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Abstract

Road traffic accidents continue to be a major global cause of fatalities, disproportionately
affecting pedestrians and other vulnerable road users. While deep reinforcement learning
has proven effective in handling complex navigation tasks, providing formal stability and
safety guarantees during both training and deployment remains a significant challenge.
This paper introduces a dual-layer safety-aware framework for pedestrian avoidance in
occluded urban driving. During training, a first-order Control Lyapunov–Barrier Function
is integrated with Proximal Policy Optimization to promote goal-reaching stability and
obstacle avoidance: the analytic Lie derivatives of the Lyapunov and barrier functions are
embedded as a modifier in the advantage estimate, providing explicit stability and safety
signals that accelerate convergence toward safe, goal-reaching behavior without disrupting
the standard policy update. At deployment, a higher-order Control Lyapunov–Barrier
Function, realized through a quadratic programming safety filter, acts as a safety shield
that projects the nominal acceleration onto the intersection of the second-order Lyapunov
and barrier feasibility sets; the barrier function is further extended with relative velocity
terms to account for dynamic pedestrian motion. Experiments with a four-wheeled vehicle
in the Webots simulator show that the framework reliably reaches the goal, avoids an
occluded pedestrian across a range of crossing speeds, and improves task success rates and
safety-constraint adherence relative to Proximal Policy Optimization and a conventional
higher-order safety filter baseline, particularly during emergency braking maneuvers.

Keywords: proximal policy optimization; control lyapunov function; control barrier
function; quadratic programming; pedestrian avoidance

1. Introduction
Road accidents have emerged as a critical global crisis in recent years, culminating

in alarmingly high mortality rates. The 2019 statistics published by the World Health
Organization reveal that approximately 1.19 million road users tragically lost their lives,
predominantly in the 5 to 29 age group, which accounts for a staggering 30 percent of total
fatalities. The data also highlights the distribution of fatalities among various road user
categories. Two-wheeled and three-wheeled vehicles lead the fatality rates at 30 percent,
followed closely by four-wheeled vehicles at 25 percent, and pedestrians, who represent
around 20 percent of casualties [1]. Furthermore, data from the U.S. National Highway
Traffic Safety Administration shows that vehicle accidents in 2019 inflicted approximately
$340 billion in damage [2]. In light of distressing figures, it is imperative to recognize
that road safety is a pressing issue that demands the implementation of effective safety

Electronics 2026, 15, 3026 https://doi.org/10.3390/electronics15143026

https://crossmark.crossref.org/dialog?doi=10.3390/electronics15143026&domain=pdf&date_stamp=2026-07-10
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/electronics
https://www.mdpi.com
https://orcid.org/0009-0008-5380-6848
https://orcid.org/0000-0001-5255-4919
https://doi.org/10.3390/electronics15143026


Electronics 2026, 15, 3026 2 of 45

measures. Alongside this, innovative advancements in road safety technology are being
developed to create better conditions for both drivers and pedestrians.

The surge in autonomous driving technology has captured the attention of researchers
and the public alike [3]. Breakthroughs in safety technologies, particularly the incorpora-
tion of Artificial Intelligence (AI), have led to the development of advanced algorithms
for autonomous vehicles, marking significant progress toward fully self-driving systems
grounded in empirical data from complex driving environments [4]. Central to these strides
are Advanced Driver Assistance Systems (ADAS), which play a vital role in enhancing
safety through features such as Automatic Emergency Braking (AEB), Lane Keeping As-
sistance (LKA), and Blind Spot Warning (BSW). However, significant hurdles, including
unintended emergency braking in the absence of obstacles and unreliable system perfor-
mance, remain, underscoring the urgent need for refinement in ADAS safety measures to
ensure greater protection for all road users [5].

Deep reinforcement learning (DRL) has emerged as a fundamental aspect of machine
decision-making [6], grounded in the principles of Markov Decision Processes (MDP).
This approach employs trial-and-error to enhance the effectiveness of agents across varied
environments. In the realm of autonomous driving, DRL empowers modern vehicles to
enhance their collision-avoidance strategies by analyzing real-time data from onboard sen-
sors. This method demonstrates the system’s capacity for immediate responsiveness while
actively informing the vehicle’s decision-making process. The adaptability and robustness
of DRL make it ideally suited for both simulation [7–9] and practical applications [10,11],
solidifying its position as an advanced solution for safer navigation in complex driving
scenarios [12].

Control Lyapunov–Barrier Function (CLBF), in conjunction with quadratic program-
ming (QP), represents a groundbreaking algorithm approach to nonlinear control that
ensures stability by guiding systems toward desired states while simultaneously maintain-
ing safety through hazard avoidance [13,14]. In the context of autonomous driving, these
algorithms tackle intricate scenarios [15,16]. Additionally, autonomous vehicles leverage
CLBF constraints to navigate unfamiliar environments safely, integrating sensory data
for obstacle detection and optimizing via QP, thereby surpassing conventional control
techniques [17]. Importantly, CLBF adheres to constraints that verify real-time safety [18],
providing essential validation of the stability and safety requirements in autonomous
driving [19].

In terms of cutting-edge controller algorithms, with the advancement of DRL, the
combination of CLBF with DRL has become increasingly important for learning under
stability and safety constraints in challenging circumstances. The CLBF algorithm leverages
the safety constraints proof, introducing a modification to CLBF to enable the agent to learn
about the policy’s stability and safety objective, allowing safe exploration in model-based
reinforcement learning for collision avoidance in uncertain scenarios [20,21]. Beyond the
QP-based filtering adopted in this work, backstepping-based formulations offer a comple-
mentary route to enforcing safety during learning: a Barrier Lyapunov Function can be
embedded directly into an optimized-backstepping actor–critic controller to constrain the
state variables to a designed safety region throughout training under unknown system
uncertainty [22], while control barrier performance formulations reconcile safety and per-
formance constraints with actuation limits in cooperative multi-vehicle settings through
parallel dynamic event-triggering that reduces the controller update frequency [23]. Like-
wise, the Control Barrier Function is generalized with adaptive coefficient mechanisms via
model-based reinforcement learning to enhance the likelihood of safe policy optimization,
achieving significantly faster convergence and reducing constraint violations compared
with baseline methods [24]. In a hierarchical control context, it is separated into a high-
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level controller that creates high-level navigation commands (e.g., forward, backward, left,
and right) and a low-level controller that controls the trajectory to achieve the objective.
With the combination of a deep reinforcement learning-based high-level controller and a
CLBF-QP controller as a low-level controller on a stability and safety controller for collision
avoidance, the controllers perform computational efficiency and robustness in scenarios
involving sophisticated circumstances, e.g., lane-changing maneuvers and reaching goals
safely, as well as accidental avoidance, both static and dynamic [25,26].

In this study, we integrate deep reinforcement learning with Control Lyapunov–Barrier
Functions to enhance pedestrian avoidance in obstructed driving scenarios. Our key
contributions are as follows:

• A co-designed Lyapunov–barrier spanning training and deployment. We train
a first-order CLBF-modified PPO policy for slip-angle control and enforce a higher-
order CLBF-QP filter on acceleration during deployment. Both stages are built on
identical Lyapunov and barrier definitions. Unlike hierarchical learning controllers
that independently design a safety filter beneath a separately trained decision pol-
icy, this shared-certificate design aligns the learned policy’s inductive bias with the
geometry enforced by the filter and the runtime context.

• A critic-independent stability and safety signal for the policy optimization. By
computing this signal in closed form rather than bootstrapping it from the critic, we
inject explicit stability and safety information that accelerates convergence toward
collision-free, goal-reaching behavior without altering the standard PPO update. This
differs from constrained policy optimization approaches to safe RL, where the barrier
constraint is enforced through a learned cost–value estimate or a Lagrangian multiplier
that must itself be estimated during training [20,21,24]; our signal is available in closed
form from the first control step, requiring no additional value function, dual variable,
or warm-up period before it becomes informative.

• A relative velocity higher-order barrier for dynamic pedestrian avoidance. We extend
the higher-order barrier to include a closing-rate term, allowing the safety constraint at
deployment time to respond to the relative velocity between the vehicle and a moving
pedestrian, rather than relying on relative position alone. This generalizes the runtime
filter from static to actively crossing obstacles.

To highlight the specific novelty of our approach, Table 1 compares the proposed
framework with the most closely related methods in control-based, hierarchical learning-
based, and safe reinforcement learning across five key dimensions.

As shown in Table 1, previous CLBF-QP controllers ensure safety without incorpo-
rating any learned components. In contrast, hierarchical methods only learn a discrete
high-level decision and operate an independently designed QP filter underneath. Safe
reinforcement learning techniques, on the other hand, integrate a barrier constraint during
training but do not provide a filter for deployment. The proposed framework stands out as
the only one that (i) learns a continuous control policy, where the policy’s advantage is influ-
enced by the same Lyapunov and barrier certificates enforced by the runtime HOCLBF–QP
filter, and (ii) incorporates a relative velocity term for actively crossing pedestrians, which
has been validated at a real-time control rate in a high-fidelity simulator.

This paper is organized as follows: Section 2 describes the methodologies used, includ-
ing the bicycle vehicle dynamic model, control-affine equations, and the design principles
for the Control Lyapunov Function (CLF) and Control Barrier Function (CBF) for both
first-order and second-order systems. It also introduces the modified advantage estimates
using Proximal Policy Optimization (PPO) and the Optimal Control with Lyapunov–Barrier
Function and Quadratic Programming (HOCLBF-QP) framework. Section 3 outlines the
simulation environment, vehicle platform and sensing, and the Deepbots framework.
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Section 4 presents the simulation results, comparing the proposed approach with baseline
methods (PPO with MLP and PPO-LSTM) and examining how different weights affect the
agent’s training and driving trajectory. We also analyze the effect of the class-K function
on HOCLBF-QP in terms of acceleration and braking behavior, compare the integration of
CLBF-PPO-HOCLBF-QP with traditional HOCLBF-QP across a range of pedestrian cross-
ing speeds, and finally report the per-step computational time of the controller to assess its
real-time feasibility. Section 5 addresses research limitations, and Section 6 concludes the
paper with suggestions for future research directions.

Table 1. Positioning of the proposed framework against the closest control-, hierarchical-, and
learning-based safety approaches.

Method Learning
Objective Safety Filter Obstacle Type Relative-Degree

Treatment

Dynamic-
Obstacle
Modeling

Validation
Environment

Proposed (this
work)

Continuous
slip-angle policy
(PPO) with
a CLBF-modified
advantage

HOCLBF–QP at
deployment,
co-designed with
the policy on
shared certificates

Static obstacle
and an occluded
crossing
pedestrian

First-order
CLF/CBF in the
training
advantage;
second-order
(HOCLBF) in the
deployment QP

Relative velocity
(closing-rate)
barrier term

Webots
four-wheeled
vehicle, real time
at 25 Hz

CLF-CBF-QP
control [16,17]

None;
hand-designed
nomi-
nal/reference
input

CLF–CBF–QP Static and
moving obstacles First-order Position-based

CBF

Simulink and
surface-vehicle
experiment

DRL decision +
CLF-CBF-
QP [25]

Discrete high-level
decision (DRL),
trained separately
from the filter

CLF–CBF–QP
low-level,
independently
designed

Static and
dynamic obstacle
setups

First-order Position-based
CBF

Simulink MIL and
real-time,
unicycle model

DDQN decision
+ HOCLF-
HOCBF-QP [26]

Discrete
lane-maneuver
selection (DDQN),
trained separately
from the filter

HOCLF–HOCBF–
QP low-level,
independently
designed

Lane change past
a static/parked
obstacle

Higher-order Position-based
path tracking

Simulation,
single-track
lateral model

Safe RL with
(generalized)
CBF [20,21,24]

Constrained
policy
optimization;
barrier folded into
training

CBF/GCBF
constraint inside
the policy update;
no
deployment-time
QP

Collision-
avoidance and
safe-exploration
tasks

First-
order [20,21];
higher-order via
GCBF [24]

Distance-to-
boundary
(position-based)

Benchmark
simulation in
real vehicle

2. Methodology
In a comprehensive autonomous driving algorithm that emphasizes the maneuver-

ability of self-driving vehicles, Figure 1 provides an overview of the proposed framework.
This section will introduce each component in the order they appear in the figure.

Section 2.1 develops the vehicle model by simplifying the four-wheeled vehicle
into a kinematic bicycle model, which is presented in control-affine form through
Equations (1)–(5). This model serves as the foundation for all subsequent Lyapunov and
barrier constraints, represented by the Environment block in Section 2.1.

