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Abstract: In the nano-scale era, enhancing speed while minimizing power consumption
and area is a key objective in integrated circuits. This demand has motivated the develop-
ment of approximate computing, particularly useful in error-tolerant applications such as
multimedia, machine learning, signal processing, and scientific computing. In this research,
we present a novel method to create approximate integer multiplier circuits. This work
is based on a modification of the well-known Wallace tree multiplier, called the Reduced
Complexity Wallace Multiplier (RCWM). Approximation is introduced by replacing con-
ventional Full Adders with approximate ones during the partial product reduction phase.
This research investigates the characteristics of 8×8-, 16×16-, and 32×32-bit Approximate
Reduced Complexity Wallace Multipliers (ARCWM), evaluating their accuracy, area usage,
delay, and power consumption. Given the vast search space created by different combi-
nations and placements of these approximate Adders, a Genetic Algorithm was used to
efficiently explore this space and optimize the ARCWMs. The resulting ARCWMs have
an area reduction of up to 65% and a power consumption reduction of up to 70%, with
no worse delay than the RCWM. Multipliers created with this method can be used in
any application that requires parallel multiplication, such as neural accelerators, trading
accuracy for area and power reduction. Additionally, an ARCWM can be used alongside
a slow shift-and-accumulate multiplier trading off accuracy for faster calculation. This
methodology provides valuable guidance for designers in selecting the optimal configura-
tion of approximate Full Adders, tailored to the specific requirements of their applications.
Alongside the methodology, we provide all of the tools used to achieve our results as
open-source code, including the Register-Transfer Level (RTL) code of the 8×8-, 16×16-,
and 32×32-bit Wallace Multipliers.

Keywords: approximate computing; arithmetic circuits; Wallace Multiplier; non-dominated
multi-objective genetic algorithms; design space exploration

1. Introduction
A critical report issued by the Semiconductor Industry Association and the Semi-

conductor Research Corporation warns that, without significant advancements in energy-
efficient computing, the energy demands of computing systems could surpass the world’s
projected energy production by 2040 [1]. This demand has driven the development of
various energy-aware computing techniques. Among these, the Approximate Computing
(AC) paradigm has garnered significant attention over the past two decades. AC proves es-
pecially beneficial for error-tolerant applications, including multimedia, machine learning,
signal processing, and scientific computing.
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In this research, the well-known Wallace tree multiplier [2], which was modified
by Waters into the Reduced Complexity Wallace Multiplier (RCWM) [3], is utilized as
the foundation for developing an approximate parallel multiplier. The approximation is
incorporated during the partial product reduction phase by substituting conventional Full
Adders with approximate ones, resulting in the development of the Approximate Reduced
Complexity Wallace Multiplier (ARCWM).

The RCWM was selected for this work over other multipliers for two key reasons.
First, compared to other designs, including the well-known and widely used Wallace tree
multiplier, relatively little research has been conducted on approximating the RCWM.
Second, the RCWM primarily relies on Full Adders, and uses very few Half Adders. With a
wide variety of approximate Full Adder designs available in the literature, the RCWM
seamlessly leverages these resources. The RCWM can be employed in all applications
where a Wallace tree multiplier is traditionally used, including digital signal processing,
machine learning, embedded systems, and other fields requiring high-speed multiplication.
Moreover, it can directly replace the Wallace tree multiplier in any application, since they
differ only in the partial product reduction stage.

This work investigates the characteristics of 8×8-, 16×16-, and 32×32-bit ARCWMs,
assessing their accuracy, area utilization, delay, and power consumption. The exami-
nation of a range of multiplication sizes using our proposed methodology allows for a
well-rounded evaluation of the merits of the methodology. Given the vast search space
created by different combinations and placements of these approximate Adders, a Genetic
Algorithm (GA) was employed to efficiently explore this space and optimize the ARCWMs.
A GA is inspired by the process of natural selection, based on which it solves optimization
problems [4,5]. The Non-Dominated Multi-objective Genetic Algorithm-II (NSGA-II) [6] is
an elitist multi-objective GA, which uses a fast non-dominated sorting approach. Being
multi-objective, this algorithm is able to conduct optimization on multiple objective func-
tions at the same time and, as such, it is more fitting for this problem because it allows for
accuracy, area, delay and power of the ARCWMs to be optimized simultaneously.

In our previous work, we studied 8×8 ARCWM multipliers for Field-Programmable
Gate Arrays (FPGA) [7] and 32×32 multipliers for Application-Specific Integrated Circuits
(ASIC) [8]. In this work, we complete the study by adding 8×8 and 16×16 multipliers for
ASICs. This allows us to perform a comparison regarding the scaling and effectiveness of
the method for multiplying numbers of different sizes. This novel methodology provides
valuable guidance for designers in selecting the optimal configuration of an ARCWM
tailored to the specific requirements of their applications. Alongside the methodology, we
provide all the tools used to achieve our results as open-source code, including the Very
High Speed Integrated Circuit (VHSIC) Hardware Description Language (VHDL) code of
the 8×8-, 16×16-, and 32×32-bit Wallace Multipliers [9].

This methodology can be used to generate ARCWMs to be used in error-tolerant
applications where multiplication accuracy can be traded off for savings in area, delay,
and power consumption. Such applications could be cases where parallel multiplication
is desired, such as neural accelerators. The ARCWM approach allows the designer to
implement multiple fast multipliers into their circuit without sacrificing a large amount
of area. Furthermore, an ARCWM could be utilized in a system with tight area budget,
alongside a slow shift-and-accumulate exact multiplier. The exact multiplier is smaller in
size, and can be used for calculations which are not error tolerant, while the ARCWM can
be used for the calculations which are error tolerant, speeding them up significantly.

The rest of the article is organized as follows. In Section 2, we discuss the reasons
that have led to the Approximate Computing paradigm, and then we briefly review the
techniques used in the paradigm. In Section 3, we discuss the Wallace tree multiplier,
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the variation made by Waters [3], and we present the Approximate Reduced Complex-
ity Wallace Multiplier. The evaluation method and the optimization are presented in
Sections 4 and 5, respectively. The results of the evaluation of the Approximate Reduced
Complexity Wallace Multiplier are presented and discussed in Section 6. Related work
is presented in Section 7. Section 8 discusses topics important to the domain of evolving
approximate circuits using GAs. Finally, Section 9 concludes this article.

2. Approximate Computing
The rapid advancements in semiconductor technology, which were guided for decades

by Dennard’s [10] and Moore’s laws [11], are now facing significant limitations. Dennard’s
scaling law, which described the proportional improvement in performance and energy
efficiency with transistor miniaturization, has ceased to hold true for several years, leaving
a gap in technological progress. At the same time, Moore’s law, which predicts the doubling
of transistors per unit area every two years, is approaching its physical limits [12], if they
have not already been surpassed.

