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Abstract

Molecular trajectory prediction is fundamental to computational chemistry, drug discov-
ery, and materials simulation, enabling insights into dynamics, reaction pathways, and
conformational stability. Its natural alignment with graph-structured spatiotemporal data
has made it a key frontier in GNN research. However, current mainstream spatiotemporal
GNNs, while enforcing E(3)-equivariance, treat atoms as unconstrained point masses and
lack explicit rigid geometric constraints, often yielding unphysical deformations that com-
promise predictive interpretability. To address this challenge, we propose STEGMN—the
first spatiotemporal graph architecture for molecular trajectory prediction that explicitly
encodes rigid constraints. Inspired by Graph Mechanics Networks, we design a constraint-
preserving equivariant spatiotemporal attention mechanism that captures temporal depen-
dencies while rigorously maintaining both E(3)-equivariance and rigid-body constraints.
Additionally, we introduce a constraint-preserving equivariant pooling module that gen-
erates future states by performing a learnable weighted aggregation of historical angular
velocities, followed by forward kinematics mapping. This ensures that all outputs simul-
taneously satisfy E(3)-equivariance and strict bond-length conservation. Evaluated on
real-world molecular dynamics datasets, STEGMN consistently outperforms strong base-
lines. On the rMD17 benchmark, it achieves an average ∼40% reduction in prediction MSE
relative to representative spatiotemporal graph models (ST-GNN, ST-GCN, and ST-EGNN)
across eight small-molecule systems, highlighting the critical value of explicit constraint
modeling for physically stable trajectory prediction.

Keywords: equivariant graph neural networks; spatiotemporal graph neural networks;
graph mechanics networks; molecular trajectory prediction

1. Introduction
Accurately predicting the 3D motion trajectories of atoms in a molecular system over

time—commonly referred to as molecular trajectory prediction—is a central challenge
at the intersection of machine learning and the physical sciences. This capability has
far-reaching applications: in drug discovery, it enables the simulation of protein–ligand
binding pathways and facilitates the screening of high-affinity compounds [1,2]; in mate-
rials science, it underpins the analysis of lattice dynamics, phase transitions, and defect
evolution [3]; and in reaction modeling, it allows for the tracking of bond-breaking and
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bond-forming events, as well as the prediction of energy barriers and intermediate configu-
rations [4]. Classical Molecular Dynamics (CMD) generates atomic trajectories efficiently
by numerically integrating Newton’s equations of motion with empirical force fields, yet
its accuracy is inherently limited by the transferability of the force field parameters; in
contrast, Ab Initio Molecular Dynamics (AIMD) computes atomic forces by solving the
electronic structure in real time, offering superior accuracy for describing chemical reac-
tions but remaining prohibitively expensive for large-scale or long-timescale simulations.
With the increasing integration of machine learning into scientific computing, this task
is gradually shifting from computationally expensive first-principles simulations toward
an efficient, data-driven modeling paradigm. This paradigm shift is made feasible by
the intrinsic graph structure of molecular systems: atoms naturally serve as graph nodes,
while chemical bonds or spatial proximity define the edges. The dynamic evolution of
these systems is then captured as the spatiotemporal propagation of node states. Mes-
sage Passing Neural Networks (MPNNs), due to their excellent scalability and structural
adaptability, have naturally become the preferred architecture for modeling this task [5–7].
With the increasing demand for modeling dynamic systems, researchers have extended
Graph Neural Networks (GNNs) to incorporate temporal dynamics, leading to the devel-
opment of Spatiotemporal Graph Neural Networks (STGNNs) [8,9]. These models are
designed to jointly capture the spatial dependencies encoded in the graph topology and
the temporal evolution patterns of the system. However, when applied to physical systems
with inherent geometric structure, conventional spatiotemporal graph models encounter
significant limitations. Such systems exhibit not only complex spatiotemporal dynamics but
also obey strict physical symmetries—such as invariance or equivariance under rotations,
translations, and reflections. Equivariant Graph Neural Networks (GNNs) address this by
explicitly embedding symmetry constraints into their architecture, ensuring that model
predictions transform covariantly with the input under the action of relevant symmetry
groups [10–12]. This inductive bias substantially improves both generalization and physical
plausibility, particularly in tasks like molecular dynamics simulation and atomic force pre-
diction [5,13]. Despite these advances, existing equivariant spatiotemporal GNNs still face
key challenges when modeling dynamic systems subject to rigid geometric constraints:

- Current spatiotemporal GNNs mainly rely on soft constraint mechanisms rather than
architectural hard constraints for geometric preservation. In the absence of explicit
geometric constraint modeling, conventional networks may occasionally yield trajec-
tories exhibiting structural distortions or deviations from physical laws, which can
compromise prediction reliability. Most existing message-passing frameworks pri-
marily depend on soft constraint strategies, such as regularized loss terms or implicit
coordinate updates, which provide training flexibility but lack inherent architectural
mechanisms for strict geometric preservation [14–16]. While Graph Mechanics Net-
works (GMN) successfully enforce hard constraints through generalized coordinates
and forward kinematics within an E(3)-equivariant framework, their formulation re-
mains inherently static. This omission of explicit temporal dynamics limits their ability
to capture time-evolving representations, thereby constraining predictive accuracy for
dynamically evolving molecular systems [17].

- Explicit multi-frame spatiotemporal fusion mechanisms that rigorously preserve
both geometric constraints and E(3)-equivariance remain largely underexplored.
Although several equivariant spatiotemporal GNNs incorporate temporal pool-
ing mechanisms—such as LoCS’s roto-translated recurrent aggregation [18], Eq-
Motion’s [19] trajectory compression followed by equivariant refinement and ES-
TAG’s [20] equivariant linear pooling over relative coordinates—these approaches
perform temporal fusion directly in Cartesian coordinate space. Without explicit
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enforcement of rigid geometric constraints via generalized coordinates or forward
kinematics, their pooling operations may produce outputs that, while E(3)-equivariant,
violate bond-length conservation or induce unphysical structural deformations. This
limitation motivates our design of a constraint-preserving equivariant pooling mecha-
nism that operates on angular velocities within a generalized-coordinate framework.

In response to the aforementioned challenges, we propose a Spatiotemporal Equivari-
ant Graph Mechanics Network (STEGMN). The principal contributions of this work are
as follows:

- To prevent violations of geometric constraints during spatiotemporal message passing,
we introduce the constraint-preserving equivariant Temporal Mechanics Attention
Layer (TMAL). TMAL tightly integrates generalized coordinates with temporal dy-
namics via forward kinematics, enabling the model to capture temporal dependencies
while rigorously preserving E(3)-equivariance and rigid-body constraints. Specifically,
it employs angular acceleration—a quantity inherently constrained by the system’s
kinematic structure—as the attention value for message aggregation. This design
intrinsically respects rigid connectivity, effectively mitigating bond-length distortions
induced by coordinate drift and significantly enhancing geometric stability in trajec-
tory prediction.

