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Abstract

We study indoor visible light positioning (VLP) in a fully three-dimensional setting under
thermal noise and signal-dependent shot noise. Existing shot-noise-aware least-squares (LS)
VLP methods largely rely on a fixed receiver height, so their key simplifications break down
when the vertical coordinate is unknown. We derive a 3D likelihood-inspired surrogate, lift
the nonlinear geometry into a weighted LS form, and add a geometry-aware regularizer
that restores approximate consistency among redundant lifted variables. To make the
iterative solver reliable in sparse layouts, we introduce room-feasible projection, consistent
pilot reconstruction, clipped frozen weights, and damped objective-accepted updates. Each
inner step remains a closed-form 4 x 4 linear solve. In deterministic synthetic simulations of
an 8 x 8 x 3 m room with layouts containing 4, 9, and 16 light-emitting diodes (LEDs), high-
and low-power regimes, and 400 test samples per scenario, the stabilized solver removes
the catastrophic sparse-layout failures observed for the tested LS-family baselines and
retains a 14x-23x runtime advantage over the nonlinear baseline. The nonlinear baseline
often attains lower mean error in sparse and moderate layouts; the contribution here is the
resulting speed-tail-control trade-off within the fixed-orientation line-of-sight model. The
resulting estimator is intended for synthetic 3D VLP simulations; hardware validation is
outside the present study.

Keywords: visible light positioning; indoor localization; received signal strength; least
squares; shot noise; 3D positioning

1. Introduction

Visible light positioning (VLP) is an attractive indoor localization technology because

W) Check for updates ‘ ceiling light-emitting diodes (LEDs) are already deployed for illumination and can simul-
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Our recent 2D work [13] showed that shot noise materially changes the optimization
landscape and proposed an efficient least-squares (LS) alternative to direct gradient-based
maximum likelihood estimation. That formulation assumes a fixed vertical separation
between the LEDs and the receiver, effectively constraining the positioning problem to a
horizontal plane. In many practical indoor applications, this assumption is too restrictive:
the receiver height varies significantly across different use cases [14,15]. Mobile robots
operate at various heights depending on their design [7], drones fly at different altitudes,
handheld devices are carried at user-dependent heights [16], and even fixed installations
may be mounted at non-standard elevations. These variations make the positioning task
intrinsically three-dimensional, requiring estimation of the vertical coordinate alongside
the horizontal position [17].

The 3D extension is not a trivial coordinate augmentation of the 2D setting. Once the
height is unknown, the received optical power depends on the horizontal position and the
vertical separation in a more strongly coupled way. At the same time, shot noise induces
heteroscedasticity that now varies with the unknown height. A naive LS lifting introduces
redundant variables whose inconsistency can destabilize the estimate, especially in sparse
LED layouts or low signal-to-noise ratio (SNR) regimes.

The link to the fixed-height 2D formulation can be made explicit without adding
another layer of notation. When the vertical separation is fixed at u = u, the terms u3,
ug, and the ug-dependent part of the variance weight are constants. Once u is unknown,
the residual contains both #? and uf, while the shot-noise-aware weight also depends

on t?

(u)u*. The 3D lift must therefore carry t = uf alongside s = x> + y? + u?. These
four lifted coordinates are not independent: they must satisfy s = x> + y? + t1. The
geometry-aware regularizer is needed to keep the locally solved LS variables near that
physical consistency relation; it is not introduced merely because the coordinate vector has
one additional entry.

The practical difficulty is threefold: unknown height changes the RSS scale and hence
the shot-noise-aware weights; lifted LS variables make the algebra cheap but need not
correspond to a physical 3D point; and sparse ceiling layouts amplify both effects because
several heights can explain similar RSS patterns. The proposed solver addresses these issues
through pilot and iterative weights, a linearized consistency regularizer, and a stabilization
layer that rejects physically implausible or objective-worsening updates.

This paper builds a 3D LS-style estimator for this setting. We first derive a likelihood-
inspired 3D surrogate under thermal noise and shot noise. We then convert it into a
lifted weighted LS problem, and add a geometry-aware regularizer obtained from a first-
order linearization of the consistency manifold linking the lifted variables. Finally, we
stabilize the iterative reweighting stage by projecting iterates to the feasible room volume,
reconstructing consistent pilot variables before each linearization, clipping extreme weights,
and accepting only damped updates that improve the original surrogate. The goal is not to
replace nonlinear maximum-likelihood optimization in every accuracy-critical regime, but
to keep the LS subproblems closed form while reducing the divergent estimates seen in
sparse 3D layouts.

The main contributions are:

*  We extend the shot-noise-aware LS methodology from 2D to true 3D localization,
where the unknown height fundamentally alters both the surrogate objective and the
heteroscedastic weight structure, requiring a new formulation that properly handles
the coupled 3D geometry.
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¢ Wederive a 3D lifted weighted LS formulation that turns each frozen, locally linearized
subproblem into a structured linear form, together with a closed-form geometry-
aware regularized subproblem that enforces consistency among redundant lifted
variables. Theorem 1 provides the exact closed-form solution for this regularized
quadratic subproblem.

*  We propose a stabilized iterative reweighted regularized LS solver that preserves
the computational efficiency of a 4 x 4 linear solve per iteration while improving
robustness through room-feasible projection, consistent pilot reconstruction, clipped
frozen weights, and damped surrogate-accepted updates. We state the closed-form
guarantee for each frozen quadratic subproblem separately from the heuristic stabi-
lization layer, and prove monotonic non-increase of the evaluated surrogate under the
acceptance rule.

*  We evaluate the methods in deterministic synthetic 3D simulations with systematic
parameter tuning across 4-, 9-, and 16-LED layouts. The tables report accuracy and
runtime, while the layout-scaling and survival-curve figures show how LED geometry
and stabilization affect large errors. The convergence, A-sensitivity, and Cramér-Rao
lower-bound (CRLB) figures provide additional diagnostics. The stabilized method
eliminates the catastrophic outliers observed in the tested sparse 4-LED settings and
preserves approximately 14x—23x speedup over nonlinear optimization, while the
nonlinear baseline often has lower mean error in sparse and moderate layouts. We also
report repeated-seed and LED-position-jitter analysis.

The proposed stabilized LS solver is designed for settings where closed-form updates,
runtime, and tail behavior matter. The nonlinear baseline attains lower mean error in
some regimes.

The rest of the paper reviews related work, presents the model and surrogate, develops
the solver and CRLB benchmark, and reports the synthetic experiments.

2. Related Work

VLP has been widely studied; see [2,3,8-11,18] for surveys and tutorials. RSS-based meth-
ods dominate many low-cost deployments because they require only intensity measurements:
RSS/lateration-style models and hybrid frameworks [1,19,20] often assume comparatively
simple noise models and can achieve 10-30 cm accuracy in favorable settings [21,22]. Recent
machine-learning approaches [23-25] improve empirical robustness to model mismatch at
the cost of training data, hardware-specific calibration, and weaker analytical guarantees.
Timing-based methods can be accurate but require tight synchronization [26]. Angle-of-arrival
(AOA) and hybrid AOA-RSS designs improve 3D observability [27-29], but they generally
require angular-sensitive receivers or additional hardware complexity [30].

