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Abstract

Sustainable-development indicators are inherently graded: a territory is not simply poor or
resilient, but exhibits these characteristics to varying degrees. Consequently, policy ques-
tions are naturally expressed through vague concepts such as high unemployment, stressed
neighbourhood, or green-transition readiness. This work shows how such questions can be
answered through reasoning over a fuzzy Web Ontology Language (OWL 2) ontology,
rather than by ad hoc data-processing scripts. Our case study is the ontology of the Sus-
tainability Decision Framework (SDF) Project, a five-module fuzzy ontology integrating
Sustainable Development Goal (SDG) statistics for the United Nations Economic Commis-
sion for Europe (UNECE) region with geopolitical knowledge and a fuzzy semantic layer
comprising 35 linguistic datatypes and 21 composite concepts defined through weighted
sums and ordered weighted averaging (OWA). The ontology contains almost 400,000 sta-
tistical observations, and its complete export into a fuzzyDL Knowledge Base comprises
2.96 million axioms; for this reason, reasoning is performed on the slices of the ontology that
are relevant to each query. Reasoning is performed using fuzzy-dl-owl2, our Python re-
engineering of the fuzzyDL reasoner and the Fuzzy OWL 2 framework. We present a fully
reproducible reasoning pipeline, including slice extraction, OWL 2-to-fuzzyDL translation,
and mixed-integer linear programming (MILP) inference using Gurobi. We demonstrate the
approach through five applications covering fuzzy territorial profiling, cross-border stress
analysis, reasoning over economic groupings, analyst-defined concepts with linguistic
hedges and coherence checks of the vocabulary, and temporal trend analysis scenarios. All
experiments are conducted on real-world data, and the source code, configuration files,
and complete fuzzyDL export of the ontology are publicly available. The results show that
fuzzy ontological reasoning provides an expressive, declarative, and reproducible frame-
work for analysing sustainable-development indicators while preserving the semantics of
linguistic concepts.

Keywords: fuzzy ontologies; Fuzzy OWL 2; fuzzy description logics; fuzzyDL; sustainable
development goals; geopolitical knowledge graphs; ordered weighted averaging; Python
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1. Introduction

Ontologies have become the standard means of representing and sharing structured
knowledge on the Web. In particular, the World Wide Web Consortium (W3C) Web
Ontology Language OWL 2 [1,2], grounded in Description Logics (DLs) [3], provides a
well-established formalism together with sound and complete reasoning services. However,
classical DLs are inherently crisp and therefore cannot adequately represent the vagueness
that characterises many real-world domains [4]. For example, the statement that Greece
had high unemployment in 2021 is neither simply true nor false; rather, its validity depends
both on the observed unemployment rate (19.6%) and on how the linguistic concept high
is interpreted.

Fuzzy set theory [5] and fuzzy Description Logics [6-9] address this limitation by
interpreting concepts as fuzzy sets and by extending the classical reasoning services to
graded semantics. Building on these foundations, Fuzzy OWL 2 [10] represents fuzzy
constructs through OWL 2 annotation axioms. Consequently, a fuzzy ontology remains
a valid OWL 2 document that can be processed by standard Semantic Web tools, while
specialised fuzzy reasoners, such as fuzzyDL [11], interpret the annotations and perform
fuzzy reasoning by computing the corresponding degrees of truth.

Sustainable development is a domain in which such graded reasoning arises naturally.
Although the indicators of the 17 Sustainable Development Goals (SDGs) are numerical,
the questions posed about them are inherently linguistic and multi-dimensional: Which
territories are under socio-economic stress? Is a country surrounded by stressed neighbours? Do
euro-area economies differ from other countries in terms of green-transition readiness? Answering
such questions requires (i) a semantic model specifying the meaning of linguistic terms for
each indicator, (ii) an aggregation policy capturing how the different dimensions should be
combined (e.g., compensatory versus non-compensatory, or all versus at least one), and
(iii) a geopolitical representation describing countries, borders, and economic groupings
over which the reasoning is performed. A fuzzy ontology can naturally represent all
three aspects, while a fuzzy DL reasoner can answer such queries with a precise and
well-defined semantics.

In a companion work [12], we introduced fuzzy-dl-owl2 [13,14], a complete Python
re-engineering of the fuzzyDL reasoner and the Fuzzy OWL 2 framework, together with
the accompanying pyowl2 library [15], and compared its performance with that of the
original Java implementation. The present work applies this software to fuzzy ontological
reasoning over a large sustainable-development ontology by operating on query-relevant
ontology slices.

More specifically, we briefly present the ontology developed within the Sustainability
Decision Framework (SDF) project, a Fuzzy OWL 2 ontology describing the United Nations
Economic Commission for Europe (UNECE) SDG statistics. The ontology is organised
into five modules (schema, observations, territorial snapshots, geopolitical subjects, and
documentation), and its structural metrics are reported after excluding annotation axioms
(see Section 4.1). We then describe a fully reproducible reasoning pipeline comprising
slice extraction, translation into a fuzzyDL Knowledge Base, and mixed-integer linear
programming (MILP) inference using Gurobi. The complete implementation, configuration
files, and execution scripts are publicly available (see Section 4.3).

We further present five real-world applications demonstrating how fuzzy ontological
reasoning can answer geopolitical queries over sustainable-development data. These ap-
plications illustrate the semantics of weighted sums, ordered weighted averaging (OWA),
existential restrictions over inverse and transitive roles, linguistic modifiers, graded sub-
sumption and satisfiability (see Sections 5.1-5.5). Finally, we assess the sensitivity of the
reasoning results to the ontology breakpoints and aggregation weights (Section 5.6), anal-
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yse the computational cost of the proposed reasoning pipeline, and discuss its current
limitations (Section 5.7).

The complete fuzzyDL translation of the ontology, comprising 2,964,012 axioms (ap-
proximately 236 MB), was generated using the same tool chain. Owing to its size, the
complete export is not included in the manuscript, but is distributed together with the
source code as a reusable artefact. It is not used directly for reasoning in this work, since all
reported results are computed on query-relevant ontology slices (Section 4.3).

This work is organised as follows. Section 2 reviews the related work. Section 3
recalls the necessary background on fuzzy Description Logics. Section 4 presents the
ontology of the SDF project, the reasoning pipeline, and its implementation. Section 5
presents the five applications and discusses the computational cost and current limitations
of the proposed approach. Finally, Section 6 summarises the main findings and concludes
the paper.

2. Related Works

Fuzzy Description Logics (DLs) extend classical DLs by introducing truth degrees
in [0, 1], fuzzy concept constructors, and graded axioms [7]. Depending on the adopted
fuzzy semantics, reasoning is typically reduced either to mixed-integer linear programming
(MILP), as in fuzzyDL [11], or to classical DL reasoning, as in DeLorean [16]. Alternative ap-
proaches based on tableau calculi and language extensions have also been proposed [17-20].
Decidability and complexity results under different fuzzy semantics are surveyed in [8,9],
while the ££ fragment has been studied in [21] separately. The fuzzyDL reasoner, which
constitutes the reasoning engine adopted in this work, supports fuzzy SHZF (D) with con-
crete features, fuzzy datatypes (triangular, trapezoidal, and shoulder functions), linguistic
modifiers, weighted concepts, weighted sums, OWAs [22,23], and fuzzy integrals.

Fuzzy OWL 2 [10] extends OWL 2 by encoding fuzzy semantics through a dedicated
annotation property, fuzzyLabel, while preserving syntactic compatibility with standard
OWL 2 tools. The accompanying Protégé plug-in [24,25] and the FuzzyOwl2ToFuzzyDL
translator provide practical support for editing and reasoning over fuzzy ontologies. This
framework has been employed to construct fuzzy ontologies from consensuated linguistic
datatypes [26] and to learn fuzzy concept inclusions from OWL data [27]. The ontology
developed within the SDF project follows the Fuzzy OWL 2 specification directly: fuzzy
datatypes, linguistic modifiers, and composite concepts and graded class assertions are
represented as OWL 2 entities annotated with fuzzyLabel.

The software infrastructure adopted in this work is based on our recent Python re-
engineering of fuzzyDL and the Fuzzy OWL 2 framework [12-14,28]. The re-engineering
was motivated by the need for a portable implementation supporting multiple MILP back-
ends, including Gurobi [29,30] as well as the open-source solvers HIGHS [31], CBC [32],
GLPK [33], and interfaces provided through mip [34] and PuLP [35]. The parser is generated
using re2c [36] and flex [37], while the computationally intensive components are com-
piled with Cython [38]. The experiments in this work were carried out with release 1.0.30
of the library.

Knowledge-based approaches to SDG monitoring range from ontology-based repre-
sentations of indicator metadata to decision-support systems [39,40]. To the best of our
knowledge, however, the ontology of the SDF project is the first fuzzy OWL 2 ontology
combining the complete SDG statistical layer of an entire region with a geopolitical knowl-
edge layer (including borders, economic groupings, and territorial relationships) and a
fuzzy semantic layer designed for automated DL reasoning. More broadly, fuzzy ontolo-
gies have been successfully applied to information retrieval [41-43] and Semantic Web
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applications [44-46]; the applications presented in this work belong to the latter category,
with a particular emphasis on decision support for sustainable development.

3. Background

This section recalls the notions of fuzzy ontologies and fuzzy Description Logics used
throughout this work. We refer the reader to [3,47] for classical Description Logics and
to [7,48] for comprehensive treatments of fuzzy Description Logics.

Definition 1 (Fuzzy set [5]). A fuzzy set A over a universe X is characterised by a membership
function pp: X — [0,1], where p 4 (x) is the degree to which x belongs to A.

Hence, classical (crisp) sets are the special case pa: X — {0,1}. Before extend-
ing ontologies with fuzzy sets, we recall the classical notion of ontology in Description
Logic terms [1,47].

Definition 2 (Ontology). Let Nc, Ng, N, and Ny be pairwise disjoint sets of concept names, role
names, concrete feature names, and individual names. Let Ap be a non-empty concrete domain of
data values. An ontology is a Knowledge Base K = (T, R, A), where

*  TheTBox T isa finite set of concept inclusions C T D and concept equivalences A = C, where
A € N¢ and C, D are concepts constructed from concept names, role names, and concrete
feature names using the constructors of the underlying Description Logic;

*  The RBox R is a finite set of role axioms, including role inclusions R T S, inverse-role axioms
R = S—, and declarations trans(R), sym(R), and func(R), with R, S € Ng;

e The ABox A is a finite set of assertions of the form a : C, (a,b) : R, and (a,v) : f, where
a,beN,REe NR,f € Ng, and v € Ap.

An interpretation Z = (AZ,-T) consists of a non-empty abstract domain AT and an interpretation
function (-)* such that each individual name a € Ny is interpreted as an element a* € A*, each
concept name A € N is interpreted as a set AL C AZ, each role name R € N is interpreted as a
binary relation R C AT x A%, and each concrete feature f € NF is interpreted as a partial function
L : AT — Ap. The interpretation function is extended inductively to complex concepts according
to the semantics of the constructors of the underlying Description Logic. An interpretation I is a
model of IC, written Z |= IC, if it satisfies all axioms in T, R, and A. In particular, ct cp? for
every C C D € T,and AT = C7 for every A = C € T. The role axioms are interpreted as follows:
RL Cc §T forevery RC S € R, and R = (SI)_1 for every R = S~ € R, while trans(R),
sym(R), and func(R) require R” to be, respectively, transitive, symmetric, and functional. Finally,
the ABox assertions are satisfied whenever a> € C* for every a: C € A, (a%,b) € R” for every
(a,b) : R € A, and f*(a?) = v for every (a,v) : f € A.

In a classical interpretation, an individual either belongs to a concept or does not.
Fuzzy Description Logics relax this assumption by interpreting concepts as fuzzy sets and
roles as fuzzy binary relations.

