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Abstract: The novel microwave quasi-elliptic bandstop filter, which uses the initially uncoupled strip
transmission lines, is considered in this work. The proposed filter is based on the reentrant structure,
where the metallic body with a floating potential is asymmetric. Generally speaking, the internal
and external dielectric fillings must have their unequal relative permittivities. As a result, additional
symmetrical reflection zeros are reached at the lower and upper pass bands of the stop band leading
to the quasi-elliptic function response that improves the filter selectivity. The general transverse
electromagnetic (TEM) circuit model for the proposed filter in terms of a series connection of the
multi-ports is presented and then used to predict the initial electrical and geometrical parameters.
An experimental printed circuit prototype has been manufactured and evaluated to validate the
design concept. The measured filter parameters correlate well with the simulation-derived ones and
that increases the degree of freedom in the fabrication of microwave frequency selective components.

Keywords: bandstop filter; reentrant structure; multilayer implementation

1. Introduction

The microwave bandstop filters (BSFs) play an important role in the support of distortion
reductions through the radio frequency (RF) and microwave communities [1]. For example, the
BSFs requirements provide the highest possible transmission loss in the stop band in addition to a
transmission increase away from the stop band. Many efforts have been pooled to realize various
kinds of wideband BSFs [2–21]. Each such filter is a successful discovery in terms of insertion and
return losses through the prescribed frequency band. The corresponding examples are as follows. First,
Reference [3] contains Chapter 6 related to the various kinds of BSFs, including filters with narrow
stop bands. These BSFs have stop-band bandwidths up to a few per cent, and equiripple or maximally
flat characteristics in the pass-band. A strip-line filter and a wave guide one were successfully
constructed. Second, in another study [7], two bandstop configurations were reported on. The first one
accommodates even or odd characteristics and also asymmetric responses, although some negative or
diagonal cross-couplings are needed. The second resembles the cul-de-sac configuration and needs no
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diagonal or negative couplings. The measured and simulation-derived results are in good agreement.
Third, through the work in Reference [9], a general circuit configuration for cross-coupled wideband
BSF was presented, where the cross-coupling between the input/output feed lines is realized by using
a parallel-coupled line section. The distinct filtering properties of this type of transmission line filter
are investigated. Fourth, the communication [13] deals with the BSF containing the parallel-coupled
transmission line sections connected at both their ends. As a result, as much as five transmission zeros
can be obtained. These zeros should be arranged to create a sharp rejection BSF. Fifth, the work in
Reference [20] presents the dual-band microstrip BSF with nine transmission poles near the two stop
bands. The centre frequencies of the BSF can be adjusted by changing even/odd-mode impedances of
the coupled lines. However, as a rule, the used resonators resonate with the finite resistance of that
and group-delay variation due to the steep phase change caused by the resonance. Moreover, the
conventional BSFs contain the coupled-line sections arranged in various shapes [2–20].That is why, if a
clearance in the two electromagnetically coupled strip (microstrip) transmission lines is unrealized, this
then leads to significant discrepancies between the measured and simulation-derived results, including
the impossibility of designed filter realization. This circumstance is an incentive for searching another
alternative way of filter realization, when the two interacting transmission lines are initially uncoupled.
Only at the final stage, both lines are arranged and mounted inside the third intermediate conductor
with a floating potential that leads to the so-called “reentrant” structure [4].

Below, we propose for the first time a novel approach to design a reentrant structure with
additional symmetrical reflection zeros at the lower and upper pass bands of the stop band,
leading to the quasi-elliptic frequency response that improves the manufacturing and selectivity
of the filter. Although the exact synthesis could almost certainly be performed, a relatively simple
single-variable synthesis technique is employed, which is termed as “the synthesis by optimization” [8].
The corresponding transfer function plays here the role of a good starting point for optimization,
ensuring that the optimization itself proceeds efficiently and rapidly. As a result, the TEM circuit
model, full-wave simulation-derived results and measured ones are presented, and they show an
acceptable agreement that paves the way for following applications of such filters in RF and microwave
selective devices.

2. Basic Structure

The classical reentrant structure consists of three conductors A, B, C, and of the internal and
external dielectric fillings with relative dielectric constants εrB and εrN , respectively, as shown in
Figure 1 [22]. These three conductors, each of physical length l, are arranged inside the pipe-like
ground conductor G with a rectangular cross-section. The basic aspects of the design and realization
of such a reentrant structure in solid and printed circuit board (PCB) implementations were proposed
earlier [23–26]. It seems from these references that the device displayed in Figure 1 may be categorized
as a symmetric four-port network with two symmetry axes.
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If the metallic body C with a floating potential is implemented in other symmetrical (for example,
trapezoidal) or asymmetrical (for example, shifted) shapes, then it is possible to realize the next
generations of untraditional reentrant four-ports and corresponding reduced networks when one
or more ports of a reentrant structure are not match-terminated. For example, if the “direct” and
“coupled” ports of a classical backward-wave reentrant TEM directional coupler are open-circuited,
the resulting reduced two-port network behaves as a bandpass filter [22].