- To enable effective multi-frame spatiotemporal fusion, we propose the Temporal Me-
chanics Pooling Layer (TMPL). Built upon generalized coordinates, this layer explicitly
maintains the system’s symmetries and geometric constraints during temporal aggre-
gation. It performs learnable weighted pooling over historical angular velocities and
integrates forward kinematics to map pooled representations to future states. This
design achieves temporal compression while rigorously preserving E(3)-equivariance
and the topological integrity of the molecular structure throughout the spatiotempo-
ral hierarchy.

The paper is organized as follows: Section 2 reviews prior work and its limitations
in preserving physical symmetries and rigid constraints. Section 3 formalizes the trajec-
tory prediction task with spatiotemporal graphs, rigid constraints, and E(3)-equivariance.
Section 4 introduces STEGMN—our equivariant architecture with spatial and temporal
mechanics modules—and provides equivariance proofs. Section 5 shows STEGMN out-
performs baselines on both small (rMD17) and large (AdK) molecular systems. Section 7
concludes by emphasizing STEGMN’s ability to unify physical constraints with spatiotem-
poral dynamics for modeling complex biomolecules.

2. Related Work
Graph Neural Networks (GNNs) have been widely adopted in molecular dynamics

simulation tasks due to their powerful capability in modeling non-Euclidean structured
data [21]. Molecules naturally lend themselves to graph representations, where atoms serve
as nodes and chemical bonds or interactions act as edges [22–24]. The Message Passing
Neural Networks (MPNNs) framework captures complex atomic interactions by iteratively
passing and aggregating local information among nodes, enabling accurate predictions of
energy, forces, and conformational evolution [25–27]. SchNet [3] employs a distance-based
continuous-filter convolution mechanism and achieves high-accuracy predictions of molec-
ular energies and atomic forces on benchmark datasets such as QM9 [28] and MD17 [29].
Subsequently, PhysNet [30] further improves performance in modeling molecular dynam-
ics trajectories by introducing deeper residual architectures and richer feature interactions
built upon SchNet. However, these models are not equivariant: their message-passing
architectures rely exclusively on rotationally invariant scalar features—typically derived
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from interatomic distances—and therefore lack the representational capacity to directly
predict vector- or tensor-valued physical quantities (e.g., atomic forces or dipole moments)
in an equivariant manner [17]. While physically consistent forces can be recovered a
posteriori via the negative gradient of the predicted energy, this equivariance emerges
from the mathematical structure of differentiation rather than from the network’s internal
equivariant design.

With the growing recognition of equivariance as a fundamental physical prior, equiv-
ariant Graph Neural Networks (Equivariant GNNs) have gradually become the dominant
paradigm in molecular modeling. Tensor Field Networks [31] were the first to system-
atically integrate spherical harmonics and Clebsch–Gordan coupling, enabling strictly
SE(3)-equivariant message passing. Models based on the Transformer architecture [32–34],
exemplified by the SE(3)-Transformer [35], introduce a family of equivariant self-attention
mechanisms that combine invariant attention weights with equivariant feature updates, ef-
fectively balancing long-range dependency modeling and symmetry preservation, thereby
significantly enhancing expressiveness and modeling efficiency. The E(n) Equivariant
Graph Neural Network (EGNN) [12] further simplified equivariant design by explicitly
constructing E(n)-equivariant coordinate update terms (e.g., learnable scalings based on
relative positions) within the message function, achieving strong equivariance while sub-
stantially reducing computational complexity—making it more suitable for large-scale
molecular dynamics simulations. GMN [17] employs generalized coordinates to impose
hard constraints on the model, thereby inherently ensuring rigid-body motion invariance
and physical feasibility of molecular conformations. However, most of these equivariant
models focus primarily on spatial domain modeling, that is, leveraging equivariance con-
straints to accurately capture geometric symmetries and local interactions of molecular
structures in 3D space, while largely neglecting explicit modeling of temporal dynamics.
Since molecular motion is inherently a spatiotemporal coupled process, relying solely on
static or instantaneous spatial snapshots is insufficient to recover true dynamical laws.

Consequently, researchers have begun integrating equivariance with temporal mod-
eling to jointly capture both spatial symmetries and temporal evolution of molecular
systems. LoCS [18] employs a GRU to maintain memory of past frames and further incor-
porates rotational invariance to improve generalization. In contrast to LoCS’s recurrent
update mechanism, EqMotion [19] condenses each node’s historical trajectory into a multi-
dimensional vector, thereby compressing the spatiotemporal graph into a spatial graph,
and then designs an equivariant module together with an interaction reasoning module
to predict future frames. ESTAG [20] extends equivariance to spatiotemporal GNNs by
constructing separate equivariant spatial and temporal modules—each equipped with
forward-looking attention and equivariant pooling—to handle spatial and temporal mes-
sage passing, respectively. Despite their success in modeling symmetries, most of these
approaches still treat molecules as systems of freely moving particles, neglecting the rigid
geometric constraints imposed by bond lengths. This often leads to unphysical structural
deformations in dynamic predictions.

Our method not only inherits equivariant properties but further integrates generalized
coordinates and a forward kinematics mechanism to explicitly embed rigid constraints
into the spatiotemporal modeling process. By combining historical dynamic information
with constraint-preserving equivariant pooling, our model effectively avoids structural
distortions commonly caused in conventional approaches by coordinate drift or insufficient
implicit constraint learning, thereby enhancing the physical consistency of molecular
trajectory predictions while maintaining high prediction accuracy.

https://doi.org/10.3390/electronics15112403

https://doi.org/10.3390/electronics15112403


Electronics 2026, 15, 2403 5 of 21

3. Problem Description
This paper employs the concept of spatiotemporal graphs to formally represent the

dynamic processes of physical systems such as molecules. A spatiotemporal graph with
N nodes, E edges and temporal duration T is denoted as {Gt = (Nt, Et)}T−1

t=0 . Throughout
this work, the node set Nt and the edge set Et is time-invariant, with Nt = N and Et = E
for all t; however, each node Pi is associated with time-dependent scalar features hi(t)
and spatial position vectors xi(t) at each time frame t. The edge set E corresponds to a
fixed adjacency tensor A ∈ RN×N×m, where N denotes the number of nodes and m the
number of edge feature dimensions; each element Aij ∈ Rm encodes the edge features
between node Pi and node Pj. The collective node features and positions at time t are
compactly represented by matrices H(t) ∈ RN×c and X(t) ∈ RN×3, where c denotes the
dimensionality of the per-node feature vectors. For notational simplicity, we assume a unit
time step ∆t = 1. Conventionally, the physical time corresponding to frame t is given by
T − t∆t. The model’s objective is, given the system states from time t = 0 to t = T − 1,
to predict the 3D positions of all nodes at time T, represented as X(t) ∈ RN×3, thereby
forecasting the future spatial configuration of the system.