Definition 3 (Fuzzy interpretation). A fuzzy interpretation Z = (AZ,-Z) consists of a non-
empty domain AT and an interpretation function that maps each individual name a € N to an
element a> € A”, each concept name A € N to a membership function AT: AT — [0,1], each
role name R € Ng to a fuzzy binary relation RT: AT x AT — [0,1], and each concrete feature
f € N to a partial function fZ: AT — Ap. The interpretation function is extended to complex
concepts according to the semantics of the constructors given below.

Just as concept membership and role relations can be graded, axioms and assertions
may also hold to a degree, giving rise to the notion of a fuzzy ontology.
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Definition 4 (Fuzzy ontology). A fuzzy ontology is a Knowledge Base KK = (T, R, A) as in 2,
except that concept and role assertions are graded, i.e., of the form (a : C > n) and ((a,b) : R > n),
and the TBox may contain graded concept inclusions (C T D > n), with n € [0,1]. In particular,
every axiom written without a degree is assumed to have a degree 1. A fuzzy interpretation I (3)
satisfies these axioms according to

TE(@@:C>n) < Cta?)>n,
T ((a,b):R>n) < RYaL,b7) >n,
TE(CED 2 < inf (C7(x) =D () =n, M
xent

TEA=C < Al(x) = CE(x) forall x € A%,

where (=) is the implication of the underlying fuzzy logic. Feature assertions are satisfied if
fZ(a®) = v. Role axioms are satisfied if RT (x,y) < ST (x,y) for R C S, RY(x,y) = S*(y, x) for
R = S~, R%(x,y) ® R%(y,z) < R%(x,z) for trans(R), and R (x,y) = RZ(y, x) for sym(R),
forall x,y,z € AT, whereas func(R) requires every x to have at most one y with R (x,y) > 0[11].
Finally, T is a model of KC if it satisfies all the axioms of KC, and JC entails an axiom T, written
K = 1, if every model of K satisfies T [7,10].

Hence, an ontology (2) is the special case in which all degrees are 1 and interpretations
take values in {0,1}.

For instance, a territorial snapshot may belong to a concept EconomicStress with
degree 0.35, rather than simply being classified as stressed or not. The remainder of this
section introduces the concept constructors and the fuzzy constructs used in this work.

Complex concepts are obtained from concept names by means of the usual Description
Logic constructors: the universal and empty concepts T and L, negation =C, conjunction
C D, disjunction C U D, and the existential and universal restrictions 3R.C and VR.C. The
latter two describe the individuals related through the role R to, respectively, at least one
individual belonging to C or exclusively to individuals belonging to C. Roles may also be
declared symmetric, transitive, functional, or inverses of other roles. Their semantics are
determined by a fuzzy logic, namely a t-norm ®, its dual t-conorm @, and the corresponding
negation and implication operators. In particular,

(€D (x) = ") @D’ (x), (RO (x) = sup (R (x,y) @ C*(y)). @
yeAl

Interpretations are required to be witnessed, that is, the infimum and supremum in
Equations (1) and (2) are attained at some point of the interpretation domain [7].

Numerical data, such as the SDG indicator values of the territorial snapshots, are
handled through fuzzy concrete domains, which associate linguistic terms with ranges of
numerical values.

Definition 5 (Concrete feature and fuzzy datatype). A concrete feature f € Nf (e.g.,
unemploymentRate) is interpreted as a partial function f¥: AT — [k, ko] assigning at most
one numerical value to each element of the domain, and a fuzzy datatype d over [ky,kp)| is a fuzzy
set with membership function d: [k1, ky] — [0,1].

This work employs the left-shoulder, right-shoulder, and trapezoidal membership
functions, defined for parametersa < b < ¢ < d as
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1 x<a, . e
Is(a,b)(x) = H x€(ab], rs(ab)(x)= 3;_ ve i 5
0 x> b, . o
and
0 x<aorx>d,
trz(a,b,c,d)(x) = ;C_ x € (a,b], \
1 x € (b,cl,
T xeled

A datatype restriction 3f.d is then a concept whose degree, for a concrete feature f, is
given by the membership of the feature value in the datatype,

d(f%(x)) if fZ(x) is defined,

0 otherwise,

3f.d)(x) = { (5)

whereas crisp comparisons such as 3f.>;, 3f.<;;, and 3f.=, are special cases whose
membership functions take only the values 0 and 1.
A fuzzy modifier m transforms the degree of a concept according to

(m(C))* (x) = fu (T (), ©)

and is used to model linguistic hedges such as very. This work employs linear modifiers,
parameterised by a single value ¢ > 0. The corresponding function fjy, () is the piecewise

linear function passing through the points (0,0), (Cﬁ, C%) ,and (1,1), i.e.,
X c
c ST
c c
flm(c) (x) = C @)
_ 1 _c
cx —c+ x > i1

which sharpens concepts for ¢ > 1 (preserving 0 and 1 while reducing intermediate
degrees) and dilates them for ¢ < 1. Modifiers can also be applied to fuzzy datatypes:
(Bfm(d)F (x) = fu(d(fF(x))).
Finally, fuzzyDL [11] extends the language with aggregation concepts [22]. A
weighted sum
w1 -Cr+.. .+ we-Cy, (8)

with w; € [0,1] and ¥;w; < 1, computes a weighted combination ¥; w; C¥ (x) of the

component membership degrees, whereas the ordered weighted averaging (OWA) operator
OWAW (Cy,...,Ck) )

applies the weight vector W = (wy, ..., wy), with w; € [0,1] and }_; w; = 1, to the compo-
nent membership degrees sorted in decreasing order. All these constructs are available
in OWL 2 ontologies through the Fuzzy OWL 2 annotation scheme [10], in which fuzzy
datatypes, modifiers, aggregation concepts, and graded assertions are encoded as standard
OWL 2 annotations. Consequently, a fuzzy ontology remains a valid OWL 2 document that
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can be processed by conventional Semantic Web tools while preserving its fuzzy semantics.
This annotation scheme is adopted throughout this work (see Section 4.1).

4. Methods

In this section, we present the knowledge representation and reasoning infrastructure
developed to support the applications considered in this work. We first describe the modu-
lar fuzzy ontology underlying the SDF project, including its main knowledge components
and the fuzzy constructs used to represent graded sustainability-related concepts. Next,
we justify some design choices regarding the type of fuzzy sets and the parameters of
membership functions and aggregation operators. We then introduce a reasoning pipeline
that extracts query-specific ontology slices, translates them into fuzzy Description Logic
knowledge bases, and executes the required reasoning tasks. Finally, we describe the
supporting software infrastructure, with particular emphasis on ontology indexing, slice
extraction, query generation, and the reproducibility of the experimental workflow.

4.1. The Fuzzy Ontology of the SDF Project

The ontology developed within the SDF project (a co-funded research project on deci-
sion support for sustainability; see the funding statement) is a modular OWL 2 ontology
whose import closure comprises five modules (see Figure 1 and Table 1). The scherma module
defines the conceptual model, including SDG goals, targets, indicators and series, observa-
tions, subjects (countries, territories, and organisations), territorial systems, phenomena,
policies, actors, and the fuzzy layer. The schema module also contains 106 SubClassO0f,
64 EquivalentClasses, and 44 DisjointClasses axioms. The individual count reported
for the import closure corresponds to the number of distinct individuals. For example, the
56 UNECE countries are declared in the observations module and subsequently enriched
with additional assertions in the subjects module, but they are counted only once. The
observations module contains the complete UNECE SDG database, comprising the statistics
for the 17 SDGs, 253 indicator tables, and 396,592 observations, of which 239,758 correspond
to missing values represented as individuals without an associated numerical value.

The territorial snapshots module bridges the statistical and fuzzy layers. Each
country-year snapshot (an instance of TerritorialSystem) stores the values of six selected
SDG indicators as concrete features, i.e., povertyRate (SDG Indicator 1.1.1),
unemploymentRate (SDG Indicator 8.5.2), economicGrowthRate (SDG Indicator 8.1.1),
foodInsecurityRate (SDG Indicator 2.1.2), digitalAccessRate (SDG Indicator 17.8.1),
and cleanEnergyAccessRate (SDG Indicator 7.1.2) maintains provenance links to the orig-
inal observations, and materialises the corresponding membership degrees in the fuzzy
concepts. For SDG 8.5.2, the observations module provides unemployment rates separately
for persons with and without disabilities. The concrete feature unemploymentRate uses the
value for persons without disabilities, which does not correspond to the headline unem-
ployment rate and may differ from it. Overall, this module contains 57,656 graded class
assertions, computed off-line using fuzzy-dl-owl2 and stored as lower bounds rounded
down to four decimal places.

The subjects module provides the geopolitical layer. It contains 887 subjects, including
212 countries (56 of which belong to the UNECE region), former countries, territories,
regions, and organisations, together with 216 cities, 145 currencies, 15,714 membership
assertions relating subjects to 750 cluster nodes distributed over 31 cluster types (e.g.,
geographical regions, income groups, development status, partnerships, currency areas,
languages, and political systems). The module also defines 29 economic-profile nodes
(instances of Economy) connected to subjects through hasEconomy, and 516 Distance in-
dividuals encoding the borders between neighbouring countries, together with their cor-
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responding border lengths. Finally, the annotations module documents the ontology by
providing metadata such as SDG rationales, related indicators, and source references, while
importing the remaining four modules.

Table 1. Structural metrics of the modules comprising the import closure of the SDF ontology
(OWL API style, excluding annotation assertions and annotation properties). LA = logical axioms;
Decl = declarations; C = classes; OP/DP = object/data properties; I = individuals; DT = datatypes;
CA/OPA/DPA = class, object-property, and data-property assertions. The schema also contains
106 SubClass0f, 64 EquivalentClasses and 44 DisjointClasses axioms. The closure count of
individuals is the number of distinct individuals (the 56 UNECE countries are declared in the
observations module and enriched in the subjects module).

Module LA Decl C OP DP I DT CcA OPA DPA
schema (SDF_ext) 460 318 181 78 25 0 32 - - -
observations 2,778,183 397,180 0 2 3 397,174 1 397,174 1,587,386 793,612
(SDF_individuals)

snapshots 84,873 3237 0 1 1 3235 0 60,891 11,989 11,989
(SDF_territories)

subjects 100,412 18,291 0 0 4 18,284 0 18,257 57,825 24,323
(SDF_subjects)

annotations 0 8 0 0 0 0 0 B B _

(SDF_fuzzy_annotated)

closure

2,963,928 419,034 181 81 33 418,637 33 476,322 1,657,200 829,924

schema
SDF_ext.owl
181 classes, 32 fuzzy datatypes,
21 composite concepts
observations subjects

SDF_individuals.owl SDF_subjects.owl

397,174 individuals 18,284 individuals

Y
snapshots ‘ ‘ annotations
SDF_territories.owl SDF_fuzzy_annotated.owl
3235 snapshots, 57,656 degrees ‘ ‘ documentation

Figure 1. The five modules comprising the import closure of the SDF ontology and their owl:imports
relationships (arrows indicate the imported module). The schema module is the only module contain-
ing terminological and role axioms (TBox and RBox), together with the fuzzy layer. The remaining
three data modules contribute individuals and assertion axioms (ABox), whereas the annotations
module provides documentation for the ontology.

The fuzzy layer is encoded according to the Fuzzy OWL 2 specification. It comprises
32 fuzzy datatypes, which define the semantics of the linguistic terms associated with the
numerical features by means of left-shoulder, right-shoulder, and trapezoidal membership
functions over xsd:decimal. Listing 1 reports the corresponding fuzzyDL translation for
some representative datatypes.

On top of these datatypes, the ontology defines 37 bridge classes, each relating a
linguistic term to a concrete feature through an existential datatype restriction. For ex-
ample, TerritoryWithHighUnemployment represents the class of TerritorialSystem in-
dividuals whose unemploymentRate belongs to the fuzzy datatype HighUnemployment.
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Crisp concepts can then be defined by combining these bridge classes; for instance,
SevereBasicNeedsDeprivation represents territories simultaneously characterised by
high food insecurity and high poverty. Both kinds of definitions are illustrated in Listing 1,
while Figure 2 depicts the membership functions associated with two representative features.

