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Abstract

Clustering high-dimensional data is challenging when irrelevant or weakly informative
features obscure the underlying cluster structure. To address this issue, we propose two
sparse k-means clustering algorithms, S-KM1 and S-KM2, that perform cluster estimation
and feature selection by sparse feature weighting simultaneously. Clustering has been ap-
plied to a wide range of disciplines, including image segmentation, social network analy-
sis, medical imaging, market segmentation, anomaly detection, etc. In clustering algo-
rithms, the most popular and widely used method is k-means. However, the k-means al-
gorithm always treats feature (attribute) components in datasets equally. In practice, dif-
ferent features may contribute unequally to the cluster structure and should therefore not
necessarily be weighed equally. This has been demonstrated by Yang and Benjamin (2023)
with two types of sparse possibilistic c-means (PCM) methods called SPCM1 and SPCM2,
using the Lasso concept. Motivated by SPCM1 and SPCM2, we propose two sparse k-
means clustering algorithms, S-KM1 and S-KM2, in this paper. The proposed methods S-
KM1 and 5-KM2 consider the k-means clustering subject to different feature weight con-
straints based on the Lasso and L1 penalty so that they can shrink the irrelevant features
towards zero and achieve sparsity in features. The proposed S-KM1 and S-KM2 are com-
pared with some of the most popular sparsity-clustering techniques on several numerical
and real-life datasets using different clustering performance measures. Comparisons and
experimental findings demonstrate the validity, efficacy, and effectiveness of the pro-
posed S-KM1 and 5-KM2 clustering algorithms, and they also surpass the existing ad-
vanced algorithms in terms of efficiency and usefulness.
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Clustering is a method of grouping objects based on how similar and dissimilar they
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are to one another. This strategy clusters data into various groups to boost the most simi-
larity between the data points in the same group and to enhance the dissimilarity between

characteristics of items for identifying groups of comparable objects. In data sciences,
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nonparametric clustering are the two main approaches in multivariate analysis. In this
paper, we focus on nonparametric clustering. There are several popular nonparametric
clustering techniques in the literature, such as k-means [4,5], fuzzy c-means [6,7], possi-
bilistic c-means [8,9], and spectral clustering [10,11]. However, these clustering techniques
may be effective for low-dimensional data, but they are not suitable for high-dimensional
datasets. In general, data with a high number of dimensions may include characteristics
that are seen unimportant or sparse, meaning only a few essential features are chosen and
utilized. As a result, it is crucial to prioritize variable and feature selection when we han-
dle high-dimensional datasets.

Furthermore, an innovative method has been proposed to retrieve 3D human poses
from shadows, enhancing conventional techniques by utilizing multiview locality-sensi-
tive sparse coding during the retrieval phase [12]. Sparse constraints and an enhanced
RELU operator were combined to develop a hierarchical deep word embedding model to
handle click feature prediction from visual features [13]. In the domain of regression, the
concept of variable and feature selection is broadly acknowledged. Penalizing the L,

norm provides an appealing answer to this problem because it leads to a sparse solution,
and thus, it can be used for variable and feature selection. There are several ways to obtain
the sparse solution, among which Lasso, proposed by Tibshirani [14], is popular. Lasso
[14] stands for “least absolute shrinkage and selection operator”, which can force the co-
efficients of certain variables to exactly zero and cause them to shrink towards zero. The
Lasso-based k-means clustering framework was subsequently put forward by Witten and
Tibshirani [15] as a sparsity approach using the Lasso constraint in the k-means clustering
algorithm as a mechanism for selecting features. The sparse k-means clustering [16] based
on the Lasso approach outperforms other competing techniques in terms of feature selec-
tion and identified clusters. In addition to limited k-means clustering, Castro and Pu [17]
proposed a sparse clustering approach based on a pairwise dissimilarity framework, in
which feature weights are incorporated into the dissimilarity measure. In contrast, S-KM2
incorporates an L, penalty directly into the within-cluster sum of squares objective of k-

means to promote sparse feature weighting; later, Qiu et al. [18] proposed sparse fuzzy c-
means (SFCM) clustering.

In 2023, Yang and Benjamin [19] expanded the concept of sparse clustering to the
possibilistic c-means (PCM) algorithm. They introduced two sparse PCM algorithms,
called SPCM1 and SPCM2. Motivated by SPCM1 and SPCM2, we propose the two sparse
k-means (S-KM) clustering algorithms, called S-KM1 and S-KM2. S-KM1 is similar to the
sparse k-means of Witten and Tibshirani [15], in which the objective function is subject to
the Lasso constraint. However, S-KM2 considers the within-cluster sum of squares objec-
tive function of k-means with an L, penalty of feature weights. Both S-KM1 and S-KM2

can shrink the irrelevant features towards zero to achieve a sparse solution. Multiple arti-
ficial and actual datasets are applied to evaluate the effectiveness and achievement of the
S-KM1 and S-KM2 algorithms in comparison with a few present-day clustering algo-
rithms. Comparisons and results from experiments verify the usefulness and efficiency of
the proposed S-KM1 and S-KM2. The rest of the paper is organized as follows. In Section
2, some related works in the literature are reviewed. The two proposed sparse k-means
algorithms, S-KM1 and S-KM2, and some theoretical properties are illustrated in Section
3. In Section 4, we present the construction of a convergence theorem for the S-KM2 algo-
rithm. Section 5 presents a comparative analysis of the proposed S-KM1 and 5-KM2 mod-
els and existing methods based on artificial datasets as well as actual datasets. Finally, we
present our conclusions in Section 6.

2. Related Works
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Clustering with k-means is widely used due to its simplicity, efficiency, and ease of
interpretation. Hartigan and Wong [20] presented an efficient iterative k-means algorithm
that partitions observations into a predefined number of clusters by minimizing the
within-cluster sum of squares, seeking a locally optimal partition. However, conventional
k-means assigns equal importance to all features. This assumption can be restrictive for
high-dimensional data, where irrelevant or weakly informative features may obscure the
underlying cluster structure and adversely affect clustering performance. To address the
unequal contribution of features, several weighted k-means approaches have been devel-
oped, such as those of Huang et al. [21] and Jing et al. [22]. An entropy-weighted k-means
approach in which feature weights are determined through an entropy-based regulariza-
tion term was developed by Jing et al. [22]; their method determines feature importance
by entropy-based weighting, rather than through an L, sparsity penalty.

Let X ={x,. € Rd,i = 1,...,n} be the data set with data points x,in a d-dimensional Eu-

clidean space R, U =[u, |

ik Anxc ®

i=l,..,nk=1,..,c be the nXcmembership values, where
u, is a binary variable (i.e. u, € {0,1}) stating whether or not the data point x, is a member
of the k" cluster, k =1,2,....,c and the cluster center is denoted by v, . The notationu,,

represents the membership of the data pointx in the k™ cluster, where i=1,...,n and

k=1,...,c. The following is the k-means objective function [20]:

n C 2
JUVX)=2 3w, |5 v M
i=1 k=1
where, X ={xl,...,xn} is the dataset, U = (u,.k) is the membership or assignment matrix,
V:{vl”“’vk} is the set of cluster centers andH x, _ka is the Euclidean distance between the
data point X, and the cluster center v, . The objective function J(U,V;X)denotes the

within-cluster sum-of-squared distances, which is minimized with respect to Uand V'
for the given dataset X .The optimization variables are U and V', whereas X is the
fixed observational data. The membership functions and cluster centers updating equa-
tions are as follows, respectively:

vy = Z U, x, Z u,, j=1,..,d (2)
i=1 i=1

. 2 . 2
1, if ||xl, - vk” = min, ||x[. - vl|| )
u, = _ , i=1..,n, k=1,..,c 3)
0, otherwise

In Equation (2), for the fixed cluster assignments, the cluster center v, is updated as the

membership-weighted mean of the ;j” feature among the observations assigned to cluster

k . The denominator Zn:u[_k in Equation (2) normalizes the weighted sum by the total

i=l1

membership of cluster &, rather than imposing an additional normalization on the cluster

center. For the k-means, u, either 0 or 1; therefore, zuik simply gives the number of ob-

i=1

servations assigned to cluster k. Consequently, v, indicates the membership-weighted
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mean of the j " feature within cluster k. In Equation 3, H X, _ka is the Euclidean distance

between the data point x; and the cluster center v,, where i=1,...,n andk =1,...,c

For high-dimensional datasets, traditional k-means may be less effective because it
assigns equal importance to all features, including irrelevant or redundant variables. Con-
sequently, this limitation highlights the need for clustering methods that can assign dif-
ferent importance to features while retaining the simplicity and computational efficiency
of k-means. This motivates the development of our sparse k-means approaches consid-
ered in subsequent studies. In particular, incorporating feature selection into the cluster-
ing process can help identify informative variables and reduce the influence of uninforma-
tive features. In general, conventional clustering methods may suffer from the presence of
irrelevant and noisy features for high-dimensional data, which can obscure the true clus-
tering structure. Therefore, sparse clustering addresses this issue by simultaneously iden-
tifying meaningful cluster structure and selecting the most informative features, and
therefore it can improve clustering performance and interpretability. In sparse clustering,
Witten and Tibshirani [15] extended the k-means clustering based on Lasso. Their method
is based on the idea that maximizing the between-cluster sum of squares (BCSS) and min-
imizing the within-cluster sum of squares (WCSS) are equivalent. The feature-specific
BCSS for variable j is specifically defined as

BCSS, ( ZZ Z 2.4, (4)

i=l i'=1 k=1 kueC

where the squared distance between observations i and i’ for the variable J is defined
as = (x -X,, ) n is number of observations, the variable j =1,...,d , and the clus-
ter k= 1, ...,c, i,i’=1,...,nare the indices of observations, C,is the set of observations

assigned to cluster k', C is the complete partition of observations into ¢ clusters, and

n, = |Ck| is the number of observations in cluster k . The Lasso-based k-means [15] con-

sidered the BCSS subject the Lasso constraints of feature weights with the following ob-

d n n c 1
max Z w; ( diy =2 — Z dii’/) )
<Cow | 52 n oo =1 k=1 1 iiec,

', where w, is a feature weight corresponding to

jective function:

subject to

every feature j, and s is a tuning parameter.

However, this Lasso-based k-means [15] remains sensitive to initialization and the
choice of the sparsity parameter, motivating the development of more flexible sparse clus-
tering methods in which Qiu et al. [18] suggested sparse (Lasso-based) fuzzy c-means (S-
FCM) to enhance FCM for handling high-dimensional datasets. The sparse S-FCM follows
a similar framework to that of Witten and Tibshirani [15]. The ultimate difference is that
FCM is used in place of k-means. The S-FCM objective function [18] is as follows:

rnaxZw(D ZZu’"d ) (6)

vrw o i=l k=l

subject to ||w||2 <1, = (W1 W, ) € R’ are the feature weights,

V ={v,,++,v, } are the cluster centers, U =[u, ]M is the matrix of fuzzy membership de-

grees, and D, = Z;(xii _fj)z with ¥ =3 x,/n and 4, =(x,-v, )2' The tuning
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parameter s is used to control the number of attributes to pick from. In Qiu et al. [18], they
used gap statistic or binary search as a choice of s . In Equations (5) and (6), the maximi-
zation is performed with respect to the corresponding optimization variables within a sin-
gle objective function, while the remaining variables are fixed. Thus, these equations rep-
resent a single optimization problem rather than two separate maximization procedures.

Afterward, Yang and Benjamin [19] extended the Lasso-based k-means and S-FCM
clustering to possibilistic c-means (PCM) clustering and then proposed two sparse PCM
algorithms, namely SPCM1 and SPCM2. SPCM1 in Yang and Benjamin [19] uses the Lasso
constraint on feature weights, similar to Lasso-based k-means and S-FCM. However,
SPCM2 uses the feature weight L, regularization as a penalty term to the PCM objective

function. The SPCM1 objective function [19] is as follows:

max{zw[ 3, -x,) {iju;(xy_vk,)zmii(l_uik)mD} @)

v
vy.w i=l i'=1 i=l k=1 i=l k=1

subject to ||w||z < 1,||w||1 Ss,w; 2 0V/, where w,is the feature weight, and s isa tun-

ing parameter. The SPCM2 objective function [19] is given below:

Jerarn (U ) =33 S (=, ) + 2S00, ) v, @

i=l k=1 j=I i=l k=l

where A = ﬂ/mzc , w, is feature weights, and ||W||l = Zd

| Wib W 20 Vjis aL,lasso pen-

alty. v, andu, are the cluster centers and membership functions, respectively.