Full 3D VLP remains more delicate than fixed-height 2D localization because the vertical
coordinate changes both the optical path geometry and the received-power scale. Dedicated
3D systems include multi-orientation or accelerometer-aided receiver designs [31,32], Bayesian
formulations [33], particle-swarm optimization [34], low-cost 3D validation [15], robot-navigation
validation [35], and RSS-ratio methods designed to reduce height dependence [14]. These works
address important geometric or systems issues, but most of them either do not model shot noise
explicitly or rely on nonlinear, metaheuristic, or data-driven inference. Recent calibration work
further shows that installation parameters such as LED tilt and gain can materially affect received-
signal-strength-based weighted least-squares (WLS) performance [36], reinforcing the need for
algorithms whose assumptions and failure modes are explicit.

Two directly comparable 3D RSS studies further delimit the present setting.
Almadani et al. [37] estimate a 3D position without prior height information by combin-
ing a Cayley-Menger determinant construction with a cost function and report experimental
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results for an industrial application. Almadani et al. [38] then experimentally evaluate a
3D VLP system in an industrial environment under receiver tilt and multipath reflections.
These studies report unknown-height RSS positioning beyond the ideal LOS model. Their
determinant-based formulation and measurement conditions differ from the thermal-plus-
shot-noise LS model studied here, so their reported errors are not used as a cross-study
numerical benchmark. Instead, they clarify that the present contribution is an algorithmic
fixed-orientation LOS result, not an experimental robustness claim.

Recent studies also consider simultaneous 3D position and receiver-orientation es-
timation. Xu et al. [39] study a reconfigurable-intelligent-surface (RIS)-assisted visible-
light-communication (VLC) system and jointly estimate position and orientation with
Cramér—Rao lower-bound (CRLB) analysis, while Zhou et al. [40] exploit multipath in-
terference and random fading for simultaneous position and orientation detection. Both
studies estimate a broader state than the present work and use channel or orientation effects
that are deliberately held fixed in our benchmark. In contrast, we estimate 3D position
under fixed LED-PD orientation in a thermal-plus-shot-noise, line-of-sight RSS model,
so that each update remains an LS-family subproblem with a closed-form solution. This
narrower formulation makes the LS derivation and the tail-failure analysis tractable, but it
also limits the claim. The proposed method should therefore be read as complementary to
position-orientation estimators, not as a replacement for them.

Shot noise is signal-dependent and can dominate in low-illumination optical systems [41].
Nevertheless, much of the VLP literature treats noise as additive and signal-independent.
Recent CRLB and Bayesian-bound analyses under signal-dependent or orientation-dependent
models [42-44] show that the variance model affects both achievable accuracy and estimator
design. Our prior 2D work [13] incorporated shot-noise heteroscedasticity into an iterative LS
solver, but it relied on a fixed receiver height. That assumption removes the height-dependent
terms that become central in the present paper.

On the optimization side, bisection-based estimators [45], convex RSS relaxations [46],
and closed-form WLS designs [47] trade modeling tightness, speed, and robustness in
different ways. Robust RSS localization with unknown model parameters [48], inte-
grated positioning—communication power allocation [49], intelligent-reflecting-surface
(IRS)-assisted VLP under orientation mismatch [50], and evolutionary RSS optimization
under line-of-sight /non-line-of-sight (LOS/NLOS) conditions [12,51] broaden the design
space. In particular, the evolutionary RSS optimizer of Pathak et al. [12] is the closest
metaheuristic comparison point: it searches an RSS objective under LOS/NLOS conditions
rather than exploiting a frozen closed-form LS subproblem. Its forward model, NLOS
setting, and evaluation protocol differ from ours, so a numerical comparison across papers
would conflate channel mismatch with optimization behavior. For this reason, the experi-
mental baseline in this paper is a nonlinear optimizer applied to the same surrogate and
room constraints; Pathak et al. are discussed as a complementary metaheuristic alternative
rather than reproduced as an unmatched benchmark. The present paper is complementary:
it focuses on a shot-noise-aware, true-3D RSS model and asks how far one can push an
LS-family solver before resorting to generic nonlinear optimization. The main technical dif-
ferences from [13] are the lifted 3D surrogate, the geometry-aware consistency regularizer,
and the stabilization layer that controls sparse-layout failures.

Thus, the closest prior threads each cover only part of our target setting: fixed-height
shot-noise LS provides the statistical motivation but not 3D geometry; existing 3D RSS
systems provide the height-varying application setting but usually not shot-noise-aware LS
structure; and CRLB or calibration studies clarify fundamental limits and model sensitivity
but do not produce a closed-form iterative estimator. This paper sits at their intersection.
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3. System Model and Likelihood-Inspired Surrogate

We consider an indoor VLP system with n LEDs mounted on the ceiling at a common

height & [1,41]. The i-th LED is located at p; = [x;,y;,h]'. The PD receiver is located
at x = [x,y,z] ", where the height z < & is unknown. We use the vertical separation
u = h—z > 0 and the 3D parameter vector 0 := [x,y,u] ' so that the optical distance

and received-power terms can be written without repeatedly carrying the ceiling height.
Figure 1 is placed before the channel equation to define the link distance d;, the vertical
separation u, and the common angle ¢; before these quantities enter the algebra.

e 1T
LED p; = [x;,y;, ] ceiling plane z = h

ward LED axis
u=h—z

upward PD normal

,,,,,,,,,,,,,,,,

-— > .
PD receiver

horizontal offset x=[x,y,2] T

Figure 1. Fixed-orientation single-link geometry. The LED is mounted at ceiling height h, the receiver
is at [x,y,z] |, the vertical separation is u = h — z, the link distance is d;, and ¢; is the common
irradiance/incidence angle under the vertically aligned LED-PD orientation assumption.

For the LED at position p;, the Lambertian channel gain can be written as

o L m+3( 1. i) = &
Yi = 5 €0 (i), cos(¢1) Vi + (xi— x)2 + (y; — y)?’ (1)

where m is the Lambertian order and I' is a location-independent optical-gain constant.

