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Abstract

The synchronization of chaotic systems is a critical issue in nonlinear control theory, pro-
viding a foundation for various practical applications, such as fault detection, image
encryption, and secure communication. However, chaotic systems are highly complex
nonlinear dynamical systems. Therefore, achieving the required control accuracy of such
systems represents a challenging task. In this paper, the nonlinear model predictive control
(NMPC) methodology, combined with deep neural networks (DNNs), is applied for syn-
chronization between master and slave chaotic systems. Such an approach aims to address
the synchronization control problem under constraints, with an improved control perfor-
mance and a minimal computational burden. An explicit NMPC controller is designed
that is based on the idea to build offline a neural network approximation of the predictive
controller. Then, online, the computation of control input consists of simple function evalu-
ation as realized by the neural network. The performance of the NMPC-DNN is studied
for third-order chaotic systems. The results show that the proposed control method leads
to smaller synchronization error and stability of the master–slave chaotic systems.

Keywords: synchronization control; master–slave chaotic systems; deep learning; model
predictive control; neural networks

1. Introduction
The discovery of the Lorenz chaos system revealed intricate patterns within seemingly

random behavior [1]. As researchers delve deeper into nonlinear chaotic systems, the
practice of achieving consistent behavior among the trajectories of two or more systems
through control methods is termed synchronous control of chaotic systems [2]. Synchronous
control of nonlinear chaotic systems provides the fundamental underpinning for a wide
spectrum of practical applications, such as securing digital information through secure
communications, enhancing diagnostic capabilities in fault detection, and ensuring data
protection in image encryption [3–5]. This reveals the significance of synchronization in
chaotic systems for practical applications.

However, the inherent characteristics of chaotic systems bring challenges for the de-
sign of synchronous controllers. Conventional control methodologies encounter several
obstacles in practical implementations. Dynamic systems are typically characterized by non-
linearity and uncertainty, which inhibit the attainment of satisfactory control performance.
Moreover, the constraints associated with system variables lead to increased complexity
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in control tasks. Therefore, conventional control methods struggle to achieve the required
precision when synchronizing highly complex chaotic systems.

To overcome these challenges, intelligent control technology primarily addresses
the control problems of nonlinear complex systems, which pose significant challenges to
classical control methodologies [6–9]. Specifically, these approaches offer superior handling
of highly nonlinear systems, effectively managing system complexities while enabling
precise control of multivariable systems subject to constraints [10]. In addition, intelligent
control systems possess both learning and optimization capabilities [11]. The learning
capability allows the system to acquire knowledge from external information, thereby
continuously enhancing its control performance.

In recent years, neural network-based intelligent control has attracted significant at-
tention [12,13]. Neural networks were proposed in the 1940s [14]. They are technologies
widely used in nonlinear system modelling and control [15,16]. The advantages of neural
networks not only lie in their powerful learning ability but also their continuous nonlinear
function approximation ability. This data-driven approach makes them highly suitable for
the control of highly complex nonlinear chaotic systems. In [17], an adaptive quantum neu-
ral networks (QNN)-based controller was proposed for chaos synchronization, employing
Lyapunov-based adaptive laws to estimate system uncertainties and achieve high-precision
synchronization, with successful applications demonstrated in secure communication and
cryptography. The QNN architecture leverages quantum superposition and entanglement
properties, enabling more efficient information processing for complex chaotic systems.
Parallel to the QNN, brain-inspired emotional learning controllers have attracted consider-
able attention for chaos synchronization applications by mimicking the interaction between
the emotional network and the sensory network in the human brain. The brain emotional
learning controller (BELC) provides adaptive weighting of sensory information based on
stimulus significance, a mechanism particularly effective for robust learning in uncertain
environments. Recent studies have extended this architecture to fuzzy brain emotional
learning neural networks (FBELNNs), integrating fuzzy inference systems with emotional
learning to achieve robust synchronization under external disturbances and parameter
uncertainties [18,19]. An interval type-2 fuzzy brain emotional learning controller was
developed for hyper-chaos synchronization, demonstrating superior tracking performance
and computational efficiency compared to RBF neural networks and BP neural networks
in [20]. Furthermore, hybrid approaches combining recurrent cerebellar model articulation
controllers (RCMACs) with fuzzy BELCs have been successfully applied to audio and
image secure communications.