These challenges underscore the need for novel approaches to the design and operation
of computing systems. Approximate Computing emerges as a promising alternative,
aiming to balance performance, energy consumption, and accuracy, offering solutions that
address modern demands.

Approximate Computing intentionally modifies accuracy, defined as the deviation
between approximate and exact results, to design systems that are faster, energy-efficient,
and more compact. It capitalizes on the tolerance for minor inaccuracies in applications like
image and video processing, artificial intelligence, and data mining, as well as the inherent
imprecision of electronic sensors and the limits of human perception. At this point, it is also
important to clarify the concept of error as it is used in Approximate Computing. According
to [13], the term error is used to indicate that the output result is different from the accurate
result produced with conventional computing. Accuracy differs from precision [13], which
refers to the ability to distinguish between closely spaced discrete values. Precision is not
related to errors in Approximate Computing, but rather to quantization noise introduced
during the conversion of real values to digital representations.

In the past two decades, various terms have been used in the literature to describe
the Approximate Computing paradigm. Briefly, we could mention the terms Relaxed Pro-
gramming [14], Best-Effort Computing [15], Scalable Effort Design [16] and Approximate
Computing [17]. It should be noted that, according to [18], Approximate Computing and
Probabilistic/Stochastic Computing are distinct.

Regarding the term Approximate Computing, a number of definitions have been
formulated. According to [17], Approximate Computing exploits the gap between the
accuracy required by the applications/users and that provided by the computing system to
achieve diverse optimizations. In [19], the author claims that Approximate Computing is
based on

“the idea that we are hindering the efficiency of the computer systems by de-
manding too much accuracy from them”.

More recently, an alternative definition of the term has been proposed in [13]:

“Approximate Computing constitutes a radical paradigm shift in the development
of systems, circuits & programs, build on top of the error-resilient nature of
various application domains, and based on disciplined methods to intentionally
insert errors that will provide valuable resource gains in exchange for tunable
accuracy loss.”
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In this article, we also propose the following definition, emphasizing a more human-
centric perspective: Approximate Computing is a computing paradigm that mirrors the
human brain’s ability to perform imprecise calculations while maintaining functional
accuracy. In terms of efficiency, Approximate Computing leverages inexact hardware and
software to achieve significant gains in power, timing, and area, much like the brain’s
operation. Neurons, circuits, and neural codes in the brain are inherently optimized
to conserve space, materials, time, and energy [20]. Furthermore, the brain operates
through an internal “approximate number system” (ANS) [21], allowing it to process and
make decisions based on the representation and manipulation of non-symbolic numerical
quantities. Similarly, just as Approximate Computing relies on inexact data, primarily
from sensors, the brain processes information from the human sensory system, which has
limited capabilities, to perform computations and make decisions.

Approximate Computing Techniques

Over the past two decades, numerous approximate techniques have been introduced
in the literature and classified in various ways. In this work, we will adopt the categoriza-
tion proposed in [13], in which the approximate computing techniques are divided into
two primary groups: software approximation techniques and hardware approximation
techniques, each with several subcategories.

Software approximation techniques are divided into six sub-categories summarized
as follows: Selective Task Skipping, Approximate Memorization, Relaxed Synchroniza-
tion, Precision Scaling, Data Sampling, and Approximate Programming Languages. Soft-
ware approximation techniques share common features such as approximation libraries
and frameworks, compiler extensions, accuracy tuning tools, runtime systems, and
language annotations.

Hardware approximation techniques operate at the lower levels of the computational
stack, aiming to optimize circuit area, power consumption, and performance. These circuits
form the building blocks of accelerators, processors, and computing platforms. In the
literature, several libraries for approximate arithmetic circuits are available, including
ApproxAdderLib [22], SMApproxLib [23], and EvoApprox8b [24], the last of which is used
in [8] and in the present study.

The techniques are typically divided into three main categories: (1) Over-Clocking
(OC), (2) Voltage Over-Scaling (VOS), and (3) Circuit Functional Approximation (CFA).
In approximate hardware, two types of errors are identified: timing errors, which arise
from VOS and OC, and functional errors, which result from CFA.

This study employs the CFA approximation technique, which is briefly outlined here
for context. CFA is commonly applied to arithmetic circuits. The technique simplifies the
original circuit design by employing a number of different methods: modification of the
circuit’s truth table, use of an approximate version of the original hardware algorithm,
integration of inexact components as building blocks, or the application of approximate
circuit synthesis.

3. Wallace Tree Multiplier
The Wallace tree multiplier [2] was introduced in 1964 by Australian computer scientist

Chris Wallace. It is an efficient hardware design for binary multiplication. The process is
executed in three main steps: partial product generation, partial product grouping and
reduction, and final addition. The concept of Wallace tree multiplication is illustrated in
Figure 1. It generates partial products by multiplying each bit of the multiplier with each
bit of the multiplicand using the AND operation, resulting in N2 partial products for two
N-bit integer numbers. In order to simplify the computation, it uses Half Adders and Full
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Adders in stages, to systematically reduce the operands (partial products and/or Adder’s
sum and carry) to just two rows.

At each stage, the Wallace Multiplier groups the operands into sets of three. The three
rows are summed using Full Adders, while Half Adders are utilized when a column
contains only two operands. The sum and carry signals generated by the half and Full
Adders are forwarded to the next stage. If a single operand exists in a column, then it
passes to the next stage too. This process is repeated iteratively until all partial products
are summed. In the final stage, the resulting sum and carry from the last stage are added
together using a high-speed carry-propagate Adder.

3.1. Reduced Complexity Wallace Multiplier

The Reduced Complexity Wallace Multiplier is an enhanced version of the original
Wallace Multiplier, introduced by Waters and Swartzlander in 2010 [3]. Since Half Adders
do not decrease the number of operands functioning as two-to-two compressors, RCWM
reduces the use of Half Adders compared to the original multiplier. Instead, it slightly
increases the use of Full Adders to achieve more effective compression of operands. In the
modified design, the partial products are arranged in an inverted pyramid structure,
as shown in Figure 1B. However, unlike the Standard Wallace method, columns with only
two bits are not processed, but are instead carried forward to the next stage. Single bits are
also passed to the next stage, as in the standard Wallace reduction tree. Half Adders are
used selectively, only when necessary to ensure that the number of stages do not exceed
those of the original Wallace multiplier. Specifically, Waters and Swartzlander proposed
using Half Adders in a stage only if, in the previous stage, the number of rows (R) satisfies
the condition R mod 3 = 0.

Figure 1. (A) 8×8 Wallace tree multiplier, (B) 8×8 Reduced Complexity Multiplier.