In physical systems, a rigid connection refers to a bonding or structural constraint that
maintains a fixed geometric relationship between certain atoms or nodes through chemical
bonds or other structural constraints. Therefore, our model should satisfy such constraints.
Figure 1 illustrates a rigid connection structure O0 at time t. Here, x1(t) and x2(t) denote
the Cartesian coordinates of two atoms Pi and Pj in 3D space, respectively. The variable
q0(t) represents the center-of-mass coordinate of O0, while θ̈01(t) and θ̈02(t) denote the
generalized angular accelerations of the respective atoms relative to the center of mass,
which describe local rotational motion about it. The vectors x01(t) and x02(t) represent the
relative position vectors from the center of mass to each atom.

𝑥! 𝑡

𝑥" 𝑡

𝑞#(𝑡)

𝜃̈#"(𝑡)

𝜃̈#!(𝑡)

𝑥 !"
𝑡

𝑥 !#
𝑡

Figure 1. Rigid connection O0 at time t.

If a rigid connection exists between nodes P1 and P2, their relative distance must
remain constant throughout the evolution process, i.e., the following constraint must
be satisfied:

∥x1(t)− x2(t)∥ = d12, ∀t ∈ [0, T − 1], (1)

where d12 is a constant distance (e.g., covalent bond length) that does not vary with time.
As in Graphical Mechanics Networks (GMN), we define a structural object Ok = {Pi}

nk
i=1 as

a group of nk particles connected via rigid bonds (as illustrated in Figure 1). To preserve
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the interatomic distances, the dynamics of all particles within Ok should be updated jointly,
using angular velocities rather than directly manipulating Cartesian coordinates, ensuring
that the rigid constraints are strictly enforced during the simulation.

The model must also satisfy E(3) equivariance: for any Euclidean transformation
g ∈ E(3) (i.e., any combination of rotation, reflection, and translation), we have

M(g · X(t), H(t)) = g ·M(X(t), H(t)), (2)

where the action of g = (R, b) on the position matrix X(t) ∈ RN×3 is defined node-wise
as (g · X(t))i = R xi(t) + b for all i = 1, . . . , N, with R ∈ O(3) and t ∈ R3. The scalar node
features H(t) are invariant under g (i.e., unchanged by Euclidean transformations).

4. STEGMN
In this section, we present a detailed description of the implementation of STEGMN.

The overall architecture of the model is illustrated in Figure 2. We first adopt the original
Graph Mechanics Network (GMN) [17] as the spatial modeling module to explicitly encode
rigid geometric constraints while ensuring E(3)-equivariance. Subsequently, we introduce
a constraint-preserving equivariant spatiotemporal attention layer to capture dynamic
dependencies across time steps, enabling effective modeling of temporal evolution. The
spatial and temporal modules are executed alternately, progressively fusing spatiotempo-
ral features layer by layer to refine high-level representations while preserving physical
consistency. Finally, a constraint-preserving equivariant pooling layer aggregates structural
information to generate the system configuration at the next time step.

I𝑛𝑝𝑢𝑡: 	𝑀𝐷	T𝑟𝑎𝑗𝑒𝑐𝑡𝑜𝑟𝑦 𝑆𝑝𝑎𝑡𝑖𝑎𝑙	𝐿𝑎𝑦𝑒𝑟

GML

𝑋 0 	~	𝑋(𝑇 − 1)
𝑇𝑒𝑚𝑝𝑜𝑟𝑎𝑙	𝐿𝑎𝑦𝑒𝑟

TMPL

𝑃𝑜𝑜𝑙𝑖𝑛𝑔	𝐿𝑎𝑦𝑒𝑟

𝑂𝑢𝑡𝑝𝑢𝑡: 𝑁𝑒𝑥𝑡-s𝑡𝑒𝑝	
𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑎𝑟	𝐶𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠

𝑋(𝑇)

GML

GML

GML

TMAL
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Angle Acceleration
Attention
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ard 

K
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Figure 2. Overall architecture of STEGMN. Spheres represent atomic nodes and dashed lines indicats
interatomic interactions or temporal dependencies. The model processes a historical molecular trajec-
tory {Gt}T−1

t=0 with time-invariant topology, where each frame comprises node features H(t) ∈ RN×c,
3D Cartesian coordinates X(t) ∈ RN×3, and rigid connectivity priors. Structured as spatiotemporal
tensors, these inputs flow through an alternating pipeline of GMN-based spatial modules and Tempo-
ral Mechanics Attention Layers (TMALs) to jointly encode local geometry and dynamic dependencies.
Finally, the Temporal Mechanics Pooling Layer (TMPL) aggregates historical angular velocities via
forward kinematics to predict the molecular configuration at time step T.
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4.1. Spatial Modeling: Graph Mechanics Layer Based on GMN

We first adopt the original Graph Mechanics Network (GMN) as the foundational
module for spatial modeling. Following the GMN, we define the center of mass of a rigid
body Ok as its generalized Cartesian coordinate qk, and the rotation angles θk1, θk2 (with
θk1 = θk2) at both ends of the rigid connection as generalized angular coordinates. As with
EGNN, we then compute the interaction force f l

i (t) acting on each particle i at layer l and
time t, relative to all other particles:

f l
i (t), hl

i(t) = ∑
j∈N(i)

φ1(xl−1
ji (t), hl−1

i (t), hl−1
j (t), eji(t)) (3)

t denotes the current time step; hl−1
i (t) and hl−1

j (t) are the node features of node i and

its neighbor j, respectively; xl−1
ji (t) is the relative position between nodes i and j at time t,

defined as xl−1
ji (t) = xl−1

j − xl−1
i ; eji(t) represents the edge feature; and φ1 is a learnable

equivariant function. To aggregate information from all particles within each structural
object Ok, we compute the generalized Cartesian acceleration q̈l

k(t) via another learnable
equivariant function φ2:

q̈l
k(t) = ∑

i∈Ok

φ2( f l
i (t), xl−1

ki (t), vl−1
ki (t)) (4)

Through the above steps, we obtain the generalized Cartesian acceleration—i.e., the
Cartesian acceleration of the center of mass of the rigid structure. To enable forward
kinematics, we further compute the angular acceleration of each endpoint relative to
the center of mass. Based on the interaction forces and Cartesian coordinates acting on
each endpoint, we can derive the generalized angular accelerations θ̈01 and θ̈02 for the
two particles:

θ̈ki(t) =
∑i∈Ok

xki(t)× fi(t)

∑i∈Ok
∥xki(t)∥2 , ∀i ∈ Ok (5)

Given the generalized Cartesian acceleration and the angular accelerations of the
two particles, we can iteratively compute the generalized Cartesian velocity q̇l

k(t) and
coordinate ql

k(t) via forward kinematics:

q̇l
k(t) = ψ1

(
∑

i∈Ok

hl−1
i (t)

)
q̇l−1

k (t) + q̈l
k(t) (6)

ql
k(t) = ql−1

k (t) + q̇l
k(t) (7)