This channel model deliberately defines the fixed-orientation LOS framework used
for the surrogate, the lifted LS subproblems, and the numerical Cramér-Rao lower-bound
reference. Each LED points vertically downward, the PD normal points vertically upward,
and all simulated links lie inside the PD field of view. Under these parallel vertical optical
axes, the LED irradiance angle and the PD incidence angle have the same cosine. Thus,
the standard LOS Lambertian factor cos™ (¢;) cos(1;) /d? reduces to cos™ 3 (¢;) /u? after
using d; = u/ cos(¢;). The constant I absorbs the optical area, filter gain, concentrator gain,
Lambertian normalization, and fixed calibration gain. Receiver tilt changes the incidence-
angle and visibility terms; multipath adds reflected optical paths and changes the signal
mean, the signal-dependent variance, and the Fisher-information model. These effects are
therefore not represented by simply adding another noise term to the present benchmark. A
credible extension would require a re-derived forward model, likelihood-inspired surrogate,
weights, and information bound, together with calibrated orientation, field-of-view, and
reflection parameters. Such a setting is outside the fixed-orientation LS result reported here.
Hence, the received signal from the i-th LED takes the form

PT
ri=Pyi+n; = ? COSm+3(¢1‘) + n;, (2)

Eln] =0,  V[n]=0>+7*Py. ®3)

Here, r; is the received RSS sample, P is the transmit power, n; is the sum of
thermal noise and shot noise, ¢ is the thermal-noise standard deviation, and { is the
shot-noise coefficient.
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Likelihood-Inspired 3D Surrogate

By rearranging the signal model, we obtain

o 1’1'1/!2 niuz

cos" 3 () = T~ Pr

(4)

Under a high-SNR regime, the ratio 1;/7; is small and a first-order Taylor expansion yields

2 2
2\ T mi3 2\ "ms 9 _m+5 .
2 N — riu u —W n;
cos “(¢;) ( BT ) + (Pl") "3 ; n; + O(rl-) (5)

Define

~ 7\
7; := max{r;, &}, b; := (PI’) , (6)

where €, > 0 is a positive RSS floor. In all reported experiments €, = 10~°. The Taylor
expansion above is a positive-RSS, small-noise derivation; replacing r; by 7; should therefore
be read as a floor-regularized extension of the likelihood-inspired surrogate, not as an
exact likelihood transformation. This distinction matters in low-power regimes, where
negative Gaussian RSS samples can occur. Ignoring the higher-order term, the first-order
approximation treats cos2(¢;) as approximately Gaussian with mean u~4/("+3)p; and
variance 17, where

w7 = n;i(u, )% (0% + (PP;),

2
~ u2\ w2 __mis
ni(u,7;) == (PF) mri . (7)

Therefore, a likelihood-inspired surrogate is

n —2( 5.\ _ _miwb‘ 2
LLR(B) = Z (COS (()bl) 5 u l) . (8)
i=1 T
Using Equation (1), this can be rewritten as
. n [+ (x = 2)% + (yi — y)? — b
x,ryIEEO LLR(B) N 1; Tl?-u4 ! (9)

where p := (2m +2)/(m+3) = 2(m + 1)/ (m + 3). The surrogate in Equation (9) remains
nonconvex in (x,y,u), and the dependence of ‘L'Z-z on the unknown location makes direct
optimization inconvenient. All low-power results below therefore evaluate the proposed al-
gorithms under this floor-regularized surrogate; the floor is part of the estimator definition,
not an unreported post-processing step.

4. Proposed 3D Solver

The solver follows a three-step progression. First, we lift the 3D RSS geometry into a
weighted LS problem that can be solved in closed form. Second, because the lifted variables
are redundant, we add a linearized consistency regularizer that keeps the estimate close
to a physically meaningful 3D point. Third, we stabilize the outer reweighting loop with
room projection, clipped weights, and damped acceptance so that sparse layouts do not
produce catastrophic updates.
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The lifting should not be read as a global convexification of the original 3D VLP
problem. The surrogate in Equation (9) remains nonconvex because range geometry, un-
known height, and shot-noise-dependent weights are coupled. The proposed formulation
bypasses this difficulty only locally. At a fixed outer iteration, the current pilot point freezes
the variance weights and linearizes the nonlinear consistency relation among the lifted
variables; only after these two choices does the update become a four-variable quadratic
LS subproblem with a closed-form solution. The outer loop then decides whether the
projected, damped candidate should be accepted under the original surrogate. Thus, the
mathematical guarantee is deliberately limited to exact solution of each frozen quadratic
subproblem and accepted-surrogate non-increase. We do not claim global optimality of the
original nonconvex objective.

4.1. Pilot Weighted Least-Squares Formulation

The exact surrogate in Equation (9) suggests the location-dependent weights w;(u) :=
1/(t?u*), which cannot be used directly because u is unknown. We therefore start from
a pilot LS problem that keeps only the observable cross-LED scaling in 7;, and later refine
the weights using the current 3D estimate. When thermal noise dominates, or when the
7i’s are comparable across LEDs, the dominant observable RSS scaling in Equation (7) is
2 A'fz(m+5)/(m+3)

’L'i O(Tl

7iZ(m—&-S)/(m—l—B) )

. The corresponding pilot weights therefore use the inverse scaling
w; =
Then we form the pilot weighted least-squares objective

w; {MZ + (i =2+ (yi—y)* - biup] g (10)

M-

min LWLS(x/y/U) =
x,y,u>0

i=1

This pilot objective is a heuristic initialization surrogate rather than an exact reformu-
lation of Equation (9).
Define the lifted variable

#:=[s,x,y, t]T = [+ P+ x 0y, uP]T. (11)
Also define
-
¢; = [1, —2x;, —2y;, —b,‘] , a; = —Xl2 —]/12 (12)

Then, Equation (10) becomes

Lwis(8) = Y w; (8" ¢; — ﬂi)z- (13)
iz

Let M € R"** and a € R" be defined row-wise by M; . := /w; gbl-T and a; := /w; a;.
Then, Equation (13) is exactly

Lwis(8) = M8 — alj3. (14)

Proposition 1. If M has full column rank, then the weighted least-squares problem in Equation (14)
has the unique minimizer

tis=(M'M)"'M'a. (15)
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Proof. The objective in Equation (14) is a strictly convex quadratic function with Hessian
2M M. The full-column-rank assumption implies that M M is positive definite, so the
minimizer is unique. Setting the gradient

VM8 — a2 =2MT (M9 — a)
to zero gives the normal equation
M'M# =M'a,
whose solution is Equation (15). O

The full-column-rank condition can fail or become numerically fragile in practical
layouts. It requires at least four informative LED equations and sufficient geometric diver-
sity in the rows (piT = [1, —2x;, =2y, —bl-]. Degenerate cases include too few visible LEDs,
nearly collinear or highly symmetric LED placements combined with similar RSS values,
saturated or invalid RSS readings, and positions for which the lifted equations become
nearly dependent. Even when exact rank is four, the normal matrix can be badly condi-
tioned, so algebraic identifiability is not the same as numerical reliability. The proposition
states the mathematical full-rank solution; the implementation uses a double-precision
least-squares routine for the raw WLS step rather than explicitly forming (M M) 1. Regu-
larized updates solve the corresponding 4 x 4 linear systems, recovered points are projected
to the room in the stabilized variant, and any linear-solver failure or non-finite prediction
is recorded separately as a solver failure; continuous-error summaries use finite estimates
only. This handling is important for interpreting the sparse-layout results, where the design
matrices can be full rank but still ill-conditioned.

