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Abstract: A comprehensive model for 2DEG characteristics of InxAl1−xN/AlN/GaN heterostructure
has been presented, taking both polarization and bulk ionized charge into account. Investigations on
the 2DEG density and electron distribution across the heterostructure have been carried out using
solutions of coupled 1-D Schrödinger-Poisson equations solved by an improved iterative scheme.
The proposed model extends a previous approach allowing for estimating the quantum mechanical
effect for a generic InAlN/GaN-based HEMT within the range of the Hartree approximation.
A critical AlN thickness (~2.28 nm) is predicted when considering the 2DEG density in dependence
on a lattice matched In0.17Al0.83N thickness. The obtained results present in this work provide a
guideline for the experimental observation of the subband structure of InAlN/GaN heterostructure
and may be used as a design tool for the optimization of that epilayer structure.
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1. Introduction

Due to their unique material properties, GaN-based high electron mobility transistors (HEMTs)
are the most promising candidates for high frequency and high power applications. Over past decades,
AlxGa1−xN/GaN has been the focus of research for HEMT [1–5]. It is well known that the epitaxial
growth of AlGaN over GaN leads to the formation of 2DEG with sheet density order of 1013 cm−2.
However, when the fraction of Al exceeds 0.3 [6–8], the 2DEG transport properties would be seriously
degraded and would finally limit further improvement of the device’s performance. To avoid the
problem of strain relaxation in AlGaN, a novel material system has been developed by replacing
an AlGaN barrier with InAlN [9–14]. It is believed that the InAlN/GaN structure induces a higher
sheet density and better carrier confinement as compared with the typical AlGaN/GaN structure.
The ultrahigh polarization allows InxAl1−xN/GaN heterojunction featuring 2DEG density well above
2 × 1013 cm−2 but with a much thinner InAlN layer that is typically less than 15 nm. These superior
features make InAlN/GaN heterostructure attractive, especially for the next generation of high power
and millimeter wave applications.

Due to the large piezoelectric coefficients and lattice mismatch between InAlN and GaN, a strain
induced polarization electric field is generated at the interface of InAlN/GaN with the order of
106 V/cm [15]. Such a high electric field gives rise to a sufficiently narrow triangular potential
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well and causes a profound quantization effect in the motion of the electron perpendicular to the
interface. Although a significant process in InAlN/AlN/GaN has been reported [16–19], the detailed
study of the electron quantization effect on these heterostructures is still less well known. Accurate
models which are at the same time computationally efficient for optimization of epilayer structure
engineering are also highly desirable. Medjdoub et al. [20] for the first time presented the capability of a
InAlN/GaN heterostructure to deliver better electrical performance and to be less unstable under high
temperature as compared with an AlGaN/GaN structure. Gonschorek et al. [21] presented the results
in an InxAl1−xN/GaN structure showing an enhanced 2DEG density with increasing barrier layer
thickness. The model is based on reference [1] where the effect of bulk ionized charge is ignored and
the relationship between gate voltage and sheet density of 2DEG was not given. Several other groups
have made a successful attempt to describe the 2DEG transport characteristics of gallium nitride-based
HEMT using a numerical method based on the effective mass approximation [22,23]. However, little
direct information on the charge distribution could be obtained. The dependence of polarization
charge and bulk ionized charge on the behavior of the electrostatic potential requires clarification for
more detail. Contrary to this, we emphasize that the sheet density of polarization charge and quantum
mechanical effect are the fundamental design issues for InAlN-GaN based HEMT, and that these effects
can influence the device’s electrical characteristics and must be carefully accounted for with a reliable
description of those devices. Recent experimental works have reported capacitance enhancement
through the density modulation of the light generated carrier [24], and the quantum mechanical
description of the enhanced capacitance value was given in term of exchange and correlation
energies of the interacting many-body system of 2DEG [25–27]. Strictly speaking, the most accurate
quantum mechanical approach is to solve Schrödinger-Poisson system taking these many-body effects
into account, however, from a device modeling perspective, the incorporation of electron-electron
interaction highly complicates the numerical procedure. In this frame work, the self-consistent
quantum mechanical calculation is discussed within the range of Hartree approximation [28]. As a
trade-off between complexity and computation efficiency, this approximation is expected to work well
for two-dimensional systems, especially when the electron concentration is sufficiently high.

In what follows, we develop a novel comprehensive model for 2DEG characteristics of
InxAl1−xN/AlN/GaN heterostructure, taking both bulk ionized dopant and polarization charge
into account. An improved efficient scheme for the self-consistent solution of Schrödinger’s equation
and Poisson’s equation has been presented. We report a detail study on the 2DEG density and
corresponding charge distribution within the vicinity of the heterojunction. The calculations are
carried out under the most general conditions and can be therefore easily extended to other III-IV
based devices.

