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Abstract: In this study, the Fourier series expansion method (FSEM) was employed to calculate the
complex propagation constants of plasma structures consisting of infinitely long, silver nanorod
arrays in the range of 180–1900 nm, and the characteristics of the complex propagation constant
were analyzed in depth. According to the results of FSEM using dielectric constants from Johnson
experimental data, a multi-mode frequency band appears in the propagation stage, which can be
adopted to achieve a multi-mode communication, multi-mode transceiver, integrated filter with
single multi-mode combination. In the meantime, the comparison between the three sets of results
with only single mode transmission of the generalized multipole technique (GMT) using dielectric
constants from Johnson experimental data, FSEM using dielectric constants from Palik experimental
data, and FSEM using dielectric function from Drude–Lorentz model suggested that the results of the
four sets of complex propagation constants were well consistent with each other. Furthermore, a finite
array of only 40 silver nanorods was studied, and the ability of guided waves when a finite array
is excited by a plane wave at a specific wavelength was explored. According to different guiding
abilities—propagation, attenuation, and cut off, it can be applied to waveguides, sensor, filters, etc.
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1. Introduction

In the past few decades, numerous studies have focused on the research and the development of
novel structures based on multi-layer arrays of the periodic distributions of photonic crystals [1,2].
After that discovery, the field of photonic crystals garnered great interest among researchers,
and various analytical methods and numerical methods have been proposed to analyze photonic
crystal waveguides [3–9]. The periodic distribution of scattering elements (a simple single-layer
structure) that may effectively guide electromagnetic waves along the chain aroused attention from
scientists, so has been extensively studied [10–12]. The systematic study on the bandgap structure of
two-dimensional periodic dielectric materials is conducted using different methods [13–18]. Simple
design and manufacturing can be considered a major advantage of this structure. However, to verify
its good guiding attributes, detailed theoretical and numerical studies are necessary.

In recent years, in the direction of reducing the size of photonic devices below the diffraction
limit, it was not enough to take dielectric material as the object of research. Therefore, it led to the
development of metal plasma-resonant waveguides. From the structural perspective, the waveguide
consists of several coupled nanoparticles arranged in the array. Near-field interactions between these
closely spaced nanoparticles causes light to propagate along the array’s axis. The structures that guide
these collective oscillations have been analyzed in numerous papers [19–23]. However, since metallic
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losses are rather large in these waveguides, the calculation of the attenuation constant needs to be
considered. Numerous studies (e.g., the analysis of the optical interactions of nanostructures formed
on metal films) focus on the application of metals to photonic crystals. The absorption characteristics of
one-dimensional quasi-periodic photonic crystals with thin metal layers and dielectric Fibonacci layers
were investigated. The full-vector modal solver, using the finite element method, was employed to
numerically study the polarization characteristics of wire-selectively filled photonic crystal fibers into
the cladding pores. The possibility of selective polarization in photonic crystal structure was analyzed
using a single molecular layer of metal nanoparticles. Using the transfer matrix method and some
studies of photonic crystals in three dimensions, the transmission properties of a one-dimensional
photonic crystal made of alternate layers of an isotropic ordinary dielectric and a graphene-based
hyperbolic metamaterial were studied theoretically [24–29].

In the previous study, a Fourier series expansion method was proposed as a feasible method to
study the propagation mode and leaky mode of an infinitely long circular chain structure. Additionally,
to study the propagation characteristics and electric field distribution characteristics in three Bragg
propagation periods, the model of an infinitely long square single-chain and multi-chain periodic
structure was used.