Here, q̇l−1
k (t) denotes the current velocity of the center of mass of the rigid structure,

which can be computed from existing conditions. The function ψ1 acts as an adaptive
weighting mechanism, enabling self-tuned control over velocity updates. Subsequently, we
update the angular velocities θ̇l

ki(t) of the endpoints using forward kinematics:

θ̇l
ki(t) = ψ2

(
∑

i∈Ok

hl−1
i (t)

)
θ̇l−1

ki (t) + θ̈l
ki(t), ∀i ∈ Ok. (8)

Similarly, ψ2 serves as an adaptive weight. Finally, we apply forward kinematics
to each particle in Ok to obtain its position and velocity at time t, where rot denotes the
rotation matrix. Since updates of atoms within rigid connections are driven by generalized
angular velocities, the hard constraint dij = const is inherently satisfied.
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xl
i(t) = ql

k(t) + rot
(

θ̇l
ki(t)

)
xl−1

ki (t), ∀i ∈ Ok (9)

vl
i(t) = q̇l

k(t) + θ̇l
ki(t)× xl

ki(t), ∀i ∈ Ok (10)

It is worth noting that, in this layer design, we employ GMN solely as an equivariant
feature extractor in the spatial domain, without introducing cross-temporal state propaga-
tion. Therefore, for each time frame t ∈ [0, T − 1], the spatial update of the graph structure
Gt is performed independently:

Xl(t), V l(t) = GMNLayer
(

Xl−1(t), V l−1(t), Hl−1(t)
)

(11)

4.2. Temporal Modeling: Temporal Mechanics Attention Layer

To capture temporal dynamics while preserving both E(3)-equivariance and rigid geo-
metric constraints, we introduce a constrain-preserving equivariant attention mechanism.
Following the standard attention mechanism, each node’s temporal state is associated with
query and key representations to compute time-aware attention weights. Specifically, for
node Pi, we treat its node feature at the current time step t as the query, and its node feature
at historical time steps s ∈ [0, T − 1] as the keys:

qt
i = Wq hi(t), ks

i = Wk hi(s), (12)

where Wq and Wk are learnable projection matrices. The attention score is computed as

αts
i =

1
Zi

exp

(
qt

i · ks
i√

d

)
(13)

Zi = ∑T−1
s=0 exp(· · · ) is the normalization factor. The parameter d denotes the feature

dimensionality of projected queries and keys (qt
i , ks

i ∈ Rd). Consistent with the scaled dot-
product attention in Transformers [36], the scaling factor 1/

√
d normalizes the dot-product

variance to unity, preventing softmax saturation and ensuring stable gradient flow for
temporal learning.

Unlike conventional equivariant temporal attention mechanisms, we define the value
as the angular acceleration of node Pi at time s to ensure that hard constraints are pre-
served during temporal computation. Since angular acceleration reflects the rate of rota-
tional change around local axes—and in rigid structures, motion is constrained by bond
lengths—using it as the attention output naturally regularizes node dynamics, avoiding
structural distortions caused by feature drift or overfitting. Specifically, we first compute
the angular accelerations for all nodes using Equation (5), then apply the attention mecha-
nism to compute the angular acceleration increment ∆θ̈ki(t) from each historical time step s
to the current time t:

∆θ̈ki(t) =
T−1

∑
s=0

αts
i · θ̈ki(s) (14)

We then update the angular acceleration:

θ̈ki(t)temporal = θ̈ki(t) + ∆θ̈ki(t) (15)

Up to this point, by using node angular accelerations as the value vectors in the atten-
tion mechanism, we successfully integrate temporal dynamic information into the model.
As a measure of rotational acceleration, angular acceleration reflects the force and inertial
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response of nodes within their local reference frames; its weighted aggregation within the
attention mechanism is equivalent to physically informed perception and prediction of
historical motion trends.

Therefore, STEGMN not only fuses high-order temporal information but also preserves
structural rigidity and E(3)-equivariance throughout evolution. We can stack spatial and
temporal layers, iteratively performing GMN-based spatial message passing alongside
constrain-preserving equivariant temporal mechanics attention layer, thereby achieving
hierarchical fusion of spatiotemporal features. Moreover, since each layer’s update operates
within the framework of generalized coordinates and forward kinematics, the entire process
inherently maintains E(3)-equivariance and rigid constraints, avoiding potential structural
distortions or symmetry breaking during deep propagation. (The proof of equivariance is
provided in Appendix A.1).

4.3. Temporal Mechanics Pooling Layer

After extracting multi-layer spatiotemporal features, to further aggregate global dy-
namic information and predict the system configuration at time T, we design a constrain-
preserving equivariant pooling layer. This layer introduces a set of node-level learnable
weights {Ws}T−1

s=1 , directly applied to the angular velocities of node Pi across time steps 0 to
T − 1, enabling lightweight modeling of overall motion trends. According to rigid-body
rotational dynamics, if two endpoints rotate about their midpoint, the angular velocity can
be derived from the cross product of relative velocity and relative position:

θ̇ki(s) = θ̇kj(s) =

(
xi(s)− xj(s)

)
×
(
vi(s)− vj(s)

)
∥xi(s)− xj(s)∥2 (16)

Here, Pi and Pj denote the two endpoints of a rigid connection, and k represents the
rigid structure containing Pi and Pj. After obtaining the angular velocities for each rigid
unit over time steps s = 0 to T − 1, we introduce a set of global learnable temporal weights
{ws}T−1

s=0 , satisfying ∑T−1
s=0 ws = 1, to predict the angular velocity at time T:

θ̇ki(T) =
T−1

∑
s=0

ws · θ̇ki(s) (17)

Once the angular velocity at time T is computed, we derive the final position and
velocity at time T based on the state at time T − 1, using forward kinematics:

xi(T) = qk(T − 1) + rot
(
θ̇ki(T)

)
xki(T − 1) (18)

While maintaining lightweight computation, our method strictly preserves E(3)-
equivariance: the weighting scheme is equivariant under rotation, translation and re-
flection. Combined with the forward kinematic mapping based on generalized coordinates,
the predicted configuration naturally satisfies rigid geometric constraints. (The proof of
equivariance is provided in Appendix A.2).

5. Results
5.1. Baseline

We compare STEGMN against several baseline models to systematically evaluate the
importance of equivariance, temporal modeling, and explicit geometric constraints. The
selected baselines include equivariant models without temporal dynamics (EGNN [12]),
non-equivariant spatiotemporal models (e.g., ST-GCN [8], ST-GNN [37], AGL-STAN [38]),
and equivariant spatiotemporal models that lack explicit rigid constraints (ST-EGNN [12]).
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- EGNN [12]: We select EGNN as a baseline due to its status as a representative equiv-
ariant graph neural network. By explicitly constructing E(n)-equivariant coordinate
updates within its message-passing scheme, EGNN demonstrates strong performance
and generalization in molecular energy and force prediction tasks. However, EGNN
is primarily designed for static graphs or single-frame conformations and does not
explicitly model temporal dynamics. In our experiments, we adopt a single-frame
prediction protocol.