To facilitate the writing of HDL code during the development of [7] and [8], we created
the RCWM in tabular form for 8-bit, 16-bit, and 32-bit numbers. The table includes the
multiplier, the multiplicand, and the partial products, as well as all the Full Adders and
Half Adders used. Following the algorithm, it illustrates the division into stages and the
grouping of operands into sets. To simplify its use, each stage, group, and column is
assigned a unique identifier which, in combination, serves as a code to indicate the Adder
operating at each point, along with the signals it processes and generates. These tables act
as wiring diagrams accompanying the VHDL code provided as part of this work [9].

3.2. Approximate Reduced-Complexity Wallace Multiplier

Building upon the RCWM, the Approximate Reduced Complexity Wallace Multiplier
introduces further modifications to the reduction tree. To do this, every Full Adder (FA)
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within the partial products reduction tree of the RCWM is treated as a slot with three inputs
and two outputs. Within a slot, any 3-to-2 combinational circuit can be placed to stand in
the place of a FA. In the ARCWM the slots initially occupied by conventional FAs in the
RCWM are replaced by Approximate Full Adders (AFAs). The Half Adders (HAs) of the
RCWM remain intact. To clarify this modification, an abstract representation of an 8×8-bit
ARCWM is depicted in Figure 2. For the positions of the Full Adders, slots in the reduction
tree are represented as squares numbered from 00 to 38, while the Half Adders are depicted
as triangles.

Figure 2. Abstract representation of an 8×8-bit ARCWM.

The state-of-the-art AFAs are developed by approximating the Sum and Carry outputs
of the exact Full Adder, which are defined as follows:

Sum = A ⊕ B ⊕ Cin (1)

Cout = A · B + B · Cin + A · Cin (2)

These approximations are applied to either the Sum, the Carry, or both outputs of
the exact Full Adder. We extend the AFAs introduced in [25] by incorporating three new
designs, resulting in a total of 28 distinct AFAs utilized in this study. Consistent with
the naming convention from [25], the acronym ‘AFA’ is the same as in this work, and is
followed by a number to index different versions. The new designs adopt this ‘AFA’ label,
followed by Roman numerals (I, II, III) to distinguish them.

Based on the output being approximated, the AFAs organized and presented in
Tables 1–3, according to this classification: those where the approximation is applied only
to the Sum (AFA2, 3, 4, 5, 6, 7, 16, 16, 24, 25, 26, and 27), those where it is applied only
to the Carry (AFA13, I, II, and III), and those where it is applied to both the Sum and the
Carry (AFA1, 8, 10, 11, 12, 15, 17, 19, 20, 21, 22, and 23). It should be noted that in this
work, three AFAs described in [25]—AFAs 9, 18, and 28—are not utilized, as they share
the same Sum and Carry with AFA6. Any of the 28 AFAs or the exact FA—meaning a total
of 29 options—can be used to fill a slot in the ARCWM, introducing approximation to the
multiplier. It is obvious that, in the case that an exact FA is utilized in every slot of the
ARCWM, the resulting multiplier is identical to the RCWM.
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Table 1. AFA’s with approximated Sum and Carry.

AFA Sum Carry

AFA1 Ā + B · C A

AFA8 Ā · B̄ · C + A · B · C
B + A · C

AFA10 Ā · B̄ + B̄ · C̄

AFA11 (Ā + B) · C A

AFA12 A A

AFA15 Ā · C̄ + B̄ · C̄ C + A · B

AFA17 Ā · C̄ + B̄ · C̄ + A · B · C Ā · C + B̄ · C + A · B · C̄

AFA19 Ā · B + A · B̄ + C A · B

AFA20 C̄ + A · B C + A · B

AFA21 A · C̄ + B · C̄ + A · B C

AFA22 B A

AFA23 C A · C̄ + B · C̄ + A · B

Table 2. AFA’s with approximated Carry.

AFA Sum Carry

AFA13

(A ⊕ B)⊕ C

C

AFAI (A ⊕ B)⊕ C

AFAII A

AFAIII B

Table 3. AFA’s with approximated Sum.

AFA Sum Carry

AFA2 Ā · (B + C) + B · C

A · B + B · C + A · C

AFA3 (Ā + B) · C

AFA4 Ā · B̄ + Ā · C̄ + B̄ · C̄ + A ·
B · C

AFA5 Ā + B · C

AFA6 Ā · B̄ + Ā · C̄ + B̄ · C̄

AFA7 Ā · B̄ + Ā · C̄ + B̄ · C̄ + Ā ·
B̄ · C

AFA14 C + Ā · B + A · B̄

AFA16 Ā · B̄ + Ā · C̄

AFA24 Ā · B̄ + A · B

AFA25 Ā · B̄ · C + A · B · C

AFA26 A + B + C

AFA27 A · B · C

4. ARCWM Evaluation
ARCWMs are digital circuits, thus they can be evaluated in terms of the physical size

required for the implementation of the multiplier (area), the time required for processing
input operands and generating the resulting output (delay), and the power consumption



Electronics 2025, 14, 333 8 of 24

of the circuit (power). Area allows the designer to judge whether an ARCWM can be
utilized in their design and then choose the quantity of ARCWMs to use based on their
circuit size constraints. Delay is useful when designing the different clock regions and
pipelining the design. Finally, power gives an indication of the power budget that the
multiplier will require when added to the final design. Additionally to the physical circuit
characteristics, calculated through synthesis, accuracy is also a helpful characteristic. Since
CFA is used, ARCWMs are expected to produce mathematical errors in their results and,
thus, accuracy is a measure of the expected produced errors. This section describes how
these characteristic values are calculated.

The characteristics of area, delay, and power are tied to the underlying process tech-
nology used during manufacturing. In order to measure these values, synthesis and
implementation is conducted for each ARCWM utilizing Cadence Genus. Genus elabo-
rates the VHDL code of the ARCWM, and then synthesizes, optimizes and implements a
physical circuit. This is performed based on the 180 nm GF180MCU open-source process
development kit provided by Google and GlobalFoundries [26]; specifically, we utilize the
seven-track Standard Cells library under operating conditions of 25 °C and 1.8 V. The choice
of this library was made for ease, and no other specific reason. Ideally, a designer using
the ARCWM method, when optimizing, will use the standard cell library on which their
circuit is to be manufactured.

Synthesis optimization is deterministic: for the same input circuit, the output physical
characteristics will always be the same. But, depending on the choice of constraints, the
circuit performance will vary widely. In our experiments, when leaving the circuit delay
unconstrained (i.e., no delay constraint), Genus produced results with large delay and
optimized power. When constraining the clock and setting synthesis effort to “low”, we
obtained results that displayed high power usage and were optimized only up to the given
clock (i.e., close to zero positive slack) with little deviation. When setting synthesis effort
to “high”, the resulting circuits were better optimized for power, and showed a bit more
deviation in clock slack. Finally, by constraining the clock to an unrealistically small value
(1 ns), the results had high deviation in delay, negative slack that can be subtracted from
the constraint to determine the actual delay, but high power usage. Area seemed to be
only affected by synthesis effort, but to a smaller degree than delay and power. Thus,
a designer using this methodology must ascertain and use the best constraints for their
application. For this study, a delay constraint slightly smaller than the RCWM was set,
and “high” synthesis effort was used, effectively sacrificing delay for better power usage.
An argument for making this choice is that RCWM is already optimized for delay, being a
tree multiplier and, as such, lower power consumption is more desirable. However, this
might not be the case in a specific application.