In this paper, the complex propagation constants of an infinitely long silver chain structure
with a wavelength in the range of 180–1900 nm are studied in detail. The correctness of the method
(FSEM) can be verified by the four results that are very consistent. A special phenomenon of
single frequency multimode was found in the results of FSEM using dielectric constants from Johnson
experimental data (FSEM(J)), and the complex propagation constants of the three methods of generalized
multipole technique using dielectric constants from Johnson experimental data (GMT(J)), FSEM using
dielectric constants from Palik experimental data (FSEM(P)), and FSEM using dielectric function from
Drude–Lorentz model (FSEM(D-L)) with only the single mode transmission were compared. It was
found that the results of the four sets of complex propagation constants agree well. Furthermore,
the guided wave capability of different nanowavelengths under the finite-length chain structure
of 40 circular nano-columns was studied. By studying the waveguide capabilities of a particular
wavelength, different stages can be applied to different devices. Propagation phase can be used
for waveguide, sensor, etc. The cut-off phase can be used for filters, nanomirrors, nanoprobes, etc.
In particular, the multi-mode stage that occurs in FSEM (J) can be used for multi-mode, communication
integrated filters of a single and multi-mode combination, etc.

2. Formulation of the Problem

A two-dimensional infinite periodic chain composed of circular rods is periodic along the x-axis
and with the lattice constant h (Figure 1). The scatters are infinitely long in the z-direction, and they are
parallel to each other. The circular rods, having radius r, are assumed to be pure dielectrics, with a
relative dielectric permittivity ε. An array with this structure repeats the same configuration with
a fictitious period Λ along the y-direction, and then the original structure is approximated by the
array’s unit cell located in 0 ≤ y ≤ Λ. Assume that we induce the propagation of E (Ez, Hx, Hy) and
H (Hz, Ex, Ey) waves. The details of the formulation are omitted in this communication due to the
space limitations; see our previous reports for details [30,31]. Surface plasmon is a large amount of
collective free-electron vibration occurring at the metal–medium interface and excited only by H waves
(magnetic field components perpendicular to the nanowire cross section) [32].

First, the major idea of the formulation should be described. In the case of the H wave, Maxwell
equations are written as follows:

v(y)
∂H′z
∂y

= ik0ε(y)Ex, (1)

−
∂H′z
∂x

= ik0ε(y)Ey = ik0
Dy

ε0
, (2)



Electronics 2019, 8, 1280 3 of 14

∂Ey

∂x
− v(y)

∂Ex

∂y
= −ik0H′z, (3)

Dy = ε0ε(y)Ey, (4)

where H’
z = (µ0/ε0)1/2Hz, v(y) = [1 + iσ(y)]−1 denotes the stretched coordinate variable [24] characterizing

the assumed Perfectly Matched Layers (PMLs), where σ(y) = σmax (1− y/w)d is the conductivity function.
Under the fictitious periodicity of the system, the electric and magnetic fields are approximated by a
truncated Fourier series:

H′z(x, y) =
M∑

m=−M

hz,m(x)eiϕm y, (5)

Ex(x, y) =
M∑

m=−M

ex,m(x)eiϕm y, (6)

Ey(x, y) =
M∑

m=−M

ey,m(x)eiϕm y, (7)

Dy(x, y) =
M∑

m=−M

dy,m(x)eiϕm y, (8)

where Dy is the electric displacement vector, ϕm = 2πm/Λ. Equation (2) is substituted into (1), and the
orthogonality of the Fourier bases is exploited. For H modes with field components (Hz, Ex, Ey), Hz acts
as the leading field. To overcome the discontinuity of the electric field normal to the core-cladding
boundaries, Li’s factorization rule [33] should be followed by the Fourier series expansion of Ey field.
A set of linear equations to determine the Fourier coefficients, {hz,m (x)} and {ey,m (x)} are derived as

∂2

∂x2 hz(x) = −k2
0C · hz(x), (9)

ey(x) = −i
1
k0

N̂ ·
∂
∂x

hz(x), (10)

hz(x) =
[
hz,−M . . . hz,0 . . . hz,M

]T
, (11)

ey(x) =
[
ey,−M . . . ey,0 . . . ey,M

]T
, (12)

C = N̂−1(I −VAN−1VA), (13)

[N]mm′ =
1
Λ

∫ Λ

0
ε(y)e−i(ϕm−ϕm′ )ydy, (14)

[
N̂
]
mm′

=
1
Λ

∫ Λ

0

1
ε(y)

e−i(ϕm−ϕm′ )ydy, (15)

[V]mm′ =
1
Λ

∫ Λ

0
v(y)e−i(ϕm−ϕm′ )ydy, (16)