2. Modeling and Theory

2.1. Polarization Effect

The schematic of InxAl1−xN/AlN/GaN heterostructure studied in this work is given in Figure 1.
The heterostructure consists of a 500 nm thick unintentionally doped GaN layer followed by the growth
of 10 nm thickness of an In0.12Al0.88N epitaxial layer over it. A thin 1 nm AlN interlayer was inserted
to provide sufficient separation of the electron wave from the InAlN. We assumed that the layer of
heterostructure would grow on the thick GaN substrate pseudo-morphically along [001], denoted as
the z direction in the following figure.
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Figure 1. Schematic of the InxAl1−xN/AlN/GaN heterostructure studied in this work. 
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Figure 1. Schematic of the InxAl1−xN/AlN/GaN heterostructure studied in this work.

Since the electronic transport properties change considerably due to piezoelectric polarization
arising from material strain, the model starts with the calculation for diagonal strain components
modeled by

εxx = (a1 − a2)/a2 (1)

εzz= − εxx(C13/C33) (2)

where a1, a2 are the lattice parameters of the different layers, εxx, εzz are bi-axial strain and
uni-axial strain, which refer to the direction of parallel and perpendicular to the grown interface
respectively. As strain and piezoelectric physical constants are known, piezoelectric polarization at
each heterointerface can be calculated with [29,30].

PPE = 2εzz

(
e31 − e33

C13

C33

)
(3)

where C13, C33 are elastic constants. The ternary material of InxAl1−xN is calculated with parameters
given in Table 1 following Vegard’s law.

Psp
InAlN(x) = xPsp

InN + (1− x)Psp
AlN + b · x(1− x) (4)

where b is the bowing parameter (b = 0.07 C/m2) [31], x is the indium content.
For a generic InxAl1−xN/GaN based HEMT structure, the indium content dependent sheet carrier

density ns(x) is given by [32,33]

ns(x) =
σ(x)

q
−
(

ε0ε(x)
d · q2

)[
qϕb + E f (x)− ∆Ec(x)

]
(5)

Following the analysis of references [33,34], ns may also be related to the gate and channel voltage
through Gauss law as

q · ns = Ceff
(
Vg −Voff − ϕs(Vch)

)
(6)

ϕs(Vch) = Vch + E f (Vch) (7)

In Equations (5) to (7), σ is the combination of the spontaneous polarization and piezoelectric
charge which is determined by Equations (3) and (4) respectively, ε is the dielectric constant, d is
the InAlN barrier thickness, ϕb is the Schottky barrier height, E f is the Fermi energy level with
respect to the GaN conduction band, ∆Ec represents the conduction band discontinuity given by
∆EC,ABN(x)= 0.7

[
Eg,ABN(x)− Eg,ABN(0)

]
, the concept of effective band offset (Equation (3) in [21]) is

used when the effect of AlN layer is taken into account, Ceff is effective capacitance (per unit area)
between the gate and 2DEG, Voff is cut-off voltage below which it is under sub-threshold region.
The surface potential ϕs is the Fermi level in the body where the channel voltage Vch = Vs at the source
and Vch = Vds at the drain respectively.
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2.2. Self-Consistent Calculations

In the framework of the effective mass approximation, the following calculations of the
Eigen-states for electron are taken into account:[

− }2

2m∗
d2ξi(z)

dz2

]
+ [Ec(z)− Ei]ξi(z) = 0 (8)

d
dz

(
εoε(z)

dEc(z)
dz

)
= −q[n2d(z) + n3d(z)] (9)

where
Ec(z) = −qϕ(z) + ∆Ec (10)

n2d(z) =
+∞

∑
i=0

m∗kT
π}2 ln

[
1 + exp

(E f − Ei

kT

)]
· |ξi(z)|2 (11)

n3d(z) = N+
D (z)− N−A (z) (12)

In Equations (8) to (12), k is the Boltzmann constant, } is the Planck constant, m* is effective mass,
ϕ(z) is electrostatic potential. Ei is energy of the ith sub-band level and ξi(z) is the corresponding
wave function. ε(z) is the position-dependent dielectric constant, N+

D , N−A are the bulk densities of
the ionized donors and acceptor, respectively. Note that the total sheet charge in this work consists of
two parts: the first part is derived from the polarization induced charge calculated by the combination
of Equations (3) and (4). Another part comes from the terms which are assumed to be insensitive to
quantization, i.e., the ionized dopant concentrations N+

D and N−A as given in Equation (12). These two
components are assumed to be independent of each other.