The ontology further contains 21 composite concepts, which aggregate bridge classes ac-
cording to three different policies (see Listing 2). The first is a compensatory weighted sum
(w-sum); the second is a non-compensatory weighted sum (w-sum-zero), which evaluates to
zero whenever at least one component is zero and is therefore used to model zero-tolerance
concepts; the third is an OWA operator with weights (0.5,0.25,0.125,0.125), which favours
the best-satisfied dimensions and is used to define the broad concepts.

Listing 1. Fuzzy datatypes, a bridge class, and a crisp severe concept translated into fuzzyDL by
fuzzy-dl-owl2 (excerpt). For each fuzzy datatype, the first two parameters specify the domain of the
corresponding feature, whereas the remaining parameters define the associated membership function.

1 (define-fuzzy-logic lukasiewicz)

2 (define-fuzzy-concept LowPoverty left-shoulder (0.0, 100.0, 2.0, 10.0))

3 (define-fuzzy-concept HighPoverty right-shoulder(0.0, 100.0, 20.0, 30.0))

4+ (define-fuzzy-concept ModeratePoverty trapezoidal(0.0, 100.0, 2.0, 10.0, 20.0, 30.0))

5 (define-fuzzy-concept HighUnemployment right-shoulder(0.0, 100.0, 12.0, 18.0))

6 (define-fuzzy-concept EconomicDecline left-shoulder(-40.0, 40.0, -5.0, 0.0))

7 (define-fuzzy-concept PositiveEconomicGrowth right-shoulder(-40.0, 40.0, 2.0, 5.0))

8 (define-fuzzy-concept StableEconomicGrowth trapezoidal(-40.0, 40.0, -5.0, 0.0, 2.0, 5.0))
9 (define-concept TerritoryWithHighUnemployment

10 (and TerritorialSystem (some unemploymentRate HighUnemployment)))
11 (define-concept SevereBasicNeedsDeprivation
12 (and TerritoryWithHighFoodInsecurity TerritoryWithHighPoverty))

1.0 A 1.0 A
0.8 1 0.8 4
o
=
v 0.6 —— LowPoverty 0.6 { — LowUnemployment
8 ModeratePoverty ModerateUnemployment
g 0.4 - —— HighPoverty 044 — HighUnemyployment
S
0.21 0.2
0.0 0.0 4
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25
povertyRate (%) unemploymentRate (%)

Figure 2. Membership functions associated with the linguistic terms of two of the six features ((left):
povertyRate, representing the proportion of the population living below the international poverty
line; (right): unemploymentRate). For each feature, the linguistic terms are modelled by left-shoulder,
trapezoidal, and right-shoulder membership functions with shared breakpoints, ensuring that the
membership degrees of adjacent terms sum to one over their region of overlap.

4.2. Design Choices

In this section, we present and motivate the main modelling choices underlying the
fuzzy ontology, including the adoption of type-1 fuzzy sets, the definition of membership
functions, and the specification of aggregation weights. We also clarify the interpretation
and adaptability of these parameters within the proposed framework.
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Listing 2. Composite concepts translated into fuzzyDL by fuzzy-dl-owl2 (excerpt), illustrating
compensatory, non-compensatory, and OWA aggregation.

(define-concept BasicNeedsStress
(w-sum (0.4 TerritoryWithHighFoodInsecurity) (0.35 TerritoryWithHighPoverty)
(0.25 TerritoryWithHighUnemployment)))
(define-concept EconomicStress
(w-sum (0.4 TerritoryInEconomicDecline) (0.35 TerritoryWithHighUnemployment)
(0.25 TerritoryWithHighPoverty)))
(define-concept SDGSynergyPotential
(w-sum-zero (0.25 TerritoryWithHighDigitalAccess) (0.25
TerritoryWithHighCleanEnergyAccess)
(0.25 TerritoryWithStrongInstitutionalCapacity
) (0.25 TerritoryWithStrongResilience)))
(define-concept BroadSocioEconomicStress
(owa (0.5 0.25 0.125 0.125)
(TerritoryWithHighPoverty TerritoryWithHighInequality
TerritoryWithHighUnemployment TerritoryWithHighFoodInsecurity)))

The ontology relies on classical (type-1) fuzzy sets [5], rather than on extensions
such as intuitionistic [49], interval-valued [50], interval-valued intuitionistic [51], or type-
2 [52] fuzzy sets (see [53] for an overview of their relationships). This choice is motivated
by three considerations. First, the SDG indicators are point-valued statistics with no
associated bounds or standard errors, and therefore provide no independent evidence for
a distinct non-membership degree. Setting the non-membership degree to 1 — y yields
an intuitionistic fuzzy set with zero hesitation, which reduces to the type-1 case. Second,
type-1 membership degrees represent the gradualness of linguistic terms, whereas interval-
valued memberships represent uncertainty about the membership degree itself, that is,
ill-known membership [54]. When a feature value is unknown or only partially specified,
min-instance? and max-instance? already provide lower and upper bounds on the
corresponding membership degree [55]. Third, Fuzzy OWL 2 and fuzzyDL represent
each degree as a single value in [0, 1] and, under Lukasiewicz logic, the constructors and
membership functions used in this work are piecewise linear, which enables the reduction
in reasoning to mixed-integer linear programming (MILP) [11]. Fuzzy Description Logics
over lattices of truth degrees have been studied [56] but, to the best of our knowledge, no
comparable OWL 2-compatible reasoning system is currently available for intuitionistic,
interval-valued, or type-2 fuzzy Description Logics.

The membership functions and aggregation weights were defined by the domain
experts of the SDF project, informed by the typical values of the corresponding SDG
indicators rather than by a formal elicitation procedure. The breakpoints are anchored
to the absolute scale of each indicator, allowing the same linguistic vocabulary to be
applied across regions and years and thereby preserving the temporal comparability of
the trajectories analysed in Section 5.5. For example, the breakpoints of HighUnemployment
(12% and 18%) correspond approximately to the 78th and 90th percentiles of the UNECE
values observed between 2015 and 2023. By contrast, terms calibrated on a global scale,
such as HighPoverty, are never activated by the UNECE values observed over the same
period. For poverty, unemployment, food insecurity, digital access, and clean-energy access,
adjacent linguistic terms form strong fuzzy partitions [57], so that their membership degrees
sum to one over their regions of overlap.

The weights of each composite concept sum to one, while dimensions for which data
are not yet available retain their assigned weights, ensuring that the resulting degrees
remain comparable when additional data sources become available. The OWA weight
vector (0.5,0.25,0.125,0.125) has an orness (see Remark 1) of 0.708, corresponding to an
aggregation behaviour that emphasises the presence of at least one significant factor.
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These parameters should therefore be regarded as modelling choices rather than
empirical estimates. An analyst may replace the membership functions, breakpoints,
or aggregation weights with alternative definitions at query time, provided that they
are introduced under new concept names; otherwise, the membership degrees already
materialised in the ontology act as lower bounds. Such alternatives can be introduced
without modifying the underlying ontology, as illustrated in Section 5.4, while Section 5.6
quantifies the sensitivity of the reasoning results to these modelling choices.

Remark 1. The attitude of an OWA operator is quantified by its orness [58], defined as
1 g ,
orness(W) = 1 g(k —i)w; €10,1]. (10)

The orness equals 1 for W = (1,0,...,0), corresponding to the maximum of the component degrees,
and equals 0 for W = (0, ...,0,1), corresponding to their minimum. For the arithmetic mean, with
W = (1/k,...,1/k), the orness is 0.5. Values greater than 0.5 therefore indicate an increasingly
disjunctive aggregation behaviour, in which the best-satisfied components exert greater influence on
the aggregated degree.

4.3. Reasoning Pipeline

Reasoning over the entire SDF ontology, comprising 2.96 million logical axioms, is
neither necessary nor practical for the types of queries considered in this work, since each
query is solved as a single MILP over the entire ABox of the corresponding Knowledge
Base (Section 5.7). In practice, each geopolitical query involves only a small subset of the
ontology, typically consisting of a limited number of territorial snapshots together with
their associated countries, observations, economic profiles, and neighbouring entities. For
this reason, the proposed reasoning pipeline operates on slices of the ontology. Proposition 1
formalises the guarantees provided by answers computed on a slice with respect to those
obtained from the complete ontology.

The pipeline consists of five steps. First, the individuals relevant to the query are
selected (e.g., all territorial snapshots for the year 2021 containing the six SDG features,
neighbouring country pairs, or other application-specific entities). Second, a temporary
OWL 2 ontology is assembled by combining the complete TBox and RBox of the schema
module with the ABox assertions of the selected individuals, the individuals they reference
(such as countries, observations, and economic profiles), and the corresponding owl: Axiom
annotations encoding graded assertions. Third, fuzzy-dl-owl2 translates the resulting
slice into a fuzzyDL Knowledge Base. Fourth, any additional axioms defined by the analyst,
written directly in fuzzyDL syntax, are appended to the Knowledge Base. Finally, the
reasoning queries are added and solved using the configured MILP backend.

Figure 3 summarises the overall workflow. The second step relies on a lightweight
SQLite index of the ontology import closure, automatically generated once by the pipeline,
whereas the remaining steps are implemented directly through the fuzzy-dl-owl2 APL
The configuration file used by the library is reported in Listing 3, while Listing 4 presents
the two functions implementing the pipeline and reused by all application scripts. The
complete implementation, together with the five application scripts, is distributed with
this work.

Table 2 summarises the fragment of the ontology used throughout the applications.
For each class, role, and concrete feature, it reports the corresponding Description Logic
definition together with the textual description provided by the annotations module.
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per query (Gurobi) DLParserFast min-instance?,...

Figure 3. Overview of the reasoning pipeline. Grey boxes represent data artefacts and blue boxes

degrees
results/*.json

represent processing steps.

Listing 3. CONFIG.ini: configuration file containing the settings read by fuzzy-dl-owl2 from the
working directory.

[DEFAULT]

debugPrint = False

epsilon = 0.001

maxIndividuals = -1
owlAnnotationLabel = fuzzyLabel
milpProvider = gurobi

Listing 4. sdf _fuzzy.py (excerpt): translation of an ontology slice into a fuzzyDL Knowledge Base
and execution of the corresponding reasoning queries.

import os
import shutil

def build_kb(individuals, workdir, axioms=""):
nnSlice OWL file -> fuzzyDL KB (+ analyst axioms in fuzzyDL syntaz).
shutil.copy(CODE / "CONFIG.ini", workdir / "CONFIG.ini")  # read from the cuwd
owl = workdir / "slice.owl"
stats = build_slice(individuals, owl)
# schema modules + individuals + degrees (sdf_indez.py)
os.chdir (workdir)
from fuzzy_dl_owl2.fuzzyowl2.fuzzyowl2_to_fuzzydl import \
Fuzzy0Owl2ToFuzzyDL
Fuzzy0Owl2ToFuzzyDL(str(owl), "kb.fdl", base_iri=BASE).translate_owl2ontology()
kb = workdir / "results" / "kb.fdl"
kb.write_text(kb.read_text() + "\n# ---- analyst axioms ----\n" + axioms + "\n")
return kb, stats

wnn

def solve(kb, queries, workdir):
"""Append the queries to the KB and answer them.
kbq = workdir / "kb_query.fdl"
kbq.write_text(kb.read_text() + "\n# ---- queries ----\n" + "\n".join(queries) + "
\n")
from fuzzy_dl_owl2.fuzzydl.parser import DLParserFast
kb_obj, gs = DLParserFast.get_kb(str(kbq))
kb_obj.solve_kb()

nwn

out = []
for q in gs:
sol = q.solve(kb_obj) # one MILP per query

out.append({"query": str(q),
"value": sol.get_solution() if sol.is_consistent_kb() else None})
return out
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Table 2. Excerpt of the ontology: the classes, roles, and concrete features used in the applications, together with their Description Logic definitions or characteristics

and the corresponding textual descriptions provided by the annotations module. Weighted sums denote w-sum concepts, whereas OWA 5 denotes the ordered

weighted averaging operator.