[A]mm′ =
φm

k0
δmm′, (17)

where δmm
’ denotes Kronecker’s delta; the superscript T denotes the transpose of the indicated vector;

k0 is the wavenumber in a free space; and ε(y) is the dielectric permittivity along the y-axis within the
period 0 ≤ y ≤ Λ. The eigenvalue kn = ξn

2 (n = 1, 2, 3, ···, 2M + 1) of matrix C and the eigenvectors Pn
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determine the propagation constant ξn and the field distributions for the guided and radiation modes
in the assumed waveguide, respectively. The solutions to Equations (8) and (9) are written as[

hz(x)
ey(x)

]
= FHU(x− x′) · a(x′), (18)

FH =

[
P
N̂PB

P
−N̂PB

]
, (19)

U(x) =
[

U(+)(x) 0
0 U(−)(x)

]
, (20)

P = [p1 p2 . . . p2M+1], (21)

U(±)(x) = [exp(±ik0ξnx)δnn′ ], (22)

B = [ξnδmm′ ], (23)

a(x) = [a(+)(x) a(−)(x)], (24)

a±(x) = [a±1 (x) a±2 (x) · · · a±2M(x) a±2M+1(x)], (25)

where an
(±)(x) denotes the amplitudes of the forward and backward propagating n-th modes.

The elements of U(x), P, and a(±)(x) are rearranged in the order of guided and radiation modes
with decreasing Re[ξn].Electronics 2019, 8, x FOR PEER REVIEW 3 of 14 
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Figure 1. Infinite periodic chain of circular rods along the x-axis with lattice constant h. Radius and
dielectric permittivity of rods are r and ε, respectively.

Next, each circular rod is divided into a sufficient number of thin, parallel rectangular rods,
as shown in Figure 2, and the unit cell of the periodic chain in the x-direction replaced by a cascading
connection of layered, parallel, planar waveguides [31]. In each waveguide section, the solutions to
Equations (1)–(8) are given by Equations (18)–(25). The boundary conditions for Hz and Ey at each
step-discontinuity are fulfilled by equating the Fourier coefficients on both sides of the section. This
relation leads to the scattering matrix Sj defined at the interface x = xj as follows: a(−)j−1(x j − 0)

a(+)
j (x j + 0)

 = S j

 a(+)
j−1 (x j − 0)

a(−)j (x j + 0)

, (26)
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where

S j =

 R(−)
j T j

T j R(+)
j


=

[
P j−1 − P j

P j−1B j−1 P jB j

]−1[
−P j−1 P j

P j−1B j−1 P jB j

] (27)

Using the scattering matrix Sj+1 at the interface x = xj+1 defined in the same way as Equation (25)
and considering the modes propagation over the distance xj+1 − xj, it yields:

S j+1 =

 R(−)
j+1 T j+1

T j+1 R(+)
j+1

 (28)

with
R̂(−)

j+1 = R̂(−)
j + T̂ jX j+1U(+)

j R(−)
j+1U(+)

j T̂ j, (29)

T̂ j+1 = T jU
(+)
j Y j+1T̂ j, (30)

R̂(+)
j+1 = R̂(−)

j+1 + T̂ j+1U(+)
j Y j+1R̂(+)

j U(+)
j T̂ j+1, (31)

X j+1 =
(
I −U(+)

j R(−)
j+1U(+)

j R̂(+)
j

)−1
, (32)

Y j+1 =
(
I − R̂(+)

j U(+)
j R(−)

j U(+)
j

)−1
, (33)

U(+)
j = U(+)(x j+1 − x j), (34)

where I denotes the unit matrix; U(+)(x) is defined by Equation (22). Equations (29)–(31) express the
recursive relations to connect the scatterings matrices defined at each step of discontinuity of the
waveguide.