In [21], a novel memristive synapse with multiple stable states and local activity was
studied. A multi-area neural network was built based on this synapse, demonstrating complex
chaotic behaviors and self-reinforcing attractor dynamics. Control mechanisms are imple-
mented to achieve synchronized activity across the simulated brain regions. In [22], the
authors introduced an RBF-DNN enhanced by Bayesian regularization to model a chaotic
system. Model validation was performed through multiple performance, confirming its
accuracy and robustness. In [23], a robust adaptive controller combining chaotic fuzzy logic
and type-2 neural networks was developed for seismic response mitigation in structures,
using multilayer perceptron estimation and Extended Kalman filter training. In [24], two high-
dimensional chaotic systems were synchronized via a brain-inspired adaptive fuzzy neural
controller, producing dynamic encryption keys in real time to protect transmitted signals.
Moreover, common neural network models include CNN [25], RNN [26], long short-term
memory network [27], DNN [28], and RBF neural network models [29].

Meanwhile, model predictive control (MPC) has garnered widespread attention due to
its ability to handle multivariable systems, adapt to constraints, and optimize future control
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performance [30,31]. In addition, achieving robust synchronization and dynamic consensus
has become a hot topic in complex multi-agent architectures and network systems [32–34].
In this paper, a control approach is developed for the synchronization control of chaotic
systems based on deep neural networks by using nonlinear MPC. The core objective of
this work is to pursue desired control performance while minimizing the associated online
computational burden. This intelligent control method is not recommended to replace
any existing methods but rather serves as a supplementary method for synchronizing
master–slave chaotic systems.

Although strategies for approximating explicit NMPC controllers using neural net-
works have been explored in the field of nonlinear control [35–40], their application to the
synchronization of chaotic systems has not yet been fully investigated. In this paper, the
method is developed specifically for the synchronization problem of master–slave chaotic
systems. It should be noted that there exists a number of neural network-based explicit
MPC methods [35–40], but they do not explicitly address the dynamics of synchronization
errors between master–slave chaotic systems. Our NMPC-DNN framework is applied to
a synchronization error model and achieved high synchronization control performance.
For existing learning-based synchronization methods, such as QNN [17], FBELNN [18–20],
and RBF-DNN [22], the focus is primarily on adaptive or brain-inspired control strategies,
without explicit consideration of constraints or predictive optimization. Therefore, the
main innovation of this study lies in the new synchronization results obtained for master–
slave chaotic systems under constraints and external disturbances. This study offers the
following innovations. First, it establishes a new synchronization performance benchmark
for constrained chaotic systems using NMPC-DNN. Second, it provides a complete design
pipeline from error dynamics to DNN training that ensures constraint satisfaction. Third,
it offers stability analysis and quantitative comparisons that show the superiority of the
proposed method over existing synchronization control approaches. Additionally, the
proposed method reduces the computational burden compared to the NMPC based on
online optimization.

This paper is structured as follows: Section 2 describes the problem for master and
slave systems. Section 3 details the NMPC-DNN controller for the synchronization of
systems. Section 4 presents the simulation results.

2. Description of Master–Slave Chaotic Systems
2.1. General Description

A generic representation of the master chaotic system takes the following form [41]:

.
zi = gmi (z(t)), i = 1, 2, . . . , n (1)

where z = [z1, z2, . . . , zn] ∈ Rn is the master state vector, and gmi |Rn → R, i = 1, 2, . . . , n
are nonlinear continuous functions [31]. It is supposed that the corresponding slave system
has the following dynamics [31]:

.
ri = gsi (r(t)) + µi + di(t), i = 1, 2, . . . , n (2)

where r = [r1, r2, . . . , rn] ∈ Rn is the slave state vector, gsi |Rn → R, i = 1, 2, . . . , n are
nonlinear continuous functions, µi ∈ R, i = 1, 2, . . . , n are the control inputs, and the
disturbances are denoted by di(t) ∈ R, i = 1, 2, . . . , n [41]. The synchronization error
between systems (1) and (2) is as follows:

εi = ri − zi, i = 1, 2, . . . , n (3)
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By substituting (1) and (2) into (3) and taking the derivative, we obtain the following
error dynamics [41]:

.
εi = gsi (r(t))− gmi (z(t)) + µi + di(t), i = 1, 2, . . . , n (4)

Ideally, master–slave system synchronization is accomplished when the error trajectory
εi → 0 asymptotically.

2.2. Nonlinear Third-Order Chaotic System

The synchronization of nonlinear third-order master and slave chaotic systems is
considered. The master system is characterized according to the following [41]:⎧⎪⎨⎪⎩

.
z1 = 1 − z2z3
.
z2 = −az3 + bz2
.
z3 = z1z2

(5)

The resulting space trajectory exhibits the complex chaotic attractor, as depicted in
Figure 1.

Figure 1. Trajectory of system (5).