Section 2.2 introduces the certificate functions. Section 2.2.1 defines the first-order
Control Lyapunov and Control Barrier Functions used for slip-angle control during training.
Section 2.2.2 extends these functions to include higher-order functions used for acceleration
control during deployment.
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Figure 1. Integration of CLBF-PPO and HOCLBF-QP optimization algorithm for pedestrian avoidance.

Section 2.3 discusses the Proximal Policy Optimization algorithm along with the CLBF-
modified advantage estimate presented in (30). This estimate incorporates the first-order
Lie derivatives into the policy gradient and corresponds to the PPO block in Figure 1.
The design of the associated rewards and penalties is detailed in Section Rewards and
Penalty Calculation.

Lastly, Section 2.4 formulates the higher-order CLBF-QP safety filter expressed in
(37), which controls the agent’s acceleration at runtime and corresponds to the HOCLBF-
QP block in Figure 1. The policy outlined in Section 2.3 outputs the slip-angle command
βπ , while the filter in Section 2.4 generates the acceleration command aπ . Together, these
commands constitute the control input applied to the vehicle model described in Section 2.1.

2.1. Bicycle Vehicle Dynamics

In this study, we seek to streamline the dynamics of a vehicle by narrowing our focus
to the kinematic aspects of the bicycle dynamic model. Our examination deliberately omits
considerations of reference forces and mass properties. By concentrating on the kinematics,
we aim to enhance our understanding of the vehicle’s motion in a more straightforward
manner, allowing for clearer insights into its behavior and performance characteristics
without the complexities introduced by additional dynamic forces and mass influences. This
approach will enable us to develop more efficient models for analyzing vehicle dynamics
in various applications.

This kinematic model intentionally simplifies the vehicle’s longitudinal and lateral
dynamics. It excludes factors such as tire forces, mass and yaw inertia, lateral weight
transfer, and the interaction between sideslip and yaw rate. The wheels are assumed to roll
without slipping, maintaining a kinematic link between the heading and velocity vector
through the slip angle mentioned in (1). This simplification is valid as long as the lateral
forces on the tires are low. At low speeds and with gentle lateral accelerations, the tires
function within their linear range, resulting in minor actual sideslip, allowing the kinematic
model to closely reflect the vehicle’s true trajectory. This is supported by Polack et al. [27],
who demonstrate that the kinematic bicycle model is effective for planning achievable low-
speed paths. However, as speed, path curvature, or tire friction increases, sideslip becomes
significant, and the vehicle’s stability is then governed by the interaction between lateral
and yaw dynamics rather than kinematics alone. In this scenario, the vehicle can skid or
spin—losing stability—even with an active motion controller, as discussed by Hu et al. [28],
who point out that this lack of stability arises from sideslip and yaw-rate behaviors that
the kinematic model fails to account for. The current study focuses on the initial scenario,
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limiting the agent to a maximum longitudinal speed of 1 m/s with moderate steering
demands, making the no-slip kinematic model an appropriate standard for control at this
speed. The limits of this simplification and the transition to a more complex dynamic model
are further explored in Section 5.

Figure 2 illustrates the motion dynamics of a bicycle in a two-dimensional plane.
In this model, the front and rear wheels of the bicycle are represented as single wheels
located at the center of each side of the vehicle. The bicycle adjusts its course through linear
acceleration a and can change direction based on different steering angles δ, which are
influenced by the slip angle β.

β = arctan

[
l f

l f + lr
tan(δ)

]
(1)

where l f and lr are the distances between the center of mass and the front wheels and the
rear wheels, respectively. The kinematic bicycle equations corresponding to this vehicle
model are expressed as follows [27]:

ẋ = v cos(θ + β) (2a)

ẏ = v sin(θ + β) (2b)

θ̇ =
v
lr

sin(β) (2c)

v̇ = a (2d)

where [ẋ, ẏ] are the vehicle’s x-y axis velocity at the center of mass, v is the vehicle’s
velocity, a denotes the vehicle’s linear acceleration, θ denotes the orientation angle of the
vehicle. Here, l f and lr represent the distances from the center of mass to the front and rear
axles, respectively.

Figure 2. Kinematics Bicycle Vehicle Dynamics.
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Considering that the slip angle is small, we can make the approximations cos β ≈ 1
and sin β ≈ β. This simplification leads us to the kinematic vehicle dynamic equation for
small β, which is useful for analyzing the motion of the vehicle under these conditions.

ẋ = v cos(θ)− v sin(θ)β (3a)

ẏ = v sin(θ) + v cos(θ)β (3b)

θ̇ =
v
lr

β (3c)

v̇ = a (3d)

Regarding the motion analysis of the Control Lyapunov–Barrier Function, the control-
affine equation is written as:

ẋ = f (x) + g(x)u (4)

where x ∈ X ⊂ Rn denotes a state within the set of constraints of the vehicle at a given time.
The term f (x) represents the drift component, which describes the system’s behavior in the
absence of control input, while g(x) is a state-dependent function that modifies the control
input u. In the context of the bicycle vehicle dynamic model, the control-affine equation
can be expressed in matrix form as follows:

ẋ
ẏ
θ̇

v̇

 =


v cos(θ)
v sin(θ)

0
0

+


0 −v sin(θ)
0 v cos(θ)
0 v

lr
1 0

[a β
]

(5)

2.2. Control Lyapunov Functions (CLFs) and Control Barrier Functions (CBFs)

Although both Control Lyapunov Functions and Control Barrier Functions are scalar
certificate functions evaluated along system trajectories, they fulfill distinct yet complemen-
tary roles. A Control Lyapunov Function is designed to certify stability: it behaves as an
energy-like function that remains positive when away from the goal and is constrained to
decrease along the trajectory. This descent enforces the system’s approach towards the de-
sired equilibrium. Conversely, a Control Barrier Function ensures safety by defining a safe
set as its zero-superlevel set. It is constrained to maintain forward invariance, ensuring that
any trajectory originating within the safe region will remain.

The introduction of both functions is crucial for tasks such as pedestrian avoidance,
which require simultaneous adherence to stability and safety principles. The vehicle must
not only reach its goal—addressed by the stability aspect of the Control Lyapunov Func-
tion—but also avoid entering hazardous areas around obstacles or pedestrians—managed
by the Control Barrier Function. Each function alone is insufficient: a purely stabilizing
controller may inadvertently navigate through obstacles, while a solely safety-focused filter
may lack the motivation to reach the target, potentially halting before achieving the desired
outcome. This limitation has been evidenced by the traditional HOCLBF-QP baseline, as
discussed in Section 4.3.

The integration of both functions during the training process, reflected in the ad-
vantage estimate and utilized within the quadratic program at deployment, enables the
formulation of control inputs that are both goal-directed and safe.

2.2.1. First-Order Control Lyapunov Function and Control Barrier Functions

The Lyapunov stability theory is commonly applied to assess the stability of dynamical
systems. Specifically, a positive Lyapunov function V(x) is considered stable if its derivative
satisfies V̇(x) ≤ 0. Furthermore, if it holds that V̇(x) ≤ −cV(x) for some c > 0, the
dynamical system is deemed exponentially stable or convergent [29]. The linear-quadratic

https://doi.org/10.3390/electronics15143026

https://doi.org/10.3390/electronics15143026


Electronics 2026, 15, 3026 8 of 45

optimal control based on Control Lyapunov Functions (CLFs) for nonlinear systems is
motivated by optimization problems related to affine-control systems. The definition of
CLF is outlined as follows [30,31]:

c1 ∥ x ∥2≤ V(x) ≤ c2 ∥ x ∥2

inf
u∈U

[L f V(x) + LgV(x)u] ≤ 0 (6)

where constants c2 > c1 > 0. L f V(x) ≜ ∂V(x)
∂x f (x) and LgV(x) ≜ ∂V(x)

∂x g(x) denote the
partial derivative of function V(x) along the control-affine equation.

In terms of safety constraints of the vehicle, Control Barrier Functions (CBFs) are
functions that ensure the vehicle’s movement invariance from a given set of states C ⊂ Rn.
A vector CBF definition allows the various barrier function constraints’ implementation in
order to manipulate a set of states that is safe for the vehicle.

The CBFs approach establishes safety constraints through set invariance, designating
a portion of the state space as the safe set. The characterized set is utilized by the zero-
superlevel set of a function h : Rn → R that varies simultaneously. This function can be
written as

C = { x ∈ Rn | h(x) ≥ 0},
∂C = { x ∈ Rn | h(x) = 0}

(7)

Control Barrier Functions (CBFs) are utilized as an effective mechanism to ensure
the forward invariance of the set C. The function h(x), referred to as the Control Barrier
Function, is associated with the set C and a domain D, where it is established that C ⊂
D ⊂ Rn. In this study, an effort is made to simplify the approach by omitting an extended
class-K function. As a result, the barrier function is expressed in a simplified form.

sup
u∈Rm

[L f h(x) + Lgh(x)u] ≥ 0, (8)

In this discussion, L f h(x) and Lgh(x) denote the Lie derivatives of h(x) with respect
to the drift vector field f and the state-dependent vector field g, respectively, applicable
for every x ∈ D. It is crucial to highlight that Equation (8) should not be viewed as an
independent invariance certificate. The conventional first-order condition that ensures
the forward invariance of the set C involves an extended class-K function α, expressed
as L f h(x) + Lgh(x) u + α(h(x)) ≥ 0. If α(h(x)) is removed, the remaining condition
L f h(x) + Lgh(x) u ≥ 0 or ḣ(x) ≥ 0 indicates that the barrier cannot ever decrease, thus
making it much more conservative than is actually required.

We do not treat Equation (8) as a strict runtime constraint. Instead, the Lie-derived
terms, which are obtained from Equations (12) and (13), are incorporated into the modified
advantage estimate presented in Equation (30). In this context, the one-sided penalty
min(0,Lh(x)) aims to discourage, but not completely prevent, actions that could diminish
the barrier, thus steering the learned policy toward collision-free actions during train-
ing. Therefore, Equation (8) functions more as a heuristic training signal rather than
a definitive guarantee.

During deployment, the forward-invariance assurance is provided by the higher-
order barrier filter detailed in Section 2.4, which retains the class-K functions. The formal
guarantee that does not depend on this heuristic is stated as Theorem 1 in Section 2.4. The
assumptions under which this guarantee is valid are outlined in that section.
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Following the CLF equation from the affine-control system (6), the auxiliary function
in the CLF is defined as:

V(x) =
1
2
[(xa − xg)

2 + (ya − yg)
2] (9)

the first-order CLF function based on the bicycle model can be expressed as

v
[
[(xa − xg) cos θ + (ya − yg) sin θ] + [(ya − yg) cos θ − (xa − xg) sin θ]β

]
≤ 0 (10)

where [xa, xg], [ya, yg] are the x and y coordinates of the agent and the goal, respectively. v,
θ are the linear velocity and yaw angle of the agent, and β represents the slip angle.

As well, from the CBF equation (8) based on the bicycle model, the auxiliary of the
CBF can be expressed as

h(x) = (xa − xo)
2 + (ya − yo)

2 − r2
o (11)

In this context, [xa, ya] denotes the coordinates of the agent, while [xo, yo] indicates the
coordinates of the obstacles. Additionally, ro represents the safety radius associated with
the obstacles.

The first-order CBF function of a static obstacle can be expressed as

2v([(xa − xs) cos θ + (ya − ys) sin θ] + [(ya − ys) cos θ − (xa − xs) sin θ]β) ≥ 0 (12)

Likewise, the first-order CBF function of a pedestrian can be expressed as

2[(xa − xp)(v cos θ − vp,x) + (ya − yp)(v sin θ − vp,y)]

+ 2v[(ya − yp) cos θ − (xa − xp) sin θ]β ≥ 0
(13)

where [xs, ys], and [xp, yp] represent the coordinates of the static obstacle and the pedestrian,
within an x-y coordinate system, [vp,x, vp,y] are the velocity components of the pedestrian
along with the x and y axes, respectively. rs and rp accordingly indicate the safe radius of
the static obstacle and pedestrian.

2.2.2. Second-Order Control Lyapunov Function and Control Barrier Function

The Higher-order Control Lyapunov Function (HOCLF) and Higher-order Control
Barrier Function (HOCBF) systematically address the limitation of first-order formulations—
which require the control input to appear in the first derivative of the certificate function—
by accommodating arbitrary relative degree through recursive differentiation of the stability
or safety conditions. This extension preserves the computational efficiency and real-time im-
plementability of the original frameworks while dramatically expanding their applicability
to realistic control systems with complex input-output dynamics.

The HOCLF builds upon first-order Control Lyapunov Functions, particularly in the
context of designing controllers for systems that cannot be effectively described by state
derivative alone. In the context of autonomous driving, it plays a crucial role in developing
controllers that not only stabilize the vehicle’s position but also consider the impact of
forces, accelerations, or other higher-order dynamics that affect the vehicle. These factors
are also essential for executing advanced maneuvers, such as emergency braking, high-
speed cornering, or collision avoidance at elevated speeds, where the vehicle’s motion is
influenced by external forces rather than velocity management.