It is to be noted that the k-means algorithm is simple and faster to execute because it
updates cluster centers and assigns data points. On the other hand, the PCM algorithm
demands complex computations for membership degree modifications, which increases
its computational time as well. The objective function of k-means has fewer parameters,
with m=1, whereas the PCM has a larger number of parameters with fuzzifier m > 1. The
SPCM1 algorithm requires more execution time due to incorporating gap statistics, which
helps to obtain $ and thus controls the sparsity on feature weights. Similar complexity
can be observed in the objective function of SPCM2 due to the presence of additional pa-
rameters. Notably, more recent studies have demonstrated advanced sparse clustering
and feature selection for high-dimensional data. In Ma et al. [23], the authors proposed a
correlation-based clustering-assisted sparse learning model based on Lasso for solving a
battery electric vehicle market demand forecasting problem. Tutsoy and Sumbul [24] con-
sidered a supervised learning approach to enhance multiclass cardiovascular disease de-
tection with Kernel-PSO-based feature selection by combining kernel learning for bio-in-
spired optimization to identify informative features. In Dong et al. [25], the authors pro-
posed an unsupervised discriminative feature selection method that can simultaneously
perform to learn feature-wise sparse projection for discriminative feature selection by
combining fuzzy membership learning and £2,0-norm constrained projection learning.
Motivated by these mentioned points, we demonstrate the S-KM1 and S-KM2 algorithms
by incorporating the L, penalty term with a smaller number of parameters compared to

the SPCM1 and SPCM2 algorithms in the next section.

3. The Proposed Sparse k-Means Clustering Algorithms

The proposed two approaches for sparse k-means (S-KM), called S-KM1 and 5-KM2,
are discussed in this section. The first approach of S-KM is based on the k-means objective
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function with respect to Lasso feature weight constraints, called S-KM1. The second ap-
proach within S-KM is to incorporate the k-means objective function with an L, regulari-

zation term of feature weights, called S-KM2. Both S-KM1 and S-KM2 can be penalized
by irrelevant attributes being pushed towards zero by using the Lasso feature weight con-
straints or incorporating L, regularization of feature weights. First, we propose the fol-

lowing S-KM1 objective function:

max{éwj (lZX’[ZZ()D} 9

vyw i=l i'=1 i=1 k=1

2 . P . . .
subject to ”W” . <s, W” X <1, w, > 0V, for each feature j, in which w,is the feature weight

with restriction ||w||z <1 and atuning parameter S with restrictionas 1< s < \/Z ,d is di-
mension or characteristics of the dataset. In Equation (9), u, € {0,1} is a binary variable
representing whether or not the data point x,is a member of the k™ cluster, and the k"
cluster center is denoted by v, .

To maximize Equation (9) with respect to U =[u, | andV ={v,---,v,}, while

nxK

keeping w = [wI Wy Wy ] fixed, is equivalent to minimize the following equation:
d n c 2
J(U=V):ZWfZZ”ik (x,.j—vk/.) (10)
j=1 i=l k=1

Similar to the k-means, the equations for minimizing Equation (10) can be obtained as
follows:

u,= j=1 j=1 (11)

0, otherwise

n n
Vi = Z Uy Xy z Uy (12)
i=1 i=1

We next let a; be

| a e " e )
aj:;Z(xij—xj) _{ZZ“M(’C:‘/_V@')} (13)

i=1 i=l k=1

where fj = Z’n x, / n.Tomaximize Equation (9) with respect tow = [wl, Wy W, ] while

=1 ¥

keeping U =u, ]MK and V ={v,,---,v, }fixed, is equivalent to the following equation:

max {wT a} (14)

subject to ”W”1 <s, W”i <l,w, 20Vj ,where a is denoted by Equation (13) and

w=[w,w,,..,w,|e R’ are feature weights, s is L, bound to weights w ,and

a=la,a,,..,a,].
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Equation (9) is a single scalar constrained objective function, in which the member-
ship variables, cluster centers, and feature weights are three blocks of decision variables,
rather than three distinct objectives. Specifically, this optimization procedure updates
these variable blocks sequentially while optimizing the same objective function, while
promoting sparse feature weights due to the Lasso constraint. Therefore, no scalarization
or multi-objective trade-off scheme is required. The optimization is performed using an
alternating optimization procedure: for fixed feature weights, the membership variables
and cluster centers are optimized, leading to Equations (10)-(12); subsequently, for fixed
memberships and cluster centers, the feature weights are optimized subject to the Lasso-
type constraint, leading to Equation (14). Thus, all updates optimize the same scalar ob-
jective function, while the Lasso constraint promotes sparse feature weights and auto-
matic feature selection.

For comparing the proposed S-KM1 and Witten and Tibshiranies method [15], we
provide the following descriptions. In Witten and Tibshirani [15], the conventional k-
means criterion is first reformulated in terms of the BCSS. Their Lasso-based k-means ob-
jective function, given in Equation (5), maximizes the weighted BCSS subject to Lasso-
type constraints on the feature weights. In the formulation, the contribution of each cluster
is represented at the cluster level and explicitly involves the cluster-size quantity 7, . In

contrast, our proposed S5-KM1 is formulated directly from the SPCM1 framework with
Lasso-constrained feature weights. As given in Equation (9), S-KM1 is expressed in terms
of the observation-level binary membership variables, cluster centers, and feature weights.
In particular, the cluster-size term 7, that appears explicitly in the BCSS-based objective

of Witten and Tibshirani [15] is not explicitly present in our Equation (9). Our subsequent
derivation is therefore performed directly from Equation (9), leading to the equivalent
minimization formulation of Equation (10) and corresponding to the updated procedures
of Equations (11)—(14). Thus, although both approaches of the S-KM1 and Witten and Tib-
shiranies method employ sparse feature weighting and Lasso-type constraints, the objec-
tive functions are formulated differently. Witten and Tibshiranie method [15] are explic-
itly based on a weighted BCSS formulation, whereas our S-KM1 is derived directly from
the observation-level k-means objective with Lasso constraints on the feature weights. We
acknowledge that the formulations of both the proposed S-KM1 and the k-means method
are mathematically related. Therefore, we do not claim that the absence of an explicit#,

term alone makes S-KM1 completely unrelated to Witten and Tibshiranie method. Instead,

we highlight that S-KM1 has its own optimization process and a distinct objective function
formulation and derivation.

Theorem 1. The convex problem mZ}X{WT(l} subject to ”W”1 <s, |W||§ <1Vj, w, >0 is

where w=[wl,...,wd] and a=[a,,...,a,]. The soft-

solved by w=S(a,A)/|S(a,A),,
thresholding operator S is defined by S(a,A) = [S(al,A),... ,S(ad,A)] with
S(aj,A) = Sign(aj)max(‘aj‘—A,O),j =1,...,d . We have that A=0 if ||w||1 <s;
otherwise, we appropriate A >0 so that ”W”I =s. The tuning parameter s exists such that
I<s< \/;, in which the number of dimensions is denoted by d .

Proof. The Karush-Kuhn-Tucker (KKT) criteria are useful for proving the proposition.
Throughout the optimization problem (14), we require w that minimizes the expression

{—Wra} subject to ”W”l <5, W”j <1vj, w, 2 0. The objective function of the convex prob-
lem (14) with corresponding constraints is

https://doi.org/10.3390/electronics15194439
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Minf (W) = Min (—wra) (*)

Subject to the constraints of |[w]|, —s <0 ,|w|[, <1V} for w, > 0. The feature-weight
optimization problem has the constraint g (w) =[wl[. ~=1<0or [w]; <1. In order to
minimize (*,), the first KKT condition related to the constraintis [w] =1<0. Let & be
the Lagrange multiplier associated with this constraint & = 0; then, J (||w||§ —1):0 by

complementary slackness implies that the two cases are 6 =0 or ||w||j =1, while 9 is the
KKT multiplier. Thus, to minimize (*,), we apply KKT conditions on constraints as fol-

lows:

Inequality Condition/Constraint-1: ||W||l -5s<0 = A(”W ||l - S) =0 (*2)

Equality Condition/Constraint-2: ||w||z -1<0, & (”w”i - 1) =0 (*3)

Hence, 0 =0 or ”W”z -1=0. Next, we introduce the Lagrange multiplier (LM) with A
and 0 as follows as follows:
L(W,A,6) = —w' a+ Aconstraint1+ Sconstraint 2

L(,8,8)=—wa+ A, -s)+ 8]} 1) )

Stationary Condition/Condition-3: We take the partial derivative of the Lagrangian with
respect to w, and then set it equal to zero as follows:

L[ ara (ol -5)+ (1 1)} =0,

ow
LS () A2 [, )+ S o 1), g—fv—a+25w+Asign(w):0 (stationary ),

0[] ) = () w25 C1)

. Consider W to minimize (*1), we implement soft-

thresholding approximation. The Lasso penalty term can be deal separately, and we will

locate the possible result for Ad (”w” T S) = Asign (w) . There are two possibilities for op-

timal solution of w,.

Case 1: Let us consider w, #0 if w >0,a,>A and if w,<0,a,<-A, then
|a| > A, andso sign (wj ) = sign (a_/. ) .

Case 2: Let us consider w, = 0 ; the sub-differential of the LASSO L, term
( Aa(”w”1 —s) = Asign(w)) is the interval [—1,1] , and for this, we have the optimal
condition as follows: 0€ a, + Al-1L1] & ‘ai‘ eA[-L1]= ‘ai‘ < A . Thus, by considering
the above-mentioned Cases 1 and 2, we have the optimal result for this w, as follows:
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0 ; when |aj| <A
W, =934 —Asign(a.) . Let Vj,S(aj,A) = Sign(aj)max(‘aj‘ —A,O) be
—~— — 77 -whena, >A
20 !
the soft-thresholding function. We know that vj,
a, —Asign(aj)=sign(aj)max(|aj|—A,O)=S(aj,A) . Thus, we have

a. —Asignl(a, Sla.,A
w, = ! & ( ’)= (a/ ) Vj, 6 >0 . That is, w=M
20 20 20

,02>0, where

S(a,A)=[S(a,,A),...,S(a,,N], w=[w,..w

] and a=[a,,..,a,]. We differentiate

(*,), with respect to J by imposing KKT condition 2. We have ”w”z =1 and then

S(a,A)

5 = ||W||2 =1, 620, and then

||W||2 =1 . Thus, we obtain H
2

”S (a, A)” 0= |25| =20 .Since wehave w=S (a, A)/25, we obtain the required solution

as follows: w= S(a,A)/”S(a,A)”2 .0

Furthermore, in contrast to traditional k-means, where all features contribute equally
to the distance computation, S-KM1 assigns a feature-specific weight to each variable and
estimates these weights jointly with the cluster structure. The feature weights represent
the relative importance of individual features in determining the clustering structure; the
cluster centers represent the corresponding cluster prototypes; and the membership vari-
ables determine the allocation of observations to clusters. The S-KM1 formulation incor-
porates these feature weights into the traditional k-means objective and imposes a Lasso-
type constraint on the weight vector. This constraint promotes sparsity by encouraging
some feature weights to become zero, thereby reducing the contribution of irrelevant or
less informative features to the clustering process. Thus, Equation (9) simultaneously de-
termines the cluster assignments, cluster centers, and feature weights, while the Lasso
constraint enables automatic selection of the most relevant features. In Equation (9), the
objective function is defined in terms of the binary membership variables, cluster centers,
and feature weights. The membership variables determine the assignment of each obser-
vation to a cluster, while the cluster centers represent the corresponding cluster proto-
types.

The feature weights determine the contribution of individual features to the cluster-
ing objective. The Lasso constraint restricts the feature weight vector and promotes spar-
sity by encouraging the weights of irrelevant or weakly informative features to become
zero. This feature selection property is particularly useful for high-dimensional data con-
taining irrelevant or weakly informative variables. To optimize the objective function, we
use an alternating optimization strategy. First, when the feature weights are fixed, the
optimization with respect to the memberships and cluster centers reduces to the corre-
sponding k-means optimization problem. This leads to the minimization formulation in
Equation (10) and the membership and cluster center updating equations given in Equa-
tions (11) and (12), respectively. Thus, observations are assigned according to their
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Electronics 2026, 15, 4439

10 of 38

weighted distances from the cluster centers, while the centers are updated according to
the observations assigned to each cluster. Next, when the memberships and cluster centers
are fixed, the objective function is optimized with respect to the feature weights. To sim-
plify this optimization, the feature-dependent part of the objective is represented by the
quantity introduced in Equation (13). The resulting feature weight optimization problem
is given in Equation (14), subject to the Lasso constraint.

In practical terms, u, indicates the membership of observation i in clusterk .