Thus, the following sections are aimed at showing how the metallic body C modification leads to
the creation of the quasi-elliptic bandstop filter. Generally speaking, through the conventional PCB
implementation, both fillings play the role of supporting sheets with unequal dielectric constants
(εrB 6= εrN) and that satisfies a multilayer strip line realization. That is why it is necessary to describe the
proposed two-port BSF using an adequate TEM circuit model which accounts for the reentrant nature
and may be used for the search of electrical parameters with prescribed relative dielectric constants εrB
and εrN . The parameters predicted through the search by using nonlinear programming [27] can be
taken as the appropriate initial quantities (in other words, as a proper starting point) in the full-wave
simulation, as well as in a standard PCB realization.

3. Filter Design

3.1. TEM Description of the Equivalent Filter Circuit

To describe the proposed approach, including the key parameter optimization of the BSF, the
corresponding decomposition was carried out. To begin the derivation of initial filter equations and
corresponding optimal parameters, let us first consider the basic reentrant structure as a six-port device
with the port designations shown in Figure 2a. According to Reference [28–30], this representation
includes the symmetric impedance matrices [ZB] and [ZN ] of two two-port networks. The first network
is like the regular coaxial transmission line 1↔ 6 (or 2↔ 5) implemented inside the grounded body

[
ZB
]
=

[
ZB

11 ZB
12

ZB
12 ZB

11

]
(1)

whereas the second one is the regular coaxial line with the rectangular cross-section, in which
the above-mentioned body itself plays the role of inner conductor without the previously inserted
transmission lines 1↔ 6 and 2↔ 5 .

[
ZN
]
=

[
ZN

11 ZN
12

ZN
12 ZN

11

]
(2)

Note that the ground conductor G is shown in Figure 2a and in the analogous following images,
for simplicity, as the metallic plate rather than the metallic pipe with the rectangular cross-section.
The corresponding equations for the matrix entireties were listed earlier [3,4,31].

Now, let us consider the four-port device containing the asymmetric shifted metallic body with
the floating potential and port designations according to Figure 2b. After the decomposition of that as
depicted in Figure 2c, we have the complex device consisting of the left and right four-port reentrant
transmission lines with the corresponding metallic bodies designated by numbers “1” and “3”, and
of the above-mentioned six-port circuit with the metallic body designated by number “2”. It is clear
that this decomposition is fully equivalent to the four-port device with an asymmetric shifted body
(Figure 2b if the left node of body “1” and the right node of body “3” are open-circuited, as shown in
Figure 2c, where the abbreviation “ocp” denotes the term “open-circuited port”). As a result, we have
the so-called “shifted reentrant” four-port device, as briefly described in Reference [29], terminated by
the transmission lines with the characteristic impedance Z0 that is equal almost always to 50 Ω.
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Figure 2. Proposed shifted reentrant device: (a) the six-port representation of the classical four-port
reentrant structure, (b) the shifted reentrant device, (c) the decomposition scheme, (d) the long-sectional
view of the proposed quasi-elliptic bandstop filter(BSF) with various dielectric fillings (coaxial
modification). ocp:open-circuited port.

After the scattering matrix

[S] =


S11 S12 S13 S14

S12 S22 S14 S24

S13 S14 S11 S12

S14 S24 S12 S22

 (3)

that is calculated from the impedance matrices in Equations (1), (2), and other ones by
using [32–35], as seen in Appendix A, one can find and analyze all the transfer functions of this
device. The following performed detailed analysis has revealed that the shifted reentrant device itself
shown in Figure 2b does not have a practical purpose as the power divider because unacceptable
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values and frequency behaviors of the return losses L1R = 20 log10(|S11|) and L2R = 20 log10(|S22|)
those are throughout the whole microwave frequency band.

However, for one of the reduced two-port circuits, an interesting expansion was found. Namely,
if it is mandatory to use the direct interconnection (with the corresponding abbreviation “ic”) of port 4
and the right border of body “2”, as well as of port 2 and the left border of that, the reduced two-port
network with excited arms 1 and 3 behaves as the reciprocal bandstop filter with quasi-elliptic insertion
loss response LF = 20 log10

(∣∣SF
12

∣∣) = 20 log10

(∣∣∣Sreduc
13

∣∣∣) terminated by the transmission lines with
characteristic impedance ZBS. A long-sectional view of all the three bodies by the horizontal plane
with the corresponding internal dielectric fillings (see below) is shown in Figure 2d. In other words,
the scattering matrix

[
SF], as shown in Appendix A, of the proposed reciprocal BSF can be written as

[
SF
]
=

[
SF

11 SF
12

SF
12 SF

11

]
=

[
Sreduc

11 Sreduc
12

Sreduc
12 Sreduc

11

]
(4)

where Sreduc
11 and Sreduc

13 denote the scattering parameters of the reduced two-port network as
indicated above.