The Lyapunov stability theory is usually verified for the system stability, which
represents that a positive Lyapunov function V(x) has the derivative V̇(x) ≤ 0 . If
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V̇(x) ≤ −cV(x), c > 0 is satisfied, the dynamical system is exponentially stable or expo-
nentially convergent [29]. The CLF-based linear-quadratic optimal control for a nonlinear
system is inspired to the optimization problems for the affine-control system. The definition
of CLF is introduced as follows [30]:

c1 ∥ x ∥2≤ V(x) ≤ c2 ∥ x ∥2

inf
u∈U

[L f V(x) + LgV(x)u + α(V(x))] ≤ 0 (14)

where constants c2 > c1 > 0 and α is an extended K class function. L f V(x) ≜ ∂V(x)
∂x f (x)

and LgV(x) ≜ ∂V(x)
∂x g(x) denote the partial derivative of function V(x) along the control-

affine Equation (4).
Regarding the control stability and the credibility, a HOCLF is verified under the

following key conditions [32].

• V(x) > 0 for all x ̸= 0: This condition guarantees that the function is positive for all
states except at the equilibrium point, indicating that the system is deviating from the
desired state whenever V(x) > 0.

• V(0) = 0: This equation confirms that the value of V(x) is zero at the equilibrium,
signifying that the system or agent is in a stable state and has reached the target.

The derivatives of V(x) of order up to m must all be negative definite:

inf
u∈U

dkV(x)
dtk ≤ −αk(V(x)), f or k = 1, 2, ..., m (15)

where αk represents a function from the class K, characterized by being continuous, strictly
increasing, with the condition that αk(0) = 0 for all functions in the category. This property
guarantees that the derivatives of V(x) diminish as the state deviates further from the
intended equilibrium, thereby promoting stability via higher-order derivatives.

In order to ensure the stability of the system, the control input must be kept within a
specified range u ∈ U, with U representing the collection of all permitted control inputs.
This condition can be expressed as:

V̇m−1(x) + αm(Vm−1) ≤ 0 (16)

This condition ensures that the highest-order function Vm−1 declines over time, which
enhances the system’s stability. It suggests that the dynamics at higher orders, for example,
forces and accelerations, are managed effectively. In relation to this equation, the stability
criterion is expressed through the Lie derivatives of the system, reflecting its dynamics
concerning the function Vm−1 [33].

L f Vm−1(x) + LgVm−1(x)u + αm(Vm−1) ≤ 0 (17)

In this paper, the second-order CLFs constraints as shown,

L2
f V(x) + LgL f V(x)u + αl,2(L f V(x) + αl,1(V(x))) ≤ 0 (18)

where αl,1 and αl,2 are functions belonging to the class-K function. In this experiment, all
coefficients are positive. These constraints ensure that the system maneuvers toward the
target steadily by stabilizing the control input u. According to the affine-control equation,
the second-order CLF function can be expressed as

https://doi.org/10.3390/electronics15143026

https://doi.org/10.3390/electronics15143026


Electronics 2026, 15, 3026 11 of 45

v2 + [(xa − xg) cos θ + (ya − yg) sin θ] a +
v2

lr
[(ya − yg) cos θ − (xa − xg) sin θ] β

+ αl,2

(
v [(xa − xg) cos θ + (ya − yg) sin θ] + 1

2 αl,1[(xa − xg)
2 + (ya − yg)

2]
)
≤ 0

(19)

The HOCBF approach establishes safety constraints through set invariance, designat-
ing a portion of the state space as the safe set, as shown in equation (7). HOCBF serves
as an effective mechanism to ensure forward invariance of safe set C. The relative order r
on the function h which is based on a given domain D with respect to the control-affine
Equation (4). The higher-order CBF which can be conditioned satisfying for all x ∈ D can
be described as [32]:

LgLk
f h(x) = 0 for all k < r− 1, (20a)

LgLr−1
f h(x) ̸= 0 (20b)

where L f h(x) and Lgh(x) are the Liederivatives of h(x) with respect to the drift vector
field f and state-dependent vector field g for all x ∈ D. Regarding the forward invariance
of the set C, consider the function h : Rn → R associated with the set C, if ∇h(x) ̸= 0 for
every x on the boundary of C, then any control input u(x) that complies with a Control
Barrier Function ensures the forward invariance of the safe set for the vehicle’s system,
ensuring that the vehicle remains in a safe control state.

While Equation (8) represents CBF with order one. In order to simplify the higher-
order CBFs, which is involved in significant safety constraints’ application, In this context,
a series of continuously differentiable functions ζ : Rn → R is defined as

ζ0(x) = h(x) (21a)

ζi(x) = ζ̇i−1(x) + αi(ζi−1(x)), i ∈ {1, ..., r} (21b)

where αi(·), i ∈ {1, ..., r} are class-K functions. Since HOCBFs are constructed from a
continuously differentiable function h(x) of relative degree r > 1 through the functions
ζi (x), the function h(x) is a valid HOCBF if h(x) and the functions ζi are locally Lipschitz
continuous and differentiable up to order r, and there exists a set of sufficiently smooth
class-K functions αi such that [34]

sup
u∈Rm

[
Lr

f h(x) + LgLr−1
f h(x) u +

r−1

∑
i=1
Li

f (αr−i ◦ ζr−i−1) + αr(ζr−1)
]
≥ 0 (22)

This condition must hold at every state lying within the intersection of the nested safe
sets generated by the recursive construction above; for brevity, the explicit dependence on
x is omitted. In this paper, the second-order CBF is therefore simplified as [32].

L2
f h(x) + LgL f h(x)u + αp,2(L f (h(x)) + αp,1(h(x))) ≥ 0 (23)

where αp,1 and αp,2 are the weights of the class-K functions. According to the control-affine
equation, since considering only the pedestrian’s safety, the design of HOCBFs for the
pedestrian can be written as,

2[(v cos θ − vp,x)
2 + (v sin θ − vp,y)

2] + 2[(xa − xp) cos θ + (ya − yp) sin θ] a

+

(
2v2

lr
[(ya − yp) cos θ − (xa − xp) sin θ] + 2v(vp,x sin θ − vp,y cos θ)

)
β

+ αp,2

(
2[(xa − xp)(v cos θ − vp,x) + (ya − yp)(v sin θ − vp,y)]

+ αp,1[(xa − xp)
2 + (ya − yp)

2 − r2
p]
)
≥ 0

(24)
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where [xp, yp] represent the coordinates of the pedestrian, within an x-y coordinate system.
Additionally, [vp,x, vp,y] are the velocity components of the pedestrian along the x and y
axes, respectively.

Both (19) and (24) follow from the small-slip kinematic model (3) by successive Lie
differentiation. For the goal-distance certificate V(x) = 1

2 [(xa − xg)2 + (ya − yg)2], the first
Lie derivative along the drift f (x) = [ v cos θ, v sin θ, 0, 0 ]⊤ is

L f V(x) = v
[
(xa − xg) cos θ + (ya − yg) sin θ

]
.

Since the acceleration a and slip angle β enter only at the next differentiation, a second
derivative of V along the full dynamics produces the drift term L2

f V(x) = v2, the
acceleration coefficient [(xa − xg) cos θ + (ya − yg) sin θ], and the slip-angle coefficient
v2

lr
[(ya − yg) cos θ − (xa − xg) sin θ]; inserting these into the second-order CLF condition

(18) gives Equation (19). The pedestrian barrier is obtained in the same way from the
auxiliary Equation (11), whose first Lie derivative

L f h(x) = 2
[
(xa − xp)(v cos θ − vp,x) + (ya − yp)(v sin θ − vp,y)

]
already carries the relative velocity between vehicle and pedestrian. Differentiating once
more yields the drift term L2

f h(x) = 2[(v cos θ − vp,x)2 + (v sin θ − vp,y)2], the acceleration
coefficient 2[(xa− xp) cos θ +(ya− yp) sin θ], and a slip-angle coefficient whose closing-rate
part 2v(vp,x sin θ − vp,y cos θ) couples the pedestrian’s motion into the barrier and vanishes
for a static obstacle; inserting these into the second-order CBF condition gives (24).

Throughout this derivation, the pedestrian velocity (vp,x, vp,y) is assumed to be exactly
observed at each control step, and, for the second-order construction, locally constant over
the differentiation (v̇p,x = v̇p,y = 0), so that the pedestrian’s position enters as a drift term of
fixed rate rather than as a state with its own dynamics. This assumption is not required for
the first-order barrier (13), which uses only the instantaneous pedestrian velocity and serves
solely as a training-time heuristic; it becomes load-bearing only for the deployment-time
guarantee of Theorem 1. The consequence of relaxing the constant-velocity assumption is
discussed in Section 5.

2.3. Proximal Policy Optimization (PPO) for Slip Angle Control

Regarding the principles of deep reinforcement learning (DRL), the Markov Decision
Process (MDP) serves as a framework characterized by finite collections of states S , action
sets A, and an initial distribution among the initial states I ⊂ S . Transitioning from
a state st to the next state st+1 by selecting an action at ∈ A results in an experience
tuple (st, at, rt+1, st+1), where rt+1 ∈ R represents the reward received. In this context, the
objective is to derive an optimal policy πθ through an actor neural network to guide the
agent’s actions effectively.

According to Figure 3, this paper discusses Proximal Policy Optimization, which is
an actor–critic framework that encompasses both an actor function and a critic function for
evaluating values. Within the DRL framework, these functions are represented by neural
networks. The actor function generates a policy that dictates the action performed by the
agent, while the critic function estimates the action value. For a given policy πθ at time
t, the associated action value, along with the advantage function and value function, are
expressed as follows:
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Figure 3. Overview of the CLBF-PPO algorithm.

Q(st, at) = Eat∼πθ

[
rt + γ Vθ̂(st+1)

]
(25a)

A(st, at) = Q(st, at)−Vθ̂(st) (25b)

Vθ̂(st) =
H

∑
ts=t

Eπθ

[
γts−t rts

]
(25c)

In this context, Vθ̂(st) signifies the state value function over a finite horizon, while
the expected return for the state st under the policy πθ is denoted by rt. The advantage
function, which is relevant for the action at taken in the state st, is represented as A(st, at).
The parameters θ and θ̂ correspond to those in the actor and critic networks, respectively.
Regarding the update process for the actor network, it is informed by the action value, with
the state value being expressible in the following manner:

∇θ J(πθ) = Eτ∼πθ
[

H

∑
t=0
∇θ logπθ(at|st)(Q(st, at)−Vθ̂(st))] (26)

The Proximal Policy Optimization algorithm allows an agent to acquire a stochastic
policy tailored for handling continuous control tasks effectively. This algorithm employs
the ADAMW(ADAM with Weight Decay) optimizer, an enhanced version of the traditional
ADAM(Adaptive Moment Estimation) optimizer. ADAMW improves upon its predecessor
by separating the weight decay from the optimization process rather than incorporating it
directly into the loss function [35]. This distinction contributes to more reliable regulariza-
tion and enhances the model’s ability to generalize to new data. Additionally, within the
framework of ADAMW, the formulation regarding weight decay can be expressed as

θt+1 = θt − αt ·
m̂t√

v̂t + ϵ
+ λθt (27)

In the expression, α and λθt are the learning rate and weight decay. while the first and
second bias-corrected estimate m̂ = mt

1−βt
1
, v̂ = vt

1−βt
2
. mt and vt signify the exponentially

decaying update of past gradients and squared gradients, respectively.
The Generalized Advantage Estimation (GAE) is used to derive the value target,

providing a more stable estimate compared with the Monte Carlo return. High variance
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in the value target arises from the aggregation of multiple return terms, which can cause
instability in action selection. The formulation of GAE is expressed as follows:

Ât
(λ)

(s, a) =
∞

∑
i=0

(γλ)iδt+1 (28)

δt = rt + γVθ̂(st+1)−Vθ̂(st) (29)

where λ is a GAE decay parameter for the accumulation of temporal-difference errors and
δ represents the temporal-difference error.

In order to incorporate the first-order Control Lyapunov–Barrier Function into the
advantage, we employ a Control Lyapunov Function that is positive definite, V(x) > 0
with V(0) = 0, according to Equation (6), together with a barrier function h for which
a class-K function exists based on Equation (8). The modified advantage estimate [36]
embedding these functions can then be written as:

Â(λ)
l,s,p =(1− dl − ds − dp) Â(λ)

+ dl min(0,−LlV(x))

+ ds min(0,Lsh(x))

+ dp min(0,Lph(x))

(30)

where dl , ds, and dp represent the weight in a constant [0, 1], and the sum of the weights
must be less than one. Furthermore, LlV(x), Lsh(x), and Lph(x) are the Lie derivatives
which are calculated by Equations (10), (12), and (13), respectively.