To calculate the accuracy of an ARCWM, the designer must provide inputs to the
circuit and observe the produced output. Thus, two sets can be obtained: a set of expected-
correct values E, and a second set P containing produced values by the approximate circuit.
These two sets have a 1 − 1 correspondence such that the i-th value Ei is the product of
two numbers and Pi is the produced product of the same two numbers from an ARCWM.
The Error Distance metric for that pair of numbers is the distance between them,

Errors = {|Ei − Pi| | ∀i ∈ input_vectors}. (3)

where input_vectors is a set of all input vector pairs. This way, the Errors set can be
calculated and studied to assess accuracy. Usually, it is useful to reduce the Errors set to a
single number, in order to signify accuracy intuitively. To this end, the simplest choice is
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the mean of the set: Mean Error Distance (MED), which is also known as Mean Absolute
Error (MAE),

MAE =
N

∑
i=1

|Ei − Pi|
N

. (4)

The designer could also use any of the error metrics mentioned in [18], such as
Hamming distance and Mean Squared Error, or develop their own method. In this study,
since the general case is presented, MAE is selected. In a specific application, the designer
should choose the error analysis method that best illustrates accuracy for that application.

The amount of values in the sets E and P is at maximum equal to the amount of all
possible input pairs of an ARCWM. Since an ARCWM is a binary multiplier, the amount of
all possible input pairs is dependent on the input bits of the circuit. For an N×N multiplier,
the input bits are 2N, which results in 22N possible combinations of input number pairs.
Noting that an ARCWM does not abide by the commutative property of multiplication,
swapping the order of input operands might produce a different output. As such, the sets
E and P for an N×N ARCWM have, at most, 22N expected/produced values. This number
increases exponentially with the amount of input bits, and is a big consideration during the
validation of such circuits, because the exponential increase in input combinations circuits
require longer times to fully validate.

In the case of accuracy, there is no need to fully validate the ARCWMs, because they
will have errors in the output regardless. To shorten accuracy calculation times, a subset of
the Errors set can be used. Furthermore, the use of a subset can help the designer guide the
ARCWM to be more accurate on input cases that are more common for their application.
Considering that an ARCWM will be used for a specific error tolerant application, it might
be possible to analyze that application and isolate cases of input pairs that appear more
commonly, in order to use those values to obtain the E and P sets. As we will show in
Section 5, this choice can help the ARCWMs to become optimized for this application.

For ARCWMs, in order to minimize the accuracy calculation times, alongside using
a subset of at most 107 uniformly distributed random input pairs, a functional simula-
tion is used instead of a behavioral simulation. After validation of the behavior of the
Exact RCWM, since all ARCWMs are based on that, it can be assumed that they are be-
haviorally valid. Consequently, the only aspect of ARCWMs that needs to be simulated
is what output they produce for any given input pair. To achieve this, a compiled C++
program is used, where the designer passes as input the architecture of an ARCWM and a
binary file containing all of the test number pairs and the program calculates the MAE for
that ARCWM.

Using the setup described in this section, Cadence Genus for synthesis, and C++
for functional simulation, the characteristics of accuracy, area, delay, and power can be
calculated. With multiprocessing, multiple ARCWMs can be evaluated by running their
Genus and C++ processes in parallel. With this approach, three ARCWMs were evaluated
in parallel, due to software license constraints. Table 4 shows the total time required for a
full evaluation of an ARCWM for all input widths, achieved on a consumer-grade Intel
Core i7-2600 four-core processor and 16 GB of RAM. The C++ code, alongside the VHDL
code mentioned earlier in this section is available at [9].

Table 4. Average seconds per one full evaluation of 8×8, 16×16 and 32×32 ARCWMS.

8×8 16×16 32×32

seconds/evaluation 7.97 17.75 60.17



Electronics 2025, 14, 333 10 of 24

5. ARCWM Optimization
The ARCWM approach for approximate multipliers consists of multipliers with multi-

ple AFA slots. Each slot can be filled in with one of 29 potential AFA options, as presented
in Section 3.2 and in Tables 1–3. Thus, an ARCWM can be represented as an K-dimensional
vector, where K is the quantity of AFA slots within the multiplier, and all elements in
the vector are integers from 0 to 28. This results in a search space for potential ARCWM
configurations that expands exponentially and is equal to 29K. For 8×8 multipliers, the
search space consists of 2939 possible ARCWMs; this amount is of order of magnitude 1057.
Even if one 8×8 ARCWM could be evaluated per nanosecond, a brute-force approach to
find the best would require an amount of years in the order of magnitude 1040. For 16×16
ARCWMs, the search space consists of 29201 possible Approximate Multipliers, and for
32×32, it consists of 29907. For any ARCWM with multiplication width bigger or equal to
8 bits, exhaustive evaluation of the search space is infeasible, even under the best assump-
tion of one ARCWM evaluation per nanosecond, which is also not practically feasible, as
seen in Table 4.

5.1. Genetic Algorithms

Due to the expansiveness of the search space, there is a need for a more systematic
search approach that can blindly navigate the search space and converge on performant
ARCWMs. GA [4,5] emerges as a compelling solution for handling discrete problems of
this nature. A GA works in the following manner:

1. Generate an initial Population of random Individuals.
2. If the stopping condition has been reached, finish.
3. Select some Individuals from the Population to combine.
4. Combine some of the selected Individuals to produce Children, and add them to

the Population.
5. Mutate some of the Individuals in the Population randomly.
6. Choose the top Individuals from the Population to keep, and remove the rest.
7. Repeat from step 2.

A GA works with a Population, which is an array of Individuals, each of which is a
solution to the problem at hand. In the case of ARCWMs, an Individual is a configuration
of the AFA slots of the corresponding ARCWM, which is one of the 29N possible vectors
mentioned in Section 4. Initially (step 1), the Population consists of random solutions,
and the algorithm iteratively updates these solutions to make them better. Using random
variables will guarantee that the initial Individuals are uniformly scattered across the search
space. This uniform distribution of points is a requirement for good quality of solutions [4],
since areas that are not accessed initially might end up being inaccessible later. An iteration
in GAs is also known as a generation. In step 2, the algorithm enters a loop from which it
exits only if the stopping condition has been met. Typically, there are three conditions that
could be used, which are one or a combination of the following [4]:

• The Individuals have achieved convergence. This means that the Population of a
generation is not sufficiently different from the Population of the previous generation.

• A solution of acceptable quality has been found.
• Computation has exceeded the allotted time.