The slave system dynamics are as follows [41]:⎧⎪⎨⎪⎩
.
r1 = 1 − r2r3 + µ1 + d1
.
r2 = −c1r3 + c2r2 + µ2 + d2
.
r3 = r1r2 + µ3 + d3

(6)

3. Nonlinear MPC-Based Deep Neural Network for Chaotic
System Synchronization
3.1. NMPC Problem Formulation

Nonlinear Model Predictive Control (NMPC) has emerged as a powerful and flexible
control strategy that is well suited to handling the complexities of nonlinear systems.
NMPC is a form of control in which an optimization problem is solved at each time step to
determine the control inputs that minimize a given cost function over a finite prediction
horizon [30]. The drawback of NMPC is the computational complexity. The computational
requirements for solving nonlinear optimization problems online are high. In contrast,
Neural Networks (NNs) have demonstrated the ability to learn from data.

Here, an approach to design an explicit NMPC for synchronization between master
and slave chaotic systems is applied that is based on the idea to build offline a neural
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network controller approximation. Then, online, the computation of control input consists
of simple function evaluation realized by the neural network. Explicit NMPC controllers
have a simple software and hardware implementation, which makes them very useful in
embedded control applications.

Based on the specific third-order master system (5) and slave system (6), the model (4)
is rewritten:

.
ε(t) = f (ξ(t)) + µ(t) + d(t) (7)

The nonlinear term f (ξ(t)) = gs(z(t) + ε(t))− gm(z(t)) captures the synchronization
error ε(t), where ξ(t) = [εT(t), zT(t)]T is defined as an augmented state vector. d(t)
denotes bounded external perturbations, and t is the continuous-time. The evolution of
synchronization error dynamics inherently depends on the master system, as the nonlinear
expansion of gs(z(t) + ε(t)) generates cross-coupling terms. Consequently, the master state
trajectory continuously modulates the operating point of the error dynamics. Applying the
forward Euler method with a sampling time of Ts, the model (7) is discretized to obtain
the following:

ε(k + 1) = fd(ξ(k)) + Φµ(k) + d(k) (8)

The forward Euler method is adopted to mitigate the computational complexity during
the repeated evaluations of the NMPC optimization problem. As shown in Section 4.2, this
discretization algorithm reduces the online computational complexity compared to the
Runge–Kutta integration method. It is important to note that this compact representation is
specifically valid for the particular chaotic systems defined by Equations (5) and (6). In (8),
the sampled nonlinear map fd(ξ(k)) = ε(k) + Ts f (ξ(k)) results from a Euler step applied
to the continuous error equation, Φ = diag{Ts, Ts . . . Ts} is the input-gain matrix, and k
denotes the discrete time. The following constraint is imposed on the control input:

µmin ≤ µ(k) ≤ µmax , ∀k (9)

where µmin and µmax are the lower and upper bounds on µ(k).
The receding-horizon optimal control task for system (8) is to drive the synchronization

error ε to the origin while satisfying the actuator limitation in (9). It is supposed that at
each sampling instant k, the finite-horizon NMPC problem is solved:

Problem 1.
V∗(ε(k)) = min

U
J(U, ε(k)) (10)

subject to εk|k = ε(k), zk|k = z(k) and

εk+i+1|k = fd(εk+i|k, zk+i|k) + Φµk+i|k , i = 0, 1, . . . , Np − 1
zk+i+1|k = zk+i|k + Tsgm(zk+i|k), i = 0, 1, . . . , Np − 1

(11)

µmin ≤ µk+i ≤ µmax , i = 0, 1, . . . , Np − 1 (12)

Equation (11) is the nominal prediction model of the synchronization error dy-
namics and master system states over the prediction horizon Np. In (10), U =

[µk, µk+1, . . . , µk+Np−1] is the control input sequence that is to be optimized. The cost
function J(U, ε(k)) penalizes the synchronization error accumulation and the excessive
control effort and is formulated as

J(U, ε(k)) =
Np−1

∑
i=0

[||εk+i|k||2Q + ||µk+i|k||2R] (13)
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where l(εk+i|k, µk+i|k) = ||εk+i|k||2Q + ||µk+i|k||2R is the stage cost function. The weighting
matrices Q ≻ 0 and R ≻ 0 are assumed to be symmetric positive definite matrices. Let
U∗ = [µ∗

k , µ∗
k+1, . . . , µ∗

k+Np−1] denote the optimal solution to Problem 1. According to
the receding horizon control strategy, the control input applied to the system at time k is
given by µ(k) = µ∗

k [30]. It is worth noting that the trajectory of the master system z(k)
is strictly bounded within the compact invariant set of the chaotic attractor Ωz ⊂ R3 (i.e.,
∥z(k)∥ ≤ z). The compactness and invariance of Ωz guarantee that all relevant stability
properties hold uniformly with respect to z(k) ∈ Ωz.