The lifted parameterization is redundant, because the four components of # are induced
by only three physical variables. If ¢ comes from some (x,y, u) through Equation (11), then

m+3 2

Moreover, the 3D location can be recovered from a consistent ¢ via
— _ _ 1/p
x =1, y =113, z=h—-19,". (17)

The raw solver in Equation (15) does not enforce Equation (16), which is the main source
of geometric mismatch.
For a general lifted vector ¢, we use the safeguarded recovery map

Re(8) := [0y, 05, 1 — (max{dy,¢})1/*] T, (18)

where ¢ > 0 is a fixed numerical safeguard; the experiments use ¢ = 10~%. Equation (17) is
the special case of Equation (18) on the consistency manifold in Equation (16).

4.2. Geometry-Aware Regularized Least Squares

The exact constraint in Equation (16) is nonlinear because of the term 192. Instead
of directly regularizing the nonlinear manifold, we linearize it at a lifted pilot point
p = [spXp,yp,tp)" with t, > 0. Here, t, is the pilot value of the lifted height vari-
able t = uf, not time. For ¢(s, x,y,t) := x*> + y*> + t1 — s, the first-order approximation at p
can be written as

-1
(@) =cyd—dp,  cp=[-1,2xp,2yp,9t) 1T, dy=2x3+y5+(q—1t). (19
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We then define the geometry-aware regularized least-squares subproblem

min Ly (0; ), p) = IM8 — a3+ A(e) 8 —dp)°, (20)
c

where A > 0 is the regularization parameter.

Theorem 1. Assume that M has full column rank and let A > 0. Then the reqularized problem in
Equation (20) has a unique minimizer given by

81 (p) = (M M+ Acpe) ) (MTa+ Adycy). 1)

Proof. LetQ, :=M'M+ /\cpc; and 1, := M'a+ Adpcp. Up to constants independent of
¢, the objective is o7 Qpd — 2r;7r 9. Since M has full column rank, M ' M is positive definite;
adding )u:pc;,r preserves positive definiteness. Hence, the objective is strictly convex, and
the first-order condition gives

Q¥ =rp
which immediately implies Equation (21). [

The parameter A therefore controls a data-fit-consistency tradeoff: small values keep the
solution close to the raw LS fit, whereas larger values penalize violation of the local consistency
relation more strongly and may introduce bias. The experimental sensitivity analysis in Section 5
uses this interpretation when discussing the empirical bias—stability tradeoff.

Theorem 1 gives an exact closed-form solution for every fixed pilot point p un-
der the stated full-column-rank condition. In the first regularized solve we use
p = [(81s)1, (¥15)2, (915)3, max{(d1s)s, €}] T, which guarantees that the coefficients
t'Zfl and t’Z, are well-defined.

4.3. Reweighted and Stabilized Iterative Solver

The pilot weights above give a cheap first estimate, but the shot-noise variance still
depends on the current 3D position. The final solver therefore has three steps per outer
iteration: update the frozen variance weights from a room-feasible pilot, solve the same
4 x 4 regularized LS subproblem, and accept only a projected damped update that reduces
the original surrogate. A direct reweighted version without the last step is kept as an
ablation baseline.

Given the current lifted iterate #(¥), let p¥) denote the pilot used for both variance
freezing and consistency linearization, with components sg{), xék),y;k), tg,k). The direct
reweighted baseline sets p) by keeping the first three components of #%) and flooring its
fourth component at ¢, whereas the stabilized solver below uses a room-feasible pilot. From
(k) ._ (t;k))

p®), define up /P, The channel gain estimate used for freezing the variance is

(k) \ m+3
k k k k r [u
dfy = V2 4 (= 22+ (-2, 1= — 2(@) L (@)
(“p ) di,p

The frozen variance uses the same first-order noise scale as Equation (7), evaluated at
the pilot:

m+5

(k k k k k -2 2 -
0= (PP PPy, )= ()P T S @9)
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Using the full frozen weights suggested by Equation (9), cul.(k) =1/ (T.z’(k) (u}(gk) )4). We

Lp
set Ml(k) = \/wl-(k) gbl-T and al(k) = wlgk) a;, linearize the consistency relation at p = p(k),
and solve
k+1 . k k)12 T 2
gl — argxlﬂg{ [MBg — al )Hz + A(cp(k)ﬂ —dyw) } (24)

When the frozen weighted design has the required full column rank, Theorem 1 gives
the closed-form update

l’(k+l) _ (H(k) + /\CkaT>71 (f(k) + /\dka), (25)

where H®) := (M®©))TM®), £K) .— (MK©))Talk) ¢ .= Cplh)s and dj := dp(k>'

Each full-rank frozen subproblem is solved exactly by Theorem 1. The outer loop is
the fragile part: in sparse 3D layouts, relinearization away from the consistency manifold,
highly uneven weights, and unconstrained updates can move the next iterate outside the
physical room. The stabilization layer below addresses those failure modes while leaving
the closed-form subproblem unchanged.

Let the room dimensions be Ly x Ly x 1, and let [Zmin, Zmax] be the admissible receiver-
height range. Define Proom as component-wise clipping of [x,y,z] " to [0, L] x [0, L,] x
[Zmin, Zmax]- We also define the consistent reconstruction map C([x,y,z] ") := [x2 + > +
(h—2)2,x,y, (h—z)°] T. Combining Equation (18) with these operators yields the consistent
room-feasible projection

T(8):= C(Proom(Re(l,)))- (26)

This map sends any lifted estimate to a room-feasible point satisfying the nonlinear
consistency relation in Equation (16).

At iteration k, the stabilized solver sets p®) = T(#(X)) and computes the frozen
(k)

i
weight can make the quadratic subproblem dominated by one LED and can amplify

weights w."’. In sparse or low-power layouts, a single very large or very small frozen

the lifted-variable inconsistency. We therefore clip the weights around their median

(k) (k)

mg,’ = median;—_q, , w;
* 0 ms
;" = clip| w; ,C—w,mw cw |, cw > 1. (27)
w

This median-centered clipping preserves the relative scale of typical LED measure-

ments while preventing outlying frozen variances from controlling the LS update. It then
(k) (k)
i i

through 7, and tests damped versions of that candidate against

assembles the quadratic subproblem using w;"’ in place of w;’, maps the candidate back

LLR(8) := LLR( [0, 93, (max{0,e})1/*] T), (28)

i.e., the original surrogate in Equation (9) evaluated at the recovered (x,y,u) point. For a
finite damping set A C (0, 1], each candidate is o = T((1—a)8® + ocﬂg:f; )). The
best improving candidate is accepted; if no a yields a sufficient decrease, the loop stops.
Thus, Theorem 1 covers the frozen quadratic solve, while projection, clipping, damping, and

acceptance control the outer-loop failure modes.
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Proposition 2 (Monotonic surrogate decrease). Let {80} k>0 be the sequence produced by
Algorithm 1. Then, the original surrogate evaluated at the corresponding 3D points is non-
increasing:

LLR(#*+D) < LLR(®%),  Vk>o. (29)

Moreover, the sequence terminates in at most K iterations. If the algorithm terminates early at itera-
tion k, then every tested damped candidate at that iteration satisfies ﬁ%(ﬂ&kﬂ)) > LLR(9W)) —¢,
i.e., no further e-improving step exists within the damping set for the current frozen candidate.