Entity

DL Definition/Characteristics

Description (From the Annotations)

Primitive classes
TerritorialSystem
CountrySubject

Distance

Economy

(primitive)
(primitive)

(primitive)

(primitive)

Territorial units or spatial systems used as the primary objects
of SDG-related reasoning; country—year snapshots are
instances of this class.

Country-level geographic subjects.

Distance entities modelling land-border relationships between
geographic subjects, with one individual for each pair of
neighbouring countries.

Represents economic entities and classifications associated
with geographic subjects (e.g., the euro area and

income groups).

Distance classes
BorderingDistance
ShortDistance
MidDistance
LongDistance

= JhasDistanceValue.=

= JhasDistanceValue.<py

= JhasDistanceValue.<jggo 1 FhasDistanceValue.>yq
= JhasDistanceValue.>qggg

Bordering or adjacent geographic entities.

Short distances between geographic entities.
Intermediate distances between geographic entities.
Long distances between geographic entities.

Bridge classes (37 in total, one per feature and linguistic term)

TerritoryWith(T)

TerritoryInEconomicDecline

= TerritorialSystem 1 3f.T, e.g.
TerritoryWithHighUnemployment = TerritorialSystem[]
JunemploymentRate.HighUnemployment

= TerritorialSystem/]
JeconomicGrowthRate.EconomicDecline

Represents territorial systems characterised by the linguistic
term T associated with the concrete feature f, as defined by the
corresponding fuzzy datatype.

Represents the class of territorial systems whose economic
growth rate has a positive membership degree in the
EconomicDecline fuzzy datatype.
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Table 2. Cont.

Entity

DL Definition/Characteristics

Description (From the Annotations)

Composite fuzzy concepts (21 in total; those used in the applications)

BasicNeedsStress

EconomicStress

StructuralDevelopmentStress

BroadSocioEconomicStress

GreenTransitionReadiness

SustainableEconomicPerformance

= 0.40 TerritoryWithHighFoodInsecurity + 0.35
TerritoryWithHighPoverty + 0.25
TerritoryWithHighUnemployment

= 0.40 TerritoryInEconomicDecline + 0.35
TerritoryWithHighUnemployment + 0.25
TerritoryWithHighPoverty

= (0.25 TerritoryWithHighPoverty 4 0.20
TerritoryWithHighUnemployment + 0.20
TerritoryWithHighFoodInsecurity + 0.20
TerritoryWithLowDigitalAccess + 0.15
TerritoryWithLowCleanEnergyAccess
EE()VVA(0502501250J25)(TerritoryWithHighPoverty,
TerritoryWithHighInequality,
TerritoryWithHighUnemployment,
TerritoryWithHighFoodInsecurity)

= (0.35 TerritoryWithHighCleanEnergyAccess + 0.25
TerritoryWithStrongInstitutionalCapacity + 0.20
TerritoryWithHighDigitalAccess 4+ 0.20
TerritoryWithStrongResilience

= 0.30 TerritoryWithHighEconomicGrowth + 0.25
TerritoryWithLowPoverty + 0.25
TerritoryWithLowInequality + 0.20
TerritoryWithHighCleanEnergyAccess

Represents basic-needs stress arising from food insecurity,
poverty, and unemployment.

Represents economic stress arising from economic decline,
unemployment, and poverty.

Accumulated structural development constraints.

Represents broad socio-economic stress arising from multiple
stress dimensions, with OWA weights favouring the most
strongly satisfied dimensions.

Represents readiness for the green transition through
clean-energy access, institutional capacity, digital access,
and resilience.

Represents sustainable economic performance characterised by
low poverty, low inequality, and clean-energy access.

Crisp combinations of bridge classes

SevereBasicNeedsDeprivation

StructuralLockInRisk

= TerritoryWithHighFoodInsecurity Il
TerritoryWithHighPoverty

= TerritoryInEconomicDecline [l TerritoryWithHighPoverty
[N TerritoryWithHighUnemployment [
TerritoryWithLowDigitalAccess

Severe deprivation through poverty and food insecurity.

Structural lock-in risk under economic decline, poverty,
unemployment and low digital access.
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Table 2. Cont.

Entity DL Definition/Characteristics Description (From the Annotations)
Object properties
hasLocation inverse isLocation0f; range CountrySubject Relates a s.ub]ect '(e.g., a territorial snapshot) to its country-level
geographic location.
Represents the distance relation between country-level
hasDistance symmetric, transitive; range Subject geographic subjects, whose transitive closure captures

distanceFrom, distanceTo

hasEconomy

range Subject

inverse isEconomy0f; range Economy

reachability by land.

Relate a Distance individual to the two subjects between
which the distance is measured.

Relates a subject to its economic-profile nodes.

Concrete features (data properties)
povertyRate, unemploymentRate,
economicGrowthRate,
foodInsecurityRate,
digitalAccessRate,
cleanEnergyAccessRate

hasDistanceValue

functional; xsd:decimal

functional; xsd:decimal

The six SDG features of a territorial snapshot (percentages;
growth rates in [—40, 40]), copied from the underlying
UNECE observations.

Represents the distance value, in kilometres, associated with a
Distance individual, with value 0 for pairs of
bordering countries.

Fuzzy datatypes (32 in total)
Low/Moderate/High(feature),
EconomicDecline,
PositiveEconomicGrowth, ...

left-shoulder, trapezoidal and right-shoulder
membership functions

Represents the linguistic terms defined over the concrete
features, whose membership functions are reported in Listing 1
and Figure 2.
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The reference slice used throughout the applications comprises the 31 country—year
snapshots for 2021 for which all six SDG features are available. After including the neigh-
bouring entities required for reasoning, the slice contains 248 individuals and 12,048 RDF
triples, which are translated into a fuzzyDL Knowledge Base comprising approximately
1900 axioms. The countries included in the slice are Armenia, Austria, Belgium, Croa-
tia, Czechia, Denmark, Estonia, Finland, France, Germany, Greece, Ireland, Israel, Italy,
Latvia, Lithuania, Luxembourg, the Netherlands, Norway, Poland, Portugal, the Republic
of Moldova, Romania, Serbia, Slovakia, Slovenia, Spain, Sweden, Switzerland, the United
Kingdom, and the United States. Listing 5 illustrates the knowledge available to the
reasoner for one of these snapshots.

Listing 5. Assertions associated with Italy_2021 in the slice Knowledge Base (excerpt), including
feature values, crisp bridge-class memberships, and materialised membership degrees.

(instance Italy_2021 TerritorialSystem 1.0)

(related Italy_2021 Italy hasLocation 1.0)

(instance Italy_2021 (= povertyRate 0.9) 1.0)

(instance Italy_2021 (= unemploymentRate 11.9) 1.0)
(instance Italy_2021 (= economicGrowthRate 9.3) 1.0)
(instance Italy_2021 (= foodInsecurityRate 2.2) 1.0)
(instance Italy_2021 (= digitalAccessRate 74.9) 1.0)
(instance Italy_2021 (= cleanEnergyAccessRate 100.0) 1.0)
(instance Italy_2021 TerritoryWithLowPoverty 1.0)
(instance Italy_2021 TerritoryWithModerateUnemployment 1.0)
(instance Italy_2021 TerritoryWithHighEconomicGrowth 1.0)
(instance Italy_2021 SustainableEconomicPerformance 0.75)
(instance Italy_2021 GreenTransitionReadiness 0.55)
(instance Italy_2021 BroadSustainabilityOpportunity 0.75)

All queries considered in the following sections are expressed using the fuzzyDL query
language [59]. In particular, (min-instance? a C) returns the greatest lower bound n such
that the Knowledge Base entails C(a) > n, whereas (max-instance? a C) returns the least
upper bound m such that the Knowledge Base entails C(a) < m; (min-subs? C D) returns
the greatest degree n such that the Knowledge Base entails (D C C > n); (max-sat? C)
returns the supremum of C(x) over all models; and (min-related? a b R) returns the
lower bound of R(a,b). Reasoning is based on Lukasiewicz semantics, with

a®b=max(0,a+b—1), —a=1-—a, a=b=min(1,1—a+b), (11)

and
IR.C(x) = sup(R(x,y) @ C(y)). (12)
Y
Since each slice contains the complete TBox and RBox but only a subset of the ABox,
the relationship between the answers obtained from a slice and those obtained from the
complete ontology can be characterised formally.

Proposition 1. Let K = (T, R, A) be the consistent Knowledge Base of the complete ontology,
and let Ks = (T,R, As), with As C A, be the Knowledge Base of a slice, both extended with
the same analyst-defined axioms. Then, for every individual a and concept C, (min-instance? a
C) returns on KCg a degree no greater than that returned on K, whereas (max-instance? a C)
returns a degree no smaller than that returned on IC.

Proof. Since g C K, every model of K is also a model of Xg. Consequently, the infimum
and supremum of CZ (a”) are taken over a larger set of models for ks than for K. Enlarging
the set of models can only decrease the infimum and increase the supremum, which proves
the result. O
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Hence, the degrees returned by min-instance? on a slice are sound lower bounds
on the corresponding degrees for the complete ontology, while those returned by
max-instance? are sound upper bounds. These bounds coincide with those obtained
from the complete ontology whenever the degree of C at a depends only on assertions
contained in the slice. This condition holds for all concepts that do not traverse roles,
including the composite concepts considered in Applications 1, 4, and 5 and the fuzzy
concepts used in Application 3. Their degrees depend only on the feature values and
graded assertions associated with 4, all of which are preserved in the slice. Moreover, no
schema axiom propagates degrees to a territorial snapshot from other individuals. Indeed,
the schema contains neither universal restrictions nor nominals, no role assertion in the
ontology has a territorial snapshot as its object, and the only role asserted for a snapshot
in the translated Knowledge Base, hasLocation, does not occur in any schema concept
definition, apart from its domain and range axioms. Accordingly, slices containing a single
snapshot reproduce the corresponding membership degrees reported in these applications,
as confirmed by the 276 single-snapshot slices evaluated in Section 5.7.

For concepts that traverse roles, equality with the complete ontology is guaranteed
only when the slice contains all individuals relevant to the corresponding role chains. For
this reason, Application 3 explicitly selects the countries together with their snapshots,
ensuring that the associated economic-profile nodes are included in the slice. Similarly,
Application 2 restricts the neighbouring snapshots to the year of interest and includes
all of them in the slice (Section 5.2). Finally, since the ontology contains no nominals,
fuzzy-dl-owl2 evaluates the TBox queries min-subs? and max-sat? on a copy of the
Knowledge Base with the ABox removed. Consequently, their answers are independent of
the selected ontology slice.

4.4. Implementation Details

The reasoning pipeline is implemented in two small Python modules distributed
together with this work. In addition fuzzy-dl-owl2, its only external dependency is
rdflib. The code developed for this work is available in the GitHub repository indicated in
the Data Availability Statement. In order to reproduce the experiments, download release
v1.0.1, which includes the compressed SQLite index used in place of the complete OWL
ontology to reduce data-loading and slice-extraction times.

The first module builds a lightweight SQLite index of the ontology import closure,
which is created once and subsequently reused by all applications. The five ontology mod-
ules are parsed with rdf1ib, resulting in approximately 4.5 million RDF triples, a process
that requires about five minutes on the reference platform. The extracted information is
organised into the four tables shown in Listing 6: the ontology modules together with their
role (schema, ABox, or annotations), the IRIs of all named individuals, the RDF statements
having a named individual as subject, and the owl:Axiom reifications encoding the ma-
terialised membership degrees. Overall, the index contains 418,637 named individuals,
approximately 4.2 million RDF statements, and 57,656 graded assertions, occupying about
2.6 GB on disk. Since the index is built only once, its construction cost is amortised across
all subsequent executions.