Since it is a binary variable, an observation is assigned to a cluster when its corresponding
membership value is one. The quantity v, , represents the center, or representative profile,

of cluster k. The distance between an observation and a cluster center therefore deter-
mines how well that observation fits the corresponding cluster. The feature weight w,

represents the relative importance of feature j in forming the clusters. A larger w,

means that feature j has a greater influence on the weighted distance and consequently

contributes more strongly to the clustering structure. Conversely, a small weight indicates
that the feature contributes less to distinguishing the clusters. As Equation (14) is a con-
strained convex optimization problem, the Karush-Kuhn-Tucker (KKT) conditions are
employed to obtain its solution. The resulting solution involves a soft-thresholding oper-
ation, which is particularly important for achieving sparsity in the feature weights. Fea-
tures whose contributions are insufficient to satisfy the optimization criterion can there-
fore obtain zero weights, whereas informative features retain non-zero weights. Therefore,
the derivation of S-KM1 consists of three alternating optimization steps: updating the
cluster memberships, updating the cluster centers, and updating the feature weights. Un-
til the clustering solution meets the convergence criterion, these procedures are repeated.
The S-KM1 algorithm is a summary of the resulting process. The preceding derivation
establishes the updating rules required to minimize the S-KM1 objective function. Specif-
ically, the optimization with respect to the cluster assignments, cluster centers, and feature
weights leads to the corresponding updating equations. These equations provide the com-
putational basis of the proposed algorithm: given the current feature weights and cluster
centers, the observations are reassigned to the nearest cluster; the cluster centers are then
updated using the resulting assignments; and the feature weights are updated subject to
the Lasso constraint. This alternating optimization procedure is repeated until the cluster-
ing solution satisfies the specified convergence criterion. The resulting implementation of
S-KM1 is summarized in Algorithm 1.
Consequently, the proposed S-KM1 algorithm can be described as follows:

Algorithm 1. The S-KM1 Algorithm

S1: Initialize W'” as wW=.=w, = 1/\/3 .Fix £€20,2<c<n.Pick V' atrandom,

and let ¢ =1.

S2: Compute U with W™ and V'™ by using Equation (11).

S$3: Compute V' with U by using Equation (12).

S4: Based on Proposition 1, to optimize Equation (9) with respect to w while keeping U

S(a,A)
INCHN

2

and V fixed, use w= , where w:[wl,...,wd], S(a,A)=[S(a1,A),...,S(ad,A)]
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with S(a/.,A) = sign(aj)max(‘aj‘ —A,O) and a, :li(xij —fj)z —[iiuik (xl.j —V, )2} ,
‘ n

i=1 =l k=1

in which A=0 if ||W||l <s; Otherwise, select a suitable A >0 so that ||W||l =s.
S5: Data point x, should be allocated to the cluster k having the maximum value of

membership, i.e., u, 2u, Vk' oraresulting membership matrix in the form of U, where

u,. is the updated membership matrix.
d d

Se: IF Z ‘wﬁ.t) - w;.H) ‘ Z ‘wﬁ.til) ‘ < £ ,where w;t) is ¢ updated step of w,, then STOP;
j=1 J=1

OTHERWISE, set f=t+1 and return to S2.

In Equation (9), s is a tuning parameter used to control how many features are allo-
cated. In S-KM1, more attributes must be picked, as s is significant. We apply the technique
used in Tibshirani et al. [26] to determine the appropriate setting of the tuning parameter s
via the gap statistic to our S-KM1 algorithm. To determine the magnitude of the tuning
parameter s for S-KM1, the gap statistic is applied as follows:

(a) To create the permuted dataset {X Xy X Z} , we independently permute the

data points in every feature.
(b) The target function T (s) of s at each potential value of s is first generated using the S-
KM1 on the original dataset, where T(s) is as follows:

d n_n n__c
1 ) 2
T(s) :ZW/‘ (;ZZ()@/ - ;) {ZZ% (xif —v,g.) D
Jj=1 i=1 i'=1 i=1 k=1
(i) Leveraging the permuted dataset {X,, X,,...,X,} with S-KM1 enables us to
determine the objective function T(s) on every iteration of s. We designate the
consequence 7. (S), z=1,2,.... 2 .

(i) We compute the gap statistic as follows:
gap (s) =1og(T(5) ~[1/ 2] X" log (. (s))..
(ili) We obtain s~ =max (gap(s)).

The gap statistic is the difference between actual dispersion and the reference disper-
sion (generated by uniform distribution) under the null hypothesis. We generate Z refer-
ence datasets using uniform distribution and cluster each one by giving within-dispersion
T (s). The degree of the tuning parameter s is determined by the maximum Gap(s) to be

s  =max ( gap(s)) . The procedure for the maximum gap is lengthy to execute ([15,26]).

All of this generally incurs a great computational burden. To improve it, we next propose
simpler sparse k-means clustering.

As already mentioned, the estimation of the tuning parameter s in S-KM1 is compli-
cated and time-consuming. Thus, we propose another simpler strategy, called S-KM2. The
proposed S-KM2 objective function is as follows:
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Ty o @V =3 S, (5, —v, ) + 2| (15)

i=l k=1 j=1

u,v, W) are as follows:

Theorem 2. The necessary conditions for minimizing J_,,, (

d d

: 2 , 2
L, if Zwi(xii _vk/) zmmlﬂsCZWj (xij _V//)

U= = = ' (16)

0, otherwise

Zulk X; Zuik (17)
i=1

¢

—Zzuw(% _vk/')z -4
= is —, when 6 <-1
‘— " (xij —v,(j)2 -4
n ¢ 2
w,=|0, when |0|Sﬂ where QZZZﬂik(x;;_Vk,) (18)

i=l k=1
_iiux‘k (x'j Vi )2 +A4

‘ i=l k=l when 6 > A

[k(xij —vkj)2+ﬂ, :
Proof. We first minimize J ,,,(U,V,W)= ZZZulk ,(x,j -V, ) +/1||\/\4|1 with re-

=l k=1 j=1

i=l k=1

2

i=l k=1 2

spect to u, by considering v, and w, fixed. It is equivalent to minimizing

JU)= ZZZ U W, ( X, )2 and will get the same equation as Equation (11). Thus, we

i=l k=l j=1

obtain Equation (16). We next consider the minimizer of J, ., ,(U,V,W) with respect
tov, by considering u, and w, fixed. Applying a partial derivative of J ., ,(U,V, W)

with  respect to v, and setting it equal to zero, we have

3 "
‘]s kw2 _ 7 [2:2 2 W, (x -V, ) :|:0, and have —ZZw/um(xi/—vk/)=0. Thus,
k/' i=1

avk/. =1 k=1 j=1

we obtain v, = Zulk i ZMik , which is Equation (17). We next compute the updating
i=1 i=1

weight equation of w by considering u, and v, be fixed. We know that

aJ d
— R = |:ZZZu w, (x -V, ) }+a—[/1||w||l] Since the term ﬂp”w”1
w

8w i=l k=1 j=1

(U,V,W) cannot be directly used by the derivative, we separately consider

S KM 2

Jowp, UV, W) into two term of J (W)= Zzz% /(x[f—ka)z and

i=l k=1 j=1

,» respectively. For J (W) , we use derivative but cannot directly obtain a

https://doi.org/10.3390/electronics15194439



Electronics 2026, 15, 4439

13 of 38

solution in it. Thus, we add a reasonable term in J (W) with
n c d
* 2
J W)= Z Z Z u,w, (xl.j - vk,) + ¢(||W||z —1) and have an extra updating equation
i=1 k=1 j=1
in the algorithm. Using the partial derivative of J (W) with respect to w and setting it
equal to zero, we have

[zzzu,k (5 w) +¢<||w1|z—1>}22uw<x‘,-vw>2+z¢w, 0. Ths, we

i=l k=l j=1 =l k=l

n__c aJ*
havew = —ZZulk (x,./. —Vy )2 / 2¢ . Similarly, taking a—‘ and setting it equal to zero,
7 7 ¢

i=l k=1

we obtain % = ||W|| 5 —-1=0, and then”w”i =1. The values of @ must be selected such

2
that ||W||2 =1. Thus, we obtain the solution as =1, then

i=1 k=1

.. However,

2
n o c
2
DINACEIE I
ik i ki

i=l k=1

DI WHERN

obtain the updating equation for weight w, with - izl k=l We

N [_”fk (xl:,, _Vk/)z]

J n c d
. . . d .
can find that the updating equation of W; has Z W= 1. We now come to use sub-dif-

i=1 k=1 j=1

ferential to solve the second termﬁ,”w”1
f(w)=

can be expressed as LAHWHI = ﬂi[i |W|J QSlgn( ) By using the defini-
ow ow (‘2"

J J

(U,V,W). Let us consider a function

S KM 2

) w.rt w, which

—A ; when w, <0

tion, we can write the above term Asign (wj ) as follows: ﬁsign(w/.) =<[-A,A]; when w, =0.

A; when w. >0

) A ; when w, <0
Thus, we have Vs 0V H.9) (g‘;V’ W.9) =T +3[-A4,A] ; when w, =0, where
A when w, >0
T ———ZZulk(xl v,y) +2¢w;, We already have 7" =— = ZZulk ( Vk]) +2¢w; =0,
0w, i el i=l k=1

and there are three possibilities to solve this expression, detailed as follows:

. n C 2
Case 1: For Wj<0, let T —A<0. Then, T'_lzzzuik (x’_j—vkj) +2¢W,~—/1 . Let

i=l k=1

0= Yy (x,=v, ) = 0+20w —A<0 5w =(=0+1)/(20) asw, <0.0> 4

i=1 k=1

Sincew; <0, (=60+1)/(2)<0,ie, -0+1<0, A<Bor 6> 1.
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n C 2
Case 2: For w;, >0, let T+A>0. T +i:22uik (xij—vkj) +2¢wj+/1>0. Let
i=1 k=l

9:22u[k()clj—v,g.)2 = 0+2w +A=0 :wj=(—(9—/1)/(2¢) asw, >0, <-4

i=l k=l

Since w; >0, (-0-1)/(2¢)>0,ie, -0-1>0, and O<-A.

Case 3: For W, =0, the interval [ T-1,T +l] must contain 0 so that W, =0 istobe an

optimum. ForT —A=0,T —A= 0+20w, O w, 20, then wj:(—t9+ﬂ,)/(2¢); w, =0,

2¢

0<A, and therefore, A >0 = -0+4>0. Thus, we have @< A . For T-1<q

, -0-1
T -A=6+2¢w —A<0,w <0, then w=——;w<0,-4<6, and
J J 2¢

y)
<0 =-0-1<0

Thus, we have 8>-A. By combining both equations, we have w, =0, when @ Sw .

Thus, the wupdated equation for the weights W; can be written as

-0 -1

for 6 < -1 n_ ¢ )
29 , since . By substituting 6= ZZuik (xl.j _ij> into the
Wj = 0 for |9|S ﬂ, i=1 k=l
0+ 4 for 6 > 1
2¢

above equation of W;, we obtain the updated Equation (18) of the weight W,. O

The second proposed method, S-KM2, is formulated differently from S-KM1 by in-
corporatingan L, -regularization term directly into the k-means objective rather than im-

posing sparsity through a Lasso constraint. The purpose of this formulation is to simulta-
neously minimize the within-cluster dispersion and control the magnitude of the feature
weights. Consequently, S-KM2 provides a penalized optimization framework in which
feature selection is achieved directly through regularization. In the S-KM2 objective func-
tion, the optimization is performed with respect to the membership variables, cluster cen-
ters, and feature weights. For fixed feature weights and cluster centers, minimizing the
objective with respect to the membership variables leads to the membership updating
Equation (16). Next, with fixed memberships and feature weights, the objective is mini-
mized with respect to the cluster centers. Taking the partial derivative with respect to the
cluster center and setting it equal to zero gives the updating Equation (17). The feature
weights are optimized after the cluster centers and memberships have been updated. This
step is the central component that distinguishes S-KM2 from ordinary k-means and from
the constrained formulation of S-KM1. In S-KM2, the membership and center updates es-
tablish the current cluster structure, while the regularized feature weight update evalu-
ates the contribution of each feature. The informative features can retain non-zero weights,
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whereas features whose contribution is insufficient relative to the regularization penalty
are shrunk to zero. Consequently, subsequent cluster assignments are based primarily on
the informative variables, reducing the influence of irrelevant or noisy dimensions.

Overall, Equations (16)—(18) should therefore be viewed as complementary compo-
nents of S-KM2: Equation (16) updates the cluster memberships, Equation (17) updates
the cluster centers, and Equation (18) updates the feature weights and performs feature
selection. Repeating these updates produces a sparse clustering solution in which the final
cluster structure is determined primarily by the relevant features. The role of the regular-
ization parameter is also important. It determines the strength of the penalty applied to
the feature weights. Increasing the regularization strength increases the amount of shrink-
age and makes it more difficult for a feature to retain a non-zero weight. Conversely,
weaker regularization allows more features to retain non-zero weights. Thus, the param-
eter controls the balance between clustering fit and sparsity. The parameter selection pro-
cedure described after the S-KM2 algorithm uses binary search to determine an appropri-
ate value of the regularization parameter. The binary search procedure then searches for
a suitable regularization value, and Equation (18) is used to update the feature weights.
This process is repeated until the specified convergence condition is satisfied.