When the waveguide changes continuously along the optical propagation, the transition section
is approximated by a considerable number of step-discontinuities. If N step discontinuities at x = xj
(j = 1, 2, . . . , N) exist along the waveguide, (N − 1) times the recursion process will lead to the
generalized scattering matrices SN [31] for the whole system as follows: a(−)1 (x1 − 0)

a(+)
N (xN + 0)

 = SN

 a(+)
1 (x1 − 0)

a(−)N (xN + 0)

. (35)

The generalized scattering matrix over one period h in the x direction is calculated following the
procedure, where N denotes the number of the thin rectangular rods within a unit cell. The result is
adopted to obtain the transfer matrix K over the unit cell that satisfies the following relation [31]:[

a+(h)
a−(h)

]
= K

[
a+(0)
a−(0)

]
. (36)

Thus, the propagation constant γk = βk + iαk of the k-th mode is determined by

γk = −i logχk/h, (37)

where χk denotes the k-th eigenvalue of the transfer matrix K.
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3. Results and Discussion

This section compares the trend of complex propagation constants of the four methods and
explore the differences and specificities of the four outcomes first. The four methods are: FSEM using
dielectric constants from Johnson experimental data (FSEM(J)), generalized multipole technique using
dielectric constants from Johnson experimental data (GMT(J)), FSEM using dielectric constants from
Palik experimental data (FSEM(P)), and FSEM using dielectric function from Drude–Lorentz model
(FSEM(D-L)).

The phase constants and attenuation constants of the infinitely long circular chain structure in
H mode were analyzed. The radius of the circle was 25 nm, and the period length h was 55 nm.
The fictitious period Λ was set to 60h, the truncation number was M = 150, the number of thin
parallel rectangular rods was 20, and the thickness, σmax, and d of the PML were chosen to be h, 8.0,
and 2.1, respectively.

Two different experimental datasets of metallic silver were used: the wavelength ranges of Johnson
experimental data and the Palik experimental data were from 180–1900 nm, and from 180–1300 nm,
respectively [34,35].

In this paper, the Drude–Lorentz model was used to characterize the optical dielectric function
ε(ω) of the silver nanowire, and an optimized fit of silver dispersion was used [36–38]:

ε(ω) = ε∞ −
ω2

p

iωγ+ω2 −
∆Ω2

L(
ω2 −Ω2

L

)
+ iΓLω

, (38)

where ΩL and ΓL denote the frequency and the spectral width of the Lorentz oscillator, respectively;
ωp and γ are the usual constants of the Drude model; ∆ is the strength of the Lorentz oscillator. These
parameters were optimized to fit the experimental permittivity data of silver [34]. The results of this
optimization are listed in Table 1.

Table 1. Values of the optimized parameters to fit the experimental data of silver.

ε∞ ωp/2π/THz γ/2π/THz ∆ ΓL/2π/THz ΩL/2π/THz

2.4064 2214.6 4.8 1.6604 620.7 1330.1

In order to make the method of this paper more persuasive and correct, first, the same Johnson
experimental data was used, and the results of the complex propagation constants of the FSEM(J) was
compared with those of the complex propagation constant of GMT(J) in the comparative paper [39].
The parameters used were consistent with the paper [39]. Second, the results of complex propagation
constants obtained from two different metal silver experimental datasets (Johnson and Palik) and D-L
were compared by the method of FSEM (the radius of the circle was 25 nm, and the period length h
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was 55 nm), as shown in Figure 2. The permittivity values of the two sets of silver experimental data
and Drude–Lorentz model were also obtained. The inset of Figure 3 shows the values for the dielectric
function of silver, as used in these computations.
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It can be seen from the comparison results in Figure 3 that whether the method is different or the
experimental data of the dielectric constant is different, the complex propagation constants obtained
by the four methods are quite consistent, with only slight differences in the details, which can confirm
the correctness of the method used in this paper. By contrast, we can find special physical phenomena
such as multimode. According to the study on the FSEM (J) method, the phase constant and the
attenuation constant have jumps in two places: the first jump’s range is around 496 nm, which is
caused by multimode causes; the second jump’s range is around 340 nm, attributed to fluctuations of
the permittivity and the effects of the structure. The jump variation of the dielectric constant can be
seen in the illustration in Figure 3. A special phenomenon of single frequency multimode in the result
of FSEM (J) is a special physical phenomenon. The results of GMT(J), FSEM(P), and FSEM(D-L) are
only single mode. The reason why there are no multimodes in the results of the GMT(J) and FSEM(P)
is that the frequency points measured by the experiment are different and the method is different.
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The reason why FSEM using the Drude–Lorentz model especially, whose parameters are optimized
to fit the Johnson experimental permittivity data of silver, does not have the same multimode as FSEM
(J), is that there is a certain gap between values of the two dielectric constants. That can be seen from the
inset-graph of Figure 3. In general, the emergence of multimode is due to different methods, different
frequency points of measurement, and different values of dielectric constant.