3.2. NMPC Design by Deep Neural Networks

Here, the NMPC for synchronization of master and slave chaotic systems is designed
by using deep neural networks, referred to as NMPC-DNN. For the purpose of the NMPC
design, the following compact nominal model (without disturbances) is considered, which
describes the dynamic behavior of an augmented state, comprising the synchronization
error and master system state in the third-order master–slave system from Section 3.1:

ξ(k + 1) = φ(ξ(k), µ(k)) (14)

where ξ(t) = [εT(t), zT(t)]T is defined as an augmented state vector. φ(ξ(k), µ(k)) =

[ fd(ξ(k)) + Φµ(k))T , gT
m(z(k))]T with gm(z(k)) = z(k) + Tsgm(z(k)) denoting the discrete-

time dynamics of the master system. The evolution of synchronization error dynamics in-
herently depends on the master system. The master state trajectory continuously modulates
the operating point of the error dynamics. Consequently, z(k) is considered as a bounded
time-varying parameter vector. The augmented state vector ξ(k) = [εT(k), zT(k)]T ∈ ℜnξ

and the control input vector µ(k) ∈ ℜnµ represent the input and the output of the network,
respectively. The DNN employed in the NMPC framework defines a functional mapping,
with the form as N : ℜnξ → ℜnµ . The DNN architecture is as follows [42]:

N (ξ; θ, M, L) =

⎧⎨⎩ϖL+1 ◦ ςL ◦ ϖL ◦ . . . ◦ ς1 ◦ ϖ1(ξ), L ≥ 2

ϖL+1 ◦ ς1 ◦ ϖ1(ξ), L = 1
(15)

Each activation is expressed as the composition ςl ◦ ϖl(·) = ςl(ϖl(·)), where M
denotes the per-layer neuron count (network width) and L denotes the total number of
hidden layers (network depth) [42]. The affine activation function for the l-th layer is

ϖl(ζl−1) = Wlζl−1 + bl (16)

Here, ζl−1 ∈ ℜM is the output with the (l − 1) layer, Wl represents the weights matrix,
and bl denotes biases [42]. The activation chosen for gl is ReLU:

ςl(ϖl) = max(0, ϖl) (17)

The parameters of the neural network are denoted as θ = {θ1, . . . , θL+1},l = 1, . . . , L + 1.
Here, the training data for the NMPC-DNN are generated by solving Problem 1 for a set of Ns

initial augmented states ξi = [εT
i , zT

i ]
T, i = 1, 2, . . . , Ns and obtaining the optimal control

sequences µ∗(ξi),i = 1, . . . , Ns. Thus, the objective of training a predefined network is to
obtain the optimal parameter set θ∗ that minimizes the loss function.

θ∗ = arg min
θ

1
Ns

Ns

∑
i=1

∥µ∗(ξi)−N (ξi; θ)∥2 (18)
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where the optimal control input and network output are µ∗(ξi) and N (ξi; θ), respectively.
The resulting neural network control law is µ(ξ(k)) = sat(N (ξ(k); θ∗)).

The block-diagrams of the relation between the DNN and the NMPC are shown in
Figure 2. Thus, Figure 2a illustrates the offline training of the DNN by using the optimal
trajectories obtained by solving the NMPC problem. Figure 2b shows the closed-loop
system where the NMPC-DNN is the already trained controller.

To achieve the master–slave system synchronization, the NMPC-DNN strategy is
employed. The synchronization error model is obtained from Equations (3) and (4) using
the master system (5) and slave system (6). Additionally, the Problem 1 is then solved
for the error states by using the CasADi toolbox [43,44]. Then, obtaining the optimal
control inputs µ∗

k enables the generation of the optimal control pairs (ξk, µ∗
k ) for neural

network training.

Figure 2. Illustration of the NMPC-DNN approach: (a) offline training of the DNN with the solution
of the NMPC problem, (b) closed-loop control system with the trained NMPC-DNN controller.

3.3. Stability Analysis of the NMPC-DNN Scheme

The stability of the proposed NMPC-DNN control scheme is analyzed with respect to
the synchronization error ε(k).