Proof. At each iteration, Algorithm 1 accepts an update only if some damped candidate ¢,
satisfies LLR(#,) < LLR(#)) — e. If no such candidate exists, the iterate is left unchanged
and the loop terminates. Therefore every accepted update strictly decreases LLR by at least €,
and a rejected iteration leaves it unchanged. The iteration bound K is explicit in the loop. O

Algorithm 1: Stabilized iterative reweighted regularized LS.

1: Input: RSS data, LED layout, room parameters, A, A, ¢, and K.
Output: Room-feasible 3D estimate .
Set 7; <— max{r;, €, }, compute w; = 7?(m+5)/(m+3), and form M, a.
Solve raw WLS #y 5 — argminy | Md — a||3 using a numerical least-squares solve.
Initialize #(©) « 7T (#;5) and J© « LLR(8(©)).
fork=0,...,K—1 do
Set p(k) < T (80)).
Compute Tl%(k) and ¥ =1/ [Tf;a(k) (uék))‘L].

i
fk) and clip wl(k) around mg( ) by factor c,.

10:  Build M(k), a(k), linearize at p(k), and solve the regularized LS subproblem.

9:  Set mff ) < median;—; _,w

11:  Project the solution through 7 to obtain 193;::; ),
) (k+1) (k) (k+1)
12 Foreachwa € A, compute 8, ' < T((1—a)d"™ +ad_ /).

13 Set [, + ijj{(ﬂ,gkﬂ)) and choose a* € argminye 4 Ja.

14 if [ < J®) — ¢ then

15. gkt ﬂgi“) and J+D) ..
16: else

17: break

18: end if

19: end for

20: return ¥ < R (9 kast)),

Proposition 2 is deliberately modest: it guarantees accepted-surrogate non-increase,
not global optimality. This is the intended division of labor in the solver: closed-form
quadratic subproblems provide speed, and the stabilization layer prevents the outer
reweighting loop from worsening the original surrogate.

Baselines for Comparison

For ablation, we also evaluate simpler LS-style variants: (i) raw weighted LS, solving
only Equation (15); (ii) one-step regularized LS, applying a single geometry-aware correction
via Equation (21); (iii) iterative reweighted regularized LS, updating variances and the linearized
regularizer without stabilization; and (iv) a nonlinear SciPy baseline that attempts local mini-
mization of the floor-regularized surrogate in Equation (9) using the limited-memory Broyden-—
Fletcher-Goldfarb-Shanno algorithm with bound constraints (L-BFGS-B) with multiple restarts.
Other estimator families are also reasonable in this setting. Direct maximum-likelihood or
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nonlinear least-squares solvers can often fit the original surrogate more tightly in practice;
particle-swarm or other metaheuristic searches can reduce local-minimum sensitivity at higher
computational cost; Bayesian filters are natural for tracking; and fingerprinting or machine-
learning methods can absorb hardware mismatch when calibration data are available. The
nonlinear SciPy optimizer is included as a strong direct nonlinear baseline in this benchmark
because it uses the same forward model and objective, but it remains a finite-budget local
optimizer rather than a guaranteed global solver.

4.4. Computational Complexity

Each iteration of the stabilized solver costs O(n) in the number of LEDs: computing
the n weights is O(n), assembling the n x 4 design matrix MK is O(n), forming the 4 x 4
Gram matrix (M®))TM®) is O(n), and inverting the 4 x 4 system is O(1). The damped
line search evaluates the surrogate at |.4| candidate points, each costing O(n). With at
most K iterations and |.A| = 5, the overall complexity is O(Kn) with a small constant factor,
explaining the measured speed advantage up to the tested 16-LED setting.

4.5. Cramér—Rao Lower Bound

To benchmark any estimator, we derive the Fisher information matrix (FIM) for

the 3D position under the combined thermal-plus-shot-noise model [20,42,44]. Let

0?(0) := 02 + {>P7;(0) denote the position-dependent noise variance. The observations

{r;} are conditionally independent with r; | @ ~ N (P~;(8),07(8)), so the FIM takes the
heteroscedastic Gaussian form

& a(Pv;) o(Py;) 1 907 dc?
F(0)|x = + L L, 30
FO = L 26) a8, a6, T 200) 96, 96, (30)
where 8 = [x,y,u]". The second term accounts for the information contained in the
variance itself, which is non-negligible under shot noise.
Letd; := /u2 + (x; — x)2 + (y; — y)2. From the Lambertian model,
um+1
1
The required partial derivatives are
9(Pi) Xi— X
= (m+3) Pyi =—5—, (32)
ox d?
A(P7i) vi—y
——— = (m+3) P, , (33)
dy d?
o(Pyi) m+1 (m+3)u
S (T ) (34)
The variance derivatives follow from 907 /06; = {*P d+y;/ 08, for 6; € {x,y,u}.
The Cramér-Rao lower bound (CRLB) for the 3D position error is then
CRLB(6) = tr(F(6) 1), (35)

and /CRLB(8) lower-bounds the root-mean-square 3D error of any unbiased estimator at
position 6 [43]. Since the proposed regularized and projected estimators are generally biased,
the CRLB is used as a diagnostic reference rather than as a strict lower bound on their observed
mean-squared error. In practice, the second term in Equation (30) (the variance-information
contribution) is small compared to the first when {?P; < ¢?, i.e., when thermal noise domi-
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nates; under strong shot noise, the two terms are comparable, and omitting the second term
would understate the available information [44]. We evaluate CRLB numerically at each test
position in Section 5 and compare it with the achieved errors of the stabilized solver and the
nonlinear baseline.

5. Experiments
5.1. Experimental Setup

We evaluate the proposed solvers in a synthetic 3D simulation that follows the model
assumptions and emphasizes sparse layouts, where 3D ambiguity is strongest. Following
established evaluation methodology in VLP research [10,20], we compare against both
LS-style variants and a nonlinear optimization baseline. The simulations assume LOS Lam-
bertian RSS propagation with all links inside the PD field of view, known LED coordinates
and ceiling height, fixed downward LED axes, a fixed upward PD normal, normalized opti-
cal gain, and no wall reflections, diffuse multipath, shadowing, or NLOS component. This
is a controlled LOS study; it does not include orientation mismatch, multipath, installation
error, or calibration uncertainty. Tilt and multipath are not represented as arbitrary RSS
perturbations because they change the observation model and would make the surrogate,
LS weights, and CRLB diagnostic internally inconsistent. The numerical settings use the
RSS floor #; = max{r;, 10’6}, room-box projection in the stabilized solver, six outer itera-
tions, damping set {1,0.5,0.25,0.1,0.05}, median-centered weight clipping with ¢, = 50,
three deterministic L-BFGS-B starts for the nonlinear baseline, and separate recording of
non-finite predictions as solver failures; continuous-error statistics use finite estimates only.