The derivation above provides the updating rules for the S-KM2 objective function
with an explicit L, penalty on the feature weights. These update equations directly de-

termine the iterative procedure used by S-KM2. At each iteration, the cluster assignments
and cluster centers are updated according to the current feature weights, followed by an
update of the feature weights that accounts for the L, penalty. In this way, clustering

and feature selection are performed jointly within the same optimization procedure. The
iterative process continues until the objective function or the cluster assignments satisfy
the convergence criterion. The complete computational procedure is given in Algorithm
2. The preceding derivation also explains how sparsity is achieved in the proposed algo-
rithms. For fixed cluster assignments and cluster centers, the feature weight optimization
is derived directly from the proposed objective function. The Lasso term penalizes the
feature weights and encourages unnecessary variables to receive smaller weights. The op-
timality conditions further show that a feature whose contribution to the clustering struc-
ture is insufficient can attain an optimal weight of exactly zero.

Consequently, irrelevant or weakly informative features can be eliminated directly
during the optimization rather than through a separate feature selection procedure. More
specifically, the L, regularization induces sparsity through the optimality condition of

the feature weight subproblem. For a given feature, if its contribution to reducing the
within-cluster dispersion is insufficient to compensate for the corresponding Lasso pen-
alty, the optimality condition at the boundary (w = O) is satisfied. Consequently, zero

becomes an optimal value for the corresponding feature weight. This thresholding effect
of the L, penalty allows features that provide little or no contribution to the cluster

structure to be assigned exactly zero weights, thereby excluding them from the subse-
quent clustering criterion. Hence, feature selection is achieved intrinsically within the op-
timization process rather than through a separate preprocessing or post-processing step.
The sparse feature weight update is coupled with the updates of the cluster assignments
and cluster centers through an alternating optimization scheme. At each iteration, one set
of variables is optimized, while the remaining variables are fixed. Consequently, each up-
date does not increase the objective function, yielding a non-increasing sequence of objec-
tive values. Since the objective function is bounded below, this sequence converges. There-
fore, the introduction of Lasso-based feature selection does not constitute a separate pro-
cedure that alters the resulting clusters; instead, sparsity is achieved simultaneously with
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cluster optimization. Hence, the Lasso mechanism provides a principled basis for assign-
ing zero weights to irrelevant or weakly informative features, while the alternating opti-
mization preserves the convergence properties established in the theoretical analysis.

Thus, the proposed S-KM2 algorithm can be summarized as follows, with its
flowchart shown in Figure 1.

Set Initialization

0) _

. _[wj:llxd. w,=w, =...=1/Jd

. V9 =x(random). t=1

« £20.2<c<n

v

Update U’
Compute IVI o =41
v 2Dty (xi/ Vi )2 A
— i=1 k=1
C t w) YT 2
ompute _Z;Zﬂik (xl_j _Vzg-)
i=l k=1 j=

max (w*(’),O)
1= using binary search technique

(0.7)

w
Compute /

Mﬁt—l)‘ <e

VR D

IF Zfl

Figure 1. The flowchart of the S-KM2 algorithm.
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Algorithm 2. The S-KM2 Algorithm

S1: Initialize feature weights as w'® = [Wj:l , with w, =w, =w, =...= 1/\/; . Fix

1x
€20, and 2<c<n inwhich ¢ is the total count of clusters. Pick V" at random,
and let the value of t equal 1.
S2: Update U with W™ and V™" using Equation (16).
S$3: Compute V" with U using Equation (17).

n 4

DD WACES)

i=l k=

S4: Compute w with U and " by the equation w, =—=

k=1
n c d :
_Z Zﬂik (xl.j Yy )2

i=l k=1 j=1

S5: Choose A via the binary search method among max (W*(t),O) and the interval
(0, \/E ) that is the weighted bound.

(t)

S6: Compute W, with A by using Equation (18).

d d
S7IE YW —w'| /Y
= j=1

give off; OTHERWISE, set t =t + 1, and return to S2.

®
i

wj.’fl)‘<8,where w' isthe t™ step updating W, . Then

Next, we will explore the process of selecting the parameter A. The cluster centers
and feature weights are initialized by the S-KM2 algorithm, and then we find the mem-
bership values. We can modify weights and cluster centers by utilizing them. To find the
parameter A, the technique of binary searching is applied, which might generate sparsity.
To obtain the value A, we might use the updated weighted equation of weights in Step-

4. Next, we determine w = max (W; ) 0) . By applying the technique of binary searching

[27], we select the most favorable value of A from [W*,(a,\/g )], in which a is posi-

tive. We can obtain the optimal value for A by this strategy, and then we can update
weights by using the updated cluster centers. Once the condition specified in Step-7 is
achieved in accordance with a threshold value &, generally set at 1x10~, the program
terminates. The weight quantity calculated in the step 54 is an intermediate quantity used
for determining the regularization parameter A; it should not be interpreted as the final
feature weight update. After A is selected, the final feature weights are obtained from
the penalized update in Equation (18). The L, -regularization and the cluster updates are

not separate procedures; rather, they are coupled within the same iterative optimization
framework. As the feature weights are updated at each iteration, the resulting sparse fea-
ture representation directly influences the subsequent cluster assignments and cluster
centers. Conversely, the updated cluster structure determines the feature contributions
used in the next feature weight update. Feature selection and cluster formation can poten-
tially be performed simultaneously thanks to this iterative interaction, which also makes
it possible to omit unnecessary informative features from the clustering criterion by using

zero feature weights. In S-KM2, the L, -penalty is directly involved in determining the

feature weights during the iterative clustering process. Consequently, features that pro-
vide insufficient contribution to the clustering structure can attain zero weights, whereas
informative features retain non-zero weights and continue to contribute to cluster for-
mation. The resulting feature weights are then incorporated into the subsequent cluster
assignment and cluster center updates. Thus, feature selection and cluster estimation are
jointly performed within the same iterative optimization procedure.
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The contribution of S-KM2 lies in its specific integration of the L, -penalized formu-

lation with the k-means clustering framework, the derivation of the associated feature
weight updating procedure, and the theoretical analysis of the resulting iterative optimi-
zation scheme. The proposed formulation provides a unified mechanism in which feature
weighting, feature selection, and cluster estimation are performed jointly. Importantly,

we do not claim that the use of L, /Lasso regularization itself is novel. Rather, following

the L, penalizationidea of SPCM2, our contribution is its formulation and development

within the k-means framework, together with the derivation of the associated feature
weight updating procedure and the theoretical analysis of the resulting iterative optimi-
zation scheme. In S-KM]1, sparsity originates from the Lasso-type constraint on the feature
weight vector in Equation (9). With memberships and cluster centers fixed, the feature
weight subproblem is given by Equation (14), whose KKT-based solution yields a soft-
thresholding rule. Consequently, insufficiently informative features receive zero weights,
while relevant features retain non-zero weights. In S-KM2, sparsity is introduced directly
through the feature weight regularization term in Equation (15). At each iteration, the
memberships and cluster centers are first updated using Equations (16) and (17), respec-
tively, followed by the selection of the regularization parameter and the feature weight
update using Equation (18). This regularized update shrinks less informative feature
weights toward zero. Thus, in both methods, sparsity is enforced directly within the alter-
nating optimization loop through the feature weight update, rather than being applied as
a separate post-processing step. The updated weights are then used in the subsequent
iteration until the convergence criterion is satisfied. To evaluate how well the proposed S-
KM1 and S-KM2 algorithms perform, the following section contains some experimental
results and comparisons.

4. Convergence Theorems for the S-KM2 Algorithm

The two proposed sparse k-means methods, S-KM1 and S-KM2, are discussed in Sec-
tion 3. Based on the objective functions and their updating equations, we find that S-KM2
is much simpler than S-KM1. In S-KM1, determining the appropriate setting of the tuning
parameter s is difficult, even when using the gap statistic. In this sense, we only consider
convergence behaviors for the S-KM2 algorithm. We know that the S-KM2 algorithm de-
termines the relevant features by assigning non-zero weights for key features and zero
weights to features that are unimportant by using Lasso regularization as a penalty term.
In this section, we formulate a convergence theorem for the S-KM2 algorithm in the fol-
lowing Theorem 5, which ensures a convergent subsequence in S-KM2 will ultimately lead
to an optimal solution. First, we need to use Zangwilles convergence theorem [28] and the
bordered Hessian matrix [29}, as they offer a useful method for studying the convergence
behaviors of clustering algorithms. An iterative algorithm was designed by Zangwill [28]

to solve the problem as any closed point-to-set mapping 7: G — Q(G), inwhich Q(G)

is the power set of G . We mention that the S-KM2 algorithm, which minimizes the
closedness constraints 7 by ordinary continuity, is a point-to-point map. Therefore,
Zangwilles convergence theorem is restated as follows.

Zangwill’s convergence theorem [28]: Let " : G — G be the point-to-point map that

produces a sequence {gk }:=o by g,.,=T(g,). Letthesolutionsetbe G <G and as-
sume that:

1. The function S:G —R is continuous such that if g¢ f;, S(T(g))<S(g), and
it te G, S(T(¢))<S(¢).
2. ForG/ E?., the map S 'is continuous.
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3. Acompactset ® C G contains all of the points g, .

Following that, any convergent subsequence of [g, ]:=0 that has a limit in the solution
set G and S ( g, ) will eventually converge monotonically to § ( g) forsome g € & . Let
N, ={u=[y],.

is the membership of i" point for the k™ cluster. Suppose the set V = {v,--v,} be

nxc

Vk,i,u, € {0,1}, Z;luik =1} and U=[u,] €N, where u,

the ¢ cluster centers and let N, = {W = [wj ]1 .

d W =1lw e (0,1),‘v’j}, where w,

j:

is the j" feature weight. Let Gs-xw> be an algorithmic solution set for the S-KM2 as in
YV £V, g 0 (UV ) < T gon (U )

Gswr=| (UVIW)VUEN,, .U 20, Jq 0, (UV )< s, (UV. )

with U= [u”‘ ]”X” ’

it IS () =i S5 () | V=), R )

e k=l j=1 k=1 j=1 )

Ko n ’
0, otherwise Z (1)
i=1
‘Z Ui (xv - VA/) -4
i=l k=l ~ . when 6 <-4
LS 2
Hfgl 2 luk()(/ka/) 7}.H
” P 2
w, =0, ,when |6]< A ,wheref = Z z My (xu - v,{/)
i=1 k=1
72 u, (xv 71/”) +A
izl k=l =, when 0> 4
H—z Uy (x,/ - vk/) +1
1 k=1 2

LetO:N,, — [Rd ]c and O(U)=V =(v,,~=-,v.) where v, is determined by using

Equation (17), Q: [Rd T XN, = N, _  with Q(V,W) =U= [uik ]m obtained by using

m

Equation (16), and R:[R’ | xN, — N, with R(U,V) =W =[w, |
using Equation (18). Thus, we define the S-KM2 operator 7 in the following Definition 1.

determined by

Ixd

Definition 1. The S-KM2 operator T: N, x| R | xN,, — N, x| R* | x N, is defined as
T=4,04 where 4:N,x[R'|xN, >N, with AUV.W)=0V.W) and
4,:N, > N, x[R"] xN, with 4,(U)=(U,0(U),R(U,0(U))). Hence, we have
T(UVW)=(do4)(UV.W)=4,(4(UV.W))=
a,(0(r.m))=(0(r.w),0Q(.W),R(Q(V.W),0(Q(V.W))))=(U.V.W).
Analyzing the Jacobian and Hessian matrices is a sufficient requirement for a strict

minimizer of an objective function. In contrast, the Lagrange multipliers and a bordered
Hessian matrix need to be evaluated as follows if specific constraints are considered.

Theorem 3 (the Lagrange theorem [29]). Let functions f:E ;>R E, cR", and
z.:E. >R, E_cR", i=1l--t t<n, is continuous and differentiable partially. Let

X :{xl(o),---,x(o)}e E, be a local extreme value of a function f having the constraints

n
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oz, (x) oz, (x)
ox, ox
Jacobian |J|= : : b %0 for X Then, the gradient of L(x;89) at
oz, (x) oz, (x)
a_Xi »

(x(o); 19(0)) is 0. That is VL(x(O)'iﬁ‘(O)) =0.