- ST-GNN [37]: ST-GNN is a general spatiotemporal GNN framework that jointly
models node state sequences by stacking recurrent or convolutional temporal modules
atop spatial graph convolutions. It performs message passing directly in Cartesian
coordinate space, lacking both E(3)-equivariance and explicit enforcement of rigid
geometric constraints.

- ST-GCN [8]: As a classic non-equivariant spatiotemporal graph model, ST-GCN has
been widely applied to tasks such as traffic flow forecasting. Its “temporal-spatial-
temporal” architecture effectively captures spatiotemporal dependencies. We adapt
ST-GCN to the molecular dynamics prediction task to establish a performance upper
bound for purely data-driven approaches that lack equivariance constraints.

- AGL-STAN [38]: AGL-STAN is an advanced GNN framework for spatiotemporal
sequence prediction. It dynamically infers latent spatial dependencies via an adaptive
graph learning mechanism and integrates spatiotemporal attention modules to capture
complex temporal patterns and spatial interactions. Originally excelling in traffic
forecasting under non-fixed topologies, we transfer AGL-STAN to molecular trajectory
prediction by taking multi-frame historical conformations as input and leveraging
its adaptive graph structure and attention mechanism to model dynamic atomic
interactions and predict coordinate residuals at the next time step.

- ST-EGNN [12]: ST-EGNN is a natural extension of EGNN to spatiotemporal modeling,
inheriting EGNN’s strengths in incorporating physical priors. It represents the current
paradigm of equivariant spatiotemporal modeling. Nevertheless, ST-EGNN still
operates in Cartesian coordinates and does not explicitly enforce rigid geometric
constraints, relying instead on implicit learning of bond-length conservation from data.

5.2. Dataset

To evaluate the effectiveness of the proposed method in modeling dynamics of physical
systems, we conduct experiments on two representative molecular dynamics datasets: the
rMD17 small-molecule dataset [39] and the AdK equilibrium trajectory dataset [29], both
containing multiple continuous long trajectories. The original datasets consist of long
trajectory sequences. We randomize the starting point and extract T + 1 consecutive
frames at interval ∆T, using the first T time steps as observed conformations and the final
timestamp as the target future position label.

- The revised MD17 dataset (rMD17) [39] is a refined version of the MD17 dataset,
comprising long-timescale trajectories of eight small organic molecules (e.g., Aspirin,
Benzene, Ethanol) generated via ab initio molecular dynamics simulations. Each tra-
jectory is sampled at a 2 fs interval and spans several hundred picoseconds, capturing
rich vibrational and conformational dynamics including bond stretching, angle bend-
ing, and torsional degrees of freedom. The dataset provides, at an atomic resolution,
the 3D coordinates, atomic forces, and total energy for each frame, making it well-
suited for evaluating a model’s ability to capture local vibrations and conformational
transitions. In our experiments, we sample the original trajectories using contiguous
time windows: a random starting point is selected from the long trajectory, and T + 1
consecutive conformations are extracted at a fixed time interval ∆T. The first T frames
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serve as the input historical states, and the model predicts the 3D coordinates of all
atoms in the (T + 1)-th frame. For each molecule, the trajectory is split into training,
validation, and test sets containing 500, 2000, and 2000 samples, respectively (see
Table 1).

- The AdK equilibrium dataset [29] originates from nanosecond-scale molecular dynam-
ics simulations of adenylate kinase (AdK) in its equilibrium state. AdK is a canonical
allosteric protein whose function relies on large-scale hinge-like motions between
two domains, exhibiting multiscale conformational changes. The dataset provides
a continuous 1-microsecond trajectory sampled at 1 ps intervals. Due to the high
computational cost of modeling thousands of atoms directly at atomic resolution, we
apply a coarse-graining procedure: each amino acid residue is treated as a single
node, and the 3D coordinates of four backbone atoms (N, Cα, C, O) are extracted as a
four-channel geometric feature for that node. This coarse-graining is performed using
the MDAnalysis toolkit (v2.9.0), which significantly reduces computational complexity
while preserving the essential conformational dynamics.

Table 1. Dataset composition. For the AdK equilibrium dataset, the numbers of atoms and edges in
parentheses correspond to the original values before coarse-graining.

Dataset Total Training Validation Test Atoms Edges

rMD17 [39] 4500 500 2000 2000 9–20 8–25

AdK Equilibrium [29] 1068 641 214 213 214
(3341)

852
(3365)

5.3. Small-Molecule Dataset: rMD17

We use atomic numbers as time-invariant node features h(0). Two atoms are consid-
ered one-hop neighbors if their distance is below a pre-defined threshold λ. All models
are optimized using Adam with an initial learning rate of 5 × 10−5, coupled with a learn-
ing rate scheduler. Each model is trained for 500 epochs under identical hardware and
hyperparameter settings, and performance is evaluated on an independent test set using
MSE. The selection of edges for rigid connections follows the same criterion as in Graphical
Mechanics Networks (GMN). Since including all bonded edges would lead to redundant
updates, we adopt a strategy that maximizes the number of selected edges while ensuring
they are non-overlapping. All experiments were conducted on a single NVIDIA A100 GPU
(80 GB).

Table 2 presents the MSE and MAE of all models across the eight molecules. Notably,
the baseline EGNN—relying solely on single-frame input without modeling temporal
state sequences—fails to capture the temporal evolution patterns in molecular dynamics,
resulting in significantly lower accuracy compared to spatiotemporal models that leverage
multi-frame sequences. STEGMN achieves the best performance on six molecules and
substantially outperforms the runner-up on several, demonstrating that jointly preserving
equivariance and rigid geometric constraints within spatiotemporal modeling effectively
enhances trajectory prediction accuracy. On the remaining two molecules (ethanol and
naphthalene), STEGMN delivers highly competitive results—slightly higher than the best
model but still significantly superior to all other baselines.
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Table 2. Molecular trajectory prediction results on the rMD17 dataset (MSE in 10−3, MAE in Å, bold
values indicate the best result for each metric.). Molecule abbreviations: Asp = Aspirin, Bzn = Benzene,
Eth = Ethanol, Mal = Malonaldehyde, Nap = Naphthalene, Sal = Salicylic acid, Tol = Toluene,
Ura = Uracil.