Both the scattering parameters of the proposed BSF versus frequency f0N for ZBL = ZBS = ZBR
= 20 Ω and ZNL = ZNS = ZNR = 60 Ω with the same dielectric filling of the external regions of the
proposed reentrant BSF, i.e., εrNL = εrNS = εrNR = εrN are shown in Figure 3. Simultaneously, the
internal dielectric fillings for Z0 = 50 Ω are chosen as: εrBL = εrBR = 4εrN (in Figure 2d the corresponding
areas are filled in orange colour) and εrBS = εrN (these areas are filled in green colour), where
f0N = f0NL = f0NS = f0NR is the reference frequency of the device at which θNL = θNS = θNR = π/2.
This result demonstrates only the behaviour of both transfer functions if the port 1, as shown in
Figure 2d, is the input one. Note that the above-mentioned selection of the internal fillings leads to the
following coefficients through the supporting information:

aBL =

√
εrBL
εrNL

= 2, aBS =

√
εrBS
εrNS

= 1, aBR =

√
εrBR
εrNR

= 2. (5)

Additionally, the use of the prescribed requirements ZBL = ZBS = ZBR and ZNL = ZNS = ZNR
may be greatly conductive to simplify the following multilayer implementation (see Section 4). Thus,
the proposed BSF has the infinite numbers of the stop bands centred about the odd multiplies of
frequency f ∗ = f0N/3.
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3.2. Full-Wave Simulations

To confirm an adequacy of the described TEM algorithm, the proposed BSF was simulated through
the three-dimensional (3D) electromagnetic (EM) solver [36] with the above-mentioned characteristic
impedances (Section 3.1) for the vacuum filling of the regions with relative permittivity εrN , i.e.,
εrN = 1, as shown in green in Figure 2d. The 3D views of the filter using the coaxial lines at large and
fine scales are shown in Fig. 4. Namely, the general view of the coaxial model with port locations is
given in Figure 4a. The perspective view of port 1 is shown in Figure 4b on the fine scale. The inner
entirety of the left filter butt-end with partly deleted metallic cylinders and dielectric fillings including
the internal medium with relative permittivity εrBL = 4εrN = 4 (orange colouring), is illustrated in
Figure 4c on the fine scale. The perspective view of the filter entireties with significantly deleted
metallic cylinders and dielectric pipes is shown in Figure 4d, also on the fine scale. The region near
the virtual border between bodies “1” and “2” is given in Figure 4e on the very fine scale, whereas
the analogous region near the virtual border between bodies “2” and “3” is shown in Figure 4f on the
same scale. The border vertical plane, which is used to remove the cylinders and pipes, is placed at
the point of the direct interconnection between port 4 and the right virtual border of body “2” inside
it. The general view of the filter in the other foreshortening using the vertical rotation by 90◦ , with
respect to the image of Figure 4a, is shown in Figure 4g that is used for a better understanding of the
second port location, as shown in Figure 4h, fine scale.
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Figure 4. Proposed coaxial bandstop filter: (a) general 3D view, (b) 3D view of the left butt-end (fine
scale), (c) the latest 3D view on the very fine scale, (d) 3D view of the entirety of body “2” (fine scale),
(e) 3D view of the region near the left virtual border of body “2” (very fine scale), (f) 3D view of the
region near the right virtual border of body “2” (the same scale), (g) general 3D view in the other
foreshortening, (h) 3D view of the right butt-end of the filter with the second port location (fine scale).
LIC:left interconnection; RIC: right interconnection.

The corresponding radii of the above-mentioned coaxial model as shown in Figure 4 are as follows:

- the first halves of the solid metallic cylinders inside bodies “1” and “3” are surrounded by the
orange medium with relative dielectric constant εrBL = εrBR = 4: RBL = RBR =0.308 mm;

- the second halves of the solid metallic cylinders inside body “2” are surrounded by the green
vacuum filling: RBS = 0.43mm;

- the inner radius of both solitary holes inside the solid cylinder with a floating potential that
plays the role of all three bodies “1”, “2”, and “3” correspondingly connected in echelon:
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Rbody
inner = 0.6 mm, i.e., for εrBL = εrBR = 4 (orange medium) and εrBS = 1 (green one) we have

ZBL = ZBR = 30 log
(

Rbody
inner/RBL

)
= ZNS = 60 log

(
Rbody

inner/RBS

)
= 20 Ω;

- the outer radius of the cylinder with a floating potential: Rbody
inner = 2.205 mm;

- the inner radius of a grounded cylinder related to all the three bodies: Rground
inner = 6 mm,

i.e., for εrNL = εrNS = εrNR = 1 (green medium) we have ZNL = ZNS = ZNR =

60 log
(

Rground
inner /Rbody

inner

)
= 60 Ω;

- the outer radius of the grounded cylinder is chosen as 7 mm.