To promote exploration during training, the entropy H(θ) is incorporated into the
probability distribution over the action space, as outlined in [37,38]. The updated equation,
based on (26), is expressed as follows:

θk = argmaxθEτ∼πθ
[L(s, a, θk, θ)]

LCLIP(s, a, θk, θ) = min (
πθ(a, s)
πθk

(a, s)
Â(λ)

l,s,p, clip(
πθ(a, s)
πθk

(a, s)
, 1− ϵ, 1 + ϵ)Â(λ)

l,s,p) + φ ∗ H(θ)

H(θ) = −∑
a,s

log(p(a|s)) · p(a|s)

θ ← θ + αθ(∇LCLIP(s, a, θk, θ)) (31)

In this context, αθ is the learning rate of the actor network and φ represents the
entropy coefficient. ϵ denotes a clipping parameter that constrains the policy πθ to remain
sufficiently close to the current policy πθk during the update process. This mechanism aims
to mitigate the excessive divergence between the two policies, thereby promoting stability
in the optimization of the policy.

In terms of critic loss, the Huber loss is utilized in the robust loss calculation with fast
convergence, which combines the properties of absolute and quadratic loss [39]. And the
update values by the critic loss.

Lθ̂(R̂t, Vθ̂) =


1
2
(

R̂t −Vθ̂(st)
)2 for |R̂t −Vθ̂(st)| ≤ k,

k |R̂t −Vθ̂(st)| −
1
2

k2 otherwise.

θ̂ ← θ̂ − αθ̂∇Lθ̂(R̂t, Vθ̂) (32)
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where R̂t is the return, which is calculated from GAE, and Vθ̂(st) is the value from the critic
network in the current step. In this paper, we use k = 1.0. and αθ̂ is learning rate of critic
network. In this experiment, the hyperparameters are set as depicted in Table A1.

Figure 4 illustrates the network structure of the PPO algorithm used in this paper.
For both networks, the state input st ∈ R83 comprises 19 sensor/orientation features and
64 camera features (illustrated in Figure 3), which are then passed through 4 hidden layers
of 128, 256, 128, and 64 neurons. Every linear layer is followed by layer normalization
and a ReLU activation function. The actor outputs the action mean via a Tanh activation
and the action standard deviation via a Softplus, which together parameterize a Gaussian
distribution from which actions and their log-probabilities are sampled. The critic network’s
output, by contrast, uses a linear activation for the performance evaluation of the state.

Figure 4. PPO network structure (a.) actor network; (b.) critic network.

Rewards and Penalty Calculation

The design of the reward and penalty calculation in this paper includes both step and
terminal rewards. The step reward comprises a +3.0 safe reward, rs, for not colliding with
obstacles or driving off the road, in addition to a reward for proximity to the target and
overall safety. The agent receives increased rewards as it drives closer to the goal, which is
calculated accordingly.

rneartogoal = 10.0 ∗ (1−
da,g

dinitial
) (33)

where da,g is the current step distance between the agent and the goal, and dinitial represents
the initial distance of the agent and the goal.

To drive and balance the agent’s heading toward the goal, a heading-direction reward,
rdirection, is computed from the yaw angle of the agent and the goal coordinates [40]. It is

https://doi.org/10.3390/electronics15143026

https://doi.org/10.3390/electronics15143026


Electronics 2026, 15, 3026 16 of 45

defined as the cosine of the direction angle of the agent ϕdirection between the agent’s unit
vector and the line-of-sight vector from the agent’s center of gravity to the goal.

rdirection = wd · cos ϕdirection = wd · (b̂ · ĝ) (34)

where the unit vector of the agent at the center of mass is given by b̂ = [cos θ, sin θ], derived
from the yaw angle θ. The unit vector ĝ =

pg−pa
∥pg−pa∥ points from the agent’s position pa to

the goal pg. The dot product of these vectors corresponds to cos ϕdirection, allowing us to
avoid inverse trigonometric calculations. The reward increases when the agent aligns with
the goal and decreases when moving away. The weight coefficient wd is set to 5.0, and to
avoid numerical instability, rdirection is +5.0 when pg − pa < 0.1.

When considering the terminal reward or penalty shown in Equation (35), which is
activated at the end of an episode, it can be defined as follows: The out-of-road penalty
aims to motivate the agent to continue moving forward instead of getting stuck off the road
early in the episode. This penalty is calculated based on the ratio of the current distance
traveled to the initial distance between the agent and the goal. Furthermore, the total
reward can be computed using Equation (36).

rterminal =



+150 success reward

−150 obstacle collision (box)

−200 obstacle collision (pedestrian)

min(50.0, 50.0 · da,g
dinitial

) out-of-road

0 otherwise

(35)

rtotal = rsa f e + rneartogoal + rdirection + rterminal (36)

2.4. Combination of HOCLBF-QP Optimization for Acceleration Control

Quadratic Programming is a fundamental optimization method that is often used to
minimize a convex quadratic objective subject to linear equality and inequality constraints,
which makes it well suited to enforcing the CLF stability and CBF safety conditions as hard
constraints on the control input in real time. An Operator Splitting Quadratic Programming
(OSQP) approach using cvxpy library version 1.7.2 facilitates the achievement of control
performance goals indicated by CLFs while adhering to safe trajectory conditions set by
CBFs. In general, the OSQP can be written as [41].

minimize
1
2

xT Px + qTx

subject to l ≤ Ax ≤ u,

In relation to HOCLFs and HOCBFs only for pedestrians, such as presented in Equa-
tions (19) and (24), respectively, this paper clearly establishes the configuration of bounds
on control inputs within a typical QP formulation. The QP’s decision variable is the scalar
acceleration command, u = a ∈ R; the slip-angle command βπ produced by the actor net-
work (Section 2.3) is not re-optimized here but is substituted as a known, exogenous value
into LgL f V(x) u and LgL f h(x) u prior to solving (37). Only the acceleration-multiplying
component of each term then remains as the QP’s decision-dependent linear coefficient,
while the βπ-dependent component becomes part of each constraint’s known affine offset
at that control step.

u∗(x) = arg min
u∈R

1
2

u2 + Klδl + Kpδp (37)
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subject to L2
f V(x) + LgL f V(x)u + αl,2(L f V(x) + αl,1V(x)) ≤ δl

L2
f h(x) + LgL f h(x)u + αp,2(L f h(x) + αp,1h(x)) ≥ −δp

umin ≤ uk ≤ umax

where δl , δp ≥ 0 are non-negative slack variables that ensure the feasibility of the quadratic
programming problem, and Kl and Kp are positive weighting factors designed to prevent
unnecessary safety violations. The proposed method is therefore subjected to two kinds of
constraints: the explicit optimization constraints enforced inside the quadratic program
at every control step and the modeling assumptions that bound the regime in which its
guarantees remain valid. The former comprises three families, detailed in the quadratic
program (37).

• A stability constraint derived from the second-order Control Lyapunov Function,
which is relaxed by the slack variable δl .

• A safety constraint derived from the second-order Control Barrier Function, relaxed by
the slack variable δp. In the reported experiments, this slack remained inactive (δp ≈ 0),
so the safety constraint was satisfied as a hard constraint and forward invariance was
preserved; the stability constraint absorbed all relaxation through δl .

• The constraints on the commanded acceleration are defined as umin ≤ uk ≤ umax,
where both slack must be non-negative. In this experiment, we set umin and umax to
−1.0 and 1.0 m/s2, respectively.

The deployment-time filter described in Equation (37) ensures that the safe set remains
forward invariant, given that we meet all standard higher-order barrier assumptions.
Specifically, the function h is twice differentiable with a relative degree of two with respect
to the acceleration input. The constants of class-K functions αp,1 and αp,2 are positive, and
the gradient is non-zero on the boundary of the safe set. Furthermore, the pedestrian state
is observable, and the initial state is located within the nested safe set. The guarantee
also necessitates that the problem is feasible with inactive slack δp = 0, which enforces
Equation (24) precisely. This condition was satisfied in all runs, while the potential issues
arising under conditions of dense or partially observable traffic are discussed in Section 5.

Theorem 1 (Deployment-time forward invariance). Under Assumptions (A1)–(A5) below,
the acceleration command u∗(x) produced by the safety filter (37) renders the safe set C forward
invariant, independent of the policy πθ generating the nominal command.

Assumption 1. The deployment-time filter (37) satisfies the following conditions at every
control step:

(A1) h is twice continuously differentiable on D, with relative degree two in the acceleration
input (22).

(A2) αp,1, αp,2 > 0.
(A3) ∇h(x) ̸= 0 for all x ∈ ∂C.
(A4) The pedestrian’s position and velocity are exactly observed at every control step.
(A5) The quadratic program (37) is feasible with δp = 0.

Proof. Under (A1)–(A3), (24) is the standard relative-degree-two HOCBF condition of Xiao
and Belta [42], which guarantees that any control input satisfying (24) pointwise renders
C forward invariant. Assumption (A5) ensures the filter enforces (24) exactly rather than
up to a relaxation; if instead δp > 0, then (24) is violated by exactly δp, and invariance is
no longer certified. The empirical result δp ≈ 0 across all runs is the evidence that held
throughout the study.
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Remark 1. Theorem 1 concerns the filter alone and holds for any nominal input, regardless of how
πθ was trained. The CLBF-modified advantage (30) biases πθ toward actions that make easier to
satisfy in practice, but it is not part of the proof above and carries no guarantee of its own.

In the context of CBFs, increasing the control coefficients enables vehicles to navigate
more efficient trajectories, thus alleviating the stringency of safety constraints. In contrast,
decreasing the constraint coefficient intensifies safety requirements, compelling the vehicle
to maintain a greater distance from obstacles. This interaction among CLFs’ relaxation terms
highlights the critical balance between strict adherence to constraints and the feasibility of
control efforts. Importantly, the coefficient linked to CLFs constraints has a more immediate
and pronounced effect on the overall feasibility and effectiveness of control performance
compared with other parameters.

3. Simulation Environment
Having defined the vehicle model, certificate functions, CLBF-modified policy, and

HOCLBF-QP filter in Section 2, this section provides a detailed overview of the simulation
setup and the conditions under which the results are generated. Section 3.1 describes
the safety-critical scenario focused on pedestrian avoidance and outlines its geometric
considerations. Section 3.2 introduces the four-wheeled vehicle platform and its onboard
sensors. We then present the Deepbots robot-supervisor scheme, which links the agent
to the Webots simulator. Section 3.3 explains the proposed algorithm that integrates the
trained policy with a mathematically stable safety filter, which is queried once per control
step, and the fixed control period for each loop.

3.1. Pedestrian-Avoidance Scenario

The scenario depicted in Figure 5 illustrates a typical safety-critical urban driving
task within the 2025a version Webots simulator [43]. In this situation, a four-wheeled
autonomous agent is required to navigate a two-lane road, measuring 1.0 m in width, from
its initial position on the left to a goal region marked by a star on the right lane, which is
2.6 m away. Along the route, the agent encounters two heterogeneous obstacles. First, there
is a static rigid box positioned directly in the vehicle’s nominal path, 2.1 m ahead. Second,
a pedestrian is located 2.3 m from the agent, standing behind the box and thus occluded
from view. As the autonomous vehicle approaches, the box conceals the pedestrian, who
is attempting to cross the street. This situation complicates the agent’s navigation, as the
pedestrian becomes visible only after the vehicle has committed to an accident evasion
maneuver. This scenario mimics many real-world urban collisions, where pedestrians
unexpectedly appear from behind parked vehicles or roadside barriers, leaving the agent
with minimal reaction time to respond to the potentially dangerous situation.

Figure 5. Pedestrian-avoidance scenario simulated on Webots simulator.
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3.2. Vehicle Platform and Sensing

The four-wheeled vehicle is designed to mimic real vehicles on the street and measures
26 × 30 × 5 cm. The wheels are 3 cm wide and have a radius of 5 cm, with a friction
coefficient of 0.85 between the wheels and the asphalt road surface. The distance between
the center of mass and the front wheels and rear wheels, l f , lr, is equal to 8 cm. From
Figure 6, the vehicle is equipped with a camera that detects images and measures the
distance to nearby objects, utilizing the recognition features in the Webots simulator for
object detection. Additionally, an inertial measurement unit (IMU) is attached to the vehicle
to measure the slip angle. Rotational encoders are also connected to the wheels to monitor
both the steering angle and wheel velocity.

Figure 6. Camera perception in the vehicle. (a.) the camera’s field of view (b.) the camera perception
using recognition features.