Method Metric Asp Bzn Eth Mal Nap Sal Tol Ura

EGNN [12] MSE 5.937 1.885 1.531 4.850 3.333 4.826 2.276 4.121
MAE 0.059 0.033 0.030 0.054 0.045 0.051 0.038 0.044

AGL-STAN [38] MSE 3.681 1.649 1.389 1.089 0.900 1.098 1.506 0.828
MAE 0.049 0.031 0.026 0.026 0.023 0.026 0.030 0.022

ST-GNN [37] MSE 1.014 0.210 0.487 0.664 0.748 0.789 0.713 0.680
MAE 0.024 0.012 0.018 0.020 0.021 0.020 0.021 0.020

ST-GCN [8] MSE 0.715 0.106 0.456 0.596 0.737 0.682 0.687 0.673
MAE 0.021 0.009 0.017 0.019 0.022 0.021 0.021 0.021

ST-EGNN [12] MSE 0.735 0.163 0.245 0.427 0.359 0.687 0.553 0.445
MAE 0.021 0.013 0.012 0.016 0.019 0.019 0.016 0.019

STEGMN (Ours) MSE 0.393 0.084 0.331 0.264 0.398 0.365 0.338 0.251
MAE 0.014 0.007 0.013 0.011 0.016 0.014 0.014 0.011

5.4. Protein Dataset: AdK Equilibrium Dataset

We use the atomic numbers of the four backbone atoms as time-invariant input node
features. Two atoms are connected by an edge if their distance is below a threshold λ.
We evaluate our method on the AdK equilibrium molecular dynamics trajectory dataset,
employing the MDAnalysis toolkit to coarse-grain the protein structure into a residue-level
graph (one Cα node per residue), thereby simplifying its spatial representation. We also
adopt a strategy that maximizes the number of selected edges while ensuring they are
non-overlapping. We use T = 10 past frames with stride ∆ = 5 to predict the next frame.
We train for 500 epochs using Adam with a learning rate of 5× 10−5, weight decay of 10−12,
batch size of 4 (limited by GPU memory due to the large protein system size), and report
results every five epochs. All experiments were conducted on a single NVIDIA A100 GPU
(80 GB).

Table 3 presents the prediction performance of all models on the AdK equilibrium
conformation dataset. It is evident that all equivariant models (STEGMN, ST-EGNN)
significantly outperform non-equivariant baselines (e.g., AGL-STAN, ST-GCN), under-
scoring the critical role of E(3)-equivariance in modeling conformational dynamics for
biomolecular systems—such as proteins—that exhibit complex spatial symmetries. By en-
forcing outputs to transform covariantly with input rotations and translations, equivariant
models learn more fundamental physical laws, reducing reliance on data augmentation
and thereby improving generalization. Among all models, STEGMN achieves the lowest
prediction error, surpassing other equivariant counterparts, indicating that explicitly incor-
porating hard constraints further enhances trajectory prediction accuracy once equivariance
is fully satisfied.

Figures 3 and 4 compare the residue-level prediction errors and their distributions
between STEGMN and ST-EGNN. The error distribution of STEGMN peaks near 0.5 Å
(density ≈ 0.55), indicating that most predictions are highly accurate. In contrast, ST-EGNN
exhibits a broader distribution, with substantial density persisting in high-error regions (4–
8 Å), reflecting greater prediction variability. Overall, STEGMN demonstrates significantly
improved accuracy over ST-EGNN, with a more concentrated error distribution and lower
mean error magnitude.
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Table 3. Molecular trajectory prediction results on the AdK dataset. The “MSE ↓%” and “MAE
↓%” columns report the percentage reduction relative to EGNN (higher values indicate greater
improvement). Bold values indicate the best result for each metric.

Model MSE MSE ↓% MAE MAE ↓%

EGNN [12] 2.837 — 1.018 —

AGL-STAN [38] 1.965 30.7 1.100 −8.1

ST-GNN [37] 2.774 2.2 1.196 −17.5

ST-GCN [8] 1.647 41.9 0.791 22.3

ST-EGNN [12] 1.598 43.7 0.770 24.4

STEGMN (Ours) 1.582 44.2 0.767 24.7
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Figure 3. Comparison of error distributions between ST-EGNN and STEGMN (normalized). Dotted
lines indicate the mean prediction errors for each model.
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Figure 4. Comparative analysis of residue-level prediction errors between ST-EGNN and STEGMN.
The top panel displays the distribution of prediction errors at each residue position (i.e., Cα atom
positions) in the protein sequence for both the ST-EGNN and STEGMN models. The bottom panel
shows the difference in errors at each residue position between the two models.
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5.5. Ablation Study

To validate the contribution of the two core components proposed in this paper—the
Temporal Mechanics Attention Layer (TMAL) and Temporal Mechanics Pooling Layer
(TMPL)—to the overall model performance, we conducted a systematic ablation study.
Specifically, on the rMD17 dataset, we evaluated the full STEGMN model by removing
each of these two key components in turn.

- STEGMN -w/o tmal: This variant retains the full spatiotemporal architecture but
replaces TMAL proposed in Section 4.2 with a standard, unconstrained equivariant
temporal attention module. In this variant, queries and keys are still computed from
node features at each time step. However, the values no longer employ angular accel-
erations governed by rigid constraints; instead, they adopt the equivariant coordinate
update strategy from ST-EGNN: specifically, the relative position vectors (i.e., radial
vectors) from the historical time steps 0 to T − 1 to the current time step T − 1 are
used as attention values. These vectors are scaled by a learnable scalar function and
directly added to the node coordinates for feature aggregation. While this variant
mathematically preserves E(3)-equivariance, it fundamentally performs local coordi-
nate offsets in Cartesian space, completely ignoring the rigidity constraints imposed
by the generalized coordinate framework.

- STEGMN -w/o tmpl: This variant removes the TMPL introduced in Section 4.3. In
this setting, the model no longer generates future conformations by learning to weight
and aggregate historical angular velocities. Instead, we adopt a simple, Cartesian-
residual-based linear weighting update strategy:

x(T) = ∑i Wi ·
(
x(T − 1)− x(i)

)
+ x(T − 1), (19)

where W is a learnable weight vector, x(T − 1) denotes the coordinates of the most
recent frame, and x(i) represents the coordinates of historical frames i = 0, . . . , T − 1.
This operation is performed directly in Cartesian space—preserving E(3)-equivariance
but completely disregarding the rigidity constraints imposed by the generalized coordi-
nate framework—and attempts to fit coordinate trends in a purely data-driven manner.

- STEGMN full: The full version of STEGMN, incorporating both the Temporal Mechan-
ics Attention Layer (TMAL) and the Temporal Mechanics Pooling Layer (TMPL).

Table 4 presents the validation errors of all variants on the rMD17 dataset. The results
indicate that ablating either the TMAL or TMPL module consistently degrades prediction
accuracy across all tested molecules. This confirms that the rigid geometric constraints
enforced by both components are indispensable for maintaining physical consistency and
ensuring robust spatiotemporal modeling.

Table 4. Ablation study of STEGMN on the rMD17 dataset (MSE in 10−3, MAE in Å). Bold values
indicate the best result for each metric.