Let the discrete-time dynamics of the closed-loop system be described by the following:{︄
ε(k + 1) = Fε(ε(k), z(k)) + Φµ(ξ(k)) + d(k)
z(k + 1) = z(k) + Tsgm(z(k))

(19)

where Fε(·) represents discrete-time mapping of the synchronization error dynamics. The
trajectory of the master chaotic system z(k) is strictly bounded within a compact invariant
set Ωz ⊂ R3, i.e., ∥z(k)∥ ≤ z for all k ≥ 0. It serves exclusively as a bounded time-varying
parameter that modulates the error dynamics through the nonlinear coupling term in Fε(·).
The synchronization objective is to drive the error ε(k) to a neighborhood of the origin,
while z(k) remains its bounded autonomous motion. The control input applied to the
system is generated by the trained neural network control law µ(ξ(k)) = sat(N (ξ(k); θ∗)),
where ξ(k) = [εT(k), zT(k)]T and z(k) is treated as a measurable parameter vector. The
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nominal optimal NMPC control law is denoted as µ∗(ξ(k)). We define the neural network
approximation error as δ(k).

δ(k) = sat(N (ξ(k); θ∗))− µ∗(ξ(k)) (20)

To analyze the robustness of the system, we introduce the Practical Input-to-State
Stability (pISS) framework [45]. We establish the following standard assumptions for the
nominal NMPC: first, we consider the stability of the nominal closed-loop system:{︄ ˜︁ε(k + 1) = Fε(˜︁ε(k), z(k)) + Φµ∗(˜︁ξ(k))

z(k + 1) = z(k) + Tsgm(z(k))
(21)

where ˜︁ε(k) is the synchronization error in the absence of disturbance, and ˜︁ξ(k) =

[˜︁εT(k), zT(k)]T . It is known that there are two groups of methods for guaranteeing the
stability of the closed-loop systems with MPC controllers. The first types of approaches
are based on using terminal constraint and/or terminal cost function in the MPC problem
formulation [46,47]. The second group of methods is based on the relaxed dynamic pro-
gramming concept [48,49], where no terminal constraint/cost is used. Here, we adopt the
latter concept, since it is easily applied to tracking problems.

Let, at the current time k, the synchronization error be ˜︁ε(k) and the optimal control
input be µ∗(˜︁ξ(k)). In [49], stability and a certain degree of suboptimality is proved if the
relaxed dynamic programming inequality (adapted to our problem setup)

V∗(˜︁ε(k)) ≥ V∗(Fε(˜︁ε(k), z(k)) + Φµ∗(˜︁ξ(k))) + βl(˜︁ε(k), µ∗(˜︁ξ(k)) (22)

holds for some β ∈ (0, 1) and for all time steps in the closed loop trajectory of the
nominal system (21). Here, V∗(Fε(˜︁ε(k), z(k)) + Φµ∗(˜︁ξ(k))) = V∗(˜︁ε(k + 1)), i.e., it is the
optimal cost function value computed at the successor error state. Thus, we use the
following assumption:

Assumption 1. Assume that for a pre-specified value of suboptimality degree β ∈ (0, 1) , a control
horizon Np is known such that Equation (22) holds.

Remark 1. The notation V∗(˜︁ε(k)) of the optimal cost function is adopted for brevity. Since the
autonomous master trajectory z(k) is restricted to the compact invariant set Ωz, its one-step-ahead
state remains bounded with respect to z(k) ∈ Ωz. Therefore, Assumption 1 serves as a foundation
for establishing the robustness of the subsequent NMPC-DNN scheme.

Further, we consider the stability of the disturbed closed-loop system (19) with the
NMPC law approximated by the DNN, i.e., µ(ξ(k)) = sat(N (ξ(k); θ∗)). The following
assumption is made.

Assumption 2. The optimal cost function V∗(ε(k)) is locally Lipschitz continuous. There exist
Lipschitz constants Cδ > 0 and Cd > 0 such that for any bounded approximation error δ(k) and
bounded disturbance d(k),

∥V∗(ε(k + 1))− V∗(˜︁ε(k + 1))∥ ≤ Cδ∥δ(k)∥+ Cd∥d(k)∥ (23)

where ˜︁ε(k + 1) denotes the trajectory under the nominal optimal control law. Also, the stage cost
function satisfies l(ε(k), µ∗(ξ(k)) ≥ αλmin(Q)∥ε(k)∥2, where α > 0 and λmin(Q) > 0 is the
minimum eigenvalue of Q.
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Assumption 3. Through the offline DNN training process, where the loss function is minimized,
the DNN approximation error is bounded over the operating domain. That is, there exists a small
positive constant δ such that ∥δ(k)∥ ≤ δ. The external disturbance is also bounded as ∥d(k)∥ ≤ d.

Theorem 1. Under Assumptions 1–3, the closed-loop system (19) controlled by the proposed
NMPC-DNN control law µ(ξ(k)) = sat(N (ξ(k); θ∗)) is Practical Input-to-State Stable (pISS)
with respect to the disturbance d(k) and approximation error δ(k).