The room size is 8 x 8 x 3 m, with all LEDs mounted at height 1 = 3 m. Receiver
positions are sampled uniformly from

X,y €[025775), ze04,24]

We use Lambertian order m = 2 and set I' = 1 for normalization. The layout sweep
uses three ceiling grids: a sparse 4-LED layout at (2,2), (2,6), (6,2), (6,6); a denser 9-LED
grid {2,4,6} x {2,4,6}; and a 16-LED grid {1,3,5,7} x {1,3,5,7}.

The noise and gain parameters in the benchmark are simulation parameters, not mea-
surements from a hardware campaign. In a physical system, these quantities would be
estimated before positioning is run. The thermal/electronic noise level o would normally
come from LED-off or dark-current samples, because those measurements isolate receiver
noise from the optical signal. The shot-noise coefficient { would be obtained from repeated
RSS measurements at known illumination levels by fitting the variance-versus-mean rela-
tion. The gain term I, together with any per-LED gain factors, would be calibrated using
receiver positions with known coordinates and known orientation, then checked on held-
out calibration positions. This matters for the present method because gain and noise errors
change both the RSS scale and the frozen weights in the LS subproblems. The present study
assumes these quantities are known after calibration and focuses on estimator behavior
under that model; calibration uncertainty is not modeled in the reported synthetic results.

For each layout we consider a high-power regime (P = 60, ¢ = 0.015, { = 0.05)
and a low-power regime (P = 25, o = 0.03, { = 0.08), giving six scenarios in total. We
use deterministic seed 20260327, generate 80 tuning samples and 400 test samples per
scenario, and tune A over {10_2, 1071, 1,10, 100} on the tuning split by minimizing mean
error (median as tie-breaker). The selected regularization parameters (Areg, Ajters Astab) are
(100,100, 100) for 4-LED high power, (1,0.01,100) for 4-LED low power, (100,100, 100) for
9-LED high power, (0.1,100,100) for 9-LED low power, (100, 100,100) for 16-LED high
power, and (1,100, 100) for 16-LED low power. Figure 2 makes the geometry change explicit.
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Tables 1 and 2 and Figure 3 use this same fully tuned six-scenario protocol. The convergence
and regularization-sensitivity diagnostics include representative sparse, moderate, and
dense layouts. The CRLB diagnostic focuses on the 9- and 16-LED layouts, where empirical
RMSE can be compared with the information bound without sparse-layout bias effects
dominating the figure.

. 4-LED Layout . 9-LED Layout . 16-LED Layout
4 transmitters. 9 transmitters. |6£{msmiﬂcr<\3 o o
6 o o 64 (@] o o 6
° o o °
EFR 4 o o o 4
=
(o] o o o
24 o o 24 o o (©] 1
o o o °
0 T T T 0 T T T 0 T T T

0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
x (m) x (m) X (m)

Figure 2. Top-view LED layouts used in the six-scenario benchmark. The dashed inner square marks
the common receiver sampling region [0.25,7.75] x [0.25,7.75] m?; all LEDs are mounted at ceiling
height h = 3m.

Table 1. Results in sparse 4-LED scenarios. Bold = best LS-style.

Method Mean (m) P95 (m) Max (m) Time (s)
4-LED high power
Raw WLS 3.402 4.783 5.754 3x107°
Reg. LS 28,217 3.663 1.1x107 4x107°
Orig,. iter. 66,833 3.561 2.7%x107 1.6 x 1074
Stab. (ours) 1.247 3.144 4.223 1.7 x 1073
SciPy NL 0.891 2.895 5.564 2.8 x 102
4-LED low power
Raw WLS 3.422 4.872 5.508 3x107°
Reg. LS 4.0 x 10° 4.555 1.6 x 10 4x107°
Orig. iter. 620.4 8.376 24 x 10° 1.7 x 1074
Stab. (ours) 1.555 3.395 4.404 1.5 x 1073
SciPy NL 1.283 3.372 6.097 2.6 x 1072
Table 2. Results in denser 9- and 16-LED scenarios. Bold = best LS-style.
9-LED 16-LED
Method
Mean P95 Max Time Mean P95 Max Time
High power
Raw WLS 0.429 1.919 6.921 3x107° 0.140 0.256 7.212 3x10°°
Reg. LS 0.343 2.535 8.749 4x1075 0.121 0.173 10.706 4x107°
Orig. iter. 0.304 2.206 6.919 2.1x1074 0.128 0.183 7.211 2.1 %1074
Stab. (ours) 0.307 2.536 3.981 1.0 x 1073 0.108 0.192 3.910 71x 1074
SciPy NL 0.225 1.741 3.810 1.7 x 1072 0.122 0.833 2.618 1.5 x 102
Low power
Raw WLS 1.259 4,985 9.477 3x107° 0.461 2.062 8.599 3x107°
Reg. LS 1539.7 3.831 6.2 x 10° 4x107° 0.321 1.628 7.077 4x107°
Orig. iter. 89.66 4.450 3.5 x 104 1.7 x 10~% 0.422 1.447 8598  1.9x10°*
Stab. (ours) 0.985 3.411 4.676 9.1 x1074 0.335 1.600 4.903 6.4 x 1074
SciPy NL 0.631 2910 5.509 1.7 x 1072 0.425 1.693 2.559 15 %1072

Units are meters for Mean/P95/Max and seconds per sample for Time. In Tables 1 and 2, Mean, P95, and
maximum error are computed over finite estimates; non-finite outputs are recorded separately as solver failures.
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Raw WLS Reg.LS == Orig.lter. === Stab. (ours) ===+ SciPyNL

4 LEDs 9 LEDs 16 LEDs

Pr(err> 1)

High-power

Pr(err>1)

Low-power

T 3 T T T T J
10 10° 10' 10° 0" 10 10 10° 10" 10 10! 10°
Error threshold 7 (m) Error threshold ¢ (m) Error threshold ¢ (m)

Curves use finite errors and are clipped at 100 m; nonzero values at the right boundary indicate finite errors beyond 100 m

Figure 3. Error exceedance curves for finite estimates on the full benchmark. The horizontal axis is
clipped at 100 m; nonzero values at the right boundary indicate finite errors exceeding that range.
Non-finite outputs are recorded separately as solver failures.

e  Reproducibility.