Theorem 4 (local sufficient conditions [29]). Let f:E, =R, E, cR', and z :E. >R,
E. cR", i=1,--,t, t<n, be functions that are twice continuously partially differentiable
and let(x(o);ﬂ(o)) with x e Ej. be a solution of VL (x(o); 0 ) =0. Let

2 2
0 0 J°L 9°L
0 ¥,0x, 0¥,0x,
2 2
0 0 J9°L 9°L
) 0 ¥,0x, 0¥,0x,
Hoso)=| oy 9L 9L a’L
dx,0 %, 0x,0¢,  dx,0x, ox,0x,
0°L 0°L 0°L 9°L
0x,0%, 0x,09,  dx,ox, 0x,0x,

be the bordered Hessian with its leading principal minors ‘H , (x(o) 00 )‘ of order r=2t+1,
2t+2,---,n+t at (x(o); o ) Thus, the following expressions can be obtained:
1. If all leading principal minors ‘Hr (x(o); 2 )‘, 2t+1<r<n+l, are with sign (—1)’ ,

then x"* z{xl(o),---,xio)} is a local minimum point of the function f for constraints
2 (x)=0, i=1m1.
2. Ifall leading principal minors ‘Hr (x(o); 19(0)) ,

2t+1<r<n+l, alternate in signs, i.e.,
the signs of ‘HW (x(o);ﬁ(o))‘ :‘EL (x(o);ﬂ(o))‘ are (—1)" , then X = (xl(o),---,xio))
is a local minima of the function f for constraints z,(x)=0, i=1,---,1.

3. Ifneither condition of (1) nor (2) is met, then x) is not a local extreme point of the function
S for constraints z,(x)=0, i=1L,---,t. In this instance, it is not deemed a violation of

condition (1), when one or more leading principal minors have zero value.

Lemma 1. When the factors U =U and W=W are fixed, the objective function

n

I s (U, v, Vf’) is minimized at v, if and only if Vk, j,v, = Z(,uik )" X; i(,uik )"
i=1

i=1
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Proof. We had already proved the necessary condition (“only if”) in Theorem 2. We take

the first and second derivatives of J u,v, W) w.r.t. v, for proving the “if” con-

S—KM2 (

dition with fixing U =U and W =W . We differentiate .J (U , V,W) wrt v,

S—KM 2

aJ .
therefore, =~ we  obtain the equations —2= —22 u,w (x. —V ) and
. =

7\ Xy
avkj

Lifk=t

0,ifk #t

The derivative of JS_KMz(U,V,Vf/) wrt. v
. d d

2~dlag{]dzj=1uliwj,-~~,Idzjzlu”.wj}

inite, and so the objective function J

Vy = Z(luik ) Xy Z(Iuik )" . o
-1 i-1

9°J N
SKM2 95 ] zuikwj in addition &, =

, where &, is the kronecker index.
akaavzf

Jj=1
,; in term of Hessian matrix is
. We can see the Hessian matrix is positive def-

> (UV, W) is minimized at v, with

Lemma 2. The objective function ']skoz(

l?, 17, W) with z; w, = 1 is minimized at
W= [ﬂ/j :led when the factors V = V oand U=U are fixed if and only if

2

w, =10, , when |9| < A ,wheref = i iﬂm (x,.j —vkj)

i=l k=1

Proof. The necessary condition “only if” had been proved already in Theorem 2. Consider

d
the Lagrangian /i, (U1, W) =30 20 20w (5, =, ) + AL |w [ +o[ Iwl-1] of
j=1

J

w.
J

J

S—-KM?2 (

UV, w)

—KMZ(

u,v,wy, where”w”l = Zd:‘wj‘. Differentiate the Lagrangian J|

J=1

wrt. w, to prove condition “if” for the fixed V=Vand U=U, then we obtain

j—*’ai{zz e, (5=, ) +o (I —l)}%znwnl. The solution for the sec-

i=1 k=1 j=1

S—KM?2

ond partial derivative of J (U,V,W)is by using the concept of sub differentials.

Consider the first partial derivative of 0J / ow ; as  following:

aj n c d
—:Z¢ =

2 * . .
u, (x.. - vk.) +2¢w. . Differentiate Z again w.r.t. w,, we obtain as
aw parie K g v J J

=1 j=1

{iiium (xij —Vy )2 + 2¢W,-:|a and then
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P 2

i 0+2¢=2¢. According to Theorem 1, we have 2¢ = ‘ —Zn:i Zd:u[k (xij -V, )2

—=
) w; i=l k=1 j=1 )

2

7 d
and g—; = ||w||z -1, awwj =2w, . Considering aiw/ﬂ"W”l = ﬂaim(g‘wl‘j = ﬂsign(wf) p
A ; whenw, <0
Asign (wj ) = [—Z,, ﬂ,] ; whenw, =0 with A>0, we have that
A ; whenw, >0

-1 ; whenw, <0

aj . " n c d 2
awj =7 + [—/1,/1] ; whenw, =0, where Z :Zi:12k:1zj:1uik(xy —ij) +2¢Wj.
! A ; whenw, >0
9°J, :
Therefore, —~=2¢. By using the proof of Theorem 1, we have
d'w,

J
2

n c 2
—ZZ% (xii _Vk/)
2

i=l k=1

2

82
)

> S ()
ZW,- - it Lajm B \ Xy ~ Vg

Therefore, the definition of bordered Hessian matrix w.rt. w, and ¢ is as follows:

[2¢]= as [2¢]=2¢ so that

2

0%J, 9%J, 0%J,
dgdw,  dgaw, dgaw,
0°J, 0%J,
0 0
dgow, ow,0w,
- 9°J,
H, (w,¢)= i 0
i (w.9) Igaw,
9°J, 9°J,
J 0 0 J
dgow, ow, 0w,
. . 1 .
Therefore, for only one given constraint, =1, hence (—1) =—-1<0. Next, we examine

each of the top major minors:

2
5 -v,)
i\ 1j

i=l k=1

(e}

2
2

|=[2w

2

i=l k=l W=,

2
2 0 ‘—2 , (x,-v,)

2 2

n c

2
- U, (xij W )
i=l k=l

n 4

2
- Uy, (xl.j Y )
i=1 k=1

=—| 4w’ + 4w§

1

2 2
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0 2w, 2w, 2w,

n C 2
2w |2 2w (- vy)

i=l k=1

2

2

(o=, ) S| 0

i=l k=1

2

A 0 0 22u3 v3,

i=l k=1

2

SITAEEE) (Do AR EEHD 3 ) Do At |

2w =2w,
i=l k=1 Hll =l k=1 i=l k=1 ol =l k=l

= ) ) *1<0

—ZZ%- (x/ _Vl./) _ii‘“zi (x/ _sz‘)z

i=l k=1 i=l k=l

2w
2

2

0 2w 2w, 2w,
n C 2
2 PIIACE) 0 0
= k=l H
2
gl o o BBub- o
1 k=
2w 0 0 ‘—ZZ%A(X sl
il k=l 2
d d n c 2 _ ~
= —ZH —Z Zuik (x -V ) < 0. Thus, the objective function J ,,,, (U, V, W)
j=1 p=1 i=1 k=1 2

9=0

subject to Z w, =1 is minimized at W= [ ]

Ixd

km

Lemma 3. The objective function J ., (

U, 17, Vf’) is continuous on [Rd ]C XN, XN, .

Proof. By considering the fact that [u[k —>u, ], [Vk,- - Hx,.j —v,g.”z} and I:Wf - ij ‘H

. : u, > u,
are continuous, the total sum of objects generated by [”‘ ”‘] and

|:Vk/. —>||x

[”,—k — uik:l and [wj - HWJH:l should be continuous too. Therefore, the objective func-

2
. —v,q.” } is also continuous, and the total sum of objects generated by

tion J

S—KM?2 fkm

U,V,W is continuous on | RY | x N XN,. o
(U.7.7) [®]

Lemma 4. Let G denote the set of solutions for the S-KM2 objective function

S—-KM2
S5 (UV W) : We can obtain that S xun (Z(U, v, W)) =
I UV WS T s (UVW) forany (UV,W)e Gy, -
Proof. Let (U v, W) ¢ ésf 2 . Then, we have that

JS—KMz (Z(U’V’W)):JS—KMz(Az oAl (U,V,W))ZJS KMz(O l; W)

n C
= min { Z
i k=

Uik | Y=l k=1 =

n d

e, (5, —5, ) +z||w||} e, (x, -5, + AL,

=1 k=1 j=1

M&
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=J, ., U v w)ysJ_. (U V., W) (by Lemma2) <J

s UV, W) (by Lemma 1).
Therefore, we obtain that Jy_ ., (Z(U.V.W))=J o, (UV.W)<J o, (UV. W)

for any (U,V,W )¢ G

S—-KM 2

-KM2

Lemma 5. The S-KM2 operator T' for the objective function J_ ., . (U,V, W) operates continu-
ously on []Rd T XN, XN,.

Proof. Let A (U V.w)=0(V.w)={0,(V.W),--,0,,(V.W)} . Since
[ka > |, _ka‘r} [W.f - ‘W/H and
{Zc:zd:wi (xi]. -V )2 —min_,_ iiwj (xl.j -V )2} are continous,
k=1 j=1 k=1 j=1
c d
0, (V.= I,if ;; (x —vk]) =min,,, :1;w ( X, v,]) _
0, otherwise .
is also

continuous. Because the sum and product of continuous functions are also continuous.
Thus, Q(V,W)= {Q11 (v, w),.,0, (V,W)} is continuous too. Furthermore,

4,(U)={U.,0(U),R(U,0(U))} where 0O(U)={0,(U),,0,(U)}, and
RW.V)={R (U V), ,R,(UV)}  with v, = Zum x) Zu and
=l k=) when 6 < -1

2

'I C 2
uk X vkj) -1

'—lkl

2
2

R, (U,V)=|0, ,when |#|< A ,where8 = Z;ﬂk( v,q)

ji c

—Z u, (xl.j -V )2 +A

=1 k=l ~, when 6 > 1
n C 2
H— U, (x,.j _ij) + A

i=1 k=1

2

Since [ul.k —>ul'::| and [u,.k —>u,x J are continuous, ij (U ) and Rj (U ,V) with

the quotient of two continuous functions are also continuous. Therefore,
={O” (U),,0, (U)}, and R(U,V)={R (U,V),,R,(U,V)} are contin-

uous. Thus, T'= A4, o 4 is continuous on [Rd ]C XN, XN,. o

Lemma 6. Let (COHV (X))C be a c-fold Cartesian product of the convex hull X. Let
{Q(V(O),W(O)),V(O),W(O)} be the starting points of iterations with T . Then,
{T(") (Q(V(O),W(O)),V(O),W(O) )} eN,, ><(COIlV(X))C XN, is compact in

NKmx(]Rd)CxNW.
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Proof. Let {Q(V(O),W(O)),V(O),W(O)} be the starting points of iterations with T in
which o(rw)={g, (¥ w"),...0, (r" W)} with uf’ =0, (¥,

d 2
can be describe aSQ.k(V(O),W(O)): 1,if k:lg‘w(f()) (x, - ) m;;W (x,-4") ~ Moving

0, otherwise

forward in a recursive way, we have that e (conv ) Vrzl. 1t is clearly that

d,
= (r0 )| 1SS ) mmin SE - |

= k=1 j=1

0, otherwise

and uVenN . . Therefore,

M_p (U(l) V(])):Z h=1 k=1 =1 eN
J J H 2 _C N w'"
H B s
—zn: Z (ut.(,(l))(x” - v,(wl))2 -A
=l A= ~, when 6 <-4
0 e 5
DRI
w!) :R/.(U(”,V“)): 0 , when |6|< A ,where 6 = Z;;#,k( vk,)z = W)
—zn: y (ut.(,(l))(xi/. —v,(t,/l.))2 +A
7' ";‘ —, when 6> 4
_ (1) _
‘ |

and w"e N, . Furthermore, moving in a recursive approach, U WeN ., and
wenN,, vr=1. Thus, T {o(r®.w)r¥ w®le N, x(conv(X))'xN, is
compactinN, X(Rd )c XN,. o

By assessing the conditions of Zangwilles convergence theorem according to Lemmas
3-6, we obtain the following convergence theorem, Theorem 5, for the 5-KM2 algorithm.

Theorem 5. Let the data set X ={x,,-++,x,} be bounded in R* with the objective function

Iy UV, W) Let T:N, x(R") xN, > N,, X(Rd )(. XN, be the operator of S-KM2
as defined in Definition 1. Then, any  convergent subsequence{T(r’) (Q(V(O) w© ) 7O w )}
from the S-KM2 algorithm shall tend to the optimal solution(U, 17,1/17) in E;S—KMZ and the S-
PCM2 sequence{T(’) (Q(V(O), W(O)),V(O), w )} will monotonically converge to the optimal

solution (U,I;,W) in Gs-xuz.