Proof. By evaluating the difference of the Lyapunov function along the actual closed-loop
trajectory with the DNN control law and disturbance, we obtain

∆V∗ = V∗(ε(k + 1))− V∗(ε(k)) (24)

Adding and subtracting the nominal trajectory term V∗(˜︁ε(k + 1)) yields

∆V∗ = V∗(ε(k + 1))− V∗(˜︁ε(k + 1))
+V∗(˜︁ε(k + 1))− V∗(ε(k))

(25)

Applying Assumptions 1 and 2, we have

∆V∗ ≤ −βαλmin(Q)∥ε(k)∥2 + Cδ∥δ(k)∥+ Cd∥d(k)∥ (26)

Substituting the uniform bounds from Assumption 3, this yields

∆V∗ ≤ −βαλmin(Q)∥ε(k)∥2 + Cδδ + Cdd (27)

Equation (27) shows that the Lyapunov function is strictly decreasing outside the com-
pact invariant set Ω =

{︂
ε ∈ R3 : βαλmin(Q)∥ε(k)∥2 ≤ Cδδ + Cdd

}︂
. The ultimate bound

of the synchronization error trajectory satisfies limsup
k→∞

∥ε(k)∥ ≤
√︂
(Cδδ + Cdd)/βαλmin(Q)

Thus, the closed-loop system trajectory is ultimately bounded within a region determined
by the DNN approximation error bound δ and the disturbance upper bound d. The mas-
ter system state z(k) remains bounded within the chaotic attractor Ωz due to its own
autonomous dynamics.

In addition, to guarantee that the control input strictly satisfies constraints µmin ≤
µ(k) ≤ µmax, a saturation layer is applied to the output of the DNN µ(k) = sat(N (ξ(k); θ∗))

= min(max(N (ξ(k); θ∗), µmin), µmax). This mechanism ensures zero constraint violation
regardless of the magnitude of the approximation error δ(k). The optimal control se-
quences in the offline dataset were generated by solving Problem 1, where the constraint
µmin ≤ µ(k) ≤ µmax is strictly enforced. Thus, the DNN learns an empirical mapping that
resides within the feasible domain. The proof is complete. □

This stability analysis shows that as long as the DNN is trained sufficiently well,
the master–slave chaotic systems will maintain high-precision synchronization. It is fully
corroborated by the trajectories demonstrated in the numerical simulations in Section 4.

4. Numerical Results
Here, the performance of an NMPC-DNN designed for the nonlinear third-order

chaotic system in Section 3.2 is evaluated and compared with other control methods.
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4.1. Data for the Design of the NMPC-DNN

Example 1 In the numerical simulation, the parameter values of system (5) are a = 1,
b = 1 , and the initial condition is z1(0) = 1, z2(0) = −0.5, z3(0) = 1.5. The initial
condition of system (6) is r1(0) = −1, r2(0) = 1.5, r3(0) = 1 and parameter values are
c1 = 1, c2 = 1 [41]. Synchronization error dynamics are analyzed subject to disturbance
di = 0.5sin(t), i = 1, 2, 3. Following the initial values set for the chaotic systems, the
synchronization error at its initial state is identified as ε1(0) = −2, ε2(0) = 2, ε3(0) = −0.5.
In order to discretize the model (7), the forward Euler method is used with a sampling time
of Ts = 0.01.

In the NMPC Problem 1, the prediction horizon is Np = 10 and the weighting

matrices are Q =

⎡⎢⎣200 0 0
0 200 0
0 0 200

⎤⎥⎦ and R =

⎡⎢⎣0.01 0 0
0 0.01 0
0 0 0.01

⎤⎥⎦. In constraints in

Equations (9) and (12), the control input is restricted by the lower bound µmin = −60
and the upper bound µmax = 60. The DNN has depth of L = 4 hidden layers with
M = 3 neurons per layer. The training dataset consists of 600 samples generated through
closed-loop simulations of NMPC based on online optimization. The data collection
is randomly sampled from the hyper-rectangular domain ξ(k) = [εT(k), zT(k)]T , where
ε(k) = [−3, 1]× [−2, 3]× [−1.5, 0.5] and z(k) = [−4, 4]× [−4, 5]× [−4, 4]. This domain
is chosen to encompass the specific initial error condition used in numerical experiments
while also covering a sufficiently broad region of the initial error state space to ensure the
trained network generalizes well. Both the input states and output control sequences of
the trained DNN are normalized using Min–Max scaling to improve convergence. The
dataset is randomly divided into training 70%, validation 15%, and testing 15% subsets.
The network is trained using the Levenberg-Marquardt backpropagation algorithm with
full batch gradient descent. The training and validation errors are stabilized for 137 epochs,
and the initial damping factor is configured to 0.001. The final Mean Squared Error for the
training and validation sets converged to approximately 3.6 × 10−7 and 4.0 × 10−7, respec-
tively, indicating that the network accurately approximates the explicit NMPC control law
without overfitting.