All reported results were obtained using the same deterministic simulation procedure.
Within each scenario, the room geometry, LED coordinates, receiver sampling region,
random seed, tuning/test split, A grid, damping set, clipping factor, and nonlinear-baseline
restart budget were fixed. The six scenarios use the stated LED layouts and power regimes.
The regularization parameter was selected on the tuning split and then held fixed on the test
split. This ensures that differences in mean error across layouts reflect estimator behavior
under the stated layouts rather than changes in tuning. The simulations are reproducible
within the synthetic LOS Lambertian model, but they do not replace hardware validation.

We compare five solvers: raw weighted LS, one-step regularized LS, original iterative
reweighted regularized LS, the proposed stabilized iterative reweighted regularized LS,
and a nonlinear SciPy baseline that attempts local minimization of the floor-regularized
surrogate in Equation (9) using L-BFGS-B with three restarts. The first four methods
separate the effect of the LS lifting, the geometry-aware regularizer, iterative reweighting,
and the stabilization layer. The SciPy baseline is different in purpose: it is a direct nonlinear
reference using the same forward model and objective, so it tests how much accuracy is
lost or gained by replacing nonlinear search with closed-form LS-family updates.

Raw weighted LS and the SciPy baseline have no tuned regularization parameter; only
the three regularized LS-style methods use the A grid. For the stabilized solver, we use six outer
iterations, damping set .A = {1,0.5,0.25,0.1,0.05}, clipping factor c,, = 50, and tolerance 10~°.
The SciPy baseline uses L-BFGS-B with room-box constraints, three deterministic starts (raw-
WLS, room center, strongest-LED horizontal location), at most 90 iterations per restart, and
default SciPy convergence tolerances. Because this baseline can move directly in the nonlinear
3D variables, it is a strong accuracy comparator in sparse layouts. Its finite restart budget does
not guarantee a global optimum. Runtime was measured on the same workstation using the
Python 3.9.6 implementation for all methods. The tables report mean, P95, maximum error,
and runtime; figures add median and exceedance views. Because the primary six-scenario
sweep uses one seed and the nonlinear baseline uses a finite restart budget, small dense-layout
gaps are interpreted conservatively.

For numerical linear algebra, the raw WLS step uses double-precision least squares
rather than an explicit inverse; Proposition 1 states the mathematical full-rank solution.
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Regularized systems are solved as 4 x 4 linear systems, recovered positions are projected
to the room box in the stabilized variant, and linear-solver errors or non-finite predictions
are recorded separately as solver failures. Mean, P95, and maximum errors are computed
over finite estimates. No stabilized-solver failures occur in the reported benchmark.

e Rank and conditioning tests.

We also ran a robustness analysis using five seeds, 200 test samples per seed, and fixed
tuned A values. All design matrices retained rank four, so the main failure mode was not
exact algebraic rank loss. The difficulty was numerical conditioning: in the 4-LED high /low
cases, the median condition numbers of M M were 5.0 x 10° and 1.2 x 1019, 95th percentiles
were 7.3 x 10! and 2.1 x 107, and worst cases reached 10%3-10%. After clipping and
regularization in the first stabilized subproblem, the corresponding average median/p95
condition numbers were reduced to 4.9 x 10%*/1.1 x 10° and 3.8 x 10*/3.4 x 10°, although
rare maxima still reached 10'°~10'7. This explains why Proposition 1 is not enough by itself:
a matrix can have rank four and still be too ill-conditioned for an unstabilized lifted LS
estimate to be reliable.

e  RSS-floor and repeated-seed tests.

Nonpositive RSS readings occurred in 3.6-15.2% of individual LED readings, affecting
14.8-83.9% of samples, so the low-power results should be interpreted as performance under
the stated floor-regularized heuristic rather than as exact likelihood behavior in a high-
SNR regime. A floor-sensitivity analysis over €, € {1078,107%,1074} changed low-power
stabilized mean errors only from 1.51-1.56, 0.903-0.927, and 0.388-0.399 m for 4-, 9-, and
16-LED layouts. Across the five seeds, stabilized mean errors, ordered as 4-/9-/16-LED
high/low power, were 1.28 [1.16, 1.41], 1.56 [1.43, 1.70], 0.385 [0.318, 0.452], 0.924 [0.826, 1.02],
0.078 [0.050, 0.106], and 0.398 [0.338, 0.458] m; brackets give approximate 95% confidence
intervals over seed means. With 5 cm LED-position perturbations during data generation, the
corresponding means were 1.30, 1.56, 0.425, 0.970, 0.124, and 0.410 m. These checks support
the LS-family robustness and geometry-conditioning claims, while preserving the limitation
that the study remains synthetic and does not cover orientation or multipath mismatch.

e Ablations.

Table 3 and Figure 2 define the geometry test under different noise levels. Tables 1 and 2
report the main accuracy and runtime results, and Figure 3 shows tail failures that are
hidden by central summaries. Figures 4 and 5 provide convergence and information-bound
diagnostics.

Table 3. System parameters used in experiments.

Parameter Symbol Value

Room size Ly X Ly X h 8§ X8 x3m
4-LED positions (xi, 1) (2,2),(2,6),(6,2),(6,6)
9-LED positions (xi,v:) {2,4,6} x {2,4,6}
16-LED positions (xi, 1) {1,3,5,7} x {1,3,5,7}
Lambertian order m 2

Transmit power (hi/lo) P 60/25 W
Thermal noise (hi/lo) o 0.015/0.03

Shot noise (hi/lo) g 0.05/0.08
Optical gain r 1 (norm.)
Receiver height range z [04,24] m
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(b) A Sensitivity
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Figure 4. Convergence and regularization diagnostics. Panel (a) shows mean 3D error over outer

iterations; panel (b) shows tuning-split mean error versus A.
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Figure 5. Per-position root-mean-square error (RMSE) and numerical CRLB, sorted by CRLB, for
9- and 16-LED scenarios. Dashed black curves denote analytical CRLB values; solid colored curves
denote simulated estimator RMSE.

5.2. Main Results

Tables 1 and 2 summarize the final benchmark. The results separate the solver story into
two regimes. In the sparse 4-LED cases, stabilization is the difference between usable LS-style
estimates and occasional catastrophic failures. In the denser 9- and 16-LED cases, the LS-style
family becomes much more competitive, and the role of stabilization shifts from uniform
mean-error dominance to tail control and a predictable runtime-accuracy tradeoff.

The table-level pattern changes with geometry. In the 4-LED scenarios, stabilization
is decisive: the proposed method reduces the mean error from 3.40 m for raw WLS to
1.25-1.55m and avoids the catastrophic blow-ups observed for the unstabilized regularized
variants. The meter-level and extremely large mean errors are not a consequence of room
size alone. They arise mainly in sparse or low-power cases where height-RSS ambiguity,
low-SNR measurements, the positive RSS floor applied after noisy nonpositive readings,
and severe conditioning of the lifted design matrix can produce rare but very large outliers.
This is visible in the table: for some unstabilized LS variants, the P95 error remains within
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a few meters, while the maximum error is several orders of magnitude larger, causing the
mean to be dominated by a small number of divergent estimates.