Slice extraction is implemented by the function summarised in Listing 7. The com-
plete schema modules are always included in the slice so that every extracted ontology
contains the full TBox and RBox. Before translation, three sanitisation steps are applied to
ensure compatibility with the fuzzyDL translator: owl:imports declarations are removed,
rdf :PlainLiteral ranges are mapped to xsd:string, and class IRIs appearing inside
Fuzzy OWL 2 annotations are replaced by their local names. The ABox is then assembled
by performing a breadth-first traversal of the SQLite index starting from the selected in-
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dividuals. All assertions associated with the selected individuals are copied into the slice
together with the corresponding owl : Axiom annotations, while referenced individuals are
recursively included up to one hop, thereby incorporating the required countries, obser-
vations, and economic-profile individuals without importing the entire ontology. Finally,
entity names that are not valid fuzzyDL identifiers are renamed through a reversible map-
ping. For the reference slice (248 individuals and 12,048 RDF triples), the extraction step
requires less than one second (see Section 5.7).

Listing 6. Schema of the SQLite index of the ontology import closure.

CREATE TABLE modules(file TEXT PRIMARY KEY, role TEXT);
-- ’schema’ | ’aboz’ | ’annotations’
CREATE TABLE individuals(iri TEXT PRIMARY KEY);
-- named individuals of the closure
CREATE TABLE stmt(s TEXT, p TEXT, o TEXT,
-- statements whose subject is an
lit TEXT, dt TEXT, lang TEXT);
-- indtvidual (object IRI or literal)
CREATE TABLE axiom_ann(s TEXT, p TEXT, o TEXT,
-- owl:Aziom reifications: the

prop TEXT, value TEXT);

-- materialised membership degrees

CREATE INDEX stmt_s ON stmt(s);

CREATE INDEX stmt_p ON stmt(p);

CREATE INDEX axiom_ann_spo ON axiom_ann(s, p, 0);

Listing 7. Slice extraction (condensed): construction of an ontology slice by including the complete
TBox and RBox, sanitising the ontology, expanding the ABox by one hop with graded assertions, and
renaming entities to valid fuzzyDL identifiers.

def build_slice(individuals, out):
"miglice of the closure for the selected individuals, written to the OWL file ‘out‘."""
¢ = sdf_index.connect() # the S{Lite indez, built on first use
g = rdflib.Graph()
schema = [f for (f,) in c.execute("SELECT file FROM modules WHERE role = ’schema’")]
for f in schema: # full TBoxz/RBoxz of the schema modules
g.parse(ROOT / £, format="xml")
sanitise(g) # drop owl:imports; rdf:Plainliteral -> zsd:string;
# "Class(IRI)" in fuzzy labels -> local names
queue, seen = list(individuals), set()
while queue: # selected individuals + 1-hop mneighbourhood
iri = queue.pop()
if iri in seen:
continue
seen.add(iri)
for p, o, 1lit, dt, lang in c.execute(
"SELECT p,0,lit,dt,lang FROM stmt WHERE s=7", (iri,)
):
add_statement(g, iri, p, o, lit, dt, lang)
if o and iri in individuals and is_individual(c, o):
queue.append(o) # only the selected pull their neighbours
copy_degree_annotations(
g, ¢, iri, p, o
) # owl:Aziom with the materialised degree
rename_unsafe_local_names(g) # FuzzyDL identifiers only (fdl_safe)
g.serialize(destination=str(out), format="xml")

All five applications follow the same execution pattern. First, the required territorial
snapshots are selected through SQL queries on the SQLite index. Second, the analyst-
defined axioms are specified directly in fuzzyDL syntax. Third, the reasoning queries are
generated automatically, producing one min-instance?, min-subs?, or max-sat? query for
each combination of individual and concept. Finally, a common execution driver invokes
the slice extraction and reasoning pipeline, stores the result of every query as a JSON record
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together with the execution statistics discussed in Section 5.7, and generates the tables
presented throughout this paper directly from the recorded results.

The execution driver also supports two optional features. The patches option applies
documented textual substitutions to the translated fuzzyDL knowledge base, whereas
prune removes cluster-membership assertions from the extracted slice (Applications 2
and 3; see Section 5.7). Consequently, each application can be reproduced by executing a
single script, without requiring any manual intervention.

5. Applications

In this section, we evaluate the proposed framework through a set of complemen-
tary applications designed to examine its reasoning capabilities from different analytical
perspectives. The evaluation covers fuzzy territorial profiling, spatial reasoning across
neighbouring territories, comparisons among economic groupings, the dynamic definition
of analyst-defined concepts together with coherence checks of the ontology vocabulary,
and the analysis of socio-economic trajectories over time. Taken together, these applications
demonstrate how the same ontology and reasoning infrastructure can support heteroge-
neous forms of fuzzy, relational, and temporal analysis, while accommodating different
aggregation strategies and concepts introduced at query time. The section concludes with
a sensitivity analysis, an assessment of the computational cost of the pipeline, and a dis-
cussion of the main methodological and implementation limitations affecting its current
applicability and scalability.

5.1. Application 1: Fuzzy Territorial Profiling

The first application investigates the degree to which the UNECE territories were
affected by different forms of socio-economic stress in 2021, and analyses how the answer
changes under different aggregation policies.

For each of the 31 territorial snapshots, the reasoner evaluates the query
(min-instance? s C) for the four composite concepts BasicNeedsStress (BNS),
EconomicStress (ES), StructuralDevelopmentStress (SDS), and
BroadSocioEconomicStress (BSES). The first three concepts are defined through com-
pensatory weighted sums, whereas the fourth is defined by the OWA operator described
in Listing 2. Overall, the application requires the evaluation of 124 queries on a single
Knowledge Base.

The results are reported in Table 3, which lists the territorial snapshots having a
positive membership degree in at least one of the four concepts. The remaining 26 territories
receive degree 0 in all cases. Inspection of the underlying indicators (see Table 4) shows
that, in 2021, none of the considered territories exhibited high poverty (defined as at least
20% of the population living below the international poverty line), high food insecurity, or
negative economic growth. Consequently, unemployment is the only indicator contributing
to the computed stress degrees. Greece (19.6%) and Serbia (29.8%) belong completely to the
concept HighUnemployment, since the right-shoulder membership function reaches degree
1 at 18%. Spain (17.8%), Croatia (16.0%), and France (12.1%) belong to the same concept
with degrees 0.97, 0.67, and 0.02, respectively.

For the three weighted-sum concepts, the resulting membership degree is simply
the product of the unemployment membership degree and the corresponding criterion
weight, namely 0.25 for BNS, 0.35 for ES, and 0.20 for SDS. This behaviour reflects the
compensatory semantics of the w-sum operator: since only one of the three dimensions
is active, it contributes only its assigned weight to the final degree. The OWA-based
concept behaves differently. Using the weight vector (0.5,0.25,0.125,0.125) applied to
the membership degrees sorted in decreasing order, a single fully satisfied dimension
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already yields a degree of 0.5. Consequently, BSES captures the interpretation that at least
one significant form of socio-economic stress is present, assigning Greece and Serbia a
degree of 0.5, compared with 0.35 under ES. The two aggregation policies therefore answer
different questions: weighted sums quantify the overall amount of socio-economic stress,
whereas the OWA operator highlights the presence of at least one prominent stress factor.
The appropriate interpretation depends on the policy objective and is determined by the
concept selected by the analyst.

Table 3. Lower bounds returned by the (min-instance?) queries for the membership degrees of the
2021 territorial snapshots in the four socio-economic stress concepts. Snapshots with degree 0 in all
four concepts are omitted.

Snapshot BNS ES SDS BSES (OWA)
Greece 2021 0.250 0.350 0.200 0.500
Serbia 2021 0.250 0.350 0.200 0.500
Spain 2021 0.242 0.338 0.193 0.483
Croatia 2021 0.167 0.233 0.133 0.333
France 2021 0.004 0.006 0.003 0.008

Table 4. Feature values (%) of the five 2021 territorial snapshots with a positive membership degree
in HighUnemployment, together with their corresponding membership degrees. Pov. = poverty;
Unemp. = unemployment rate of persons without disability (SDG 8.5.2); Growth = economic growth;
Food = food insecurity; Digital = digital access; Energy = clean-energy access; yijyy = membership
degree in HighUnemployment.

Snapshot Pov. Unemp. Growth  Food Digital Energy UHU
Greece 2021 0.7 19.6 9.9 6.3 78.5 100.0 1.00
Serbia 2021 1.7 29.8 9.1 14.8 81.2 81.1 1.00
Spain 2021 0.7 17.8 6.6 8.0 93.9 100.0 0.97
Croatia 2021 0.3 16.0 13.5 9.7 81.3 100.0 0.67
France 2021 0.1 12.1 6.6 6.6 86.1 100.0 0.02

5.2. Application 2: Stress Across Land Borders

The second application investigates the extent to which a territory is surrounded by
economically stressed neighbouring territories and identifies the most asymmetric land
borders in the 2021 UNECE dataset.

The slice contains the 31complete territorial snapshots for 2021, together with
20 incomplete 2021 snapshots corresponding to countries that border them. It also in-
cludes the associated 51 countries, the relevant geopolitical entities, and 96 Distance
individuals representing the bordering country pairs within this set. Two concepts are
defined at query time (see Listing 8). The first, StressedNeighbourhood, relates a territorial
snapshot to the EconomicStress of its neighbouring territories through the chain

hasLocation o borders o isLocationOf,

where isLocation0f is the inverse of hasLocation. Since each country is also the location
of snapshots from other years and of its observations, the innermost filler is restricted to
Year2021 M EconomicStress.
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Listing 8. Analyst-defined axioms and queries (excerpt). The script generates one borders as-
sertion for each bordering pair identified by the data property sharesBorder. The crisp analyst-
defined concept Year2021 is defined by the datatype restriction (= referenceYear 2021), while
LandReachableStress is defined using the transitive role hasDistance provided by the schema.

(symmetric borders)
(related Italy France borders 1.0)
(define-concept Year2021 (= referenceYear 2021))
(define-concept StressedNeighbourhood
(some hasLocation (some borders (some isLocationOf (and Year2021 EconomicStress)))))
(define-concept LandReachableStress
(some hasLocation (some hasDistance (some isLocationOf (and Year2021 EconomicStress)))))
(define-concept ShortDistanceCheck (some hasDistanceValue ShortDistance))
(min-instance? Italy_2021 EconomicStress)
(min-instance? Italy_2021 StressedNeighbourhood)
(min-instance? Armenia_2021 LandReachableStress)
(min-related? Italy France hasDistance)
(min-instance? Distance_France_Italy BorderingDistance)
(min-instance? Distance_France_Italy ShortDistanceCheck)
(min-instance? Distance_France_Italy MidDistanceCheck)
(min-instance? Distance_France_Italy LongDistanceCheck)

The crisp analyst-defined concept Year2021 is defined by the datatype restriction
(= referenceYear 2021). Since the data property referenceYear is declared in the
schema, this restriction is translated directly and no explicit Year2021 assertions are re-
quired. Since the roles and Year2021 are crisp, the existential restriction reduces to the
maximum EconomicStress degree among the neighbouring 2021 snapshots.

Since the roles are crisp, the existential restriction

IR.C(x) = sip(R(xry) ®C(y)) (13)

reduces to the maximum membership degree of EconomicStress among the 2021 snapshots
of the neighbouring countries, regardless of the semantics adopted. The second concept,
LandReachableStress, replaces borders with the transitive role hasDistance. Conse-
quently, it measures the maximum stress degree among all territories reachable through
land borders rather than only direct neighbours. Finally, three crisp queries verify the
geopolitical layer by checking whether Italy and France share a border and by classifying
the corresponding Distance individual according to the fuzzy datatype definitions.