Example 2 The other set of initial values is used for the master–slave systems to
verify robustness and disturbance for the NMPC-DNN strategy: parameter values of the
system (5) a = 1.5, b = 2.1, and initial conditions z1(0) = 2, z2(0) = −1, z3(0) = 2.
The initial value of Equation (6) is r1(0) = −1.5, r2(0) = 0.5, r3(0) = −1, and parameter
values are c1 = c2 = 1. Meanwhile, synchronization error dynamics are analyzed subject to
disturbance di = 0.8 cos(t) + 0.3 sin(2t), i = 1, 2, 3. The synchronization error at its initial
state is identified as ε1(0) = −3.5, ε2(0) = 1.5, ε3(0) = −3. In the NMPC Problem 1,
the prediction horizon is Np = 15. The DNN has depth L = 10 hidden layers with M = 6
neurons per layer. The training dataset consists of 600 samples generated through closed-
loop simulations. The data collection is randomly sampled from the hyper-rectangular
domain ε(k) = [−5, 1]× [−2, 3]× [−4, 2] and z(k) = [−2, 4]× [−6, 3]× [−2, 4]. This domain
is chosen to encompass the specific initial error condition used in numerical experiments,
while also covering a sufficiently broad region of the initial error state space to ensure the
trained network generalizes well. The DNN is trained in 23 epochs, and the initial damping
factor is configured to 0.001. The final Mean Squared Error for the training and validation
sets converged to approximately 3.38 × 10−10 and 4.0 × 10−10, respectively.

4.2. Performance of the NMPC-DNN Approach and Comparison with Other Control Methods

Here, the performance of the NMPC-DNN is studied and compared with that of the
novel exponentially perturbed sliding mode neural network (NEPSM-NN) approach in [41].
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The key of the NEPSM-NN (novel exponentially perturbed sliding mode neural network)
approach was to design an exponentially convergent disturbance observer, to achieve high-
precision synchronization of master–slave chaotic systems combining RBF-NN with sliding
mode control (SMC) [41]. First, an exponential disturbance observer was designed. This
allows the controller to effectively compensate for disturbances within the sliding mode
control law, reducing chattering. Second, an RBF-NN was used to approximate the estimator
function generated by the continuous function of the master–slave system. Finally, a new
exponential perturbation sliding mode neural network was constructed, whose performance
was proven to guarantee the stability of the master–slave system synchronization [41]. The
proposed NEPSM-NN strategy is described in detail in [41].

Example 1 The control input trajectories obtained with the NMPC-DNN are shown
in Figures 3 and 4a (the blue dashed curves). In addition, the synchronization error trajec-
tories are displayed in Figure 4b. The Mean Squared Error of DNN is shown in Figure 5.
In Figures 3 and 4, the red dashed lines represent the lower bound µmin and the upper bound
µmax in the control input constraints, respectively. It can be observed that, despite aggres-
sive transient control actions at the beginning of the synchronization process, the proposed
NMPC-DNN controller strictly adheres to the boundary conditions, thereby successfully
demonstrating its constraint-handling capability. At this point, both Equations (9) and (12)
are satisfied.

Figure 3. Trajectory of (a) control input µ1; (b) control input µ2.

Figure 4. Trajectory of (a) control input µ3; (b) synchronization errors ε1, ε2 and ε3.
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Figure 5. The Mean Squared Error of DNN.

Here, the use of the forward Euler method to discretize the continuous-time error
dynamics in Equation (7) is justified, as well as the choice of the sampling time. The
sampling time Ts = 0.01 s is chosen. It is sufficiently small to capture the fast transient
dynamics of the third-order chaotic system, keeping the local truncation error of the Euler
prediction model bounded over the finite horizon. A larger Ts would lead to constraint
violations and predictive instability, whereas a much smaller Ts would unnecessarily
increase the prediction horizon Np, escalating the computational burden.

We implemented the fourth order Runge–Kutta (RK4) integration algorithm in our
formulation to compare the control performance. The results are summarized in Table 1.

Table 1. Performance comparison of NMPC-DNN under different discretization algorithms.

Discretization
Algorithm

Average CPU
Time (s)

Example 1

ISE (ε1) ISE (ε2) ISE (ε3)

Forward Euler 0.00023 s 0.049 0.051 0.002

Runge–Kutta4 (RK4) 0.00028 s 0.053 0.058 0.002

As shown in Table 1, the difference between the integral squared error obtained
by using the RK4 discretization method and the forward Euler method is less than 0.1.
Therefore, the NMPC-DNN performance using these two methods is similar in terms
of the ISE indicator. However, the forward Euler discretization algorithm provides a
lower average CPU time. This proves that the discretization method we used is not only
reasonable but also reduces the computational burden to a certain extent.