The length of each of the three bodies, as shown in Figures 2d and 4a,g: l = 89 mm
( f0N = 0.843 GHz). Note that a butt-end of the cylinder with cross-section SLIC (red colouring) forms
at the bottom of the corresponding solitary hole (not shown in Figure 4), the left interconnection (the
corresponding abbreviation in the last index is “LIC”), between the left border of body “2” and port 2
of the four-port network, as shown in Figure 2c, whereas the region designated by the abbreviation
“RIC” (also in red colouring) relates to the interconnection between the right border of body “2” and
port 4 of the same four-port circuit.

The simulated results, as shown in Figure 5, and their comparison with the curves shown in
Figure 3 demonstrate the validity of the presented TEM algorithm and its usefulness for the prediction
of optimal filter electrical parameters.
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4. Experimental Results

In the above section, we have used the TEM-mode algorithm to predict the initial electrical
parameters of the filter. Below, the analogous results are applied for the determination of the
corresponding reentrant printed-circuit dimensions. Let us select the central frequency of the filter
set equal to 600 MHz with the corresponding electrical lengths θNL = θNS = θNR = π/2, that is:
f0NL = f0NS = foNR = f0N = 600 MHz. Additionally, the level of the ripples of

∣∣SF
11

∣∣ in the pass band
is chosen as (−15) dB, and that leads to the following Fortran-derived impedances after the use of
the conjugate gradient optimization [27]: ZBL = ZBS = ZBR = 20 Ω and ZNL = ZNR = ZNS = 47 Ω.
In other words, the return loss response LR = 20 log10

(∣∣SF
11

∣∣)(see Equation (4)) plays the role of the
goal function of two independent variables (ZBL, ZNL) through the nonlinear optimization process
by using the conjugate gradient algorithm [27] converging rapidly towards the minimum/maximum
point. If the maximum of the goal function (it has the response like the red curve in Figure 5) is equal
to (−15) dB with the deviation ±0.05 dB, then the optimization process is stopped. As a result, we
have the corresponding impedances 20 and 47 Ω.
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The filter was manufactured in the conventional four-layer strip line technique [23–25] on the
commercially available Russian substrates as the supporting sheets. The authors understand that, for
the prototype description, it would be more preferable to use a certain Russian book systematizing
the data on the Russian materials, technologies, and manufacturing firms of these materials. A very
good example of such book is Reference [5]. However, it has turned out that the data on the Russian
materials and technologies are dispersed over several books. Thus, several contributions in Russian
are included in the reference list.

As a result, the Russian FF-4 substrate [37] without copper clothes was chosen for the
manufacturing of outer sheets because of its low loss tangent (tan δ = 0.0003) and a small dielectric
constant variation (εrNL = εrNS = εrNR = 2.0±0.1). Further, it is expedient to emphasize that the use
of various dielectric media as the internal fillings of bodies “1” (or “3”) and “2” (see Section 3.2) is
almost always unacceptable in manufacturing. On the contrary, it is more expedient to use the variant
when the lines inside bodies “1” and “3” have a double geometrical length and are meandered along
the longitudinal axis of the filter between the virtual borders of these bodies inside them. This offers
the possibility to use the analogous dielectric nomenclature as the internal filling of the filter. Thus, in
the following PCB implementation, only the relative dielectric constant 2.0 is used. That is why the thin
central boards G1 and G2 of the filter, as shown in Figure 6a, were realized on the base of the Russian
thin film material F4MBSF (εrBL = εrBS = εrBR = 2.0ZBL

12 = ZBLβBL0.15) 0.12 mm thick and, initially,
Cu-clad on both sides [38]. The copper foil thickness tF is equal to 0.02 mm. That is, the central thin
boards G1 and G2 with the corresponding thickness S1 = 0.12 mm (F4MBSF), as shown in Figure 6a,
were placed between the outer sheets G3 and G4 with their thickness S2, as shown in Figure 6b. Since
all the lines are initially uncoupled, the formulas from Reference [5] were used for calculations:

- the impedances ZNL = ZNS = ZNR = 47 Ω are realized as the relative thin metallic bar of width
WN and height tN = 2S1 + 3tF = 0.3 mm placed symmetrically between the ground planes with
cross-sectional distance bN = 2S2 + tN , as shown in Figure 6b;

- the impedances ZBL = ZBS = ZBR = 20 Ω are realized as the regular strip lines of thickness
tF and width WB placed symmetrically between the ground planes with the common distance
bB = 2S1 + tF = 0.26 mm.

According to our understanding, the dimension search is a fortuitous process based on
trial-and-error procedures. Starting from the approach related to the previously manufactured
reentrant devices [39–41], it is possible to determine the following dimensions which are summarized
below (in millimetres) and shown in Figure 6: S2 = 5 (the standard thickness of FF-4 substrate [37]);
S3 = 2; S4 = 0.2; S5 = 17.125; l1 = 5; l2 = 11.75; l3 = 12.5; l4 = 24.25; l5 = 25; l0N = 30; SB = 1.75;
SN = 15.375; W0 =9.1; WB = 0.75; WN = 9.25.