The results are summarised in Table 5. Under the direct-border interpretation,
two stress corridors clearly emerge. In the Balkans, Serbia (ES = 0.35) is the most stressed
neighbour of Croatia and Romania, which therefore inherit neighbourhood degrees of 0.35
for StressedNeighbourhood and 0.25 for BasicNeedsNeighbourhood. Croatia (ES = 0.23)
is in turn the most stressed neighbour of both Slovenia and Serbia. In the Iberian Peninsula,
Spain (ES = 0.34) is the most stressed neighbour of Portugal and France, whereas Spain
itself receives a neighbourhood degree of only 0.006, inherited from France. Among the
borders connecting snapshots with determined membership degrees, the largest asymme-
tries occur between Serbia and Romania (0.35 versus 0) and between Spain and Portugal
(0.34 versus 0), followed closely by Spain and France (0.34 versus 0.006). Countries whose
most stressed neighbour is France (Belgium, Germany, Italy, Luxembourg, and Spain)
all inherit the same degree of 0.006. Greece, whose four neighbours (Albania, Bulgaria,
North Macedonia, and Tiirkiye) have only incomplete 2021 snapshots, inherits a degree of
0.047 for StressedNeighbourhood and 0.033 for BasicNeedsNeighbourhood from Bulgaria,
whose stress degrees are determined despite one missing feature; the undetermined stress
degrees of the other three neighbours do not increase the corresponding lower bounds.
Similarly, Switzerland and Austria inherit a degree of 0.004 from Liechtenstein, while
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Armenia inherits 0.040 for BasicNeedsNeighbourhood from Georgia. These lower bounds
coincide with those obtained using all 2021 snapshots in the complete ontology.

The transitive interpretation yields a substantially different result. Since hasDistance
is declared transitive, both Italy and Armenia obtain LandReachableStress= 0.35, as
each is connected by land to Serbia and Greece through the transitive closure of the
border relation.

Unlike the neighbourhood degrees, this value is, in general, only a lower bound
(Proposition 1), since the slice does not contain the entire connected component of
hasDistance. In this case, however, it already equals the largest lower bound of
EconomicStress among all 2021 snapshots.

Finally, the crisp queries, summarised in Table 6, verify the expected semantics of
the geopolitical layer. In particular, Italy and France are related through hasDistance
with degree 1, and Distance_France_Italy is classified as both BorderingDistance and
ShortDistance, but not as LongDistance.

Table 5. Lower bounds of the membership degrees of the 31 complete 2021 snapshots in
EconomicStress, StressedNeighbourhood, and BasicNeedsNeighbourhood, together with the neigh-
bouring territory attaining the corresponding supremum. The neighbourhood also includes
the incomplete 2021 snapshots of bordering countries. For Armenia, the neighbour attaining
BasicNeedsNeighbourhood is reported. Snapshots with degree 0 in all three concepts are omitted.

Snapshot ES (Own) ES (Neighbourhood) BNS (Neighbourhood)  Most Stressed Neighbour
Romania 2021 0.000 0.350 0.250 Serbia

Croatia 2021 0.233 0.350 0.250 Serbia
Portugal 2021 0.000 0.338 0.242 Spain

France 2021 0.006 0.338 0.242 Spain
Slovenia 2021 0.000 0.233 0.167 Croatia

Serbia 2021 0.350 0.233 0.167 Croatia
Greece 2021 0.350 0.047 0.033 Bulgaria
Switzerland 2021 0.000 0.008 0.004 Liechtenstein
Austria 2021 0.000 0.008 0.000 Liechtenstein
Spain 2021 0.338 0.006 0.004 France
Belgium 2021 0.000 0.006 0.004 France
Germany 2021 0.000 0.006 0.004 France

Italy 2021 0.000 0.006 0.004 France
Luxembourg 2021 0.000 0.006 0.004 France
Armenia 2021 0.000 0.000 0.040 Georgia (BNS)

Table 6. Verification queries for the geopolitical layer and the transitive closure of the border relation,
together with the corresponding lower bounds returned by the reasoner.

Query Result
(min-related? Italy France hasDistance) 1.00
(min-instance? Distance_France_Italy BorderingDistance) 1.00
(min-instance? Distance_France_Italy ShortDistance) 1.00
(min-instance? Distance_France_Italy LongDistance) 0.00
(min-instance? Italy_2021 LandReachableStress) 0.35
(min-instance? Armenia_2021 LandReachableStress) 0.35

5.3. Application 3: Economic Groupings

The third application investigates whether euro-area territories differ from the other
high-income and middle-income UNECE territories in terms of green-transition readiness
and sustainable economic performance.

The geopolitical layer of the ontology associates each country with one or more eco-
nomic profiles through the role hasEconomy, whose fillers are instances of the class Economy
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(e.g., EURO_AREA, HIGH_INCOME, and UPPER_MIDDLE_INCOME), derived from the World Bank
and Organisation for Economic Co-operation and Development (OECD) classifications.
Since fuzzyDL does not support nominals, the analyst introduces three crisp concepts
representing the economic groups by asserting them on the corresponding economy nodes
and combines them with the fuzzy concepts already defined in the ontology (see Listing 9).
For example,

EuroAreaGreenReadiness = EuroAreaTerritoryl1GreenTransitionReadiness.

Since EuroAreaTerritory is crisp, this concept inherits exactly the membership degree
of GreenTransitionReadiness for euro-area territories, while evaluating to 0 for all other
territories, regardless of the semantics adopted. Overall, eight concepts are queried over the
31 territorial snapshots, and the resulting membership degrees are subsequently aggregated
by economic group.

Listing 9. Analyst-defined group concepts on the economy nodes and their composition with the
fuzzy concepts of the ontology.

(instance CL10344_EURO_AREA EuroArea 1.0)
(instance CL10351_1_HIGH_INCOME HighIncome 1.0)
(instance CL10352_2_UPPER_MIDDLE_INCOME MiddleIncome 1.0)
(instance CL10353_3_LOWER_MIDDLE_INCOME MiddleIncome 1.0)
(define-concept EuroAreaTerritory (some hasLocation (some hasEconomy EuroArea)))
(define-concept HighIncomeTerritory (some hasLocation (some hasEconomy HighIncome)))
(define-concept MiddleIncomeTerritory (some hasLocation (some hasEconomy MiddleIncome)))
(define-concept EuroAreaGreenReadiness (and EuroAreaTerritory GreenTransitionReadiness))
(define-concept MiddleIncomeStructuralStress

(and MiddleIncomeTerritory StructuralDevelopmentStress))

The results show that the crisp component of the query is evaluated exactly as ex-
pected. Seventeen snapshots belong to the euro area, nine correspond to high-income
territories outside the euro area (Croatia, Czechia, Denmark, Israel, Norway, Poland,
Sweden, Switzerland, and the United States), and four belong to the middle-income group
(Armenia, the Republic of Moldova, Romania, and Serbia). All remaining snapshots receive
degree 0 in the corresponding grouping concepts because countries are connected only to
their own economic-profile nodes.

The fuzzy component, summarised in Table 7, provides a more interesting inter-
pretation. The concept GreenTransitionReadiness is defined as a weighted sum of
four dimensions, although only two are currently supported by the available data sources,
namely clean-energy access (weight 0.35) and digital access (weight 0.20). Both indicators
are almost fully satisfied throughout the UNECE region in 2021. Consequently, the concept
attains the same degree (0.55) for all euro-area and other high-income territories, whereas
only the middle-income group has a lower mean degree (0.47). This difference is entirely
attributable to Serbia, whose clean-fuel access (81.1%) lies within the transition region
of HighCleanEnergyAccess, yielding a membership degree of 0.07 and, consequently, a
readiness degree of 0.23. Armenia, the Republic of Moldova, and Romania instead attain a
readiness degree of 0.55, equal to that of the high-income territories.

A similar behaviour is observed for SustainableEconomicPerformance, whose
weighted-sum definition reaches the maximum attainable value of 0.75 for most high-
income territories. Lower values are observed for nine territories. Finland (0.500), Norway
(0.590), Germany (0.610), Czechia (0.670), Austria (0.690), Sweden (0.710), and Switzerland
(0.730) have growth rates (2.5%, 3.4%, 3.6%, 4.2%, 4.4%, 4.6%, and 4.8%, respectively) that
do not fully satisfy PositiveEconomicGrowth, whose transition region ends at 5%. Serbia
attains 0.565 because its clean-fuel access only marginally satisfies HighCleanEnergyAccess,
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while Armenia attains 0.747 because its poverty rate (2.1%) lies just above the lower break-
point of LowPoverty. The lower mean degree of the middle-income group (0.70) is therefore
driven primarily by Serbia. The composed concepts reported in Table 8 behave exactly
as predicted by the Lukasiewicz conjunction. In particular, EuroAreaGreenReadiness
coincides with the corresponding readiness degree for the 17 euro-area territories and
evaluates to 0 elsewhere, whereas MiddleIncomeStructuralStress is positive only for
Serbia, reflecting the unemployment component of StructuralDevelopmentStress.

Table 7. Lower bounds of the membership degrees of the 2021 territorial snap-
shots in GreenTransitionReadiness (GTR), SustainableEconomicPerformance (SEP), and
StructuralDevelopmentStress (SDS), aggregated by economic grouping. For each group, the mean
and maximum lower bounds are reported.

Group (2021 Snapshots) n GTR SEP SDS

Mean Max Mean Max Mean
Euro area 17 0.550 0.550 0.724 0.750 0.023
High income, outside the euro area 10 0.550 0.550 0.720 0.750 0.013
Middle income 4 0.469 0.550 0.703 0.750 0.050

Table 8. Membership degrees in the composed concepts EuroAreaGreenReadiness and
MiddleIncomeStructuralStress, together with SustainableEconomicPerformance (SEP), for the
2021 territorial snapshots. Only snapshots with a positive degree in at least one of the two composed
concepts are reported.

MiddleIncomeStructural-

Snapshot EuroAreaGreenReadiness S SEP
tress
Austria 2021 0.550 0.000 0.690
Belgium 2021 0.550 0.000 0.750
Estonia 2021 0.550 0.000 0.750
Finland 2021 0.550 0.000 0.500
France 2021 0.550 0.000 0.750
Germany 2021 0.550 0.000 0.610
Greece 2021 0.550 0.000 0.750
Ireland 2021 0.550 0.000 0.750
Italy 2021 0.550 0.000 0.750
Latvia 2021 0.550 0.000 0.750
Lithuania 2021 0.550 0.000 0.750
Luxembourg 2021 0.550 0.000 0.750
Netherlands 2021 0.550 0.000 0.750
Portugal 2021 0.550 0.000 0.750
Slovakia 2021 0.550 0.000 0.750
Slovenia 2021 0.550 0.000 0.750
Spain 2021 0.550 0.000 0.750
Serbia 2021 0.000 0.200 0.565

Overall, the application shows that, according to the current ontology and the 31 com-
plete territorial snapshots for 2021, euro-area and other high-income territories are in-
distinguishable with respect to the readiness concepts, whereas the four middle-income
snapshots differ primarily in exhibiting higher levels of socio-economic stress. Since these
four snapshots represent only 4 of the 19 middle-income countries in the region, however,
this difference cannot be generalised to the group as a whole (Section 5.7).

At the same time, the results reveal a limitation of the current ontology: because
the institutional-capacity and resilience dimensions are not yet represented, the readiness
concepts provide only limited discrimination among advanced economies. The complete
set of 248 reasoning queries is evaluated in a single execution (see Section 5.7).
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5.4. Application 4: Analyst-Defined Concepts, Hedges and Semantic Checks

The fourth application illustrates how an analyst can extend the ontology with new
concepts at query time and use the reasoner not only to classify territorial snapshots, but
also to verify the semantic properties of the ontology itself.