When the loop starts, the algorithm needs to select some Individuals; to achieve that,
an evaluation method is required such that there is a distinction of the quality between
Individuals. To evaluate the quality of a given Individual, the GA uses a Fitness Function
(FF), which takes as input the vector that represents that Individual and has as an output a
numerical value denoting how good this Individual is. For ARCWMs, there exist multiple
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FFs, which were discussed in Section 4: accuracy, area, delay, and power. Since a typical
GA requires that there is a single FF, a weighted average of the four FFs could be used.
GA’s thus perform optimization by finding the Individuals that produce the best outputs
when given as input to the FF.

In step 3, the GA selects some of the Individuals in the Population to use them as
combination parents; the better the fitness score of the Individual, the more likely it is
to be selected. This is performed with a selection operator, which takes as input the
Population and produces as output a subset of the Population containing the selected
Individuals. An Individual might be selected more than once in this process, in which case
both occurrences are counted. The simplest selection operator selects the best Individuals
and uses them as the Population for the next generation. In practice, this method is not
used, since it could lead the algorithm to become stuck in a local optimum area if all of the
best Individuals are located there. To alleviate this, randomness needs to be introduced,
such that we are choosing randomly, but the best Individuals have a higher chance of being
selected. The most common selection operators are the Tournament Selector and Roulette
Selector [4] (Figure 3).

Figure 3. Example of roulette selection: four Individuals are placed on the roulette. Their area
corresponds to their score. Four random numbers, r1–r4, are chosen. Individual 1 is selected once,
since r1 landed on its region; Individual 2 is selected twice by r2 and r4, and Individual 4 is selected
once by r3.

The selected Individuals are combined in step 4 to produce new Individuals, which
are added to the Population. Combination is a function that takes two Individuals as input
and produces two new Individuals as output. To illustrate combination in an intuitive way,
the input Individuals need to be considered as vectors, the element values or “genes” of
which are combined into the genes of the output Individuals. Combination aims to take the
best genes for each element from the two Parents and pass them on to at least one of the
Children, producing an Individual with a higher score than the two parents (Figure 4). In
the literature, it is common practice to convert values of each gene into binary numbers
and apply the process above, not at each element index, but at each bit index instead; this
is called Binary Combination [4]. Manipulations in binary form allow for genes to be sliced,
and give the Children combined genes instead of passing them on intact.

Figure 4. Numerical combination: In this example, the mask vector is (1,0,0,1,1,0,1,0), as shown by
the light gray arrows. The first Child has the values of Parent A at the indexes where the mask has a 1
and the values of Parent B where the mask has a 0. Child 2 is the complementary of this process.

Additionally the GA, in step 5, randomly mutates some of the Individuals of the
Population, which alters some part of their solution. Usually, as with Combination, the
genes are converted into binary, and one or more of the gene’s bits are flipped [4]. Mutation
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allows the GA to escape from local optima produced by the same Individuals being
repetitively selected. The newly added and mutated Individuals need to be evaluated so
that each Individual in the Population has its fitness score. These new Individuals are
how the GA navigates the search space, with the premise that if two Individuals are good
solutions to the problem, their combination of solutions might produce an even better
solution. Finally, in step 6, to keep the Population size constant, the Individuals with the
lowest fitness scores are discarded. The above procedure is a generation of the GA, and
it is repeated until a stopping criterion is met, which is usually a limit on the generation
number or if an acceptably good value of fitness score is met by an Individual, making it
the best solution.

Occasionally a GA’s search space can be reduced by using variable constraints. This
allows the GA to ignore Individuals that are not candidates for quality solutions. For this
work, such constraints could take the form of not allowing a slot to be filled with an AFA,
forcing it to be filled with an FA, or not utilizing a specific AFA, thus restricting part of
the search space. If a designer chooses so, they can easily implement such constraints into
this methodology. In this paper, no constraints were implemented for the values that can
be assigned to the individual variables. This is because there is no clear way to find such
constraints. This means that, for the general case, any Individual in the search space is a
valid candidate to be a high quality ARCWM.

5.2. NSGA-II

As mentioned above, for the ARCWMs, there are multiple FFs to optimize. In order
to be able to apply the GA approach with multiple objectives, the NSGA-II method [6]
is chosen. NSGA-II operates on the same basis that GAs do, but it employs a different
approach on sorting the Individuals within the Population based on their fitness. In a
standard GA, it can be argued that an Individual is more fit than another if its Fitness Score
is better. For NSGA-II, an Individual is more fit than another if it dominates the other.
An Individual is considered to dominate another Individual if it is better than it in at least
one objective, and is better than or equal at every other objective,

∃o ∈ O : A.o ≻ B.o (5)

∀o ∈ O : A.o ⪰ B.o (6)

where A and B are Individuals, o is an objective from the set of all objectives O, A.o
represents the value of objective o for Individual A, and ≻ and ⪰ denote that the left hand
value is “better than” and “better than or equal to” the right hand value.

NSGA-II uses this notion of dominance in order to sort the Individuals in the Popula-
tion into ranks of “non-dominance”: all Individuals that are not dominated by any other
Individual are given a rank of zero, all Individuals that are dominated by exactly one other
Individual are given a rank of one, etc. All Individuals within a rank are considered equal
by the algorithm. During each generation of the algorithm, the non-dominated sorting
method is used in step 3 and 6, new Individuals are generated using the same Selection–
Crossover–Mutation methods used by GA. In this way, elitism is promoted despite the
multiple objectives.

After the doubling of the Population, in step 6, the non-dominated sorting takes place
and the best Individuals are kept to advance to the next Population. When this happens In-
dividuals within the highest non-dominance ranks are selected, while ones within the worst
ranks are discarded. When the Population is culled one of the middle non-dominance ranks
might be cut—i.e., the algorithm needs to keep only some of these Individuals and not the
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entire rank, see Figure 5. Thus, there needs to be a way to distinguish between Individuals
within the same non-dominance rank. NSGA-II achieves this using crowding distance.

Figure 5. NSGA-II culling procedure example: (A) the Population during generation t is doubled,
new Individuals are produced from the Population using Selection–Crossover–Mutation; (B) the total
Population is sorted into four ranks using non-dominated sorting; (C) rank 2 is sorted using Crowding
distance sorting; (D) only rank 1 and the top Individuals in rank 2 remain for the Population at the
beginning of generation t + 1.

Crowding distance is a metric of how crowded an Individual’s objective values are.
For each objective, all of the Individuals within the same rank are sorted by their value (or
score, in this objective). For one Individual, its crowding distance for that objective is equal
to the absolute normalized difference in the objective values of its two adjacent Individuals.
Normalization is achieved by dividing the absolute difference by the difference of the
maximum and minimum limits of this objective, which are specified as parameters of the
algorithm. Individuals at the boundaries of the objective value sorting (i.e., the very first
and last), which have only one adjacent Individual, are given an infinite crowding distance
for this objective. Once the crowding distance has been evaluated for every objective, each
Individual’s total crowding distance is the sum of its crowding distances for each objective.
Between two Individuals within the same rank, the one with the highest crowding distance
is considered better; this is performed to promote diversity in the solutions.