Method Metric Asp Bzn Eth Mal Nap Sal Tol Ura

STEGMN—w/o tmal MSE 0.606 0.095 0.412 0.486 0.509 0.496 0.563 0.251
MAE 0.019 0.008 0.015 0.017 0.018 0.017 0.019 0.011

STEGMN—w/o tmpl MSE 0.588 0.106 0.383 0.378 0.684 0.567 0.592 0.441
MAE 0.018 0.008 0.014 0.014 0.020 0.018 0.018 0.015

STEGMN full MSE 0.372 0.086 0.309 0.258 0.403 0.368 0.348 0.249
MAE 0.014 0.007 0.013 0.011 0.015 0.014 0.014 0.010
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6. Discussion
The experimental results demonstrate that explicitly encoding rigid geometric con-

straints within an equivariant spatiotemporal architecture substantially improves trajectory
prediction fidelity for molecular systems. Compared to baseline equivariant models that
operate solely in Cartesian space (e.g., ST-EGNN), STEGMN achieves an average 40% reduc-
tion in prediction MSE relative to representative spatiotemporal graph models (ST-GNN,
ST-GCN, and ST-EGNN) across eight small-molecule systems on the rMD17 benchmark,
underscoring the value of generalized-coordinate formulations for preserving physical
consistency during dynamic evolution.

From a broader perspective, STEGMN bridges two previously disjoint design
paradigms: (1) equivariant GNNs that enforce symmetry priors but treat atoms as un-
constrained point masses, and (2) mechanics-based networks that impose hard geometric
constraints but lack explicit temporal modeling. By unifying these principles through
angular-velocity-based attention and forward-kinematics pooling, our framework offers a
template for incorporating domain-specific physical laws into deep spatiotemporal learners.

- Practical implementation considerations. Translating STEGMN into real-world molec-
ular engineering workflows is facilitated by several inherent architectural strengths.
First, the explicit enforcement of rigid geometric constraints and E(3)-equivariance
ensures physically plausible outputs without relying on extensive data augmentation
or post hoc filtering, thereby reducing training overhead and inference instability.
From a data preparation standpoint, the framework only requires standard molecular
trajectory data with time-invariant topology. Node features can be as simple as atomic
numbers or element embeddings, which are natively available in common file formats
(e.g., PDB, SDF, XYZ). The primary preprocessing step involves constructing a rigid
connectivity map based on chemical priors or force-field bond definitions, which
can be automatically extracted using standard cheminformatics toolkits. While this
design significantly streamlines practical application, deployment in large-scale or
highly disordered systems may still face challenges related to computational over-
head during long-horizon predictions, as well as the need for precise bond-topology
annotation when handling flexible or reactive molecular motifs. Overall, STEGMN
minimizes implementation complexity by hardcoding physical priors directly into
the network, requiring only routine trajectory formatting to deliver reliable, physics-
consistent predictions.

- Limitations and future directions. Current limitations include: (1) The explicit forward
kinematics module, while guaranteeing strict geometric consistency, involves compu-
tationally intensive operations such as rotation matrix construction and coordinate
transformation. Compared to direct element-wise updates in Cartesian space, this
kinematic mapping incurs higher computational overhead during inference, result-
ing in increased latency. (2) Reliance on pre-defined rigid connectivity, which may
not hold for highly flexible molecular motifs or reactive bond-breaking events, and
limited scalability for large-scale molecular systems or extended prediction horizons
due to the quadratic complexity of dense spatiotemporal attention, which increases
memory and computational demands for systems with thousands of atoms or long
trajectory sequences. Future work will explore: (i) adaptive constraint mechanisms for
breakable bonds or angle-flexible structures to model chemical reactions; (ii) integra-
tion with generative frameworks (e.g., diffusion or flow-based models) for efficient
sampling of physically plausible conformational spaces; and (iii) lightweight design
strategies, such as adaptive sparse attention mechanisms and dynamic connectivity
pruning [40], to selectively aggregate informative spatiotemporal dependencies and
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substantially reduce computational overhead for large-scale molecular systems or
long-horizon predictions.

7. Conclusions and Future Work
This work addresses the challenge that existing spatiotemporal graph neural networks

struggle to explicitly preserve rigid geometric constraints in molecular dynamics trajec-
tory prediction. We propose the Spatio-temporal Equivariant Graph Mechanics Network
(STEGMN), which deeply integrates physical priors—namely, rigidity constraints and E(3)-
equivariance—into the architecture’s design, rather than relying on implicit learning from
data. Specifically, we introduce the Temporal Mechanics Attention Layer (TMAL), which
uses rigidity-constrained angular accelerations as the values in attention-based information
aggregation. This ensures that while capturing dynamic dependencies across time steps,
interatomic geometric constraints are inherently maintained. Furthermore, we propose
the Temporal Mechanics Pooling Layer (TMPL), which generates future states by learning
to weight and aggregate historical angular velocities and applying forward kinematics.
This temporal compression mechanism strictly preserves both E(3)-equivariance and the
topological integrity of molecular structures.

Evaluated on two real-world datasets—small molecules (rMD17) and a protein system
(AdK equilibrium)—STEGMN consistently outperforms strong equivariant baselines. Ab-
lation studies further confirm that both TMAL and TMPL significantly contribute to overall
performance. In future work, STEGMN can be extended to chemical reaction path predic-
tion by incorporating dynamic constraint mechanisms, such as breakable bonds or flexible
angle constraints, to effectively model more complex physical scenarios. Additionally,
integrating this architecture with generative models like diffusion or flow-based models
could enable efficient sampling of physically plausible molecular conformational spaces,
accelerating drug discovery and materials design pipelines. Furthermore, we will explore
lightweight design strategies, such as adaptive sparse attention mechanisms and dynamic
connectivity pruning, to selectively aggregate informative spatiotemporal dependencies
and substantially reduce computational overhead for large-scale molecular systems or
long-horizon predictions.
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Appendix A. Proof of Equivariance for STEGMN
Appendix A.1. TMAL

Since the equivariance of the spatial-domain model GMNLayer has been thoroughly
established in GMN [17], this chapter focuses on proving the equivariance of the temporal
module. Notably, the temporal module is involved only in the update of angular velocity.
As a physical quantity characterizing the local rigid-body rotational state, angular velocity
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is inherently translation-invariant; thus, its behavior under spatial translations need not be
considered. Consequently, it suffices to verify that the angular velocity produced by the
temporal module transforms equivariantly under rigid-body rotations—including both
proper rotations and reflections—i.e., that it exhibits the correct transformation behavior
under the action of the relevant symmetry group. That is, we need to prove that when the
input node features and position vectors undergo an E(3) transformation (i.e., a rotation
R ∈ O(3) and a translation b ∈ R3), the output of the constrained equivariant attention
mechanism also transforms accordingly under the same equivariant rule. For angular
velocity updates, this manifests as rotational and reflectional equivariance.

Consider an E(3) transformation g ∈ E(3), acting on the state of any particle i at any
time step s, given by Equations (A1) and (A2):

g · xi(s) = Rxi(s) + b (A1)

g · vi(s) = Rvi(s) (A2)

Since the node feature hi(s) is designed as a scalar, it remains invariant under E(3)
transformations, i.e., g · hi(s) = hi(s). The computation of queries and keys depends solely
on node features hi(t) and hi(s); therefore, the attention score αts

i remains unchanged under
the action of g.