The whole assemblage of the proposed reentrant bandstop filter includes the implementation of
six metallized holes being 0.5 mm in diameter, as shown in Figure 6a (the corresponding abbreviation
is “MH”), placed at the ends of the entire lines lying inside body “2”, as well as at the corners of the
rectangular conductor with dimension WN × 3l0N . The latest four holes ensure the required surface
potential conditions on both outer sides of the printed conductor WN × 3l0N which plays the role of all
the bodies “1”, “2”, and “3” connected in an echelon.

A photograph of the central board G1 is shown in Figure 7. The common dimensions, excluding
two SubMiniature version A (SMA) connectors and the metallic walls of the filter mounting, are
104 × 40 mm2. The measurements were performed with the use of a DS 7710A Network Analyser
“Deviser” (the characteristic impedance Z0 = 50 Ω) operating over the frequency range 0.3–1.3 GHz,
which utilizes the short-open-load-thru (SOLT) calibration. The inner conductors of SMA connectors
were soldered to the printed fragments, of which the dimensions are W0 × l1, as shown in Figure 6a.
After the corresponding reciprocal assemblage of all the boards inside a proper metallic mounting, we
have the proposed four-layer reentrant BSF. As seen in Figure 8, the simulated and measured responses
are in a good agreement. A slight discrepancy in the frequency shifting may primarily be caused by
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the temperature variations of εrB and εrN , changes in dielectric constants from lot to lot, substrate
thickness variations, and, finally, by the unexpected fabrication tolerances and parasitic effects of the
SMA connectors. The measured insertion loss in the upper pass band, including the material losses
and two SMA connectors, was better than 1.3 dB.Electronics 2019, 8 FOR PEER REVIEW  10 
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“metallized hole”); note that the face side the second central board is realized without copper 
clothes, (b) cross-sectional view at the centre of body “1” after the corresponding reciprocal 
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Figure 6. Architecture of the proposed four-layer reentrant bandstop filter: (a) face and bottom
sides of the first thin central board (not drawn to scale; the abbreviation “MH” denotes the term
“metallized hole”); note that the face side the second central board is realized without copper clothes,
(b) cross-sectional view at the centre of body “1” after the corresponding reciprocal assemblage (not
drawn to scale). F4MBSF:Russian thin film material.
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Figure 8. Measured and simulated S-parameters of the proposed bandstop filter: (a) the
simulation-derived results in the frequency range 0.1–1.8 GHz, (b) these results, as well as the
experimental ones, are through the whole frequency band of the DS 7710A Network Analyser “Deviser”.

5. Discussion

Thus, the proposed approach offers the possibility of creation of the various filtering devices on
the base of untraditional reentrant structures comprising the metallic bodies with floating potential.
The specific feature of these untraditional structures is the various forms of the bodies, including
asymmetrical, shifted, or symmetrical ones, realized on the base of the uniform transmission lines.
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Moreover, these bodies may be realized on the base of the nonuniform tapered transmission lines.
Additionally, such tapered lines may be also used as the internal transmission channels inside the
bodies with floating potential.

Generally speaking, an imagination is irrepressible. For example, the situation can be considered,
when the body with floating potential plays the role of a low-pass filter, whereas the internal
transmission channel acts as the high-pass one or vice versa, and so on. Additionally, the reduced
two-port networks containing the various combinations of short-, open-, or interconnected circuits
on the unenergized nodes can be designed. Thus, the proposed approach paves the way to realize
the filters, power splitters, phasers (phase shifters), power dividers with various division ratios and
additional degrees of freedom. Moreover, it is evidence to analyse the surface distribution of an electric
current carried by the external surface of the body with floating potential. If the ground pipe-like
conductor is omitted, then a reduced reentrant device may be used as the untraditional radiating
element capable of performing the next generation of antenna systems.

6. Conclusions

A novel bandstop filter was developed on a untraditional reentrant configuration base. The proper
selection of the impedances and relative permittivities of their transmission lines was performed with
the use of the “synthesis by optimization” approach. The measured results are in reasonable agreement
with the TEM and full-wave predicted data and suggest that the proposed filter with initially uncoupled
strip lines has attractive performances and acceptable dimensions. Due to the asymmetric metallic
body with the floating potential, the proposed reentrant filter, as a basic building block, is expected to
be used in various types of frequency selective devices that pave the way for a variety of applications,
including LTCC and SIW technologies.
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Appendix A

To derive the overall scattering matrix
[
SF] in Equation (4) of the proposed BSF, as shown in

Figure 2d, we start from the scattering matrix
[
S6] of the six-port device realized on the base of body

“2”, as shown in Figure 2c:

[
S6
]
=



S6
11 S6

12 S6
13 S6

14 S6
15 S6

16
S6

21 S6
22 S6

23 S6
24 S6

25 S6
26

S6
31 S6

32 S6
33 S6

34 S6
35 S6

36
S6

41 S6
42 S6

43 S6
44 S6

45 S6
46

S6
51 S6

52 S6
53 S6

54 S6
55 S6

56
S6

61 S6
62 S6

63 S6
64 S6

65 S6
66


.