3.3. Deepbots Integration and Control Loop

The vehicle controller shown in Figure 7 illustrates how Deepbots, an open-source
Python framework, enables a robot control scheme for managing vehicles. The versions of
Deepbots and Python are 1.0.0 and 3.9.20, respectively. This setup operates through a super-
visory controller, similar to the supervisory framework used in OpenAI Gym, leveraging
the observations collected by handle_receiver to the supervisor controller. The supervisory
controller then selects actions based on these observations as calculated by the agent within
the supervisory environment. Once a set of actions is chosen, they are transmitted to
the robot via the handle_emitter function to execute in the simulation environment. This
approach allows researchers to develop a wide range of use cases and utilize them as
benchmarks. Additionally, Deepbots serves as a wrapper that encapsulates and simplifies
certain operations, allowing users to focus on DRL tasks without getting bogged down by
complex simulation details. Furthermore, it enhances the training pipeline with real-time
monitoring features, providing researchers with timely insights into essential aspects of the
training process. Together, these functionalities create a robust DRL-focused abstraction
over Webots, empowering researchers to rapidly develop various use cases and simulation
environments while fostering the advancement of sophisticated DRL algorithms [44].
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Figure 7. Robot-supervisor scheme on deepbots [45].

The integration of a first-order Control Lyapunov–Barrier Functions with Proximal Pol-
icy Optimization and Higher-Order Control Lyapunov–Barrier Functions with Quadratic
Programming, as illustrated in Algorithm 1, facilitates slip angle and acceleration control
in autonomous vehicles. Furthermore, the inclusion of a second-order Control Lyapunov–
Barrier Functions paired with quadratic programming enhances acceleration control, as
detailed in the agent section of Figure 7. This innovative approach effectively combines
both learning-based and mathematically driven methodologies, empowering the agent
to adeptly navigate emergency pedestrian-avoidance scenarios that frequently arise in
real-world driving situations. The learning-based component leverages a "trial-and-error"
mechanism to adapt to the complexities of environmental dynamics, utilizing the power of
neural networks to efficiently process and compress high-dimensional data. This capability
enables the algorithms to handle large datasets and respond swiftly to fluctuations in
environmental conditions, showcasing their impressive adaptability. However, in situa-
tions where real-time safety is paramount, the mathematically based approach serves a
critical role, providing rapid calculations essential for safe driving decisions in immediate,
high-pressure circumstances. By ensuring swift and reliable responses, this framework sig-
nificantly enhances safety and stability for autonomous driving. The synergy between these
two methodologies not only guarantees robust performance but also fosters a safer driv-
ing experience, particularly in the context of pedestrian avoidance. This paper, therefore,
presents a compelling case for the integration of both learning-based and mathematically
based algorithms in ensuring safe and efficient autonomous driving.
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Algorithm 1 Integration of First-Order Lyapunov–Barrier Function-Proximal Policy
Optimization with Higher-Order CLBF-QP

Initialize experience replay pool P, experience replay batch η, epoch K, step per episode
s, discount factor γ, GAE factor λ, and episode T
Initialize ∆ = 0, p = 1
Initialize actor - critic network T, T̂ with random weight θ, θ̂
Initialize dl , ds, dp
Initialize 1st-Order CLBF parameters
Initialize 2nd-Order CLBF parameters
for episode = 1,T do

reset environment
for step = 1,s do

extract vehicle and obstacles dynamics
select slip control from actor network T (uβ) and convert to steering angle (uδ)
optimize acceleration from the HOCLBF-QP (ua)
calculate the step reward r and next step s′

store tactical transition (s, uβ, r, s′)
if exp. buffer == P then

for epoch = 1,K do
random the experience samples η
calculate GAE advantage from Equation (28)
calculate modified 1st-order CLBF advantage estimator from Equation (30)
update actor network weight θ by actor loss from Equation (31)
update critic network weight θ̂ by critic loss from Equation (32)

end for
end if
if done then

store tactical transition (s, uβ, r, s′)
trigger the reset flag

end if
end for

end for

In this experiment, the controller runs at a fixed control period of 40 ms, i.e., a control
rate of 25 Hz: at each step, the trained policy is queried for the slip-angle command and
the HOCLBF-QP of equation Equation (37) is solved once for the acceleration command
before the action is applied to the vehicle.

4. Simulation Result and Discussion
This section presents the simulation results and discussion of the proposed framework,

organized into four parts. Section 4.1 examines how the 1st-order CLBF advantage modifier
influences Proximal Policy Optimization during training, analyzing the effect of the control
Lyapunov weight dl , the static-obstacle barrier weight ds, and the pedestrian barrier weight
dp on the agent’s learning, and comparing the resulting policy against the PPO(MLP) and
PPO-LSTM baselines. Section 4.2 then studies the deployment-time HOCLBF-QP layer,
investigating how the class-K coefficients shape the agent’s braking response to a crossing
pedestrian and its goal-reaching behavior. Section 4.3 compares the integrated CLBF-PPO-
HOCLBF-QP framework against the traditional HOCLBF-QP baseline across a range of
pedestrian crossing speeds. Finally, Section 4.4 reports the per-step computational time
of both controllers and assesses the real-time feasibility of the online optimization at the
control rate defined in Section 3.3.

https://doi.org/10.3390/electronics15143026

https://doi.org/10.3390/electronics15143026


Electronics 2026, 15, 3026 22 of 45

4.1. Effect on 1st-Order CLBF Advantage Estimates to Proximal Policy Optimization

This subsection focuses on the impact of the first-order CLBF advantage modifier by
varying each of its three weights individually, while keeping the other weights constant.
The weights under consideration are: the control Lyapunov weight dl as discussed in
Section 4.1.1, the static-obstacle barrier weight ds in Section 4.1.2, and the pedestrian barrier
weight dp in Section 4.1.3. For each variation, the resulting training return and agent
trajectory will be compared with the corresponding reference setting.

All results in this section are aggregated over three random seeds with three repeti-
tions for each seed; the tables report the mean and standard deviation across runs with
a 90% confidence interval, and the exploration-entropy setting is given in Table A1. The
episodic return curves are shown as a 50-episode moving average, applied solely to improve
the legibility of the high-frequency return signal.

4.1.1. Effect on Control Lyapunov Weight dl on Agent’s Learning

Following the modified advantage estimates by CLF, Figure 8 compares the episodic
return over training under different Control Lyapunov Function weights, where dl = 0.05
is shown as the pink triangle line, dl = 0.10 as the light-orange downward-triangle line,
and dl = 0.15 as the blue cross line. All curves are reported as 50-episode moving averages
of the episodic return over the training horizon. In this experiment, the agent only drives
to reach the goal, without pedestrian movement, at a full speed of 1 m/s. The return
reflects how well the agent learns to complete the scenario over training. Regarding the
influence of dl , summarized in Table 2, adding a moderate Lyapunov weight helps the agent
learn goal-reaching behavior: for dl = 0.05 and dl = 0.10, the agent converges to a high
return. At dl = 0.05, the CLF signal on the advantage is strong enough to bias the policy
gradient toward goal-converging actions, yet small enough that the GAE advantage term
still dominates; this setting converges fastest, with average return at 976.02. At dl = 0.10,
although the convergence is slightly slower, the margin is higher than dl = 0.05. Moreover,
the return trend is the smoothest, indicating the most stable learning, with more than 90%
success rate. However, an excessively strong CLF signal, dl = 0.15, degrades learning: the
analytic Lyapunov term begins to overwrite the learned GAE advantage, and because this
term is myopic—reflecting only the instantaneous sign of the Lie derivative rather than
the long-horizon return—the policy gradient is pulled by a short-sighted signal, training
destabilizes, and the agent ultimately fails to reach the goal. The effect of dl is therefore
non-monotonic: the CLBF modifier accelerates and stabilizes goal-reaching only within a
moderate weight range, where it injects an explicit stability signal without displacing the
learned advantage.

Figure 9 compares baselines: PPO(MLP), represented by the blue dashed circle, and
PPO-LSTM, the dark orange squared line from [46], against the proposed method, with
a control Lyapunov weight dl of 0.10, on the identical goal-reaching task. The proposed
method rises quickly and holds at a high, stable plateau throughout training, while both
baseline approaches reach a comparable early peak and then decline; PPO-LSTM oscillates
and fails in later episodes, and PPO(MLP) steadily collapses to the lowest returns by the
end of training. This contrast follows directly from the modified advantage estimate in
Equation (30). The baselines drive the policy gradient using only the GAE advantage,
which is bootstrapped from a still-learning critic. Once the agent explores away from the
goal-reaching behavior, no structural signal pulls it back, and the policy drifts. Instead, the
proposed approach adds the CLF term, computed from the analytic Lie derivative of the
Lyapunov function and therefore independent of the critic value, which at every update
re-penalizes actions that violate the CLF descent condition and continually steers the policy
toward goal-reaching actions. Because PPO-LSTM is the more capable baseline, it has
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recurrent memory and additional parameters inside. However, the learning still degrades.
The improvement cannot be attributed to network capacity, but specifically to the explicit
stability signal injected by the first-order CLBF advantage modifier.

Figure 8. Reward comparison under varying control Lyapunov weight dl .

Table 2. Comparison on experiment results across control Lyapunov weights dl , against PPO and
PPO-LSTM baselines.

Algorithm Average Return Success Rate Average Advantage

Baseline PPO 581.10± 202.52 28.00%± 45.00% 155.80± 45.79
PPO-LSTM [46] 759.35± 178.53 47.43%± 49.94% 163.00± 38.59

dl = 0.05 976.02± 145.52 88.13%± 32.34% 171.72± 11.55
dl = 0.10 999.78± 104.56 90.40%± 29.46% 199.75± 21.04
dl = 0.15 624.54± 225.02 37.20%± 48.34% 142.81± 33.86

Figure 9. Reward comparison under control Lyapunov weight dl = 0.10, against baseline PPO and
PPO-LSTM (50-episode moving average).

In terms of agent trajectory, Figure 10 illustrates the trajectories for the three controllers
on a similar goal-reaching task. The proposed method at dl = 0.10 (green dashed-dot
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line) conducts a smooth, continuous path that curves around the static obstacle (box) and
terminates at the goal region, with the agent’s final pose aligned to the goal. Whereas both
baselines fail to complete the scenario: the PPO-LSTM trajectory (blue) advances further
than PPO(MLP) but stalls short of the goal, while the PPO(MLP) trajectory (orange dashed)
deviates from the goal-directed path earlier and terminates before reaching the goal. These
trajectories are the spatial matching of the return curve in Figure 9. In the CLF descent
signal, it keeps the agent’s heading toward the goal throughout the episode, whereas the
baselines, lacking that structural anchor, drift off the goal-reaching path once their learned
policy degrades.

Figure 10. Agent’s trajectories on control Lyapunov weight over PPO(MLP) and PPO-LSTM.

4.1.2. Effect on Control Barrier Weight on Static Obstacle ds on Agent’s Learning

Regarding the influence of the Control Barrier Function weight ds on agent training,
and under the same conditions as the control Lyapunov weight experiment—the absence of
a pedestrian and a fixed agent speed of 1 m/s—Figure 11 illustrates how the barrier weight
on the static obstacle (the box) affects the agent’s training, with the Lyapunov weight held
fixed at dl = 0.10; the ds = 0.00 case therefore coincides with the control-Lyapunov-only
reference. At ds = 0.05 (green triangle line), the inclusion of the barrier weight accelerates
the agent’s learning relative to the unweighted case and yields a more stable learning
process, and Table 3 shows that it raises the success rate above the unweighted baseline
at an essentially unchanged average return. As the barrier weight is increased further,
to ds = 0.10 and ds = 0.15, performance deteriorates: the success rate declines below
the unweighted baseline and the training return converges more slowly. As reported in
Table 3, the average advantage decreases monotonically with ds, since the barrier penalty
only subtracts from the advantage and a larger weight further attenuates the dominant
GAE term. The decline in success rate is instead caused by an overly conservative policy:
at ds = 0.15, the agent maintains an unnecessarily large clearance from the obstacle and
continues to accumulate step-wise safety and proximity rewards yet fails to reach the goal
reliably. The influence of ds is therefore non-monotonic, mirroring that of dl : a moderate
barrier weight accelerates and stabilizes learning while improving obstacle avoidance,
whereas an excessive weight sacrifices goal-reaching in favor of over-cautious behavior.
The two ablations are distinguished only by their failure modes—an over-weighted dl

destabilizes training, whereas an over-weighted ds preserves training stability but renders
the policy over-conservative.
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Figure 11. Reward comparison under varying control barrier weight on static obstacle(the box) ds, on
the fixed control Lyapunov weight dl = 0.10.