Using the methods of non-dominated sorting and crowding distance sorting, the
NSGA-II manages to operate on multiple objectives and, at the same time, it generates
solutions that are Pareto-optimal. For this work, the NSGA-II was used to optimize
approximate multipliers, built following the ARCWM model, for the FFs of accuracy,
area, delay, and power. The cases of 8×8, 16×16, and 32×32 ARCWMs were evolved for
100 generations each.

The flow of the entire methodology developed in Python can be seen in Figure 6.
The diagram is separated into two sections: NSGA-II and evaluation method. NSGA-II is
the main loop of the program, executed for 100 generations, which iteratively optimizes a
Population of 100 Individuals. It takes as input a random initial Population, and returns as
output the optimized Population. The evaluation method is used by NSGA-II every time
there are new non-evaluated Individuals. It takes as input an Individual, evaluates it, and
returns as output the FF values for it.

5.3. NSGA-II Parameters

Parameters for this work include a Population size of 100, alongside a Tournament
Selector with 20 selected Individuals and a Tournament size of 2. Each generation the
Population is doubled with the addition of 100 children, through one-point crossover and
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1-bit mutation to the selected Individuals. The mutation probability is 0.07, resulting in an
average of seven mutations per generation. The FFs used are

I.Accuracy = MAE(I) (7)

I.Area = AREA(I) (8)

I.Delay = CLK − SLACK(I) (9)

I.Power = POWER(I) · 1000 (10)

where I is an Individual, MAE(I) is the MAE (Equation (4)) as reported by the C++
functional simulation program mentioned in Section 4, AREA(I) is the circuit size require-
ment of I as reported by Genus, CLK is a delay constraint given per multiplication size,
SLACK(I) is the delay constraint slack of I as reported by Genus, and POWER is the circuit
power consumption of I as reported by Genus. Meta-optimization of the NSGA-II was not
studied in this work.

Figure 6. Flow of the ARCWM method. Big arrows denote input (purple arrow) and output (red
arrow). Yellow squares are the main Python code, red squares are external software, blue ovals are
input files, and green squares with rounded corners are intermediate products. Small arrows show
the flow of data, from intermediate products to code and vice versa.

A delay constraint orders Genus to optimize the circuit until it is able to function
properly with that delay as a clock period. When Genus finishes optimizing, it reports
a slack. Slack is the time that the delay constraint can be reduced while the circuit still
functions properly. If the slack is negative, that means that Genus failed to meet the
constraint, and the delay needs to be increased by the absolute amount of slack for the
circuit to function properly. CLK is set to the following values:

CLK =


14 ns 8 × 8ARCWM
26 ns 16 × 16ARCWM
33 ns 32 × 32ARCWM

(11)

Note that these are the values used for the manufacturing technology presented at
Section 4, a designer should set these values close to the delay that the RCWM has when
simulated with their manufacturing technology. Thus, I.Delay shows the minimum clock
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period that an ARCWM can operate on. Power is reported as W and is multiplied by 1000
to be converted to mW.

5.4. Computational Complexity Analysis

The NSGA-II algorithm’s complexity is mainly dependent on the Population size [6].
That is because the complexity of partial order sort is O(MN2), where M is the number of
FFs and N is the Population size. Since M = 4 and constant, partial order sort complexity
can be considered O(N2). In one iteration of the algorithm, the selection, combination,
and mutation methods are also executed. Selection is performed using the Tournament
Selector, and has a complexity of O(S · (S + S · log(S))), where S is the amount of selected
Individuals, essentially O(S2), but since S = 2 and constant, it can be considered O(1) with
regard to N. The combination’s complexity is O(C · K), where C is the amount of Children
produced and K is the amount of variables in an Individual; since N = K, the complexity
of combination is O(N · K). The complexity of mutation is also O(N · K) in the worst case
where every Individual mutates, but that is highly unlikely with a mutation probability of
0.07. Thus, the average complexity of mutation is O(N). Finally, culling the Population and
keeping the best N Individuals requires the crowding-distance assignment method, which
has a complexity of O(M · N · log(N)). All of the above procedures are run serially one after
another (see Figure 6) thus the total complexity of the NSGA-II algorithm is O(N2 + N · K).
K = 39 for 8×8 ARCWMs, but for 16×16 ARCWMs, K = 201, and for 32×32 ARCWMs,
K = 907; assuming that the designer wants to scale the Population size, the algorithm’s
complexity is dependent on N2 or N · K, based on the ARCWM’s multiplication size.

The complexities discussed for combination and mutation methods do not include the
complexity of evaluation of the FFs. After creating new Individuals with the combination
and mutation methods, these Individuals need to be evaluated. Evaluation requires running
the evaluation method (see Figure 6) for at most 2N new ARCWMs—N children and N
mutations—. The complexity of evaluation is dependent on the complexity of the MAE
calculation and the complexity of Genus Synthesis and Implementation. The complexity of
the MAE calculation for one ARCWM is O(T · K) where T is the amount of test input pairs
and K is the amount of variables in an Individual. T is limited to 107 to keep the run-time
of this calculation low, as discussed in Section 4. It is impossible to analyze the complexity
for Genus since it is a closed-source program so it is assigned a complexity of O(G(V)),
were V is the VHDL input of an ARCWM and G is some function of V. Thus, the total
complexity of the methodology, including the NSGA-II algorithm and evaluation of FF, is
O(N2 + N · K + N · (G(V) + T · K)).

During testing, it was observed that O(N · (G(V) + T · K)) > O(N2 + N · K). This
means that a designer can approximate the required run-time for completion of a generation
of the algorithm for their system by first calculating the evaluation times shown in Table 4,
and then multiplying them with the Population size. This generation time can then be
multiplied with the amount of generations to obtain an estimate of the total required
run-time. This estimate will be higher than the actual required time because in later
generations the Population includes repeat Individuals, thus the total amount of Individuals
for evaluation is slightly smaller than N.

6. Experimental Results
Using our NSGA-II-based methodology, the cases of 8×8, 16×16 and 32×32 ARCWMs

were optimized. The algorithm outputs a Pareto optimal set of solutions optimized for
accuracy, area, delay, and power. This output data are in JavaScript Object Notation (JSON)
format for each Individual in the set, and contains an integer vector denoting, where AFAs
fill each slot of the ARCWM, and the evaluated accuracy, area, delay, and power. In this
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section, we present a statistical analysis of these data (available at [9]) to demonstrate the
effectiveness of the methodology.