This matrix was formed by the conversion between the impedance matrix
[
Z6] of the six-port and

scattering one
[
S6], as described in Reference [32]. Applying the technique proposed in Reference [30],

one can write the following relations for matrix
[
Z6]:
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[
Z6
]
=



ZBS
11 + ZNS

11 ZNS
11 ZNS

11 ZNS
12 ZNS

12 ZBS
12 + ZNS

12
ZNS

11 ZBS
11 + ZNS

11 ZNS
11 ZNS

12 ZBS
12 + ZNS

12 ZNS
12

ZNS
11 ZNS

11 ZNS
11 ZNS

12 ZNS
12 ZNS

12
ZNS

12 ZNS
12 ZNS

12 ZNS
11 ZNS

11 ZNS
11

ZNS
12 ZBS

12 + ZNS
12 ZNS

12 ZNS
11 ZBS

11 + ZNS
11 ZNS

11
ZBS

12 + ZNS
12 ZNS

12 ZNS
12 ZNS

11 ZNS
11 ZBS

11 + ZNS
11


where

ZBS
11 = ZBSαBS, ZBS

12 = ZBSβBS, ZNS
11 = ZNSαNS, ZNS

12 = ZNSβNS,

αBS = −j cot θBS, βBS = −j csc θBS, αNS = −j cot θNS, βNS = −j csc θNS,

θBS = aBS(π/2)( f / f0NS), aBS =
√

εrBS/εrNS, θNS = (π/2)( f / f0NS).

The latest equations comprise the characteristic impedances ZBS and ZNS of the transmission
line 1′′ ↔ 6′′ [30] inside the dielectric filling εrBS and of the body “2” itself placed inside the dielectric
filling εrNS, respectively, whereas f0NS is the reference frequency of body “2”, as shown in Figure 2c,d
in the main text, at which θNS = π/2.

The following stage of the analysis includes the description of the reduction procedure in order
to realize the interconnection between port 2, as shown in Figure A1a, and the left edge of body
“2”, as shown in Figure 2a in the main text. This procedure is illustrated by Figure A1a where the
corresponding ports of the equivalent five-port device are designated by the lower case letters “a”,
“b”, “c”, “d”, and “e”. Applying the technique described in Reference [33], one can write:

[
S5
]
=


S5

aa S5
ab S5

ac S5
ad S5

ae
S5

ba S5
bb S5

bc S5
bd S5

be
S5

ca S5
cb S5

cc S5
cd S5

ce
S5

da S5
db S5

dc S5
dd S5

de
S5

ea S5
eb S5

ec S5
ed S5

ee

 = [SPP] + [SPC]([F]− [SCC])
−1[SCP]

where

[SPP] =


S6

11 0 S6
15 S6

14 S6
16

0 STL
11 0 0 0

S6
51 0 S6

55 S6
54 S6

56
S6

41 0 S6
45 S6

44 S6
46

S6
61 0 S6

65 S6
64 S6

66

, [SPC] =


0 S6

13 0 S6
12

STL
12 0 STL

13 0
0 S6

53 0 S6
52

0 S6
43 0 S6

42
0 S6

63 0 S6
62

,

[SCP] =


0 STL

21 0 0 0
S6

31 0 S6
35 S6

34 S6
36

0 STL
31 0 0 0

S6
21 0 S6

25 S6
24 S6

26

, [SCC] =


STL

22 0 STL
23 0

0 S6
33 0 S6

32
STL

32 0 STL
33 0

0 S6
23 0 S6

22

, [F] =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

.

The latest matrices comprise the elements of the scattering matrix
[
STL] related to the three-port

network that models the above-mentioned interconnection at the left side of body “2”. This three-port
is shown in Figure A1a including the port designations by the numbers 1L, 2L, and 3L with the above
indices by the capital letter “L” which denotes the relation to the left side of body “2”. According to
Reference [34], matrix

[
STL] may be written as

[
STL

]
=

 STL
11 STL

12 STL
13

STL
21 STL

22 STL
23

STL
31 STL

32 STL
33

 =

 − 1
3

2
3

2
3

2
3 − 1

3
2
3

2
3

2
3 − 1

3

.

To continue the reduction procedure from the six-port network into the four-port one, it is
necessary to realize the interconnection between port 6, as shown in Figure A1a, and the right edge of
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body “2”, as shown in Figure 2c. This continuation is illustrated in Figure A1b, where the corresponding
ports of the equivalent four-port device are designated by the capital letters A, B, C, and D. Applying
the technique described in Reference [33], one can write