Our calculation is based on the solving the coupled Schrödinger and Poisson’s equation set given
in Equations (8) and (9). A finite iteration scheme is deployed similarly to the approach given in
references [23,35]. For InAlN/AlN/GaN HEMT, the boundary conditions are given as follows: at the
metal-semiconductor interface, the potential above the Fermi level is the Schottky barrier height.
This barrier energy of the heterostructure is set as 1.2 eV relative to the ground energy is defined to the
energy level close to the substrate.

At the beginning, one starts with an initial empirical potential ϕ0(z) then calculates the wave
function ξi(z) as well as the corresponding eigenenergies Ei using Schrödinger’s equation. Thereafter,
ni is calculated by nni =

m∗kT
π}2 ln

[
1 + exp

(
EF−Ei

kT

)]
and the electron distribution is calculated using

Equation (11). The new value of n′(z) along with N+
D and N−A are used for calculating potential

distribution through using of Equations (9) and (10). This updated value of Ec
′(z) will be used in

Schrödinger’s equation to find the new wave function and eigenenergies. The iteration process is
repeated until convergence criterion is finally achieved. However, the abovementioned procedure does
not converge all the time due to the high sensitivity of the eigenenergies on the potential and of the
quantum charge n2d on the corresponding energy levels. An improved iterative scheme is developed to
get around this problem. In this frame work, for each i-th subband, at the n-th iterative step, we define
a set of space-dependent energies En

i (z) and effective state density Nn
i (z) given as

En
i (z)= En

i −En
i (z) (13)

Nn
i (z) =

m∗kT
π}2 |ξ

n
i (z)|

2 (14)

The corresponding quantum charge is then defined as

nn+1
2d (z) =

+∞

∑
i=0

Nn
i (z)· log

[
1 + exp

(
E f − En+1

c (z)− En
i (z)

kT

)]
(15)
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At step n + 1, Equation (15) will be included into the Poisson’s equation (9), and this equation
will be solved for determining the updated En+1

c . Note that we involve the term of space dependent
En

i (z) in Equation (13) so as to overcome the numerical oscillations during the feedback of iterative
calculation. This dependence finally vanishes when the algorithm reaches convergence at En

c = En+1
c ,

and Equation (15) gives the same charge density as Equation (11).
On the other hand, in a classical system, one uses the concept of effective density of state Nc and

the order 1/2 Fermi-Dirac integral when accounting for the local dependence of electron concentration
on the potential. In that case, the right term of Equation (9) can be replaced by

n = Nc · F1/2

(
(E f − Ec(z))/kT

)
(16)

This approximate model is compared with our quantum effect calculation to reveal how these
quantum mechanicals influence the InAlN/GaN-based HEMT performance.

3. Results and Discussion

The calculations were carried out at room temperature for the InxAl1−xN/AlN/GaN structure
given in Figure 1. In the following, the barrier indium content is assumed to be ranging from
0.03 to 0.23. The ionized dopant concentrations N+

d and residual N−A in the buffer layer are assumed
to be 3× 1018 cm−3 and 1× 1013 cm−3 respectively unless otherwise stated. Other physical constants
used in this calculation are summarized in Table 1.

Table 1. Physics parameters of InN, AlN, and GaN at room temperature [30,31].

Title 1 InN AlN GaN

ax (Å) 3.545 3.112 3.189
Psp (C/m2) −0.032 −0.081 −0.032

e31− (C31/C33)e33
(C/m2) −0.86 −0.91 −0.69

m∗e (m0) 0.11 0.48 0.22
εx(ε0) 13 8.5 10

Figure 2 shows the sketch of the band bending with (solid, red) and without (dash, black) the
polarization effect, along with the calculated 2DEG density from the polarization induced sheet charge
given in the inset. To incorporate the contribution of polarization effect, a bound sheet charge width
approximately ~6 Å width [30] is added at the AlN/GaN interface in our self-consistent calculation.
We use the indium fraction x as a variable parameter to alter the sheet carrier density so that the sheet
density of electron satisfies both Equations (5) and (11). As seen from Figure 2, the polarization effect
dominates the behavior of electrostatic potential within the vicinity of the heterojunction. The 2D
channel becomes sharper and the confined electrons are pushed close to the interface. Note that
the 2DEG density increases almost linearly with the decreasing of the In fraction (corresponding to
increasing of Al fraction) as indicated in the inset of Figure 2. i.e., for a representative 10 nm InAlN
barrier heterostructure, the sheet carrier density is calculated to be 2.55× 1013 cm−2 for the In fraction
of x = 0.23 and may be increased to 3.3× 1013 cm−2 for x = 0.07. When the fraction of indium is
around 17–18%, InAlN is assumed to be lattice matched with GaN material, the heterostructure is free
of strain (effect of piezoelectric polarization vanishes, PPE = 0) and the polarization charge for the
interface is mainly determined by the spontaneous effect given by Equation (4).