5. Clustering Measures, Results, and Comparisons

In this section, we demonstrate the capability and strength of the proposed S-KM1
and S-KM2 algorithms by undertaking several comprehensive experiments on synthetic
and real datasets. We use four synthetic datasets and nine real datasets to perform the
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experiments. The performances of the clustering results are assessed by making compar-
isons between the true labels (i.e., the labels of each data point) and the predicted labels
(i.e., the labels assigned by the algorithm). The performance evaluation measures are the
accuracy rate (AR), Jaccard index (JI) [30], Rand index (RI) [31], normalized mutual infor-
mation (NMI) [32], Fowlkes-Mallows index (FMI) [33] and running time (RT). Let C and

C’ be the set of k clusters with C={CI,C2,...,CL} in the original dataset and

C'={c/,C.,..,C'} from the algorithm. The formal description of these measures are as

follows.
Accuracy Rate (AR): The accuracy rate (AR) is measured by AR = 2;1 h./ n,where,

h, denotes the correctly clustered data points in C”and  is the number of data points.

The accuracy rate (AR) measures the percentage of clustering results with correctly iden-
tified points.

Jaccard Index (JI) [30]: To determine which members of two sets are similar and
which are dissimilar, the members for the two sets are evaluated by applying the Jaccard
index (JI) [30]. To compute the JI, we use the equation JI = J(A,B) e |A ﬁB|/|A UB|

where A appears in both sets, and B can be seen in either set.
Rand Index (RI) [31]: The Rand index (RI) [31] evaluates how similar the cluster as-
signments are to one another by making pairwise comparisons. The RI always has a value

between 0 and 1. A higher score indicates greater similarity. Let (X X /_) symbolize a
given pair of points from the dataset. If two points are paired together and both of them

belong to the same cluster in C and C’, then there are a number of those pairs; likewise, let
b denote the number of point pairs in which both points belong to two different clusters
C and two different clusters in C’. If two points are in the same cluster in C but dis-
tinct clusters in C’, then there are c pairs of points, and d is the number of pairs of points
in which both points are members of the same clusterin C’ and two different clusters in
C . The overall number M =n(n-1) / 2 of possible point pairs within the dataset and

the number 1 of data points are used to determine the RI, where RI =(a+d) / M . Simi-

larly, the Rand Index measure can be defined as RI=No. of pairwise predictions/total No.
of possible pairs. The percentage of accurate decisions the algorithm makes can be esti-
mated by the Rand index. It is additionally determined by
RI =(TP+TN)/(TP+FP+ FN +TN).

Normalized Mutual Information (NMI) [32]: Normalized mutual information (NMI)
evaluates how well the cluster assignments agree with one another. Higher similarity is
represented by a higher score. The joint and marginal probabilities are used to measure
the level of agreement between clusters. The volume of data about a termes existence or
lack thereof is determined by the NMI [32], which is necessary to determine its appropri-
ate classification. To determine NMI, NMI = I (X:Y) / (H (X) + H (Y))/2) canbe
used, where H (X) and H (Y) are the marginal entropies of X and Y, respectively, and I (X:
Y) is a piece of mutual information between H (X) and H (Y).

Fowlkes—-Mallows Index (FMI) [33]: The true positive, false positive, and false neg-
ative are used to generate the Fowlkes-Mallows Index (FMI) [33]. By counting the number
of pairwise points that are assigned in the same cluster for the predicted and actual labels,
or in a different cluster for TP, FP, and EN, it is possible to determine these terms. To

compute FMI, we use FMI = TP/\/( TP + FP) (TP + FN) . It is to be noted that the val-

ues above all indices measures lie between 0 and 1. Higher values exhibit that the similar-
ity of clustering is high, and low values indicate that clusters are dissimilar.
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Running Time (RT): Running time (RT) is the total average running time in seconds
that an algorithm takes to reach convergence.

Based on the above clustering evaluation measures, we compare the effectiveness of
our proposed S-KM1 and S-KM2 algorithms with the existing algorithms considered in
this study. The comparisons in Yang and Benjamin [19] demonstrate that their proposed
SPCM2 is better than the sparse k-means method proposed by Witten and Tibshirani [15]
and the S-FCM algorithm proposed by Qiu et al. [18]. They chose SPCM2 over SPCM1
because of the savings made on run time. Thus, we should only compare the proposed S-
KM1 and S-KM2 algorithms with the SPCM2 and (original) k-means. A detailed evalua-
tion and comparisons between them are presented in the following section.

5.1. Evaluation and Comparison with Synthetic Datasets

In this section, we demonstrate a comprehensive investigation using four generated
synthetic datasets to examine the performance of the aforementioned algorithms. Four
synthetic experiments were conducted to comprehensively evaluate the behavior of the
k-means, S-KM1, S-KM2, and SPCM2 algorithms in controlled clustering settings. The
synthetic datageneration mechanism for the first three experiments follows the construc-
tion in Examples 1-3 and was adopted from the construction used by Yang and Benjamin
[19], which was itself developed following the sparse clustering data generation frame-
work of Qiu et al. [18]. In Example 1, three clusters were generated from three independ-
ent normal distributions, in which there were different means in the first five relevant
features, while the remaining features were generated from a common zero-mean distri-
bution and treated as irrelevant features. Examples 2 and 3 extend this setting by varying
the number of features and observations to examine the effects of dimensionality and sam-
ple size, respectively. Example 4 uses a Gaussian mixture distribution to generate three
clusters with (n=450) observationsand (d=15) features, including three relevant and
twelve irrelevant features. Each experiment was repeated 100 times with different initial-
izations, and the average AR, JI, RI, NMI, FMI, and RT were used to compare the four
clustering methods. We obtain both the ground truth label with its actual data labels and
then made a comparison of each data pointe ground truth label with its actual clustering
label before assessing the results. We evaluated the effectiveness of algorithms by consid-
ering the six metrics of AR, JI [30], RI [31], NMI [32], EMI [33] and RT. The algorithms of
k-means, S-KM1, S-KM2 and SPCM2 were repeatedly implemented with 100 simulations
at different values of initials, and then we obtained the averages of AR, JI, RI, NMI, FMI
and RT. These results will be shown in tables.

Example 1. The first dataset X ={x,,---,x,} is generated from normal distributions with the
n number of data points and d features, in which we use X, , todenote its data matrix. We follow
a similar generating way to that of Yang and Benjamin [19]. The elements x, are independently

distributed from three normal distributions in which these three normal distributions have different

means with —u, 0, and only in the initial q features. Specifically, data from the matrix X _ has

nxd

the three clusters C,,C, and C,, constructed based on the three normal distributions with means
i, 0,and u, respectively. Initially, they have q features, but they are produced by the identical
normal distribution with a mean of 0 for the remaining (d -q) attributes. Therefore, the three
clusters C,,C,and C, have different means —u,0,and u onlyinthefirst q(q<d) features.
However, they have a mean of 0 for the remaining (d -q) attributes which denote unimportant

(sparse) features. In this dataset, we consider the number of data points to be n =60 and the
number of features to be d =25. We set 1 =2.5 and the first five features as relevant, and the
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remaining (d -q =20) attributes are insignificant. The value of the tuning parameter lambda
A is obtained by the gap statistic using the technique of Tibshirani et al. [26] in S-KM1. The
initial weights are attained by the expression w =1/ \/Z . We implement the k-means, S-KM1,

S5-KM2 and SPCM?2 algorithms to demonstrate their performance and effectiveness and compare
their results on clusters. Table 1 illustrates their clustering findings. The results in Table 1 are
distinctive, among which the top-ranked values are shown in bold, while the values in second place
are underlined. The results demonstrate that S-KM2 outperforms S-KM1 in AR, JI, RI, and FMI,
but S-KM1 outperforms S-KM2 in NMI. S-KM2 outperforms k-means and SPCM2 in AR, ]I, R,
NMI and FMI. For RT, k-means ran the fastest with the most saving time, and S-KM2 ran faster
than S-KM1 and SPCM2. In general, S-KM1 took the most time, at 2.1859 sec. The proposed S-
KM2 algorithm showed the best performance based on the average evaluation measures (AR, J1, RI
and FMI) in Table 1, while the proposed S-KM1 algorithm had the second highest values in average
evaluation measures (AR, RI) but the best NMI. The proposed S-KM2 also showed the minimum
average total running time (RT), but due to the use of gap statistics, the proposed 5-KM1 required
some additional time (RT). Therefore, we conclude from Table 1 that our proposed S-KM2 cluster-
ing algorithm shows excellent performance.

Table 1. Comparison between k-means, S-KM1, S-KM2, and SPCM2 based on averages of AR, JI, RI,
NMI, EMI, and RT for Example 1.

Evaluation Criteria AR JI RI NMI FMI RT
k-means 09500 0.2000  0.5556  0.3333  0.9578  0.0294
S-KM1 09833 04716 09222 09154 0.5433  2.1859
S-KM2 1.0000 0.9355 09778 0.8791  0.9667  0.0427
SPCM2 09670 0.6240 0.8100 0.7230  0.7730  0.0630

Example 2 (Continuation from Example 1 by varying dimensions d). We continue generat-

ing datasets using the method from Example 1. We generate the data matrix X __ for this exper-

nxd

iment for the four clusters C,C,,C, and C, from the four normal distributions with means

—u, 0,1 and 2u, respectively; however, they are produced by the same normal distribution as

the first q attributes, with a mean of 0 for the remaining (d-q) attributes. We illustrate the av-
erage i =2.5 and generate datasets with feature dimension sizes from d =100 to d =1000.

We then evaluate how well the k-means, S-KM1, S-KM2 and SPCM?2 clustering algorithms per-
form under different feature dimensions from d =100 to d =1000. These comparisons of the
four algorithms are shown in the form of line-segment graphs in Figure 2 for AR, JI, RI, NMI, FMI
and RT. From Figure 2, we observe that the proposed S-KM2 algorithm performed significantly
better than the k-means, S-KM1, and SPCM2 algorithms according to performance metrics AR, ]I,
RI, FMI, and NMI. On the other hand, we also find that the run time RT of S-KM2 is lower than
that of S-KM1 and better than that of the k-means and SPCM2 algorithms. Generally, S-KM1
requires more time to finish the clustering process due to the gap statistic for the tuning parameter.
To conclude, the proposed S-KM2 algorithm demonstrates better performance than the k-means, S-
KM1, and SPCM2 algorithms.
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Figure 2. Comparisons of k-means, S-KM1, S-KM2 and SPCM2 in the form of line-segment graphs
at different dimensions from d =100 to d =1000 on the averages of (a) AR, (b) ]I, (c) R, (d) NMI,
(e) FMI, and (f) RT.

The apparently flat trajectories in Figure 2 reflect the small changes in the objective
value as the iterative optimization approaches a stable solution. The trajectories therefore
become visually indistinguishable after several iterations. The proposed algorithms con-
tinue their iterative updates until the specified stopping criterion is satisfied.

Example 3 (Continuation from Example 1 by varying the sample size n). We continue to
generate datasets using the method outlined in Example 1. We generate the data matrix X, for
this experiment for the three clusters C,,C,and C,, from the three normal distributions with
means —p, 0, and u, respectively; however, they have the same normal distribution as the initial
q attributes, with a mean of 0 with respect to the remaining (d -q) features. The meanis (=3.0,
and we generate datasets with data point sizes varying from n=100 to n=1000, with the fixed
feature dimension d =1000 and with g =25. We then evaluate how well the k-means, S-KM1,
S5-KM2, and SPCM2 clustering algorithms perform with different data point sizes from n =100
to n=1000. We perform 100 simulations for these generated datasets on different initials. The
line-segment graphs for AR, JI, RI, NMI, FMI and RT are shown in Figure 3. From Figure 3, we
can see that the proposed S-KM2 algorithm performs better than the k-means, S-KM1, and SPCM2
algorithms based on the AR, JI, RI, FMI, and NMI metrics. S-KM2 has the lowest running time.
We can conclude that the proposed S-KM?2 algorithm performs better than the k-means, S-KM1,
and SPCM2 algorithms.
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Figure 3. Comparisons of k-means, S-KM1, S-KM2, and SPCM2 in form of line-segment graphs at
different sample sizes from n =100 to n=1000 on the averages of (a) AR, (b)JL (c) RI, (d) NMI,

(e) FMI, and (f) RT.

Example 4 (Generated from Gaussian mixture distribution). The distribution of the Gaussian

mixture zzzl o, N(u,,%,) is employed to construct the datasets in this experiment, in which

the parameters o =1/3,k=1,2,3,u =13, 3,3]7,,112 =[6,6, 6]T and u, =[9,9, 9]T apply, with

the covariance matrices £, =0.301,k =1,2,3, where 1 is an identity matrix. We generate a

three-cluster dataset with C,,C,andC, containing n =450 data points and d =15 features. There

are three features out of a total of fifteen features that are considered relevant by the Gaussian
mixture distribution. The uniform distribution with a mean of 0 generates the other twelve features.
We implement the k-means, S-KM1, S-KM2 and SPCM2 clustering algorithms on this synthetic
data. We perform 100 simulations for this dataset on different initials, and their averages of AR, I,
RI, NMI, FMI and RT are shown in Table 2. The results in Table 2 are presented with the top-
ranked values shown in bold and second-place values underlined. From Table 2, the results demon-
strate that S-KM2 outperforms the k-means, S-KM1, and SPCM2 algorithms in all metrics: AR,
JL, R, NMI, FMI and RT. Furthermore, the total run time of S-KM2 (0.0175 (sec.)) is even faster
than that of k-means (0.0439 (sec.)). To conclude, the proposed S-KM2 algorithm performs the best

on this dataset.

