lth edge Cl. The equivalent electric and magnetic currents Ie and Im

depend upon EINC and HINC, respectively, and are defined as in [41,43].

2.3. Scattered Fields Due to the Coupling between Regions

The secondary scattered fields EFF
FVTD→PO(r) and EFF

FVTD→ECM(r) are due to the coupling between
the FVTD and the asymptotic regions. Such contributions are again computed by using the PO
approximation and the ECM. However, in this case, the incident field is represented by the primary
field scattered by the FVTD region in the points belonging to the asymptotic region. In this paper, we
assume that the distance between the asymptotic and the FVTD regions is sufficiently large to allow
the use of the far-field approximation for the computation of the fields EFF

FVTD(r) and HFF
FVTD(r), r ∈ Sill,

that illuminate the asymptotic region. Consequently, the coupling terms can be compactly expressed as

EFF
FVTD→PO(r) = LPO

(
HFF

FVTD

)
(r) (7)

EFF
FVTD→ECM(r) = LECM

(
EFF

FVTD, HFF
FVTD

)
(r) (8)

3. Numerical Results

In this Section, some preliminary numerical results obtained by using the above hybrid method
are reported. The first considered configuration is shown in Figure 2. A PEC sphere of diameter
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dS = 0.318 m is located over a PEC plate of sides lx = ly = 1 m. The distance between the center of the
sphere and the plate is denoted as D. A standard spherical coordinate system centered on the sphere is
assumed (in the following, as usual, θ and φ denote the elevation and azimuth angles, as shown in
Figure 2). The incident field is a plane wave propagating in the directions φ = 0◦, θ ∈ [0◦, 90◦] and
polarized along the elevation direction θ̂. In the FVTD solver, a Gaussian pulse with unit amplitude
and time-width at half-maximum of 1 ns has been used. The simulation time has been set equal to
29 ns and the time step is ∆t = 3.4 ps. In this case, the FVTD region is a spherical volume of diameter
dFVTD = 1 m, which has been discretized into NFVTD = 90, 375 tetrahedra. The Huygens surface SH

used for computing the NFFF transformations is a sphere of diameter dH = 0.6 m discretized with
NH = 3572 triangles. Both the FVTD region and the Huygens surface are centered at the origin of the
reference system. The asymptotic region is represented by the plate, which has been discretized with a
mesh composed of NAS = 28 triangles.
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Figure 2. Schematic representation of the first configuration. Sphere over a perfect electric conducting
(PEC) plate.

Figure 3 shows the monostatic RCS computed at 750 MHz for 0◦ ≤ θ ≤ 90◦, and φ = 0◦. In this
case, D = 5 m. In particular, the figure reports the values of the RCS for the two targets (sphere and
plate) computed independently (i.e., without mutual interactions) and by exploiting the proposed
hybrid approach. In this case, the effects of the mutual interactions between the sphere and the
plate, correctly estimated with the hybrid method, are more visible for high elevation angles. It is
worth remarking that, even in such a simple configuration, the proposed hybrid technique allows
a considerable saving in the computational requirements. Indeed, if the FVTD method were used
to simulate the whole scenario, a simulation region containing both the sphere and the plate (with
some additional space between targets and boundaries) would be required. For example, assuming a
spherical region of side 7 m discretized with a uniform mesh with elements of side length equal to
λ/10 (referred to the maximum frequency of the excitation signal), more than 100 million tetrahedra
would be needed, resulting in unfeasible memory requirements on a standard personal computer.
Instead, in the considered hybrid technique, only 1.66 GB and 529 MB of RAM are needed for the
FVTD and PO/ECM solvers, respectively.
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Moreover, in order to validate the use of the NFFF transformations for computing the secondary
scattering contributions, the distance between the sphere (i.e., the FVTD region) and the plate (i.e.,
the asymptotic region) has been varied in the range D ∈ [1, 5] m. The obtained results have been
compared with those provided by the FEKO software (Altair Engineering Inc.) [44]. In particular, the
hybrid solver based on the MoM and uniform theory of diffraction (UTD) has been applied considering
a mesh of 708 triangular elements. The normalized root mean square error (NRMSE) between the RCS
simulated by the proposed hybrid method and by the FEKO solver, for different values of the distance
between plate and sphere, are reported in Table 1. Moreover, an example of the behavior of the RCS
versus the elevation angle for the case D = 3 m is also shown in Figure 4. As can be seen, there is a
good agreement between the proposed procedure and the results provided by FEKO. As expected,
when the distance between FVTD region and asymptotic region is small, higher errors are present,
since the far-field assumptions of the NFFF transformations are no longer satisfied.
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Table 1. Normalized root mean square error (NRMSE) versus the distance between asymptotic and
Finite Volume Time-Domain (FVTD) regions.