Figure 3 presents the conduction band profile of the In0.12Al0.88N/AlN/GaN heterostructure
with barrier thickness of 10 nm and AlN interlayer thickness of 1 nm, along with the wave functions
representing the probability distribution of electrons of the corresponding energy level. For the sake
of simplicity, only the ground state and first exited state (i = 0, 1) are considered. The numbers
given in Figure 3 indicate the probability occupation of the corresponding subband energy. The wave
function within the ground state of a similar Al0.2Ga0.8N/AlN/GaN heterostructure is also given
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for comparison. For a 10 nm In0.12Al0.88N/AlN/GaN heterostructure, over 86.2% of the channel
electrons are occupied by the ground state, suggesting the formation of 2DEG system at AlN/GaN
interface. The variation of the ground and first exited subband (E1–E0) is around 179 meV at the
room temperature as compared with 72 meV for that of Al0.2Ga0.88N/GaN. A larger energy separation
implies a stronger electrical field and better 2DEG confinement, as shown in the result given in Figure 4.
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Figure 2. Sketch of the band bending with (solid, red) and without (dash, black) the polarization effect
being taken into account. The calculated 2DEG density for a 10 nm InAlN/AlN/GaN heterostructure
as a function of indium fraction is given in the inset.
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Figure 3. The conduction band profile of the In0.12Al0.88N/AlN/GaN heterostructure and the wave 

function of the ground state (i = 0, red, line) and first excited (i = 1, green, dash) under room 

Figure 3. The conduction band profile of the In0.12Al0.88N/AlN/GaN heterostructure and the wave
function of the ground state (i = 0, red, line) and first excited (i = 1, green, dash) under room temperature.
A normalized first subband wave function for an Al0.2Ga0.8N/AlN/GaN (red, short dash) is given
for comparison.

To quantify the 2DEG confinement characteristics, we approximately define the width of
two-dimensional electron gas as the variation between the two depths at which the electron
concentration shrunk to 10% of its maximum value. As seen from Figure 4, the 2DEG width is
around 5.4 nm for a 10 nm Al0.2GaN0.8N barrier, and this amount deceases to ~3.3 nm as observed in a
comparable In0.12Ga0.88N structure. An improved carrier confinement shows fundamental advantages
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in suppressing the short-channel effect, i.e., DIGBL, self-heating as suggested in references [36–38].
The reduction in short-channel effect helps to increase the frequency performance of GaN-based
heterostructure devices.
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Figure 4. Comparison of the electron distribution of In0.12Al0.88N/AlN/GaN and case of
Al0.2Ga0.8N/AlN/GaN for characteristics of 2DEG confinement.

The electron distribution of In0.12Al0.88N/AlN/GaN depending on AlN thickness is shown
in Figure 5. A simple In0.12Al0.88N/GaN structure (AlN = 0 nm) is also given for comparison.
For the InAlN/AlN/GaN with a 1 nm AlN interlayer insertion, the electron concentration at the
interface increases slightly due to the enlarged band offset over the barrier. There is only an order of
5.3% of the electron density penetrated into the barrier with the penetration width of around 8.2 Å.
For AlN interlayer thickness larger than 1 nm, little influence was observed on the wave function and
charge distribution.
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The 2DEG density in dependence on the barrier thickness for a lattice-matched
In0.17Al0.83N/AlN/GaN heterostructure is given in Figure 6. The AlN thickness varies from 1 to
3 nm. The result of Figure 6 comes from the calculated maximum sheet density located at the interface
of the AlN/GaN structure. Other parameters are kept the same as in Figure 5. The calculated results
have been compared with the available experimental data given in references [9–11]. A reasonable
agreement is achieved justifying the validation of this work. It was found that the 2DEG sheet density
increases as AlN thickness increases. The insertion of the AlN layer tends to weaken the increasing
dependence of 2DEG density on the barrier thickness. For 1 nm AlN layer, the sheet density of 2DEG
increases with the barrier thickness and then tends to saturate. This trend is profoundly contrary to the
case when increasing AlN thickness to 3 nm. According to the theoretical calculation, a critical AlN
thickness (~2.28 nm for lattice-matched In0.17Al0.83N/AlN/GaN) may exist at which little variation
occurs on the 2DEG density when increasing InAlN thickness, as shown in Figure 6. It is now clear that
the InAlN barrier predominately induces the 2DEG for a thinner AlN layer, however, the AlN layer
takes the dominant contribution to 2DEG formation when it is thick enough. A similar phenomenon
was also observed in an AlN/GaN structure [22].
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To clarify the impact of quantization effect on realistic devices, a generic
InxAl1−xN/AlN/GaN-based HEMT is utilized to study the channel concentration dependence on the
applied gate voltage by using different models. The result is shown in Figure 7 wherein the electron
distribution at VG = 0 V is given in the inset. The boundary conditions are given as following: the
conduction band edge at gate on the InAlN is fixed to the Schottky-barrier height (1.2 eV) and the
applied voltage. The channel is under grounded (Vch = 0) and Fermi level is fixed to a sufficiently
small value below 1× 10−4 × (kT/q). Only the ground state and first exited state (i = 0, 1) are taken
into account. The corresponding wave functions are assumed to be vanished at boundaries of the
structure. Other calculation parameters are kept the same as with Figure 3.