Four concepts are introduced dynamically (see Listing 10). The first, JoblessGrowth,
combines positive economic growth with high unemployment through a Lukasiewicz
conjunction of two datatype restrictions. The second, VeryHighUnemployment, applies the
linguistic hedge very to the fuzzy datatype HighUnemployment. The third, SocialAlarm,
aggregates the three stress concepts by means of an OWA operator assigning weights
(0.5,0.3,0.2) to the ordered membership degrees. Finally, InclusiveRebound defines a new
compensatory weighted sum over bridge classes. Besides the instance queries, a number of
TBox queries investigate the semantic relations among the concepts already defined in the
ontology, including graded subsumption and satisfiability. All instance and TBox queries
are evaluated in a single reasoning session.

The instance-query results are reported in Table 9, whereas the TBox queries are sum-
marised in Table 10. The concept JoblessGrowth identifies territories combining strong
post-pandemic economic growth with high unemployment. Greece (growth 9.9%, un-
employment 19.6%) and Serbia (growth 9.1%, unemployment 29.8%) satisfy the concept
completely, while Spain and Croatia belong to it with degrees 0.97 and 0.67, respectively.
Under the Lukasiewicz conjunction, the resulting degree coincides with the membership de-
gree in HighUnemployment, because PositiveEconomicGrowth is fully satisfied for growth
rates above 5%.

The linguistic hedge very, implemented as a linear modifier with parameter 2 (i.e.,
Im(2); see Section 3), sharpens the corresponding fuzzy concept by reducing intermediate
membership degrees while preserving the extreme values. Consequently, Spain decreases
from 0.97 to 0.93, Croatia from 0.67 to 0.33, and France from 0.02 to 0.01, whereas Greece and
Serbia remain at degree 1. The concept SocialAlarm aggregates the three stress indicators
through the specified OWA operator. For example, Greece has the ordered stress vector
(0.35,0.25,0.20), yielding the aggregated degree

0.5-035+0.3-0.25+0.2-0.20 = 0.29.

Finally, InclusiveRebound evaluates to high degrees for most territories in 2021,
reflecting the widespread post-pandemic economic recovery combined with generally low
poverty levels. The Republic of Moldova and Romania attain degree 1, whereas most
euro-area territories reach 0.75 because their unemployment levels are not classified as low.
Greece, Serbia, and Spain also receive degree 0.75, illustrating that a compensatory weighted
sum may mask high unemployment when the remaining dimensions are fully satisfied.

The TBox queries assess the internal coherence of the ontology vocabulary inde-
pendently of the ABox data. The crisp concept SevereBasicNeedsDeprivation implies
BasicNeedsStress to degree 0.75, corresponding to the sum of the poverty and food-
insecurity weights in the weighted sum, while the complementary satisfiability query
confirms that a territory can satisfy SevereBasicNeedsDeprivation without fully satis-
fying BasicNeedsStress, with degree 0.25. Likewise, StructuralLockInRisk implies
EconomicStress to degree 1, since the minimum of its four defining conjuncts never
exceeds the weighted sum of the three they share, whose weights total one, whereas
SevereBasicNeedsDeprivation implies StructuralDevelopmentStress only to degree
0.45. The satisfiability queries also show that opposite linguistic terms associated with the
same feature cannot hold simultaneously under the Lukasiewicz conjunction. In partic-
ular, LowPoverty and HighPoverty are completely disjoint, while ModeratePoverty and
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HighPoverty overlap only where their membership degrees sum to one, and, thus, the
conjunction degree is in both cases 0. Finally, the concept JoblessGrowth is satisfiable
to degree 1, confirming that the ontology consistently admits territories simultaneously
characterised by positive economic growth and high unemployment, a situation that is
indeed observed in the underlying data.

Listing 10. Analyst-defined concepts, axioms, and TBox queries (excerpt).

(define-modifier very linear-modifier(2.0))
(define-concept JoblessGrowth

(and (some economicGrowthRate PositiveEconomicGrowth) (some unemploymentRate
HighUnemployment)))
(define-concept VeryHighUnemployment (some unemploymentRate (very HighUnemployment)))
(define-concept SocialAlarm

(owa (0.5 0.3 0.2) (BasicNeedsStress EconomicStress StructuralDevelopmentStress)))
(define-concept InclusiveRebound

(w-sum (0.5 TerritoryWithHighEconomicGrowth) (0.25 TerritoryWithLowUnemployment)

(0.25 TerritoryWithLowPoverty)))

(min-subs? BasicNeedsStress SevereBasicNeedsDeprivation)
(min-subs? EconomicStress StructuralLockInRisk)
(max-sat? (and (some povertyRate LowPoverty) (some povertyRate HighPoverty)))
(max-sat? (and (some povertyRate ModeratePoverty) (some povertyRate HighPoverty)))
(max-sat? (and SevereBasicNeedsDeprivation (not BasicNeedsStress)))

Table 9. Membership degrees of the 2021 territorial snapshots in the analyst-defined concepts.
Only snapshots with a positive degree in at least one stress-related concept or a high degree of
InclusiveRebound are reported.

Snapshot JoblessGrowth VeryHigh- SocialAlarm InclusiveRebound
Unemployment

Greece 2021 1.000 1.000 0.290 0.750
Serbia 2021 1.000 1.000 0.290 0.750
Spain 2021 0.967 0.933 0.280 0.750
Croatia 2021 0.667 0.333 0.193 0.750
France 2021 0.017 0.008 0.005 0.750
Israel 2021 0.000 0.000 0.000 0.915
Luxembourg 2021 0.000 0.000 0.000 0.955
Netherlands 2021 0.000 0.000 0.000 0.930
Republic of Moldova 2021 0.000 0.000 0.000 1.000
Romania 2021 0.000 0.000 0.000 1.000
United Kingdom 2021 0.000 0.000 0.000 0.935

Table 10. TBox queries and the corresponding graded subsumption and satisfiability results.
Query Answer
(min-subs? BasicNeedsStress SevereBasicNeedsDeprivation) 0.75
(min-subs? EconomicStress StructuralLockInRisk) 1.0
(min-subs? StructuralDevelopmentStress SevereBasicNeedsDeprivation) 0.45
(max-sat? (and (some povertyRate LowPoverty) (some povertyRate HighPoverty))) 0.0
(max-sat? (and (some povertyRate ModeratePoverty) (some povertyRate HighPoverty))) 0.0
(max-sat? (and (some unemploymentRate ModerateUnemployment) (some unemploymentRate 0.0
HighUnemployment))) '
(max-sat? (and SevereBasicNeedsDeprivation (not BasicNeedsStress))) 0.25
(max-sat? (and StructuralLockInRisk (not EconomicStress))) 0.0
(max-sat? JoblessGrowth) 1.0

5.5. Application 5: Temporal Trajectories

The fifth application analyses the temporal evolution of socio-economic conditions in
southern Europe, investigating whether economic stress has decreased since 2015 and which
territories have shown the greatest improvements in sustainable economic performance.
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The ontology slice contains every complete territorial snapshot of Greece, Spain,
Italy, Croatia, and Portugal between 2015 and 2023, whenever all six SDG features are
available. Four concepts are evaluated for each country—year snapshot: the ontology con-
cepts EconomicStress and SustainableEconomicPerformance, together with the analyst-
defined concepts JoblessGrowth (introduced in Section 5.4) and

Recovery = SustainableEconomicPerformance 'l mEconomicStress,

which identifies territories simultaneously exhibiting high sustainable economic perfor-
mance and low economic stress (Listing 11). The resulting membership degrees are inter-
preted as temporal trajectories and are reported in Tables 11 and 12.

The trajectories reveal two dominant patterns. The first corresponds to the economic
impact of the COVID-19 pandemic. In 2020, the degree of EconomicStress increases
sharply, reaching 0.75 for Spain, Greece, and Croatia, and 0.48 for Portugal. This increase
is driven primarily by the activation of the TerritoryInEconomicDecline component
(weight 0.40), whose left-shoulder membership function, with its transition ending at —5%,
maps the economic growth rates of Spain (—11.4%), Greece (—9.0%), Croatia (—7.6%), and
Portugal (—8.4%) to the maximum membership degree of 1.00. These values combine with
the unemployment component, which is fully active in Spain, Greece, and Croatia, and
partially active in Portugal. At the same time, SustainableEconomicPerformance drops
uniformly to 0.45, corresponding to the contribution of the two dimensions unaffected by
economic growth, namely low poverty (weight 0.25) and clean-energy access (weight 0.20).

The second pattern is the gradual reduction in unemployment-driven stress following
the pandemic. Greece remains at the maximum contribution of the unemployment compo-
nent (0.35) from 2015 to 2021, decreasing only in 2022 (0.24) and 2023 (0.16). Spain follows a
similar trajectory, with degrees of 0.34 in 2021 and 0.21 in 2022, before rising again to 0.24 in
2023 as its unemployment rate increases from 15.6% to 16.2%. By contrast, Portugal leaves
the stressed region much earlier, with its degree decreasing to 0.10, 0.02, and 0.00 between
2017 and 2019.

The analyst-defined concepts provide additional insight into these temporal patterns.
JoblessGrowth identifies periods in which strong economic growth coexists with high
unemployment. This situation occurs for Spain in 2015 and for Croatia between 2016 and
2018, but disappears during the pandemic because the positive-growth condition is no
longer satisfied. The concept Recovery is more restrictive, requiring both high sustainable
economic performance and the absence of economic stress. Consequently, it reaches its
maximum degree of 0.75 only for Italy and Portugal in 2021-2022 and approximately 0.70
for Croatia in 2022-2023, precisely when sustainable economic performance attains its
maximum value while economic stress has vanished under the Lukasiewicz conjunction.
Since all yearly evaluations are computed using the same ontology, the same rule base,
and the same reasoning procedure, the resulting trajectories provide a homogeneous
comparison across time.

Listing 11. Analyst-defined axioms.

(define-concept JoblessGrowth

(and (some economicGrowthRate PositiveEconomicGrowth) (some unemploymentRate
HighUnemployment)))
(define-concept Recovery (and SustainableEconomicPerformance (not EconomicStress)))
(min-instance? Greece_2015 EconomicStress)
(min-instance? Greece_2015 Recovery)
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Table 11. Lower bounds of the membership degrees of the five countries in EconomicStress
(ES) and SustainableEconomicPerformance (SEP) by year. A dash (-) denotes an incomplete
territorial snapshot.

Year Greece Spain Italy Croatia Portugal
ES SEP ES SEP ES SEP ES SEP ES SEP
2015  0.35 0.45 0.35 0.66 - - 0.35 0.57 0.35 0.45
2016  0.35 0.45 0.35 0.53 - - 0.35 0.71 0.25 0.47
2017 0.35 0.45 0.35 0.51 - - 0.35 0.72 0.10 0.60
2018  0.35 0.48 0.35 0.45 - - 0.35 0.68 0.02 0.55
2019  0.35 0.49 0.35 0.45 - - 0.23 0.66 0.00 0.51
2020 0.75 0.45 0.75 0.45 - - 0.75 0.45 0.48 0.45
2021  0.35 0.75 0.34 0.75 0.00 0.75 0.23 0.75 0.00 0.75
2022 0.24 0.75 0.21 0.75 0.00 0.75 0.05 0.75 0.00 0.75
2023  0.16 0.65 0.24 0.50 0.00 0.45 0.00 0.61 0.00 0.55

Table 12. Lower bounds of the membership degrees in the analyst-defined concepts JoblessGrowth
(JG) and Recovery (Rec.) by year.