In the meantime, through Figure 3a, when the FSEM method was used to study two different
experimental data (Johnson and Palik), it was found that propagation constants were consistent.

The comparison of the above four ways suggest that only the FSEM (J) data of the four sets of
data show the new physical phenomenon of multi-mode, and the distribution of the other three sets
of data are in single-mode form. On the whole, the calculation results of the four sets of complex
propagation constants can be of high consistency even using different research methods, different sets
of experimental data, and calculated dielectric constant data.

Next, to study the guided wave ability of the finite array excited by plane waves at a specific
wavelengths, 40 silver cylinders were selected as experimental objects. The results of the four methods
show that h/Λ < 0.145 is the propagation stage, and it is in an attenuated or cut-off state when h/Λ > 0.145.
The results obtained by FSEM(J) were analyzed in detail. To make the analysis more convincing, field
pattern distribution and the propagation distribution of a few special points and the representative
points at different stages are presented; 0.1101 < h/Λ < 0.1116 (that is 500 nm > Λ > 492 nm) is a
multi-mode stage. At that stage, the even mode distribution map for each frequency has 2–4 different
modes. When h/Λ = 0.1108, i.e., the point 496 nm where the phase constant value is the largest in the
first jump portion, its even mode distribution map displays four different modes; the order is 10−3 and
10−2, though there are orders 10−2. At this frequency, the light can be propagated because the formation
of the propagation map may cover four modes, or the first mode (order 10−3) may be selected. The field
pattern distribution and the propagation distribution representing the wavelength of 496 nm are given
below, as shown in Figures 4 and 5. It can be used for multi-mode communication, integrated filters of
single multi-mode combination, etc., in that frequency range. The other propagation stages, only exist
in the form of a single mode that can be used for a waveguide, sensor, etc. Below, we give an example:
at h/Λ = 0.133; i.e., Λ = 413 nm; field pattern distribution and propagation distribution representing
the wavelength of 413 nm (Figures 6 and 7). The second jump is caused by the jitter variation of
the permittivity and the effect of the structure. In this jump range, the highest point is h/Λ = 0.165,
the wavelength is 330 nm, and the order is 10−1. It is suggested that when h/Λ > 0.145, the trend of the
imaginary part increases, decreases, and then increases, so the corresponding propagation distribution
is attenuation–cutoff–attenuation–cutoff. Figures 8 and 9 show the field pattern distribution and
propagation distribution at a wavelength of 292 nm, and the propagation distribution of this frequency
is attenuated. The field pattern distribution and propagation distribution for a wavelength of 191 nm
are shown in Figures 10 and 11, suggesting that light does not propagate at this frequency. It can be
used for filters, nanomirrors, nanoprobes, etc., when h/Λ > 0.145. For the other three sets of results,
it was found that they just exist in the form of single mode, and that there is no multimode. When
using the Palik experimental data, by observing the dielectric constant, it was found that there are two
places to jump: one of them is around the wavelength of 340 nm, which can be clearly seen from the
complex propagation constant of Figure 2; the other part of the jump is around 1200 nm. Those results
are because the wavelength is relatively large, the frequency is very small, and the corresponding order
is about 10−5, so no obvious jump change can be seen from the complex propagation-constant graph.
Figures 12 and 13 show the field pattern distribution and propagation distribution corresponding
to the frequency of 496 nm using the Palik experimental data with only single mode, which can be
compared with Figures 4 and 5.
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ability of the finite array to be guided by plane waves at specific wavelengths was explored. According
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