In Tables 5–7, the minimum and maximum reductions are shown as a percentage of
the RCWM, meaning that, in 8×8 ARCWMs, in the best case, the area is reduced by 66.3%
of the RCWM (i.e., the best 8×8 ARCWM’s area is equal to 33.7% of the 8×8 RCWM’s
area). As shown in these tables, area reduction is good for both the best and worst cases
in 16×16 and 32×32 ARCWMs; for 8×8 ARCWMs, the area reduction is good only for
the best case. Delay reduction is sub-par for 8×8 ARCWMs, and virtually non-existent
for the 16×16 and 32×32 cases. As explained in Section 4, this is due to the setting of
a clock constraint, upon which the synthesis optimization of ARCWMs stops. Power,
similarly to area, but slightly better overall, obtains an adequate reduction in 16×16 and
32×32 ARCWMs, reaching up to a 70% power reduction, with a smaller achievement in
8×8 ARCWMs.

These tables do not contain accuracy, as accuracy cannot be directly compared with the
RCWM. The RCWM has zero MAE and, thus, there cannot be a measure of how much more
inaccurate an approximate circuit is compared with its exact counterpart. Comparisons can
only be performed in between inaccurate circuits of the same type.

Table 5. Minimum–maximum reduction vs. RCWM, for 8×8 ARCWMs.

Area (%) Delay (%) Power (%)

Max Reduction 66.3 26.2 57.9

Min Reduction 34.5 19.4 33.8

Table 6. Minimum–maximum reduction vs. RCWM, for 16×16 ARCWMs.

Area (%) Delay (%) Power (%)

Max Reduction 65.9 1.4 70.7

Min Reduction 60.8 1.0 63.6

Table 7. Minimum–maximum reduction vs. RCWM, for 32×32 ARCWMs.

Area (%) Delay (%) Power (%)

Max Reduction 63.4 1.1 69.0

Min Reduction 58.0 1.0 6.1

For each case, the RCWM is evaluated, and then the produced ARCWM Pareto front is
compared with it. The statistics for the ARCWM Pareto fronts are displayed in Table 8 for
8×8 ARCWMs, Table 9 for 16×16 ARCWMs, and Table 10 for 32×32 ARCWMs. In these
tables, the mean, standard deviation, minimum, maximum, and RCWM values are given
for the characteristics of accuracy, area, delay, and power. These same results are visualized
in Figures 7–9 for 8×8, 16×16, and 32×32, respectively. Each figure contains three graphs,
and each graph plots accuracy (MAE) against area, delay, and power, one per graph. This
way, the relationship between accuracy and the physical characteristics of the ARCWMs
(blue crosses) in the Pareto front can be intuitively shown.

In these graphs, the curve formed by the data points displays the following behav-
ior: when accuracy becomes worse, the other physical characteristic becomes better. For
example, in the MAE–area (Figure 7A) graph it is anticipated that an 8×8 ARCWM with
smaller area is less accurate. Thus, it can be hypothesized that as ARCWMs begin in the
optimization process in random configuration, the curve of the Pareto front is at the top
right of the graph (high MAE and physical characteristics). As the ARCWMs become more



Electronics 2025, 14, 333 17 of 24

and more optimized through the generations, this curve is pushed towards zero (bottom
left corner). In the graphs, the optimal front for this physical characteristic is also shown
(red line). This line crosses the points of only the optimal ARCWMs for each physical
characteristic (i.e., as accuracy worsens, an ARCWM is part of the optimal front only if it
improves the physical characteristics). Finally, to show the improvement in the physical
characteristics compared with the RCWM, it is plotted as a star.

Table 8. Statistics for 8×8 ARCWMS.

(Samples = 88) Accuracy
(MAE) Area (µm2) Delay (ps) Power (mW)

mean 2782.113636 6625.861977 14,084.068182 0.306212

std 459.108542 1438.739196 224.158493 0.044477

min 2471.000000 5016.032000 13,909.000000 0.251661

max 5386.000000 9744.493000 15,197.000000 0.396161

norm 0.000000 14,872.480000 18,857.000000 0.598125

Table 9. Statistics for 16×16 ARCWMS.

(Samples = 95) Accuracy
(MAE) Area (µm2) Delay (ps) Power (mW)

mean 2.109085 ×108 19,577.995253 25,985.168421 0.424213

std 1.041313 × 108 578.191736 15.994449 0.021105

min 1.296941 × 108 18,286.016000 25,912.000000 0.380772

max 4.395964 × 108 21,003.674000 26,000.000000 0.474001

norm 0.000000 × 100 53,619.955000 26,273.000000 1.301030

Table 10. Statistics for 32×32 ARCWMS.

(Samples = 94) Accuracy (MAE) Area (µm2) Delay (ps) Power (mW)

mean 7.421317 × 1017 74,515.830543 32,997.042553 1.318739

std 1.812024 × 1017 3223.052175 3.185704 0.092922

min 5.894236 × 1017 70,101.517000 32,984.000000 1.175320

max 1.522444 × 1018 80,537.498000 33,000.000000 1.481320

norm 0.000000 × 100 191,715.597000 33,341.000000 3.793500

Figure 7. Plots of the relation of MAE with (A) area, (B) delay, and (C) power for 8×8 ARCWMS.
The RCWM’s characteristics are shown with a yellow star, its MAE is always zero. Blue crosses show
the top 88 ARCWMs, while the red line shows the Pareto front for each objective.
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Figure 8. Plots of the relation of MAE with (A) area, (B) delay, and (C) power for 16×16 ARCWMS.
The RCWM’s characteristics are shown with a yellow star, its MAE is always zero. Blue crosses show
the top 95 ARCWMs, while the red line shows the Pareto front for each objective.

Figure 9. Plots of the relation of MAE with (A) area, (B) delay, and (C) power for 32×32 ARCWMS.
The RCWM’s characteristics are shown with a yellow star, its MAE is always zero. Blue crosses show
the top 94 ARCWMs, while the red line shows the Pareto front for each objective.

ARCWM Scaling

As the amount of gates reported in Water’s and Swartzlander’s work [3] is increasing
exponentially for the different multiplication sizes of the exact RCWM, the same is true
for the resulting area after synthesis (Figure 10). Delay seems to scale logarithmically; this
is similar to how the stage amount scales logarithmically in [3]. The critical path of this
circuit can be found at the route one of the partial products will follow down the center of
the multiplier to one of the middle bits of the output. Consequently, the delay is correlated
with the amount of stages an ARCWM has and, thus, its multiplication size. Power scales
exponentially similarly with area. A designer could predict how an RCWM will scale based
on its multiplication size and the logarithmic and exponential curves fitted to the data from
synthesis and implementation of the 8×8, 16×16, and 32×32 provided in this work.