In the 9-LED layouts, no LS-style method wins every metric, but the stabilized solver
is strongest in the harder low-power case and gives the lowest LS-style worst-case error in
both power regimes. With 16 LEDs, all LS-style methods return to sub-meter mean error
even at low power; the stabilized solver is best on high-power mean error, while the 16-LED
low-power case is a close runtime-accuracy tradeoff across the LS family. The nonlinear
SciPy baseline remains strongest in sparse and moderate layouts because it attempts finite-
budget local minimization of the nonlinear surrogate with bound constraints and multiple
starts instead of relying on a frozen linearized LS subproblem. The proposed method
should therefore be interpreted as a fast LS-family estimator with improved tail control,
not as a uniformly more accurate replacement for nonlinear optimization.

5.3. Distributional Robustness

Figure 3 explains the main failure mode behind these table-level trends. The one-
step and original iterative regularized variants can look reasonable through much of the
practical error range, yet retain long right tails in the 4-LED and 9-LED low-power regimes.
The layout sweep, exceedance curves, and conditioning analysis should be read together
when assessing geometry sensitivity. The 4-LED layouts expose the strongest height-RSS
ambiguity and the heaviest conditioning tails, while the denser 9- and 16-LED layouts
improve the information profile and reduce the frequency of catastrophic LS-family failures.
The stabilization layer targets exactly this behavior: room-feasible projection prevents
physically invalid lifted estimates, weight clipping limits single-LED dominance, and
surrogate-accepted damping rejects outer steps that worsen the original objective. By
16 LEDs, the curves cluster in the sub-meter regime and the question shifts from preventing
breakdown to choosing among speed, mean error, P95 error, and maximum error.

To examine how errors vary with receiver geometry, we analyzed the per-sample
simulation results. Receiver heights were split into three equal bins over z € [0.4,2.4] m,
and horizontal positions were grouped by a 3 x 3 partition of the sampled floor region
into center, edge, and corner groups. In the 4-LED layouts, the stabilized mean error
varies much more across horizontal regions than across height bins: at high power, the
regional means span 0.08-1.92 m while the height-bin means span 1.17-1.37 m; at low
power, the corresponding spans are 0.23-2.30 m and 1.50-1.63 m. The nonlinear baseline
shows the same spatial dependence, with 4-LED regional means of 0.67-1.15m at high
power and 0.56-1.43 m at low power. With 16 LEDs, the stabilized regional span contracts
to 0.03-0.18 m at high power and 0.09-0.52 m at low power. Thus the remaining errors are
not spatially uniform; they are largest in geometrically less favorable regions, especially
under sparse lighting. The broader LS-family error distribution is shown by the exceedance
curves in Figure 3 and by the tail-rate analysis below.

The same analysis also distinguishes typical errors from rare divergent estimates. For
4-LED high power, regularized LS has median 2.06 m and P95 3.66 m but 0.2% of finite
estimates exceed 100 m; the original iterative variant has median 1.18 m and P95 3.56 m, but
0.8% of finite estimates exceed 100 m. For 4-LED low power, the corresponding >100 m rates
among finite estimates are 1.8% for one-step regularized LS and 0.8% for the original iterative
variant. The original iterative variant additionally produced two non-finite outputs (0.5%)
which are recorded separately as solver failures. The stabilized solver has no samples above
10 m or 100 m in any of the six main scenarios. This explains why some unstabilized LS means
are extremely large even when their medians and P95 values appear moderate.
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5.4. Convergence, Regularization, and CRLB

Figure 4a shows that most of the empirical error reduction of the stabilized solver
occurs within 3—4 outer iterations. This supports the practical iteration budget used in
the benchmark, while Proposition 2 separately guarantees that the accepted surrogate
value does not increase. Figure 4b is consistent with the role of A in the regularized
subproblem: small A emphasizes data fit, large A enforces the linearized consistency relation
more strongly, and the best predictive error depends on layout conditioning and noise.
Figure 5 compares per-position RMSE with the CRLB derived in Section 4.5 on the 9- and
16-LED high- and low-power scenarios. Both estimators generally track the CRLB ordering,
supporting the interpretation that denser geometry improves the information profile and
that the remaining error variation is tied to position-dependent Fisher information.

6. Conclusions

We developed a shot-noise-aware 3D RSS-based VLP solver that keeps the LS subprob-
lems closed form while addressing the instability introduced by unknown receiver height.
The method combines a floor-regularized 3D surrogate, a lifted weighted LS reformulation, a
geometry-aware regularizer, and a stabilized reweighting loop with room projection, weight
clipping, damping, and accepted-surrogate monotonicity. In the synthetic LOS simulations,
the stabilized solver removes the catastrophic sparse-layout failures observed for the tested
LS-family baselines and retains a large runtime advantage over nonlinear optimization. The
nonlinear baseline often attains lower mean error in sparse and moderate layouts. The pro-
posed method is therefore a fast LS-family alternative for the fixed-orientation LOS setting
when runtime and control of large errors are important.

e Limitations and future work.

The conclusions apply to a synthetic Lambertian LOS model with known LED geom-
etry and a fixed-orientation photodiode receiver. The study does not evaluate hardware
deployments, public datasets, receiver-orientation uncertainty, or multipath. A public-
dataset evaluation for this model would require 3D RSS samples together with LED ge-
ometry, receiver-height ground truth, and orientation and calibration metadata. Receiver
tilt requires calibrated PD orientation, field of view, and gain, whereas reflected paths
require room geometry, surface reflectance, and receiver-response assumptions. These
effects change the forward model, signal-dependent variance, and CRLB diagnostic; they
cannot be represented by a generic additional noise term. The experimental studies of
Almadani et al. [37,38] illustrate their relevance to unknown-height 3D VLP. Future de-
ployment studies should first extend and validate the physical model, then assess the
corresponding estimator. Installation errors [36], gain calibration, open-dataset evaluation,
hardware validation, RSS-AOA fusion [29], IRS-assisted VLP [50], and time-varying mobile
scenarios [25] are natural directions for further work.
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Abbreviations
The following abbreviations are used in this manuscript:

AOA Angle of arrival

CRLB Cramér—-Rao lower bound
FIM Fisher information matrix
LED Light-emitting diode

LOS Line of sight

LS Least squares

NLOS Non-line-of-sight

PD Photodiode

RF Radio frequency

RIS Reconfigurable intelligent surface
RSS Received signal strength
RMSE Root-mean-square error
SNR Signal-to-noise ratio

UWB Ultra-wideband

VLP Visible light positioning
VLC Visible light communication
IRS Intelligent reflecting surface
WLS Weighted least squares
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