As for the quantum mechanical results, the maximum of the electron concentration is found to
be located at around several angstroms from the interface instead of the interface as predicted by the
classical model. This result coincides with the charge width approximation given in Figure 2 previously.
The cut off voltage Voff is found to be mainly determined by the polarization charge present at the
heterointerface. It is worth noting that when channel carrier density does not exceed ∼ 6× 1012 cm−2,
even the classical model simply through the density of state Nc using Equation (16) can evaluate the
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channel electron within a 5 percent error. The deviation starts to gradually enhance when sheet carrier
density reach to 2.3× 1013 cm−2 (corresponding to electric field order of ~3.8 MV/cm at interface).
The result implies that the behavior of InAlN/GaN–based HEMT under the sub-threshold region may
be described with good accuracy even by the classical approach using Fermi-Dirac statistics. As for
increasing the applied gate voltage, the conduction band can no longer be treated as a continuous state
due to the enlarged electric field. In this condition, a significant quantization effect may arise when
dealing with transport properties of the 2DEG in these small-geometry devices.
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classical model (Equation (16)) and quantum mechanical (Equation (11)). The inset presents the electron
distribution within the heterostructure at Vg = 0 V. The extracted parameters used in calculation are
given as: Voff = −3.3 V, Ceff= 8.36× 10−6 F/cm2, Nc= 2.3× 1018 cm−3.

4. Conclusions

A comprehensive model of 2DEG characteristic of InxAl1−xN/AlN/GaN heterostructure has
been given in this paper taking polarization and quantum mechanical effect into account. We report
a detailed study on the 2DEG density and electron distribution across the heterostructure using a
solution of Schrödinger and Poisson’s equations solved through an improved iterative scheme.

It is found that that the polarization effect dominates the behavior of electrostatic potential within
the vicinity of the heterojunction. Due to the strong polarization field, a thinner electron distribution
profile of In0.12Al0.88N/AlN/GaN is observed as being comparable with the AlGaN/AlN/GaN
structure. Therefore, improving the quality of interface roughness is essential for enhancing the
transport property in these structures. A critical AlN thickness (~2.28 nm) was predicated when
considering the 2DEG density in dependence on a lattice matched In0.17Al0.83N thickness. It is clear
that the InAlN barrier predominately induces the 2DEG for a thinner AlN layer (1 nm), however,
the AlN layer dominates the contribution to 2DEG formation when it grows beyond critical thickness.

We found the carrier transport for a generic InAlN/GaN-based HEMT under sub-threshold
region can be well described even by the classical approach using Fermi-Dirac statistics. As the gate
voltage increases, both the polarization charge and applied voltage give rise to potential well and the
conduction band has been splitted into discrete sub-bands. A significant quantization effect also arises
and must be carefully treated to achieve a reliable description of those small-geometry devices.

Although some previous C-V measurements indicate that many-body effects such as exchange
and correlation energies are of importance [24,26,27], these effects have been neglected for the sake of
simplicity. Nevertheless, since these effects can actually affect device performance, more work should
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be dedicated to these effects in future so as to find an easy way to incorporate them into Schrödinger’s
equation. The application of the presented results given in this work server as a guide for optimization
of the epilayer structure in engineering, and would always be a substantial improvement with respect
to the widely adopted semi-classical model.
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