Table 2. Comparison among k-means, S-KM1, S-KM2, and SPCM2 for Example 4 based on the av-
erage SPCM2 for AR, JI, RI, NMI, FMI and RT.

Evaluation Criteria AR JI RI NMI FMI RT
k-means 0.9565 0.2016  0.5570  0.9898  0.3356 0.0439
S-KM1 0.9999 02897 05733 09998 03600  2.4379
S-KM2 1.0000 0.9991 0.9957  1.0000 0.9874  0.0175
SPCM2 0.9950 0.7410 0.8550  0.8210  0.8470  0.1230

5.2. Evaluation and Comparison with Real Datasets

This section displays some additional illustrations that demonstrate the performance
of and comparisons between k-means, S-KM1, S-KM2, and SPCM2 for actual datasets. The
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real-world datasets considered in this study were obtained from the UCI Machine Learn-
ing Repository [34] and are selected to provide a range of sample sizes, feature dimen-
sionalities, and cluster structures. The experimental comparison follows the sparse possi-
bilistic clustering framework of Yang and Benjamin [19], with SPCM2 included as a com-
peting method. To further examine the practical effectiveness and feature selection capa-
bility of the proposed S-KM1 and S-KM2 algorithms, we conduct experiments on a diverse
collection of real-world datasets. The datasets are selected from different application do-
mains and exhibit substantial variation in sample size, feature dimensionality, and num-
ber of clusters, thereby providing a more comprehensive evaluation of sparse clustering
performance. We first consider the classical Iris dataset with Example 5 and then investi-
gate different additional datasets in our experiments from the UCI Machine Learning Re-
pository [34]: Breast cancer, vertebral, seeds, cardio, arrhythmia, sonar, WBC, and USPS
within the Iris dataset are considered separately in Example 5. These datasets cover dif-
ferent application domains and, importantly for sparse clustering, exhibit substantial var-
iation in sample size, feature dimensionality, and number of clusters. The breast cancer
and WBC datasets represent medical applications; The vertebral dataset provides biome-
chanical measurements; the seeds dataset represents agricultural data; the cardio and ar-
rhythmia datasets provide clinical/medical measurements; sonar represents signal-pro-
cessing data; and USPS provides a high-dimensional handwritten digit recognition prob-
lem. The Iris dataset [35] contains 150 observations described by four measurements—
sepal length, sepal width, petal length, and petal width—and comprises three iris species,
with 50 observations from each species. The dataset in Example 6 provides considerably
greater diversity. The breast cancer dataset contains 569 observations and 30 features with
2 clusters, while the vertebral dataset contains 310 observations, 6 features, and 2 clusters.
The seeds dataset contains 210 observations described by 7 features and consists of 3 clus-
ters. Cardio contains 1831 observations and 21 features, whereas arrhythmia contains 452
observations and 274 features, providing a relatively high-dimensional medical data set-
ting. Sonar contains 208 observations and 60 features with 2 clusters, while WBC and
USPS provide additional medical and image recognition applications. The USPS dataset
contains 9298 handwritten digit observations represented by 256 pixel features and 10-
digit clusters. To reduce the effect of random initialization, each experiment is repeated
100 times using different random seeds, and the corresponding average performance is
reported. The resulting experiments therefore provide a joint assessment of clustering ac-
curacy, computational efficiency, and the ability of S-KM1 and S-KM2 to identify and
eliminate irrelevant features through sparse feature weights.

We first consider the experiment with the Iris dataset [35] of Example 5. We then
consider the eight real datasets breast cancer, vertebral, seeds, cardio, arrhythmia, sonar,
WBC, and USPS from the UCI Machine Learning Repository [34]. We show the feature
selection strength for both S-KM1 and S-KM2 algorithms for these eight real datasets. We
then present the performance of the k-means, S-KM1, S-KM2, and SPCM2 algorithms and
make comparisons among them for these eight real datasets in Example 6.

Example 5. This example is based on the Iris dataset [35], which contains 150 points of data and
the 4 main attributes of SL (sepal length), SW (sepal width), PL (petal length) and PW (petal
width). Each of the three species of iris—Iris Setosa, Iris virginica and Iris versicolor —has (50)

samples combined in the dataset. We initialize weights by w, = 1/ Jd and the parameter A =12

with d =4 features, and we assume A =12 to be the optimal value of the tuning parameter
that enables S-KM1 to become sparse (there are non-zero weights for the remaining features). The
findings presented in Table 3 show top-ranked values in bold, while the second-highest values are
underlined. The findings displayed in Table 3 demonstrate the superiority of the S-KM2 algorithm
over all the other algorithms (k-means, S-KM1, and SPCM2). In terms of run time in seconds, k-
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means is the fastest, at 0.0084, and the S-KM2 is also fast, with 0.0654. However, S-KM1 is the
slowest algorithm. This is due to the involvement of the gap statistic, which selects the tuning
parameter value, being similar to the Lasso-based k-means method suggested by Witten and Tib-
shirani [15].

Table 3. Performances of KM, S-KM1, S-KM2 and the average-based SPCM2 in terms of AR, JI, RI,
NMI, FMI and RT in Example 5.

) Performance Measures Feature Weights
Algorithms
AR J1 RI NMI FMI RT PL PW SL SW
k-means 0.8867 0.1364 04933 0.7419  0.2400  0.0084 - - - -
S-KM1 0.9700 0.8072  0.9289  0.7433  0.8933  1.3501  0.7421  0.2353  0.6276  0.000
S-KM2 0.9733 09231  0.9700 0.8642 09550 0.0654 0.0000 0.0820  0.1311 0.366
SPCM2 0.9620 0.6500  0.8100 0.6950 0.7930  0.0780  0.0150  0.0000  0.2400  0.000

We next investigate some real datasets with different dimensions in health and med-
ical sciences from the UCI Machine Learning Repository [34]. These are the eight real da-
tasets breast cancer, vertebral, seeds, cardio, arrhythmia, sonar, WBC, and USPS. These
datasets have also been used by researchers and scientists in various fields. We apply our
proposed S-KM1 and S-KM2 algorithms on these real datasets to explore their efficiency,
effectiveness, and competence in relevant feature selection, and then we compare them
with k-means and SPCM2. We conduct 100 simulations of clustering results using various
seed values. We also show the feature selection strength of both the S-KM1 and S-KM2
algorithms in which both algorithms can produce sparsity to feature weights and have the
ability to discard the irrelevant characteristics by assigning them exactly zero weights due
to the inclusion of the Lasso penalty term.

Example 6. In this experiment, we use the eight real datasets breast cancer, vertebral, seeds, cardio,
arrhythmia, sonar, WBC, and USPS [34]. We employ the proposed S-KM1 and S-KM2 algorithms
on these real datasets to evaluate their performance and to explore their feature selection ability as
well. In Table 4, we show results from k-means, S-KM1, S-KM2, and SPCM?2 in the six evaluation
criteria with (average) AR, |1, RI, NMI, FMI and RT, in which bold indicates the best values, and
the underlined values are the second-placed values.

Table 4. Performances of KM, S-KM1, S-KM2 and SPCM2, based on average AR, JI, RI, NMI, FMI
and RT for the eight different real datasets.

Datasets Algorithms AR JI RI NMI FMI RT
k-means 0.8868 0.1368 0.4936 0.7423 0.2613  0.0097
S-KM1 0.9957 0.8332 09147 0.7223 0.9120 3.8503
S-KM2 0.9983 0.8335 0.9147 0.7229 0.9223 0.0148
SPCM2 09970 0.8030 0.8840 0.7160 0.8910 0.0860
k-means 0.8867 0.1370 0.4889 0.7398 0.2615 0.0097
S-KM1 0.9969 04863 0.7980 0.2168 0.6670 2.4831

Breast Cancer

Vertebral S-KM2 09999 0.6498 0.8566 04662 0.7848 0.0121

SPCM2  1.0000 0.1310 05540 0.1550 0.6690 0.0790

k-means  0.8869 0.1357 04973 0.7418 02667 0.0098

Somar S-KM1 09998 05054 07179 00398 0.6982 24750

S-KM2 09987 05647 0.6699 00472 0.6990 0.0140

SPCM2  1.0000 0.0530 05030 00400 0.6720 0.0890

. k-means  0.8866 01400 05100 007322 02713  0.0099
Cardio

S-KM1 0.9999 0.5323 0.8330 0.0541 0.8891 2.6320

https://doi.org/10.3390/electronics15194439



Electronics 2026, 15, 4439

33 of 38

S-KM2 0.9998 0.5426 0.8417 0.0661 0.8651 0.0132
SPCM2 1.0000 0.0960 0.8260  0.0000 0.9090 0.0892
k-means 0.8867 0.1332 0.4966 0.7289 0.2667  0.0089

S-KM1 1.0000 0.4821 0.8752 0.5620 0.7986 2.6320

Arrhythmia S-KM2 1.0000 04565 08321 04332 08233 0.0135
SPCM2  1.0000 00960 08260 0.000 0.9090 0.0892
k-means 08867 05888 04990 07337 0.1923  0.0087

Seods SKM1 0.9760 (0.5888 0.8274 0.4049 07411 2.8866
SKM2 09732 05972 08317 04233 07476 0.0242
SPCM2 09720 05220 07410 05680 07000 0.0781
k-means  0.8863 01267 04770 0.7129 02563  0.0099
spS SKMI 09456 04027 07153 04220 05900 2.8670
SKM2 09733 01954 07223 02820 04001 0.0133
SPCM2 09730 01730 06280 02600 03660 0.0789
k-means 08779 0.1886 04881 07336 03568 0.0098
WEC SKMI 09973 0.8878 08896 0.18%2 09338 2.6670

S-KM2 09733 0.7742 0.8123 0.3663 0.8990  0.0249
SPCM2 1.0000 0.4230 0.6470 0.3450 0.6620 0.0880

From Table 4, we observe that the S-KM2 algorithm performs better than k-means, S-
KM1 and SPCM2 for the breast cancer, vertebral, sonar and cardio datasets, but the S-KM1
algorithm performs better than the k-means, S-KM2, and SPCM2 algorithms for seeds and
USPS. Both the S-KM1 and S-KM2 algorithms perform better than k-means and SPCM?2
for arrhythmia and WBC. However, the k-means algorithm is always the fastest in RT,
and the 5-KM2 algorithm remains in second place, close to k-means in terms of RT. In
general, S-KM2 is superior to SPCM2 in all metricsL AR, JI, RI, NMI, EM], and RT. To
illustrate the behaviors of both S-KM1 and 5-KM2 algorithms regarding feature selections
(the number of relevant features with non-zero weights), we show results in Table 5. We
observe that both S-KM1 and S-KM2 have good feature selection performance. In terms
of overall performance, run time, and feature selection, we recommend that S-KM2 is used
in clustering.

Table 5. Comparison of S-KM1 and S-KM2 for remaining features based on different real datasets.

Real datasets Data Points No. of Features No. of Clusters (c) Non-Zero Feature Weights
(n) (d) S-KM1 S-KM2

Breast cancer 569 30 2 5 17
Vertebral 310 6 2 4 5
Sonar 208 60 2 13 36
Seeds 210 7 3 4 2
Cardio 1831 21 2 15 19
Lung 309 13 4 12 11
Red wine 1599 11 6 5 4
Arrhythmia 452 274 2 64 71

Example 7. In this experiment, we evaluate the efficiency of our proposed S-KM1 and S-KM2
algorithms by using the three large real datasets, namely GLI-85, USPS, and HARSP (Human
Activity Recognition with Smartphones) [34]. We compare them with the SPCM2 method. The
GLI-85 dataset has a large number of features, at 22,283, and the USPS and HARSP datasets have
9298 and 10,299 points, respectively, and 10 and 6 clusters, respectively. The USPS dataset con-
tains 9298 16 x 16 pixel grayscale samples that were automatically scanned from envelopes by the
U.S. Postal Service. The images are centered and normalized with a wide variety of font styles.
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Machine learning algorithms often use the USPS dataset as a benchmark. A total of 9298 grayscale
images are contained in this collection, with 10 clusters corresponding to digits 0 to 9. The dataset
contains 256 features per image, in which each image consists of a 16 x 16 pixel grid. Human
Activity Recognition with Smartphones (HARSP) is widely used for developing and evaluating
machine learning models. The dataset contains 10,299 samples of sensor signals, 561 features, and
6 types of activities (clusters): walking, walking upstairs, walking downstairs, sitting, standing
and laying. In cancer research, researchers use the GLI-85 dataset to analyze gene expression. The
dataset contains 85 samples and about 22,283 gene expression features, 2 clusters of normal (non-
cancerous) tissue, and glioma (cancerous) tissue. We evaluate the performance of our proposed S-
KM1 and S-KM2 algorithms on these real datasets and investigate their efficiency by comparing
them with SPCM2. In Table 6, we show the results from S-KM1, S-KM2 and SPCM2 based on
the six evaluation criteria with (average) AR, JI, RI, NMI, FMI and RT, in which bold symbolizes
the best value and underlined figures are second-placed values.