[
S4
]
=


S4

AA S4
AB S4

AC S4
AD

S4
BA S4

BB S4
BC S4

BD
S4

CA S4
CB S4

CC S4
CD

S4
DA S4

DB S4
DC S4

DD

 =
[
S′PP

]
+
[
S′PC

]([
F′
]
−
[
S′CC

])−1[S′CP
]

where

[
S′PP

]
=


S5

aa S5
ab S5

ac 0
S5

ba S5
bb S5

bc 0
S5

ca S5
cb S5

cc 0
0 0 0 STR

11

,
[
S′PC

]
=


S5

ae 0 S5
ad 0

S5
be 0 S5

bd 0
S5

ce 0 S5
cd 0

0 STR
12 0 STR

13

,

[
S′CP

]
=


S5

ea S5
eb S5

ec 0
0 0 0 STR

21
S5

da S5
db S5

dc 0
0 0 0 STR

31

,
[
S′CC

]
=


S5

ee 0 S5
ed 0

0 STR
22 0 STR

23
S5

de 0 S5
dd 0

0 STR
32 0 STR

33

,
[
F′
]
= [F]

The latest matrices contain the elements of the scattering matrix
[
STR] related to the three-port

device that models, on the analogy with Figure A1a, the interconnection at the right side of body
“2”. This three-port network is illustrated in Figure A1b including the port designations by numbers
1R, 2R, and 3R with the corresponding indices by the capital letter “R” that denotes the relation with
the right side of body “2”. It is clear that matrices

[
STR] and

[
STL] are equal for the prescribed port

designations, as shown in Figure A1:

[
STR

]
=

 STR
11 STR

12 STR
13

STR
21 STR

22 STR
23

STR
31 STR

32 STR
33

 =

 − 1
3

2
3

2
3

2
3 − 1

3
2
3

2
3

2
3 − 1

3

.

The following stage of the analysis includes the consideration of the left four-port reentrant
coaxial section realized on the base of body “1” and placed above the ground, as shown in Figure 2c.
Through this stage it is mandatory to use the open-circuited regime at the left body port 2RL, as shown
in Figure A2a. According to References [30,34,35], the scattering matrix

[
SRL] of the three-port device

reduced by such the regime, with arm numbering 1RL, 3RL, and 4RL, may be written as (port 2RL is
open-circuited, in other words, it is omitted):

[
SRL

]
=

 SRL
11 SRL

13 SRL
14

SRL
31 SRL

33 SRL
34

SRL
41 SRL

43 SRL
44


where

SRL
11 = S′11 + S′12S′21/det, SRL

13 = S′13 + S′12S′23/det, SRL
14 = S′14 + S′12S′24/det,

SRL
31 = S′31 + S′32S′21/det, SRL

33 = S′33 + S′32S′23/det, SRL
34 = S′34 + S′32S′24/det,

SRL
41 = S′41 + S′42S′21/det, SRL

43 = S′43 + S′42S′23/det, SRL
44 = S′44 + S′42S′24/det,

det = 1− S′22.

Through the latest equations, the elements of the scattering matrix [S′] related to the left reentrant
coaxial section are used. In this case, the four-port representation of the left section (i.e., without the
open-circuited regime at the port 2RL of body “1”) is considered:
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[
S′
]
=


S′11 S′12 S′13 S′14

S′21 S′22 S′23 S′24

S′31 S′32 S′33 S′34

S′41 S′42 S′43 S′44

.

This matrix [S′] is formed by the conversion between it and the impedance matrix [Z′], as
described in Reference [32]. Applying the approach described in Reference [28], as shown in Figure A1,
it is possible to write the following equations for the matrix entirety:

[
Z′
]
=


ZBL

11 + ZNL
11 ZNL

11 ZNL
12 ZBL

12 + ZNL
12

ZNL
11 ZNL

11 ZNL
12 ZNL

12
ZNL

12 ZNL
12 ZNL

11 ZNL
11

ZBL
12 + ZNL

12 ZNL
12 ZNL

11 ZBL
11 + ZNL

11

,

where
ZBL

11 = ZBLαBL, ZBL
12 = ZBLβBL, ZNL

11 = ZNLαNL, ZNL
12 = ZNLβNL,

αBL = −j cot θBL, βBL = −j csc θBL, αNL = −j cot θNL, βNL = −j csc θNL,
θBL = aBL(π/2)( f / f0NL), aBL =

√
εrBL/εrNL, θNL = (π/2)( f / f0NL).

These quantities include: the characteristic impedance ZBL of the transmission line inside body
“1” with dielectric filling εrBL; the characteristic impedance ZNL of the standalone body “1” placed
inside the dielectric filling εrNL without the internal transmission line (in other words, the body “1”
is solid); f and f0NL are the current and reference frequencies of the body “1”, respectively, at which
θNL = π/2.
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The latest representations are necessary to define the scattering matrix
[
S3] of the three-port

network with port designations by numbers 1∗, 2∗, and 3∗, as shown in Figure A2a. Applying the
technique described in Reference [33], one can write

[
S3
]
=

 S3
11 S3

12 S3
13

S3
21 S3

22 S3
23

S3
31 S3

32 S3
33

 =
[
S′′PP

]
+
[
S′′PC

](
[F′′ ]−

[
S′′CC

])−1[S′′CP
]

where [
S′′PP

]
=

 SRL
11 0 0
0 S4

CC S4
CD

0 S4
DC S4

DD

,
[
S′′PC

]
=

 SRL
14 0 SRL

13 0
0 S4

CA 0 S4
CB

0 S4
DA 0 S4

DB

,

[
S′′CC

]
=


SRL

44 0 SRL
43 0

0 S4
AA 0 S4

AB
SRL

34 0 SRL
33 0

0 S4
BA 0 S4

BB

,
[
S′′CP

]
=


SRL

41 0 0
0 S4

AC S4
AD

SRL
31 0 0
0 S4

BC S4
BD

, [F′′ ] = [F].