Year Greece Spain Italy Croatia Portugal
JG Rec. JG Rec. JG Rec. JG Rec. JG Rec.
2015  0.00 0.10 0.70 0.31 - - 0.40 0.22 0.00 0.10
2016  0.00 0.10 0.27 0.18 - - 0.87 0.36 0.00 0.22
2017 0.00 0.10 0.20 0.16 - - 0.90 0.37 0.00 0.49
2018  0.10 0.13 0.00 0.10 - - 0.77 0.33 0.00 0.53
2019 0.3 0.14 0.00 0.10 - - 0.35 0.43 0.00 0.51
2020  0.00 0.00 0.00 0.00 - - 0.00 0.00 0.00 0.00
2021  1.00 0.40 0.97 0.41 0.00 0.75 0.67 0.52 0.00 0.75
2022 0.70 0.51 0.60 0.54 0.00 0.75 0.13 0.70 0.00 0.75
2023  0.12 0.49 0.00 0.26 0.00 0.45 0.00 0.61 0.00 0.55

5.6. Sensitivity Analysis

We assessed how the conclusions of Sections 5.1 and 5.3-5.5 depend on the aggregation
weights of the eight weighted-sum and OWA operators involved, ranging from moderate
perturbations of the ontology weights to arbitrary weight vectors, following the uncertainty-
analysis approach used for composite indicators [60]. For each weight vector, we generated
500 vectors u uniformly over the simplex of non-negative weights summing to 1 and
replaced the ontology weights wo with

(1—-A)wp+ Au,

so that A controls the share of the total weight redistributed at random, with A = 1 yielding
an arbitrary weight vector. In each scenario, the perturbed weights replace those in the
corresponding concept definitions, the membership degrees materialised in the ontology for
those concepts are removed, and the reasoner recomputes the degrees on single-snapshot
slices (Section 4.3). With the original ontology weights, this procedure reproduces all the
degrees reported in the applications.

In Table 13, we report the proportion of scenarios in which each weight-dependent
qualitative conclusion remains valid. Three conclusions hold for any strictly positive
weights, up to the four-decimal precision of the degrees returned by the reasoner. The
remaining three fail when either an individual weight or a ratio between two weights
crosses the threshold reported in the final column, which also gives the corresponding
value under the ontology weights. By contrast, replacing the weighted sums with their
non-compensatory variants based on tukasiewicz or Godel conjunction causes the stress
concepts to evaluate to 0 for all snapshots. The scripts, random seeds, and complete results
are available in the public repository.
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In Table 14, we compare the degrees obtained under the random weight scenarios
with the baseline values. No pair of snapshots is ever reversed for the 2021 stress concepts,
GTR, or SEP in Application 5. By contrast, up to 13% of snapshot pairs are reversed for
InclusiveRebound and Recovery, while the maximum reversal rate is 4% for SEP in 2021
and for ES in Application 5.

Table 13. Share (%) of the 500 random scenarios in which each qualitative conclusion of the appli-
cations holds, for each proportion A of the total weight redistributed at random (A = 1: arbitrary
weights). Fails when: condition on the weights under which the conclusion fails, with the correspond-
ing value under the ontology weights reported in brackets. wyy and wgp denote the weights of
HighUnemployment and EconomicDecline in EconomicStress; wycpa and wpg denote the weights
of HighCleanEnergyAccess and PositiveEconomicGrowth in SustainableEconomicPerformance.
The symbol < denotes an approximate condition that is violated in fewer than 1% of the scenarios,
while >99 denotes a share of at least 99.5% but below 100%. Conclusions that do not depend on
aggregation weights, namely those involving JoblessGrowth and the unemployment-ceiling results,
are unaffected.

Weights
App. Conclusion Stated in the Paper A = 0.25/0.5/1 Fails When
Greece and Serbia have the highest ES, strictly above only if wyy < 0.003, degrees tied at
1 . 100/100/>99 .
every other territory 4 decimals (0.35)
BSES > ES for every territory 87/57/36 first OWA weight of BSES < wyyy (0.5, 0.35)
3 QTR: euro area = other high income; middle 100/100/100  never
income lowest
SEP: middle income lowest 97/87/74 wWHCEA/ Wpg S 0.43 (0.67)
5 ES peaks in 2020 in all four countries 86/66/51 wgp/wHy < 0.78, Portugal (1.14)
Recovery maximal only for Italy and Portugal,
2021-2022 100/100/100  never
Table 14. Comparison between the degrees obtained under the random weight scenarios and the
baseline, for each value of A. Band: widest 5th-to-95th percentile interval of the membership degree of
any snapshot (lower is better). Rev.: largest proportion of snapshot pairs whose ordering is reversed
relative to the baseline (lower is better). Pairs that become tied are not counted as reversals, since the
reasoner returns degrees rounded to four decimal places.
A =0.25 A =105 A=1
Concept Snapshots Band Rev. (%) Band Rev. (%) Band Rev. (%)
BNS 2021 (31) 0.191 0.0 0.382 0.0 0.765 0.0
ES 2021 (31) 0.189 0.0 0.378 0.0 0.756 0.0
SDS 2021 (31) 0.134 0.0 0.267 0.0 0.535 0.0
BSES (OWA) 2021 (31) 0.159 0.0 0.317 0.0 0.634 0.0
SocialAlarm (OWA) 2021 (31) 0.115 0.0 0.231 0.0 0516 0.0
GTR 2021 (31) 0.178 0.0 0.357 0.0 0.714 0.0
SEP 2021 (31) 0.169 0.9 0.337 1.7 0.675 3.8
InclusiveRebound 2021 (31) 0.185 9.5 0.369 10.6 0.738 12.6
ES App. 5(39) 0.189 29 0.378 39 0.756 4.2
SEP App. 5(39) 0.176 0.0 0.352 0.0 0.703 0.0
Recovery App. 5(39) 0.254 52 0.486 9.1 0.858 12.5

5.7. Cost and Limitations

Table 15 reports the execution time of each step of the pipeline for the five applications
on a laptop (Apple Silicon, Python 3.11, fuzzy-dl-owl2 1.0.30, and Gurobi 13.0.2). Slice
extraction from the SQLite index requires only a few seconds. The OWL 2-to-fuzzyDL
translation is the dominant step. For slices containing between 1 and 31 snapshots from
2021, its cost grows approximately quadratically with slice size because the translator
retrieves the annotations of each graded axiom through a separate query over the entire
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slice graph. Parsing the resulting fuzzyDL Knowledge Base and constructing the initial
MILP require negligible time. By contrast, each reasoning query corresponds to solving a
single MILP instance over the complete ABox of the slice, with an observed cost that grows
approximately linearly with slice size, from about 0.1 s for a single-snapshot slice to a few
seconds for the 31-snapshot reference slice. Overall, the proposed pipeline is suitable for
interactive reasoning over ontology slices containing a few hundred individuals. Concepts
that do not traverse roles can instead be evaluated on single-snapshot slices, which yield
the same membership degrees (Section 4.3) and can be processed in parallel. In a re-
measurement on the same laptop, a single-snapshot slice required approximately 11 s for
translation and 0.15 s per reasoning query. Using four worker processes, the 276 complete
snapshots from 2015-2023, with six concepts evaluated for each snapshot, were processed
in approximately 30 minutes. By contrast, the complete fuzzyDL translation of the ontology,
comprising 2.96 million axioms, is distributed as an export but is not used for reasoning
in this work. All reported results are computed on ontology slices, so the computational
cost of the pipeline is governed by the size of the selected slice rather than by that of the
complete ontology.

Several limitations should nevertheless be noted. First, the degrees reported in the
applications are the lower bounds returned by min-instance?. A missing value is not
interpreted as zero: it contributes nothing to the lower bound of a weighted sum and
forces the lower bound of a w-sum-zero concept to 0. For this reason, the reference analysis
is restricted to the 31 of the 56 UNECE snapshots for 2021 for which all six features are
available. Of the remaining 25 snapshots, 22 lack the unemployment rate. This restriction
is not neutral: the reference slice contains 17 of the 19 euro-area countries but only 4 of
the 19 middle-income countries, so the conclusions of Applications 1-4 primarily concern
European Union and high-income territories. Under open-world semantics, combining
min-instance? with max-instance? provides lower and upper bounds on the degrees
of the excluded snapshots. In particular, 11 of them have an upper bound of 0.60 for
EconomicStress, exceeding the degree 0.35 reported for Greece and Serbia. The reported
degrees should therefore be interpreted as certified lower bounds rather than as a ranking
of the entire region. Application 2 additionally incorporates the incomplete snapshots
of neighbouring countries (Section 5.2). Moreover, five dimensions represented in the
ontology, namely inequality, climate vulnerability, institutional capacity, adaptive capacity,
and resilience, currently have no associated data source. Consequently, the lower bounds
of GTR and SEP cannot exceed 0.55 and 0.75, respectively.

Second, the degrees depend on the breakpoints and weights defined in the ontology,
which were established through expert judgement by the SDF project team without a
formal elicitation procedure (Section 4.2), as well as on the choice of aggregation operators.
The sensitivity of the results to these modelling choices is quantified in Section 5.6. Since
additional concepts can be introduced at query time, analysts may define alternative break-
points, weighting schemes, and aggregation operators without modifying the underlying
ontology, as illustrated in Application 4.

Finally, the slice-construction algorithm follows only the object-property assertions
of explicitly selected individuals. Consequently, Applications 2 and 3 explicitly include
both the territorial snapshots and the corresponding countries. Each selected country is
associated with approximately one hundred cluster-membership assertions describing its
participation in the various classification schemes represented in the ontology. Although
these assertions are irrelevant to the applications, they substantially increase the translation
time of the Fuzzy OWL 2 converter. In our experiments, translating the unpruned slice
containing all cluster memberships did not complete after 80 minutes. The pipeline there-
fore removes these assertions before translation through the prune_slice procedure while
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preserving the economic-profile and border relationships required for reasoning. The sizes
of the resulting slices are reported in Table 15.

Table 15. Cost of the five applications: number of individuals and RDF triples in each ontology
slice (for Applications 2 and 3, before pruning the cluster-membership assertions, 23,431 triples are
removed), together with the execution times for slice extraction, OWL 2-to-fuzzyDL translation, and
query evaluation (total and average per query).

s . . . . Query Time (s):
Application Indiv. Triples Slice (s) Transl. (s) Queries Total/Mean
1—profiling 248 12,048 0.8 125.8 124 309.5/2.50
2—borders 2653 34,212 22 224.2 99 265.8/2.68
3—groupings 2616 33,953 22 199.6 248 670.1/2.70
4—analyst concepts 248 12,048 0.8 124.7 133 301.3/2.27
5—trajectories 278 12,730 0.6 175.9 156 468.5/3.00

6. Conclusions

We have shown that a Fuzzy OWL 2 ontology and a fuzzy DL reasoner can answer
geopolitical questions about sustainable development with a semantics that is explicit in
every step: the linguistic terms are fuzzy datatypes, the aggregation policies are weighted
sums or OWA operators, the geopolitical structure is a set of roles along which existential
restrictions propagate degrees, and the analyst can extend the vocabulary at query time
without touching the ontology. On the 2021 UNECE data, the reasoner located the territo-
ries under socio-economic stress and explained their degrees, propagated stress across land
borders, contrasted economic groupings and verified the coherence of the linguistic vocab-
ulary, and traced trajectories over time, all with fuzzy-dl-owl2 and a MILP solver on slices
of the ontology of the SDF project. Future work includes populating the five dimensions
for which no data source is currently available, formally eliciting the membership functions
and aggregation weights with domain experts, the use of the crisp reasoners on the same
ontology for the non-fuzzy part of the questions, and a translation of the complete closure
that avoids the quadratic cost of the current OWL 2-to-fuzzyDL step.
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UNECE United Nations Economic Commission for Europe
W3C World Wide Web Consortium
OWL Web Ontology Language
RDF Resource Description Framework
IRI Internationalised Resource Identifier
TBox, RBox, ABox Terminological, role and assertional part of a Knowledge Base
OECD Organisation for Economic Co-operation and Development
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ES EconomicStress
SDS StructuralDevelopmentStress
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GTR GreenTransitionReadiness
SEP SustainableEconomicPerformance
]G JoblessGrowth (analyst concept)
Rec. Recovery (analyst concept)
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