Table 6. Comparison between S-KM1, S-KM2, and SPCM2 for the three real datasets.

Real Data  Algorithms AR RI NMI JI FMI RT
S-KM1 0.9992 0.7301 0.0549 04175  0.5933 1.2522
GLI-85 S-KM2 0.9998 0.7412  0.0567 0.4407  0.6118 0.5671

SPCM2 0.9590 0.5430 0.0740 0.4260  0.5990 0.7421

S-KM1 0.9989  0.6990 0.0024 0.1905  0.3999 2.7442

USPS S-KM2 0.9999 0.7147 0.0027 0.2007  0.4021 2.1461
SPCM2 09730 0.6280 0.2600 0.1730  0.3660 2.5221

S-KM1 09993 0.6289 0.0021 0.0902  0.2633 1.5661

HARSP S-KM2 0.9999 0.6436 0.0023 0.0926  0.2755 1.1205
SPCM2 0.9882 0.4866 0.0001 0.0014  0.0029 1.2166

The results shown in Table 6 demonstrate that the S-KM2 method outperforms all
other algorithms, such as S-KM1 and SPCM2. On the GLI-85 dataset, our proposed S-KM2
algorithm shows the best performance in terms of AR, R, JI, FMI, and RT, with the excep-
tion of NMI, in which SPCM2 is the best. The AR and RI of S-KM1 are the second highest
as well. For the average total run time in seconds, S-KM2 is the fastest, at 0.5671, and
SPCM2 is also fast, at 0.7421. However, S-KM1 is the slowest, at 1. 2522. Similarly, for the
USPS and HARSP datasets, our proposed S-KM2 algorithm is better than the S-KM1 and
SPCM2 algorithms based on AR, RI, NM], JI, FMI, and RT, while S-KM1 shows second-
best values. Regarding average RT in seconds, S-KM2 is the fastest, at 2.1461 and 1.1205,
but SPCM2 has a smaller RT than S-KM1.

In the next example, we present how the parameters influence these clustering algo-
rithms. We show that the tuning parameter § in S-KM1 has a large influence; thus, de-
termining the appropriate setting of § is difficult. However, Witten and Tibshirani [15]
suggest a very good estimate using the gap statistic. For this reason, we will not consider
the parameterseinfluence on S-KM1. We should consider these parameterseinfluence for
S-KM2 and SPCM2. In S-KM2, the only parameter is A, which is exactly the same as the
parameter ¥ in SPCM2, and so we use A for both S-KM2 and SPCM2 in the following

Example 8.

Example 8. In this experiment, we apply the S-KM2 and SPCM2 algorithms on four real datasets:
Iris, leukemia, breast cancer and cardio [34]. We compare and examine their performance and in-
fluence using various parametric values of A. We implement S-KM2 and SPCM2 for the Iris,
leukemia, breast cancer and cardio datasets by using different parametric values of A: 0.0001,
0.1000, 30.000 and 120.00. These clustering results and performance of S-KM2 and SPCM2 with
different A values are shown in Table 7. In Table 7, we show the results from S-KM2 and SPCM?2
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based on the six evaluation criteria with (average) AR, JI, RI, NMI, FMI and RT, in which bold
text symbolizes the best values, and underlined values are the second-best values. We find that the
performance of S-KM2 under different parametric values is very stable. That is, the performance of
S-KM2 is not sensitive to the parameter A. However, SPCM2 is more sensitive to the parameter
A. However, both S-KM2 and SPCM2 always give different RTs in seconds when the parametric
values of A are changed. To conclude, the results from Table 7 show that our proposed S-KM2
algorithm achieves better clustering performance than SPCM2 when using different parametric
values of A.

Table 7. Comparison of the clustering performance of S-KM2 and SPCM2 with different A val-

ues.

RT FMI J1 NMI RI AR A Algorithms Real Datasets
0.0165 0.9600 0.9231 0.8642 0.9733 0.9997 0.0001
0.0203  0.9600 0.9231 0.8642 0.9733  0.9997  0.1000 S-KMD2
0.0426  0.9600 0.9231 0.8642 0.9733  0.9997  30.000
0.0411 0.9600 0.9231 0.8642 0.9733 0.9997 120.00 IRIS
0.0237 0.2867 0.1673 0.6194 0.5244 0.9978 0.0001
0.0223 0.6200 0.4493 0.6194 0.7467 0.9978  0.1000 SPCM?2
0.0301 0.9200 0.8519 0.7925 0.9467 0.9995  30.000
0.0303 0.9400 0.8868 0.8334 0.9600 0.9996 120.00
0.1810  0.6690 0.5160 0.0778 0.7175 0.9976  0.0001
0.1720  0.6690 0.5160 0.0778 0.7175 0.9976  0.1000 S-KM2
0.1916 0.5556 0.3846 0.0003 0.7037 0.9921  30.000
0.1612 0.5556 0.3846  0.0003 0.7037 0.9921  120.00
0.1921 05762 0.3926 0.2810 0.6530 0.9450  0.0001 LEUKEMIA
02011 0.5762 0.3926 0.2810 0.6530 0.9450 0.1000 SPCM?2
0.1932 0.3889 0.2414 0.0606 0.5833 0.9948  30.000
01722 04583 0.2973 0.0084 0.6389 0.9936  120.00
0.0198 0.8541 0.7454 0.4672 0.9028 0.9997 0.0001
0.0173 0.8541 0.7454 0.4672 0.9028 0.9997  0.1000 SKMD2
0.0172  0.8541 0.7454 0.4672  0.9028  0.9997  30.000
0.0169 0.8541 0.7454 0.4672 0.9028  0.9997  120.00
0.0400 0.7010 0.4173 04173 0.8828 0.9997  0.0001 BREAST CANCER
0.4173 0.8243 0.7010 04173 0.8828 0.9997 0.1000 SPCM?2
0.0305 0.8295 0.7087 0.4261 0.8864 0.9997  30.000
0.0282 0.8260 0.7036 0.4202 0.8840 0.9997  120.00
2.9243 0.8494 0.7383 0.5095 0.8996 1.0000 0.0001
2.6095 0.8494 0.7383 0.5095 0.8996  1.0000  0.1000 S-KM2
2.0056 0.8488 0.7373 0.5084 0.8992 1.0000  30.000
2.9668 0.8488 0.7373 0.5084 0.8992 1.0000 120.00 CARDIO
2982  0.6504 04820 0.0000 0.7670 1.0000 0.0001
2.7306 0.6504 0.4820 0.0000 0.7670 1.0000  0.1000 SPCM?2

2.7705 0.6504 0.4820 0.0000 0.7670  1.0000  30.000
29743 0.6504 0.4820 0.0000 0.7670  1.0000  120.00

Practical relevance and scope: The real data experiments demonstrate the practical
relevance of the proposed S-KM1 and S-KM2 algorithms for clustering datasets containing
potentially irrelevant or weakly informative variables. Unlike conventional k-means,
which assigns equal importance to all features, the proposed methods jointly perform
clustering and feature selection through sparse feature weights. Consequently, variables
that contribute little to the underlying cluster structure can receive zero weights, reducing
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their influence on the clustering solution and improving interpretability. The real datasets
considered in this study cover several application domains. Specifically, the breast cancer
and WBC datasets represent medical applications; vertebral contains biomechanical meas-
urements; the seeds datasets represents agricultural data; cardio and arrhythmia involve
clinical and medical measurements; sonar represents a signal-processing application; and
USPS provides a high-dimensional handwritten digit recognition problem. These datasets
therefore provide practical test cases for evaluating the ability of the proposed methods
to identify informative variables while preserving meaningful cluster structures. The ex-
perimental results consequently provide practical evidence of the usefulness of S-KM1
and S-KM2 in addition to their theoretical properties and convergence analysis. More spe-
cialized applications, such as image segmentation and anomaly detection, are extensions
of the proposed framework for future work; however, their detailed investigation requires
domain-specific datasets, preprocessing procedures, and evaluation criteria.

Validation and practical applicability: The exceptionally high performance ob-
served for some datasets can be interpreted in the context of their underlying clustering
structures rather than as evidence of universally near-perfect performance. In the syn-
thetic experiments, the cluster structures and relevant/irrelevant features were explicitly
controlled, allowing the feature selection and clustering capabilities of the proposed meth-
ods to be examined under known conditions. First, the high performance observed in
some synthetic experiments is attributable to the controlled nature of their data-generat-
ing mechanisms. In these experiments, the cluster structure and the distinction between
relevant and irrelevant features were explicitly specified. For example, in the Gaussian
mixture experiment, only three of the fifteen features were relevant, whereas the remain-
ing twelve features were generated as irrelevant variables. Such a controlled setting is
intentionally designed to assess whether a sparse clustering method can recover the un-
derlying cluster structure while identifying informative features. Consequently, near-per-
fect values in this setting should be interpreted as evidence of successful recovery of the
predefined structure rather than as evidence of universal near-perfect performance. Sec-
ond, to reduce the influence of random initialization, each experiment was repeated 100
times using different initial values/random seeds, and the average performance was re-
ported. Third, the evaluation was extended beyond synthetic data to a diverse collection
of real-world datasets obtained from the UCI Machine Learning Repository. These da-
tasets include breast cancer, vertebral, seeds, cardio, arrhythmia, sonar, WBC, and USPS,
and they differ substantially in sample size, dimensionality, and application domain. For
instance, arrhythmia contains 452 observations and 274 features, whereas USPS contains
9298 observations represented by 256-pixel features. The datasets therefore provide sub-
stantially more heterogeneous settings than the controlled synthetic experiments and in-
clude medical, biomechanical, agricultural, signal-processing, and image recognition ap-
plications. Importantly, this study concerns unsupervised clustering rather than super-
vised prediction. Since our study uses an unsupervised clustering framework, the ground
truth labels were not used during clustering or feature weight estimation. They were used
only after clustering to evaluate the obtained cluster assignments using AR, JI, RI, NMI,
and FMLI. Thus, the reference labels did not serve as training information for the proposed
algorithms. Thus, the reference labels were used only for the final evaluation of clustering
performance and were not incorporated into the optimization, feature weight estimation,
or cluster assignment procedures. The proposed method therefore operates in a fully un-
supervised manner. The same experimental conditions were applied to all competing
methods to ensure a fair and consistent comparison. Further validation on independent,
noisy, and domain-specific datasets would therefore be valuable for assessing the broader
generalizability of the proposed methods.
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6. Conclusions

In this article, we proposed two clustering algorithms, S-KM1 and S-KM2, by incor-
porating the Lasso L, penalty so that they can effectively select relevant attributes by

applying non-zero weights to the most significant attributes and zero weights to the in-
significant ones. Furthermore, we demonstrated the necessary conditions for their optimi-
zation through updating equations. We made comparisons between S-KM1, S-KM2, k-
means, and SPCM2 on the following performance criteria: AR, RI, NM]J, JI, and FMI. The
proposed algorithm demonstrates better performance on both the synthetic and real da-
tasets. The S-KM2 exhibits optimal performance in terms of the RT criterion. The findings
of this article demonstrate that S-KM2 performs better on both artificial and real datasets,
but it is also capable of providing good clustering structure. The results illustrate that our
proposed S-KM2 algorithm can identify significant attributes by assigning non-zero
weights to them while discarding unimportant attributes by assigning zero weights to
them. Although the proposed S-KM2 demonstrates good performance in clustering, it
needs to have a given number of clusters a priori. Our future work will aim to advance
the study of S-KM2 without providing the number of clusters so that it can automatically
find an optimal number of clusters during iterations. On the other hand, we will further
extend the proposed algorithms to clustering multi-view datasets. The experimental re-
sults demonstrate that S-KM1 and S-KM2 provide competitive clustering performance
and effective feature selection compared with the methods considered in this study. In
particular, S-KM2 shows consistently strong performance across the evaluated synthetic
and real datasets. These findings support the effectiveness of the proposed approaches for
the datasets investigated, while broader comparisons with additional recent sparse clus-
tering methods remain an important direction for future research.
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