Table 3. Comparison on experiment results across control barrier weight on static obstacle ds, on the
fixed control Lyapunov weight dl = 0.10.

Algorithm Average Return Success Rate Average
Advantage

ds = 0.00 999.76± 104.50 90.40%± 29.46% 199.75± 21.04
ds = 0.05 1007.36± 95.74 95.83%± 19.98% 192.52± 17.49
ds = 0.10 903.47± 164.15 80.27%± 39.81% 170.43± 19.20
ds = 0.15 883.08± 141.98 77.67%± 41.65% 158.77± 17.69

Figure 12 depicts the agent’s trajectories over the barrier weight on a static obstacle.
Because ds scales the penalty on any steering action that reduces clearance to a wider
position, for most of the values, from ds = 0.00 to ds = 0.10, the trajectories remain closely
clustered, with slight separation from the box, each rounding the box along a smooth, goal-
directed path and terminating at the goal with the agent aligned to the target. However,
at ds = 0.15, the trajectory markedly departs from the others, swinging into a much wider,
lower arc that keeps an excessive distance from the box and deviates from the goal-reaching
route, so that the agent may drive off the road rather than staying on the road; this is thus
the drop in the success rate. A moderate ds yields a path that is safe yet still goal-directed,
whereas an excessive ds produces an exaggerated route in which obstacle clearance is
prioritized over goal-reaching. The agent continues to grow stepwise safety and proximity
rewards across its wide area, but no longer reliably reaches the goal.
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Figure 12. Agent’s trajectories under varying control barrier weight on static obstacle (the box) ds.

4.1.3. Effect on Control Barrier Weight on Pedestrian dp on Agent’s Learning

In this study, we investigated the impact of control barrier weight on the training
efficacy in pedestrian avoidance scenarios. We simulated a situation in which a pedestrian
at a crosswalk is obscured by a box, rendering them invisible to the agent. The pedestrian’s
movement speed is set at 0.325 m/s, while the agent’s maximum speed is equal to 1 m/s.

As illustrated in Figure 13, in the scenario where no weight is applied (i.e., the un-
weighted case), the reward achieves an initial peak but subsequently declines and plateaus
throughout the training period, resulting in a success rate that remained below 50%. This
trend indicates an insufficient signal from the pedestrian barrier, which hampers the
policy’s development.

Figure 13. Reward comparison under varying control barrier weight on pedestrian dp, on the fixed
control Lyapunov weight dl = 0.10 and ds = 0.05.

Increasing the pedestrian barrier weight, denoted as dp, significantly improves training
performance through enhanced penalties for pedestrian safety derived from Lie derivatives.
Specifically, at weights of dp = 0.05 and dp = 0.10, the training performance improves;
however, the lower weight of dp = 0.05 introduced considerable oscillations in the reward,
leading to inconsistencies in the learning signal regarding pedestrian avoidance. In this
instance, a stronger signal facilitates a more stable learning trajectory, resulting in elevated
average returns and an increased success rate, allowing the agent to learn pedestrian
avoidance more effectively.
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Conversely, excessive weight may compromise the training process. Similar to the
unweighted scenario, an excessive weight of dp = 0.15 exhibits a similar trajectory, experi-
encing an initial peak followed by a drop into a low reward band. The observed weight
dynamics reflect the significance of maintaining a coherent learning environment; weights
of dp = 0.05 and dp = 0.10 successfully sustained a high, stable performance plateau once
peak performance is achieved. In contrast, the absence of a signal (at dp = 0.00) and the
application of excessive weight (at dp = 0.15) both fail to maintain this plateau. The former
case lacks an adequate structural signal to mitigate policy drift, while the latter suffers from
a myopic analytic term that progressively overshadowed the learned advantages.

Figure 14 illustrates the spatial trajectories of the agent with varying weights assigned
to the pedestrian barrier variable (dp). These trajectories reflect the return trends observed
in Figure 13 and the quantitative results presented in Table 4. This is the first trajectory
comparison conducted with a pedestrian actively crossing, and the figure depicts the
static obstacle, the pedestrian, and the path the agent takes as it emerges from behind the
occluding obstacle.

Figure 14. Agent’s trajectories under varying control barrier weight on pedestrian dp.

Table 4. Comparison on experiment results across control barrier weight on pedestrian dp, on the
fixed dl = 0.10 and ds = 0.05.

Algorithm Average Return Success Rate Average
Advantage

dp = 0.00 817.84± 135.08 49.80%± 50.01% 162.17± 24.65
dp = 0.05 824.54± 229.77 73.83%± 42.81% 163.65± 17.02
dp = 0.10 884.29± 165.03 78.07%± 41.39% 158.81± 15.09
dp = 0.15 658.51± 171.10 30.47%± 46.03% 116.13± 18.54

At dp = 0.00, the reference trajectory results in a collision with the pedestrian dur-
ing training. Without a pedestrian barrier term in the modified advantage estimate, the
policy lacks an explicit avoidance signal, causing the agent to drive directly into the
pedestrian’s path. This behavior aligns with the low success rate of 49.80% recorded for
this configuration.

When the pedestrian barrier signal is activated, the agent’s behavior changes sig-
nificantly. At both dp = 0.05 and dp = 0.10, the agent successfully steers away from the
pedestrian and reaches the goal region, completing the scenario. However, the quality of the
resulting path varies between the two settings. At dp = 0.05, the trajectory is comparatively
irregular, showing a tendency to drift toward the road boundary. This indicates a reduced
safety margin, consistent with its success rate of 73.83% and the greater oscillation noted in
Figure 13. In contrast, at dp = 0.10, the stronger emphasis on pedestrian barrier awareness
produces a significantly smoother and better-centered trajectory that consistently reaches
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the goal, correlating with the highest success rate of 78.07%. When the weight is further
increased to dp = 0.15, the agent overreacts to the barrier signal, veers off the road, and
fails to complete the scenario, resulting in a sharp decline in success rate to 30.47%.

Regarding the agent’s trajectory, it thus confirms that the intensity of the pedestrian
barrier weight directly influences the agent’s driving behavior. An insufficient weight
provides no collision-avoidance capability and leads to accidents, while a moderate weight
results in a safe, goal-directed path—most effectively at dp = 0.10. Conversely, an excessive
weight causes the agent to stray off the road. This non-monotonic relationship is consistent
with the effects of dl and ds observed in previous ablations and confirms that the pedestrian
barrier modifier enhances driving behavior only within a moderate weight range.

4.2. Effect on HOCLBF-QP Optimization on Acceleration–Brake Algorithm in Driving Behavior

This subsection transitions from training to deployment, focusing on how the class-K
coefficients of the HOCLBF-QP filter influence the agent’s behavior in real-time, partic-
ularly when encountering a crossing pedestrian. In Section 4.2.1, we analyze the barrier
coefficients αp,1 and αp,2, which control the braking response. Meanwhile, Section 4.2.2
discusses the Lyapunov coefficients αl,1 and αl,2, which manage the goal-reaching process
once the pedestrian has cleared the path.

4.2.1. Influence of the Coefficients of αp,2 and αp,1 on Pedestrian Braking Behavior on the
HOCBF-QP

The analysis of safety behavior in the HOCBF-QP with respect to pedestrians is
depicted in Figures 15–18. These figures show the agent’s braking actions, velocity, ac-
celeration, and the resulting trajectories as influenced by the coefficients αp,1 and αp,2 in
the HOCBF, as described in Equation (24). In this study, we simulate a situation where
the agent, which employs slip angle control based on a trained model with weights set at
dl = 0.10, ds = 0.05, and dp = 0.10, travels at a speed of 1 m/s toward a goal. At the same
time, a pedestrian crosses the road at 0.5 m/s and is located in the center of the right lane.
This scenario resembles a pedestrian walking who suddenly trips. Additionally, we set the
value of Kp in (37) to 100.0.

Figure 15. Agent’s velocity and acceleration over various αp,2 on the fix of αp,1 = 1.00.
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Figure 16. Agent’s trajectories on the change of αp,2.

Figure 17. Agent’s velocity and acceleration over various αp,1 on the fix of αp,2 = 1.00.

Figure 18. Agent’s trajectories on the change of αp,1.

According to the HOCBF equation, when αp,2 is zero, the agent does not initiate
braking. The QP keeps the nominal acceleration unchanged, causing the agent to continue
at its current speed without applying the brakes, even as it nears the pedestrian. This
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lack of controlled deceleration results in a violation of the safety margin, illustrating that
the higher-order barrier term is what drives the avoidance maneuver, rather than the
nominal policy.

When the coefficients are non-zero, the QP adjusts the nominal acceleration to remain
within the safe limits, prompting the agent to decelerate. The distinction between settings,
however, is clearest in the velocity profile rather than in the peak deceleration alone. At
αp,2 = 1.00, the barrier term is too weak to enforce timely braking: deceleration begins
late and stays shallow (a peak of about 0.1 m/s2), so the agent’s speed falls too gradually
and does not reach zero before the gap to the pedestrian closes, resulting in a collision.
When αp,2 is increased to 2.00, the braking onset is earlier and sharper, and the velocity is
driven to zero before the vehicle reaches the pedestrian. Hence, the agent halts in time, and
avoidance succeeds. Increasing αp,2 further to 5.00 produces the steepest profile, with the
peak deceleration rising to roughly 0.3 m/s2 and the vehicle stopping soonest. The trend is
therefore monotonic in αp,2 but the decisive difference between collision and avoidance at
moderate gains lies in when braking begins and whether the speed is brought to zero in
time—both governed by the closing-rate term L f h(x), which captures the relative velocity
between the vehicle and the moving pedestrian. For this reason, αp,2 regulates the strength,
sharpness, and onset of the braking response, linking it more closely to the closing speed
than to the absolute distance. The corresponding trajectories under each αp,2 setting are
shown in Figure 16. Figure 18 presents the trajectories when αp,1 is varied with αp,2 fixed at
1.00, exhibiting the same qualitative pattern.

4.2.2. Influence of the Coefficients of αl,2 and αl,1 on Goal-Reaching Behavior on
the HOCLF-QP

In the goal-reaching approach applied to the HOCLF-QP framework, as illustrated
in Figures 19–22, we examine the effects of the parameters αl,2 and αl,1 on the agent’s
behavior in reaching its goal. In our experiment, we simulate a scenario where the agent
navigates a roadway with a pedestrian moving across the street at a constant speed of
0.5 m/s. Regarding the weights Kl , Kp in Equation (37), we set Kl to 10.0 and Kp to 100.0,
similar to the experiments conducted in the pedestrian braking scenario.

Figure 19. Agent’s velocity and acceleration over various αl,2 on the fix of αl,1 = 1.00.
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Regarding the influence of αl,2 detailed in Figure 19, which relates to (18) and (37), we
observe that when αl,2 is set to 0.00, the agent comes to a complete stop after braking and
remains stationary. Without a state-dependent convergence signal from the CLF constraint,
the agent does not regain motion, demonstrating that the higher-order Lyapunov term,
rather than the standard policy, is responsible for driving the goal-reaching behavior.
Conversely, for any non-zero values of αl,2, the QP effectively promotes convergence, and
the agent actively seeks to reach the goal. The responsiveness of the maneuver varies with
the parameter; specifically, the velocity directed toward the goal is influenced by the goal-
closing rate L f V(x). Additionally, since this gain directly affects the acceleration input, a
larger αl,2 yields a more pronounced corrective acceleration, resulting in a quicker approach
to the goal—with αl,2 set to 5.00 leading to the fastest convergence and 1.00 yielding the
slowest among the non-zero values. Thus, αl,2 dictates the intensity and precision of the
corrective actions, linking the agent’s response to the closing speed rather than just the
absolute distance to the goal. The corresponding time-coded trajectories are shown in
Figure 20.

Figure 20. Agent’s trajectories on the change of αl,2.

On the other hand, the effects of αl,1 on goal-reaching behavior are demonstrated
in Figure 21. With αl,1 set to zero, the agent behaves similarly to cases where αl,1 is
unweighted, as the distance-dependent term V(x) is effectively removed. When αl,1 obtains
a weight, it introduces a distance-dependent convergence, scaling the position error V(x)
and determining the aggressiveness with which the agent reduces this error based on
the remaining distance to the goal. As αl,1 increases, this term becomes increasingly
significant in the constraint, enabling stronger convergence and allowing the agent to
close the error over a shorter time frame; conversely, the smallest non-zero weight results
in the slowest convergence. Hence, αl,1 plays a critical role in how cautiously the agent
manages its approach in relation to the remaining distance to the goal. Figure 22 shows the
corresponding trajectories.
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Figure 21. Agent’s velocity and acceleration over various αl,1 on the fix of αl,2 = 1.00.

Figure 22. Agent’s trajectories on the change of αl,1.