It is worth noting that the RK4 method significantly increases the computational
burden during the optimization process, primarily due to the increased depth of the
computational graph. The time required for memory access and matrix operations increases
significantly when the nonlinear programming solver computes gradients and search
directions in each iteration.

Example 2 The control input trajectories obtained with the NMPC-DNN are shown in
Figures 6 and 7a (the blue dashed curves), where the red dashed lines represent the lower
bound µmin and the upper bound µmax in the control input constraints, respectively. The
synchronization error trajectories are displayed in Figure 7b. The Mean Squared Error of
DNN is shown in Figure 8.
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Figure 6. Trajectory of (a) control input µ1; (b) control input µ2.

Figure 7. Trajectory of (a) control input µ3; (b) synchronization errors ε1, ε2, and ε3.

Figure 8. The Mean Squared Error of DNN.

4.2.1. Comparison of the NMPC-DNN with Other Control Methods

A performance comparison of the NMPC-DNN with the other controllers is provided
in Table 2, based on two key control quality indicators: the settling time and the integral-
squared error (ISE).
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Table 2. Comparison between the proposed NMPC-DNN and other types of controllers.

Control Strategy Error State Settling Time ISE

Example 1

ε1 0.04 s 0.049

This paper
(NMPC-DNN)

ε2 0.03 s 0.051

ε3 0.04 s 0.002

Example 2

ε1 0.08 s 0.028

ε2 0.07 s 0.023

ε3 0.08 s 0.016

[41]

Example 1

ε1 0.17 s 0.064

ε2 0.26 s 0.065

ε3 0.04 s 0.002

Example 2

ε1 0.32 s 0.239

ε2 0.25 s 0.292

ε3 0.35 s 0.154

All the data in Table 2 demonstrate that the NMPC-DNN approach provides better
control quality, marked by expedited stabilization and a diminished integral-squared
error (ISE) for the synchronization error states. Conversely, the approaches in [41] yield a
substantially slower stabilization and a higher ISE, reflecting its inferior control accuracy
relative to the NMPC-DNN approach.

4.2.2. Online Computational Efficiency of NMPC-DNN

Furthermore, to substantiate the reduced online computational burden, a quantitative
comparison of the computation time is recorded under identical software environments in
MATLAB R2018, Intel Core i7-9750H CPU @ 2.60GHz. With the NMPC based on online
optimization, at each sampling instant k, the finite-horizon optimization problem is solved
with the CasADi/IPOPT solver. Computing the control inputs with the NMPC-DNN
online requires only simple matrix multiplications and activation function evaluations.
For Example 1, Table 3 summarizes the computational CPU time per sampling step for
both controllers.

As shown in Table 3, the NMPC-DNN approach accelerates the execution speed
by approximately 118 times compared to NMPC based on online optimization. This
quantitative evidence explicitly demonstrates that the proposed method effectively reduces
the online computational burden.

Table 3. Quantitative comparison of online computational efficiency.

Control Strategy Average CPU Time (s)

NMPC based on online optimization 0.0271 s
Proposed NMPC-DNN 0.00023 s

5. Conclusions
To address the synchronization control challenges of chaotic systems with constraints

and improve the control performance, this paper presents an effective control strategy
by integrating NMPC with DNN. The neural network is trained offline to approximate
the NMPC controller. Then, online, the computation of the control input consists of the
function evaluation realized by the neural network. This design alleviates the online
computational burden.
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The performance of the NMPC-DNN controller was evaluated through numerical
simulations and compared with the recent studied control methods. The proposed NMPC-
DNN method achieves faster stabilization and lower integral-squared error for synchro-
nization error states. The results demonstrate that the proposed method provides better
control accuracy for the considered third chaotic system.

Several limitations of this study should be acknowledged. The proposed method is
validated only on a third chaotic system. The offline training data are generated by solving
the NMPC problem over set of initial error states; other alternative data generation strate-
gies are not explored. Additionally, the present study focuses on numerical simulations;
hardware implementation has not been carried out.

The future work will focus on extending the NMPC-DNN approach to other nonlinear
systems, including higher-dimensional chaotic systems and systems with time delays. Sys-
tematic offline data generation methods will be investigated to improve training efficiency
and controller generalization, such as adaptive sampling or active learning. Meanwhile,
embedded applications of the NMPC-DNN approach to specific chaotic systems will
be considered.
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