Regarding the equivariance of the value, according to Equation (5), the angular accel-
eration is computed as follows:

θ̈ki(s) =
∑i∈Ok

xki(s)× fi(s)

∑i∈Ok
∥xki(s)∥2 (A3)

where xki(s) denotes the Cartesian coordinate difference between the center of rigid struc-
ture Ok and node i at time s, i.e., the radial vector, and fi(s) represents the force acting on
node i. Under transformation, the radial vector xki(s) becomes

xki(s)′ = Rxk(s) + b − (Rxi(s) + b)

= Rxk(s)− Rxi(s)

= R xki(s)

(A4)

Consequently, the angular acceleration transforms equivariantly under the action of g,
specifically as follows:

∆θ̈ki(t)′ =
T−1

∑
s=0

αts
i · Rθ̈ki(s)

= R
T−1

∑
s=0

αts
i · θ̈ki(s)

= R ∆θ̈ki(t).

(A5)

θ̈ki(t)′temporal = Rθ̈ki(t)′ + R∆θ̈ki(t)

= R θ̈ki(t)temporal

(A6)

Therefore, under E(3) transformations, the angular update exhibits rotational and reflec-
tional equivariance. When further applied to coordinates, it inherits full E(3)-equivariance.
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Appendix A.2. TMPL

Similarly, we need to prove that the angular velocity update is rotation and reflectional
equivariant under E(3) transformations. According to Equation (16), the angular velocity
between two endpoints is computed as

θ̇ki(s) = θ̇kj(s) =

(
xi(s)− xj(s)

)
×
(
vi(s)− vj(s)

)
∥xi(s)− xj(s)∥2 . (A7)

Under an E(3) transformation, the transformed angular velocity becomes

θ̇ki(s)′ = θ̇kj(s)′ =

(
Rxi(s) + b − (Rxj(s) + b)

)
×
(

Rvi(s)− Rvj(s)
)∥∥Rxi(s) + b − (Rxj(s) + b)

∥∥2

=
Rxij(s)× R

(
vi(s)− vj(s)

)
∥xij(s)∥2

= R θ̇ki(s) = R θ̇kj(s). (A8)

To compute the angular velocity at time T, we have

θ̇ki(T)′ =
T−1

∑
s=0

ws · Rθ̇ki(s)

= R
T−1

∑
s=0

ws · θ̇ki(s)

= R θ̇ki(T). (A9)

It follows that the angular velocity at time T is equivariant under E(3) transforma-
tions, exhibiting both rotational and reflectional symmetry. Subsequently, we compute the
Cartesian coordinates at time T via forward dynamics. First, we define the generalized
Cartesian coordinate (the midpoint of a rigid connection) at time T − 1 as

qk(T − 1) =
xi(T − 1) + xj(T − 1)

2
. (A10)

Under an E(3) transformation, the generalized Cartesian coordinate transforms as

qk(T − 1)′ =
Rxi(T − 1) + b + Rxj(T − 1) + b

2

=
Rxi(T − 1) + Rxj(T − 1)

2
+ b

= R qk(T − 1) + b. (A11)

Simultaneously, leveraging the property of rotation matrices, rot(Rθ̇) = R · rot(θ̇) · R⊤,
the coordinate update formula xi(T) = qk(T − 1) + rot

(
θ̇ki(T − 1)

)
· xki(T − 1) transforms

under an E(3) transformation as follows:

xi(T)′ = Rqk(T − 1) + b + R · rot
(
θ̇ki(T − 1)′

)
· R⊤ · R · xki(T − 1)

= Rqk(T − 1) + b + R · rot
(
θ̇ki(T − 1)′

)
· xki(T − 1)

= R
(
qk(T − 1) + rot

(
θ̇ki(T − 1)′

)
· xki(T − 1)

)
+ b

= R xi(T) + b. (A12)

Thus, TMPL is E(3)-equivariant.
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Appendix B. Quantitative Analysis of Rigid Constraint Preservation
To concretely illustrate the failure modes of existing models regarding geometric con-

straint preservation, we define a Rigid Structure Deviation (RSD) metric that quantifies the
average violation of pre-defined rigid bond lengths in predicted conformations. Formally,
for a set of rigidly connected atom pairs R = {(i, j)} with ground-truth bond lengths {dij},
the RSD at prediction horizon T is computed as

RSD(T) =
1
|R| ∑

(i,j)∈R

∣∣∥x̂i(T)− x̂j(T)∥ − dij
∣∣, (A13)

where X̂i(T) denotes the predicted 3D coordinate of atom i at time T, and dij is the reference
bond length extracted from the ground-truth frame. This metric directly measures how
well a model preserves local rigid geometry during trajectory forecasting. We evaluate RSD
on the rMD17 test set for eight small molecules, comparing STEGMN against representative
baselines. Results are summarized in Table A1. All values are reported in Å.

Table A1. Rigid Structure Deviation (RSD) on the rMD17 dataset (values in Å). Lower values indicate
better preservation of rigid bond lengths. Subscripts denote training epochs for ST-EGNN; STEGMN
enforces hard constraints via generalized coordinates, yielding errors at machine precision.

Method Asp Bzn Eth Mal Nap Sal Tol Ura

ST-EGNN100 0.048 0.020 0.031 0.046 0.038 0.035 0.035 0.034
ST-EGNN500 0.015 0.011 0.011 0.016 0.019 0.018 0.013 0.018

STEGMN100 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
STEGMN500 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

The zero RSD values reported for STEGMN (in fact, all deviations are below 1× 10−4 Å
and rounded to 0.000 in Table A1) directly reflect the hard constraint enforcement mecha-
nism inherent to our generalized-coordinate formulation. Unlike Cartesian-space models
such as ST-EGNN, which directly regress atomic coordinates and must implicitly learn
bond-length conservation through data-driven optimization, STEGMN fundamentally
shifts the prediction target from Cartesian positions to angular velocities defined on rigid
structural objects. During spatiotemporal feature aggregation, our architecture integrates
historical dynamic information by modeling angular accelerations—which naturally encode
rigid-body kinematic priors—and concurrently updates the rotational state of each rigid
unit. The resulting angular velocities are then mapped to future Cartesian configurations
via rotation-matrix-based forward kinematics. By construction, this pipeline ensures that
atomic positions are evolved solely through rigid-body rotations, guaranteeing that inter-
atomic distances within pre-defined rigid connections remain exactly constant throughout
the prediction horizon, up to the numerical precision of floating-point arithmetic. The
non-zero RSD values for ST-EGNN, even after extended training, underscore the inherent
limitation of data-driven approaches: equivariant message passing in Cartesian space alone
cannot fully eliminate unphysical bond-length drift.
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