Distance [m] 1 2 3 4 5

NRMSE 0.118 0.072 0.055 0.056 0.056

As a further test, the sides of the plate have been varied between 0.5 and 2 m, with D = 4 m.
In this case, the plate is discretized with NAS = 76 triangles. The errors on the computed RCS with
respect to the results provided by FEKO are reported in Table 2. As expected, the error is lower when
the plate is larger, mainly because the PO method is less effective in simulating the scattered field by
small electrical objects.

Table 2. Normalized root mean square error (NRMSE) versus the size of the plate.

Plate side [m] 0.5 1 2

NRMSE 0.142 0.056 0.048

In the second considered test case, a PEC sphere of diameter dS = 0.318 m is located over a square
frustum of height h = 2 m (Figure 5). The upper base has size bx = by = 1 m, and the lower base has
side lengths lx = ly = 1.5 m. The distance between the center of the sphere and the upper base of the
frustum is equal to D = 3 m. The FVTD region is equal to the one considered in the previous case. The
asymptotic region corresponds to the outer surface of the frustum, and it has been discretized with
NAS = 158 triangles. Figure 6 shows the computed RCS at 750 MHz. The results given by the FEKO
full MoM solver (with a mesh composed of 1360 triangular elements) are provided for comparison
purposes, as well as FEKO results with hybrid MoM/PO solver with full ray tracing. As can be seen,
the agreement between the proposed hybrid method and the full MoM solution, which has been taken
as a reference, is quite good (the NRMSE is equal to 0.080), although for some directions the RCS is
slightly underestimated. Such differences may be ascribed to the contributions of the field scattered by
the asymptotic region and radiated onto the FVTD, which are currently neglected in the developed
approach. It is also worth noting that, at least in this case, the obtained results are better than the ones
of the FEKO MoM/PO approach, for which the NRMSE with respect to the full MoM is equal to 0.136.
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Figure 6. RCS of the sphere over frustum target. Comparison with the results provided by the FEKO
software (full method of moments (MoM) and MoM/physical optics (PO) approaches).

4. Conclusions

In this paper, a hybrid approach based on the FVTD method and PO/ECM asymptotic techniques
has been presented, with the aim of computing the scattered electromagnetic field by multi-scale
objects. The computational domain is split into two parts: An FVTD region and an asymptotic region,
which contain small-size and large structures, respectively. The mutual interactions between regions,
which produce secondary scattered field contributions, are approximated by considering the most
significant terms and far-field interactions. Preliminary numerical simulations, in which the proposed
technique is compared with independent electromagnetic simulators for estimating the RCS of simple
composite PEC targets, show the effectiveness of the approach. Future developments will be aimed
at modeling near-field interactions between the two regions and at validating the technique in the
presence of more complex structures and dielectric targets, for which the FVTD method is proven to be
particularly effective. The combination of FVTD and asymptotic methods in the time-domain will be
considered, too. Such an extension would allow simulations to take into account the contributions due
to the field scattered by the asymptotic region and radiated back onto the FVTD region. Moreover,
further work will also be devoted to the introduction of multiple reflections through the integration of
geometrical optics techniques in order to increase the accuracy of the solution. Finally, the possibility
of exploiting proper Green’s functions into the FVTD method for including the contributions of large
structures, as well as the use of iterative schemes, will be explored.
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