4.3. Comparison on Integration of the First-Order Lyapunov—Barrier-Proximal Policy
Optimization and Higher-Order CLBF-QP and Traditional Higher-Order CLBF-QP in Agent’s
Driving Behavior in Various Pedestrian Speed

This subsection illustrates a comparison of the agent’s driving behaviors in a sce-
nario involving pedestrians crossing at various speeds. The agent, starting with an initial
speed of 1.00 m/s, drives toward its goal while responding to pedestrians moving at
constant speeds of 0.325 m/s, 0.425 m/s, and 0.500 m/s. These comparisons are depicted
in Figure 23, Figure 24 and Figure 25, respectively, and Table 5 consolidates the compar-
ison into a single set of quantitative metrics, grouped into safety-and-avoidance, goal
convergence, kinematic-model validity, and QP constraint relaxation. The CLBF-PPO
model is employed, trained with a fixed Control Lyapunov–Barrier controller, with param-
eters set to dl = 0.10, ds = 0.05, and dp = 0.10 for the training policy. Additionally, the
HOCLBF-QP parameters are defined as αl,1 = 2.0 and αl,2 = 2.0 for the HOCLF-QP based
on Equation (19). For the HOCBF-QP, the parameters are set to αp,1 = 5.00 and αp,2 = 2.00
based on Equation (24). The slack weight is Kl = 10.0 and Kp = 100.0 in the QP optimiza-
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tion according to Equation (37). In the traditional baseline, labeled HOCLBF-QP [42], the
parameters remain similar to those of the proposed method to facilitate a comparison of
driving behaviors.

Figure 23. The characteristics of agent’s driving behavior in a pedestrian speed at 0.325 m/s between
CLBF-PPO-HOCLBF-QP and traditional HOCLBF-QP (a) the agent’s trajectory (b) the agent’s velocity
(c) the agent’s acceleration (d) the agent’s steering angle.

At the lowest crossing speed of 0.325 m/s as illustrated in Figure 23, the relative
velocity term of the barrier remains minimal, resulting in the closing rate, L f h(x), keeping
the second-order barrier constraint binding only briefly. Consequently, the proposed
controller executes a singular, shallow deceleration upon the pedestrian’s appearance.
Once the pedestrian has crossed, the higher-order Lyapunov constraint allows the agent to
restore its nominal speed and proceed toward its goal. In contrast, the traditional baseline
maintains a nearly constant velocity, as its nominal action lies comfortably within the
feasibility region of the quadratic program, thereby eliciting no corrective action from the
safety filter. Although both controllers successfully complete the task at this speed, the
distinguishing factor lies in the margin rather than the outcome: as reported in Table 5,
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the proposed controller reduces its speed, effectively decreasing its closing rate on the
pedestrian, thereby ensuring a longer temporal separation. The baseline, conversely,
sustains full speed and clears the pedestrian by executing a wider steering maneuver,
as indicated by the greater steering excursions listed in the same table. Both trajectories
maintain a positive clearance throughout the process, preventing any collision at this speed.

Figure 24. The characteristics of agent’s driving behavior in a pedestrian speed at 0.425 m/s between
CLBF-PPO-HOCLBF-QP and traditional HOCLBF-QP (a) the agent’s trajectory (b) the agent’s velocity
(c) the agent’s acceleration (d) the agent’s steering angle.

As the crossing speed is increased to 0.425 m/s, depicted in Figure 24, the closing
rate escalates sufficiently for the proposed controller to compute a significantly stronger
braking command, ultimately bringing the vehicle to a complete stop while the pedestrian
traverses the lane. Following the relaxation of the barrier constraint, the higher-order
Lyapunov constraint reinstates the goal-directed convergence signal, allowing the agent to
smoothly accelerate back to its nominal speed, thus completing the maneuver in a single
braking-and-recovery sequence. The peak deceleration and the extended completion time
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for this sequence are documented in Table 5. The traditional baseline also reaches the goal
at this speed without engaging the brakes, resulting in a quicker completion. Therefore,
the proposed controller makes a calculated decision to accept a modest increase in travel
time in exchange for a substantially greater temporal safety margin. This behavior is a
direct consequence of the modified advantage estimates: due to the incorporation of the
Lyapunov and barrier Lie derivatives in the policy gradient during training, the learned
policy is biased toward actions that reside within the intersection of the stability and safety
sets, positioning it favorably to resume goal-directed motion immediately upon the release
of the barrier constraint.

Figure 25. The characteristics of agent’s driving behavior in a pedestrian speed at 0.500 m/s between
CLBF-PPO-HOCLBF-QP and traditional HOCLBF-QP (a) the agent’s trajectory (b) the agent’s velocity
(c) the agent’s acceleration (d) the agent’s steering angle.

The divergence between the two controllers becomes particularly pronounced at
the highest crossing speed, 0.500 m/s, as illustrated in Figure 25. In this scenario, the
proposed controller again decelerates to a stop and subsequently recovers, executing a
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clearly discernible acceleration pulse that returns the vehicle to its nominal speed and
guides it toward the goal through coordinated steering. In contrast, the traditional baseline
opts to avoid the pedestrian, achieving the greatest clearance recorded in the study at this
speed, as noted in Table 5. However, this is accomplished through a wide swerve at full
speed, which ultimately results in a failure to re-converge to the original goal: it falls short
of the intended travel distance, and the goal remains unattained. This contrast is especially
notable as the baseline succeeds in terms of safety during the avoidance maneuver but
fails in restoring goal-directed motion. While the quadratic-program filter effectively
enforces avoidance, it lacks a mechanism to reinstate goal-directed motion post-evasion, a
function exclusively provided by the learned policy absent in the baseline. Thus, only the
proposed framework successfully balances both pedestrian avoidance and task completion
at this speed.

Table 5 clearly illustrates the division of responsibilities between the two layers of
the controller and how they correspond to the two properties claimed for the integrated
controller. In the safety-and-avoidance block, both controllers maintain a safe distance
at all tested speeds, demonstrating that the barrier filter effectively enforces the forward
invariance of the safe set in both cases. However, the proposed controller stands out by
reducing the closing rate through braking, in accordance with the relative velocity barrier
term. In the goal-convergence block, both controllers perform similarly at lower and
intermediate speeds, but diverge at higher speeds. Notably, only the proposed framework
is able to return to the goal. This behavior explains the graceful degradation observed
as pedestrian speed increases: the integrated controller remains safe at each moment,
as dictated by the barrier constraint in Equation (24), while also ensuring asymptotic
goal-reaching, as governed by the stability constraint in Equation (19). In contrast, the
baseline controller only guarantees safety. This comparison supports the key argument
of this section: a learning-based controller that incorporates both a Lyapunov–barrier
formalism and a deployment-time filter is most effective for safe pedestrian avoidance.
This effectiveness is enhanced when the learned policy and the deployment-time filter
are designed together within a unified framework, rather than being treated as separate,
sequential modules.

The Kinematic-Model Validity block in Table 5 outlines the key factors that assess
whether the small-slip-angle, no-slip model presented in Equation (5) remains valid during
maneuvers. For both controllers and at all crossing speeds, the friction utilization, denoted
as ρ —which represents the combined longitudinal and lateral tire demands as a fraction of
the available friction µg—stays below the friction limit at all times. It peaks at approximately
half of the available grip during the full-speed turn around the static obstacle and decreases
significantly during braking to approximately 0.16. Consequently, the required contact
forces remain within the limits that the surface can provide, ensuring that the vehicle
maintains traction throughout the maneuver. Since ρ aggregates demands from both axes,
it also accounts for scenarios where braking and steering occur simultaneously, which
actually present the lowest demand.

The peak slip angle remains around 20–22◦, peaking at 22.11◦. At this angle, the
simplifications cos β ≈ 1 and sin β ≈ β result in errors of only 7%. The slightly higher slip
angle measured during the higher-speed runs corresponds to the vehicle being stationary at
times, carrying no lateral load—a finding consistent with the observed lateral acceleration
and friction figures, which do not increase alongside it. Furthermore, the slip angle is
directly measured by the onboard IMU, providing an observed rather than an assumed
value. These results validate the use of the kinematic bicycle model for the low-speed
conditions analyzed; however, its potential limitations under aggressive cornering, higher
speeds, or reduced surface friction are discussed in Section 5.
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Table 5. Quantitative comparison of the proposed CLBF-PPO-HOCLBF-QP framework and the
traditional HOCLBF-QP baseline across the three pedestrian crossing speeds.

vp = 0.325 m/s vp = 0.425 m/s vp = 0.500 m/s

Metric Prop. Trad. Prop. Trad. Prop. Trad.

Safety & Avoidance Response
Min. ped. clearance (m) 0.20 0.31 0.15 0.21 0.16 0.64
Min. speed (m/s) 0.69 1.00 0.00 1.00 0.00 1.00
Peak decel. (m/s2) −0.42 0.00 −0.63 0.00 −0.63 0.00
max δ (deg-turn right) 10.97 26.65 13.54 26.37 13.53 0.00
min δ (deg-turn left) −36.28 −38.00 −39.09 −38.00 −39.09 −38.00

Goal Convergence
Goal reached Yes Yes Yes Yes Yes No
Travel distance (m) 2.74 2.78 2.75 2.78 2.75 2.23
Completion time (s) 2.72 2.76 4.72 2.80 4.72 —

Kinematic-Model Validity
Max. slip angle |β| (deg) 20.15 21.33 22.11 21.33 22.11 21.33
Max. lateral accel. |ay| (m/s2) 4.31 4.55 4.31 4.55 4.31 4.55
Max. curvature demand |κ| (m−1) 4.31 4.55 4.71 4.55 4.71 4.55
Max. friction util. ρ 0.52 0.55 0.52 0.55 0.52 0.55

QP Constraint Relaxation
Barrier slack δp (min) 0.00 0.00 0.00 0.00 0.00 0.00
Barrier slack δp (max) 0.00 0.00 0.00 0.00 0.00 0.00
Stability slack δl (min) 0.00 0.00 0.00 0.00 0.00 0.00
Stability slack δl (max) 7.19 0.83 8.25 0.75 8.25 0.30

The QP Constraint Relaxation section found in Table 5 outlines the slack magnitudes
observed during deployment, illustrating how the filter balances stability and safety con-
straints. A constraint is implemented at each step when its slack reaches zero. The pedes-
trian barrier, represented by slack δp, only engages upon detecting a pedestrian. While the
pedestrian is hidden behind an obstruction, the barrier h is large, and the second-order con-
dition (24) is comfortably satisfied by the nominal acceleration, which means the constraint
does not bind, keeping δp trivially at zero. The slack becomes significant for assessing
safety enforcement primarily during the braking action triggered by the pedestrian’s ap-
pearance, during which δp consistently remained at zero within solver tolerance across
all tests: the barrier was strictly enforced when it influenced the motion. The safe set
continued to remain forward-invariant without any relaxation. In contrast, the stability
slack δl was active, increasing in magnitude with pedestrian speed, indicating the extended
braking and recovery phase required for faster crossings; this behavior is by design, as the
goal-convergence constraint is relaxed while the safety constraint is strictly adhered to.

The reason δp does not activate is that the barrier is only allowed to relax when no
acceleration within [umin, umax] can fulfill the safety requirement—essentially, when the
constraint becomes infeasible. This situation does not occur because the higher-order barrier
responds in anticipation. Once a pedestrian is detected, the closing-rate term L f h(x) and
the class-K margins αp,1, αp,2 start dictating the response while h remains well inside the
safe set, ensuring that the necessary deceleration to maintain h ≥ 0 is gradual and remains
within the actuator’s limits. A barrier that only engages at the last moment could demand
an unmanageable stop, leading to δp > 0; it is the proactive, relative velocity approach
that ensures the required braking remains feasible. With just one detectable pedestrian, the
feasible set is guaranteed to be non-empty at every step. Given that Kp ≫ Kl , any tension
between reaching the goal and maintaining safety is absorbed by δl instead of the barrier
slack. Consequently, the barrier is enforced precisely whenever the scenario remains within
the capabilities of the actuator; the conditions under which this may fail—such as dense or
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partially visible traffic, or when a pedestrian appears too close to stop for—are explored
in Section 5.

4.4. Computational Cost and Real-Time Feasibility

In the context of the HOCLBF-QP, as expressed in Equation (37), it is imperative that
the solution is computed in real time at each control step, as established in Section 3.3. The
controller engages once per simulation step, during which the trained policy generates the
slip angle command, followed by the resolution of the HOCLBF-QP for the acceleration
command prior to implementing the action on the vehicle.