The final stage of the consideration is the derivation of overall scattering matrix shown in
Equation (4) in its definitive form. To do so, we should write the scattering matrix

[
SRR] of the

right four-port reentrant coaxial section realized on the base of body “3”, as shown in Figure 2c.
Through the current consideration, it is mandatory to use the open-circuited regime at the right body’s
port 3RR, as shown in Figure A2b. In other words, this port 3RR may be omitted from a following
analysis according to Reference [30]. Additionally, the approach described in Reference [30] should
be modified in order to use all the other ports, namely: 1RR, 2RR, and 4RR, as shown in Figure A2b.
In accordance with the method described in Reference [35], one can write the scattering matrix

[
SRR]

of the three-port device realized on the base of body “3” with open-circuited port 3RR (in other words,
it is omitted in Figure A2b): [

SRR
]
=

 SRR
11 SRR

12 SRR
14

SRR
21 SRR

22 SRR
24

SRR
41 SRR

42 SRR
44


where

SRR
11 = S′′11 + S′′13S′′31/der, SRR

12 = S′′12 + S′′13S′′32/der, SRR
14 = S′′14 + S′′13S′′24/der,

SRR
21 = S′′21 + S′′23S′′31/der, SRR

22 = S′′22 + S′′23S′′32/der, SRR
24 = S′′24 + S′′23S′′34/der,

SRR
41 = S′′41 + S′′43S′′31/der, SRR

42 = S′′42 + S′′43S′′32/der, SRR
44 = S′′44 + S′′43S′′34/der,

der = 1− S′′33.

Through the latest equations, the elements of the scattering matrix [S′′ ], related to the right
reentrant coaxial section in the four-port representation, i.e., without open-circuited regime at the port
3RR of body “3”:

[S′′ ] =


S′′11 S′′12 S′′13 S′′14
S′′21 S′′22 S′′23 S′′24
S′′31 S′′32 S′′33 S′′34
S′′41 S′′42 S′′43 S′′44

,

are used.
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On the analogy with the creation of the three-port device shown in Figure A2a, it is necessary to
introduce the impedance matrix [Z′′ ] related to body “3” in its four-port representation. This matrix is
the same as the one related to body “1” (i.e., [Z′]), but the indices should be modified as follows:

[Z′′ ] =


ZBR

11 + ZNR
11 ZNR

11 ZNR
12 ZBR

12 + ZNR
12

ZNR
11 ZNR

11 ZNR
12 ZNR

12
ZNR

12 ZNR
12 ZNR

11 ZNR
11

ZBR
12 + ZNR

12 ZNR
12 ZNR

11 ZBR
11 + ZNR

11

,

where
ZBR

11 = ZBRαBR, ZBR
12 = ZBRβBR, ZNR

11 = ZNRαNR, ZNR
12 = ZNRβNR,

αBR = −j cot θBR, βBR = −j csc θBR, αNR = −j cot θNR, βNR = −j csc θNR,
θBR = aBR(π/2)( f / f0NR), aBR =

√
εrBR/εrNR, θNR = (π/2)( f / f0NR).

These equations include: the characteristic impedance ZBR of the transmission line inside body
“3” with dielectric filling εrBR; the characteristic impedance ZNR of the standalone body “3” placed
inside the dielectric filling εrNR without the internal transmission line (i.e., body “3” is also solid); f
and f0NR are the current and reference frequencies, respectively, of the body “3” at which θNR = π/2.
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Finally, we can define the overall scattering matrix
[
SF] that is used in the main text under

Equation (4). Applying the technique described in Reference [33], the final equations for the proposed
bandstop filter with the port designations by numbers 1F and 2F, as shown in Figure A2b, are as follows:

[
SF
]
=

[
SF

11 SF
12

SF
12 SF

11

]
=
[
SF

PP

]
+
[
SF

PC

]([
FF
]
−
[
SF

CC

])−1[
SF

CP

]
,

where [
SF

PP
]
=

[
S3

11 0
0 SRR

44

]
,
[
SF

PC
]
=

[
S3

13 0 S3
12 0

0 SRR
42 0 SRR

41

]
,

[
SF

CC
]
=


S3

33 0 S3
32 0

0 SRR
22 0 SRR

21
S3

23 0 S3
22 0

0 SRR
12 0 SRR

11

,

[
SF

CP
]
=


S3

31 0
0 SRR

24
S3

21 0
0 SRR

14

,
[
FF] = [F].
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