To evaluate the computational burden, we document the execution time for each
step for both the proposed CLBF-PPO-HOCLBF-QP and the traditional HOCLBF-QP,
distinguishing between the OSQP solver core time and other components. All recorded
measurements reflect wall-clock times on an Apple MacBook Pro equipped with an M4
Pro 14-core CPU and 48 GB of RAM. Warm-start procedures between steps are taken into
account while excluding the initialization time for the solver at the initial step. The statistics
compiled span three different pedestrian crossing speeds, as described in Section 4.3.

Figure 26 illustrates the distribution of per-step quadratic programming solve times
and the overall per-step execution times for both control strategies. Across the aggregated
runs, the average solution time for the QP solver per controller is relatively brief: approx-
imately 4.7 ms for the proposed controller and 4.2 ms for the traditional controller. The
total execution times per control step are approximately 6.2 ms and 5.0 ms, respectively.
Notably, even the longest recorded time—8.8 ms for the proposed controller at the maxi-
mum crossing speed—affords a significant margin against the defined control period. The
solving times for both controllers are comparable, with the proposed controller exhibiting
a marginally longer total time due to the inclusion of the policy-network evaluation at
each step, which contributes an average of less than one millisecond (specifically 0.7 ms).
Consequently, the computational load attributed to the learned component is minimal in
relation to the control period, ensuring that both controllers comfortably meet the real-time
operational requirement at the 25 Hz rate.

These findings align with existing literature reporting real-time implementations of
similar optimization-based safety controllers. For instance, a hierarchical autonomous
driving controller, which combines a high-order CLBF-QP low-level controller with a deep
reinforcement learning decision layer, has reported an average low-level QP solve time of
0.66 ms per step at a control rate of 100 Hz [26]. Furthermore, operator-splitting solvers,
such as the one utilized in this study, are explicitly designed for real-time and embedded
applications in quadratic programming [41]. In our implementation, the optimization
process itself is completed in approximately 54 µs for the proposed controller and 37 µs for
the traditional controller. Thus, the millisecond-scale per-step cost is primarily a result of
the assembly of the quadratic program within the host environment and the scheduling
overhead from the operating system, rather than the OSQP solver itself. This overhead
contributes to the slightly increased variability in step execution times for the proposed
controller, given that general-purpose operating systems tend to optimize for average-case
performance, leading to timing fluctuations arising from caching, memory allocation, and
task scheduling [47]. Employing a real-time operating system or a compiled deployment
could minimize both absolute cost and variability, although such measures are not essential
to meet the present operational constraints.

The per-step execution cost remains largely consistent across varying pedestrian
crossing speeds, which is why it is characterized collectively rather than individually for
each scenario; the mean solve time for each controller varies by less than 0.3 ms across
the tested speeds. The only notable speed dependence is observed in the upper tail of
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the proposed controller. This is attributed to the higher closing rate, which keeps the
barrier constraint active for an extended duration during the maneuver, resulting in a larger
fraction of steps occurring in the constrained phase. Consequently, the most prolonged
execution time is recorded at the highest crossing speed; however, the total per-step time
remains well within the designated control period. These results corroborate the real-time
feasibility of the online optimization process using OSQP and validate the integrated
framework, demonstrating that the incorporation of a learned policy in conjunction with
the quadratic programming safety filter does not hinder real-time operation.

Figure 26. Computational time of the quadratic programming time (QP) solver in Equation (37) and
total time step.

5. Research Limitations
The proposed approach is intended to ensure safe driving within a specific scenario;

however, it presents notable limitations that significantly impact its overall efficiency.
A primary concern is the sensitivity of the approach’s performance to the selection

of advantage-modifier weights, specifically dl , ds, and dp, in conjunction with the class-K
coefficients αl,1, αl,2, αp,1, αp,2 utilized in the HOCLBF-QP model. As detailed in Section 4,
there is a pronounced non-monotonic relationship between these weights and the ap-
proach’s efficacy. Moderate weights facilitate enhanced convergence rates and adherence
to constraints, while excessive weights may lead to detrimental effects: an overly high dl

can destabilize the policy gradient, and excessive ds and dp can induce over-conservative
behavior, ultimately resulting in vehicle misalignment or straying off the intended path.
Currently, these weights are manually tuned for the scenario at hand, and the absence
of an adaptive or self-supervised mechanism to recalibrate them in response to changing
operational conditions—such as variations in pedestrian speed, road geometry, or vehicle
dynamics—poses a significant limitation.

Furthermore, the modeling assumptions made for the sake of tractability impose
constraints on the range of situations in which the current guarantees remain valid. The
vehicle is represented by a kinematic bicycle model that intentionally omits various factors,
including inertial forces, mass distribution, and tire slip dynamics. A small slip angle
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linearization (cos β = 1, sin β = β) is employed to derive the control-affine form used
in both the CLF-CBF constraints and the HOCLBF-QP filter. While these simplifications
are justified for the moderate speeds addressed in this study, specifically with the agent
operating at a maximum longitudinal velocity of 1.0 m/s, they become increasingly invalid
in scenarios involving aggressive cornering, high-speed lane changes, or surfaces with
limited friction, where lateral dynamics and load transfer significantly influence behavior.

Moreover, the current benchmark focuses on a single occluded pedestrian crossing
at controlled speeds, which is sufficient for studying the braking and recovery behavior
central to this work. However, it does not encompass the full range of urban conditions.
Furthermore, all results are obtained in the Webots simulator under idealized sensing and
actuation; sensor noise, detection latency, actuator saturation, and the broader sim-to-real
transfer gap are not yet assessed.

Finally, a related assumption concerns the pedestrian model. The second-order barrier
(24) is derived under a locally constant pedestrian velocity (v̇p,x = v̇p,y = 0), as explained
following its definition in Section 2.2.2. If the pedestrian accelerates, the true second
derivative of h differs from the modeled L2

f h(x) by a term proportional to the unmodeled
pedestrian acceleration, and the forward-invariance guarantee of Theorem 1—which pre-
sumes (24) is enforced exactly—no longer strictly holds over that interval. Because the filter
re-solves (37) at every 40 ms control step using the freshly observed pedestrian velocity,
the exposure window for this mismatch is bounded to a single control period rather than
the full maneuver, which limits but does not eliminate the resulting risk. A formal robust-
ness margin under bounded pedestrian acceleration—for example, an input-to-state-safe
extension of the barrier condition—is a natural direction for future work.

These directions are directly related to the scenario generation and intent estima-
tion work outlined in Section 6, which aims to provide the diverse and correlated traffic
situations necessary for effective evaluation.

6. Conclusions
This paper presents a dual-layer framework aimed at enhancing the safety of au-

tonomous vehicles in occluded urban driving scenarios, specifically focusing on pedestrian
avoidance. The framework integrates a first-order Control Lyapunov–Barrier Function
with Proximal Policy Optimization (CLBF-PPO) to regulate slip-angle control, alongside a
Higher-Order Control Lyapunov–Barrier Function with Quadratic Programming (HOCLBF-
QP) for real-time acceleration management.

The key innovation of this research lies in bridging the divide between learning-based
adaptability and the rigorous stability and safety assurances provided by formal methods.
This is achieved by allowing each method to operate within its domain of inherent strength.
During the training phase, the analytical Lie derivatives of the Lyapunov and barrier
functions are incorporated as modifiers within the PPO advantage estimate. This approach
injects structural stability and safety signals into the training loop, enhancing the policy’s
capability to achieve its goals while ensuring collision avoidance, without disrupting the
standard updates of the PPO algorithm.

In the deployment phase, the HOCLBF-QP layer serves as a mathematically grounded
safety filter. It adjusts the nominal acceleration of the vehicle to conform to the intersection
of the higher-order Lyapunov and barrier feasibility sets, extending the barrier formu-
lation to include relative velocity terms to account for dynamic pedestrian movements.
Consequently, the framework culminates in an integrated architecture where a learned
policy and an optimization-based safety mechanism are jointly designed within a unified
Lyapunov–barrier formalism.
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A simulation study conducted on a four-wheeled vehicle within the Webots environ-
ment corroborates the qualitative assertions of the proposed framework. The incorporation
of the first-order CLBF advantage modifier infuses explicit stability and safety informa-
tion into the policy gradient, resulting in accelerated and more stable convergence while
generating trajectories that adhere to safety margins amidst both static and dynamic ob-
stacles. Notably, the influence of each modifier weight is non-monotonic; a moderate
weighting enriches the learning signal, whereas excessive weighting can destabilize train-
ing or lead to overly conservative policies that prioritize safety at the expense of efficient
goal attainment. In addition, the HOCLBF-QP layer orchestrates the temporal dynamics
of braking and goal-recovery maneuvers, with the higher-order Lyapunov and barrier
coefficients jointly determining the agent’s responsiveness to imminent hazards while
modulating speed in accordance with the remaining safety margin.

Through various pedestrian crossing scenarios of differing complexities, the inte-
grated controller consistently demonstrates a coherent sequence of braking and recovery
that maintains the forward invariance of the barrier safety set, while restoring conver-
gence to the goal once the hazard has been cleared. This behavior is not replicable by
a traditional HOCLBF-QP baseline, which lacks a goal-consistent learned policy. These
findings collectively affirm that the synergistic interaction of the two layers—rather than
their isolated implementation—is pivotal for enabling safe and purposeful navigation in
emergency situations.

The broader implications of this work suggest that safety-critical learning-based
control systems significantly benefit from being developed within, rather than merely
layered over, a Lyapunov–barrier formalism. By embedding stability and safety criteria
directly into the learning signals, the alignment of the policy’s inductive bias with the
geometric structure enforced by the deployment-time safety filter is achieved. This results
in a controller that is adaptive to perceptual and environmental uncertainties while ensuring
instantaneous safety and long-term stability. Nonetheless, the present framework is limited
by its dependence on manually tuned weights and class-K coefficients, as well as the
simplifying assumptions inherent in the kinematic bicycle model with small-slip-angle
linearization, alongside a benchmark restricted to a single occluding obstacle and a solitary
observable pedestrian.

Future research will focus on four main directions, each addressing a limitation
identified in Section 5.

First, to eliminate the reliance on manually tuned weights and class-K coefficients,
we will explore adaptive and self-supervised mechanisms. These include meta-learned
or Bayesian-optimized schedules, as well as differentiable tuning of coefficients through
the QP layer. This approach will allow us to recalibrate dl , ds, dp, and αl,1, αl,2, αp,1, αp,2

in real time, responding to variations in pedestrian speed, road geometry, and vehicle
dynamics. Second, to extend the applicability beyond low-speed scenarios, we will replace
the kinematic bicycle model with a more accurate dynamic bicycle or full-vehicle model.
This new model will account for tire forces, load transfer, and yaw dynamics. Additionally,
we will provide a formal characterization of the QP feasibility region under these more
complex dynamics. Furthermore, A broader statistical validation over a larger number of
random seeds, enabling confidence-interval estimation across all configurations, is also
planned to complement the dispersion analysis reported here.

Third, we will generalize the higher-order barrier formulation from a single, fully
observable pedestrian to a setting with dense, partially observable, multi-pedestrian en-
vironments. This involves coupling the safety filter with probabilistic intent estimation,
so that the closing-rate term reflects predicted pedestrian motion rather than just instanta-
neous motion. As part of this direction, we will also establish a formal robustness margin
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under bounded pedestrian acceleration—for example, an input-to-state-safe extension of
the barrier condition—so that the forward-invariance guarantee degrades gracefully when
the constant-velocity assumption of the present filter is violated. Fourth, an important com-
plementary direction is the systematic generation of complex traffic scenarios for training
and stress testing. Spatiotemporal graph generative models, which represent multiple
interacting agents as a time-varying graph, have shown promise in other fields, such as
power system generation [48,49], for handling spatiotemporally correlated uncertainty.
Furthermore, experiments on hardware-in-the-loop testing and real-vehicle validation
will be a part of our future work. To enhance our research, we will implement scenario-
clustering techniques to identify and prioritize safety-critical situations. This approach
will provide a significantly more robust benchmark than the fixed-trajectory pedestrian
scenarios discussed in this paper. Additionally, the distributions of the generated scenarios
can serve to inform the probabilistic intent estimates that are vital for establishing effective
barrier constraints.

By pursuing these research directions, we aim to strengthen the role of unified,
learning-based, mathematically grounded controllers as a foundational framework for
the safe deployment of autonomous vehicles in real-world urban traffic environments.
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Appendix A

Table A1. Hyperparameters in the CLBF-PPO experiment.

Description Value

Actor Learning Rate (αθ) 3 × 10−5

Critic Learning Rate (αθ̂) 3 × 10−5

Discount Rate (γ) 0.99
GAE decay coefficient (λ) 0.95

Entropy Coefficient (φ) 0.05
Experience Replay Pool 1024
Experience Replay Batch 256

Epoch 10
Exploration Episode 3000
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