Figure 10. Scaling graphs for synthesized circuit characteristics: on the x-axis, the graph displays
multiplication size (8×8, 16×16 and 32×32) of the y-axis values for the corresponding physical
characteristic, (A) area, (B) delay, and (C) power, are shown. Also, the corresponding exponential or
logarithmic fitted curves are drawn using the Least Squares Method.
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7. Related Work
As noted in [13], the wide range of approximate multipliers available in the literature

can be classified based on the approximation techniques used. These techniques include

1. Truncation and rounding;
2. Approximate radix encodings;
3. The use of approximate compressors, and;
4. Logarithmic approximation.

In this work, the proposed method for creating an ARCWM relies on the utilization
of approximate compressors, specifically the use of approximate Full Adders (3-to-2 com-
pressors), developed via CFA by modifying the Adder’s truth table. As mentioned above,
the literature also provides some open-source libraries of approximate arithmetic circuits,
such as SMApproxLib [23] and EvoApprox8b [24].

SMApproxLib [23] makes use of the underlying structure of the Look Up Tables (LUTs)
and carry chains of modern FPGAs to develop a methodology for designing approximate
multipliers specifically optimized for FPGA-based systems. The authors propose a design
space exploration methodology for generating approximate multipliers of arbitrary data
sizes. For each N×N accurate multiplier, three approximate N×N multiplier designs are
offered, leveraging efficient utilization of LUTs and carry chains. To accelerate the execution
time of an N×N multiplier, the methodology suggests implementing it using four instances
of N/2 multipliers. Each N/2 multiplier can be generated either directly or recursively
from four instances of N/4 multipliers. Additionally, the approach introduces a novel
N-bit approximate Adder to reduce the overall execution time while supporting accurate
summation of partial products. We note that, in [23], there is no specific mention of an
optimization method for exploring the search space. From the results, we can assume that
a multi-objective method, likely NSGA-II, is used, but this statement can not be confirmed
from the text. The approximate mutipliers are provided in the dataset [27].

In [24], the automated design of approximate circuits with formal error guarantees is
discussed. The authors introduce EvoApprox8b, which is a comprehensive repository of
approximate Adders and multipliers, with the primary objective of establishing a standard-
ized framework for evaluating approximation techniques for these circuits. The circuits
were produced using the multi-objective genetic algorithm NSGA-II [6] with a Cartesian
Genetic Programming (CGP) [28] representation for the circuits. In [29], the authors of
EvoApprox8b use the CGP&NSGA-II method for 32×32 approximate multipliers. Addi-
tionally, they introduce a novel approach of computing the total Worst Case Absolute Error
(WCAE) for these multipliers. The WCAE denotes the maximum error achievable across all
possible outputs by an approximate multiplier. WCAE is used to streamline fitness function
computations, avoiding the need for further evaluation of a multiplier if the error fails to
surpass the current best. Our approximation methodology differs from the EvoApprox8b’s
CGP approach in this regard: while EvoApprox8b simplifies multipliers by modifying their
internal wiring and eliminating unused circuit components, our approach preserves the
structure of the reduced-complexity Wallace multiplier and substitutes FAs with AFAs.

In Table 11, we give a high level comparison of all three works on approximate
multiplier design using GAs. The comparison characteristics are the application platform
for which this method is tailored, the multiplication sizes that can be achieved with this
methodology, the type of model used, the search algorithm used, and a link to the dataset.
The type of model used means the basis on which the approximate multiplier is designed.
In our case, an RCWM was modified; for EvoApproxLib, CGP was used, which creates an
arbitrary circuit; and for SMApproxLib, the Wallace tree multiplier was built using LUTs as
the basic building blocks.
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Table 11. Comparison table for works related to ARCWM.

Methodology Application
Platform

Multiplication
Sizes Provided Model Search

Algorithm
Dataset/Tool Flow

Available at

ARCWM ASIC 8×8, 16×16,
32×32 RCWM [3] with AFAs NSGA-II [6] [9]

EvoApproxLib [24] ASIC 8×8, 16×16,
32×32 CGP [28] NSGA-II [6] [30]

SMApproxLib [23] FGPA Any size N×N
Wallace tree

multiplier [2] built
with LUTs

Unspecified [27]

8. Discussion
In their work on the EvoApprox8b library [24], Mrazek et al. point out the following

qualities that papers dealing with circuit approximation should show:

1. A corresponding software implementation of the approximation method should
be available.

2. An implementation of the original (exact) circuit should be available.
3. Results such as the quality of approximation and other parameters of approximate

circuits should be easily reproducible.
4. Implementations of the resulting approximate circuits should be available.
5. A variety of approximate versions created from the original circuit should be reported,

thus forming a densely occupied Pareto front.
6. It should be made clear if the given test vectors used to evaluate approximate circuits

are sufficient for obtaining a trustworthy error quantification.
7. The given approximation method should be compared against competitive approxi-

mation methods.

Mrazek et al. comment that papers on circuit approximation rarely follow these quali-
ties in their entirety. Qualities 1 and 3 are somewhat equivalent, because reproducibility
should be possible without making it necessary for a designer to have to rewrite the soft-
ware used to produce the multipliers. Of course, reproducibility is a requirement for a
high-quality work. Quality no. 5 is understandable, as a dense Pareto front reveals the
quality of the optimization and generally the more the data under discussion the better.

In our prior work on 32×32 ARCWMs [8], we compare our 32×32 ARCWMs with
32×32 approximate multipliers from the EvoApprox8b library. We note that, at some time
between the release of that paper and the writing of this work, the data and source files
used were made private by Mrazek et al., and thus are no longer available for download.
This means that, as of the writing of this paper, there are no available data within the
EvoApprox8b library for comparison of 32×32 approximate multipliers that we are aware
of. The most updated version of the EvoApproxLib website [30] contains only data on
8×8 and 16×16 approximate unsigned multipliers and other circuits that are unrelated
to this work. When comparing with 32×32 EvoApprox8b multipliers, they needed to
be synthesized and implemented for the manufacturing technology we utilized in our
evaluation methodology. Instead of synthesizing the multipliers, Mrazek et al. used an
estimate for area, delay, and power consumption [31]. There is no easy way to directly
translate the available data on the physical characteristics of the EvoApprox8b multipliers
produced by one evaluation methodology to another. Thus, it is necessary when making
a comparison that circuits from all sources are synthesized using the same methodology
and raw results are of no use in this effort. This highlights why qualities 2 and 4 described
above are required.
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Furthermore, on the topic of comparison, and quality no. 6 and 7, we would like
to bring forth the argument of application specificity in the discussion of approximate
circuits. As mentioned numerous times throughout this work, optimization of approximate
multipliers can be performed utilizing knowledge of the application that these are going
to be used in, and this extends to most types of approximate circuits. By knowing the
characteristics of the application, the designer can tune the parameters of the optimization
algorithm such that they obtain results that are more performant for that case. We show that
in the comparison we perform for 32×32 ARCWMs [8], the MAE for our ARCWM is better
because the NSGA-II algorithm optimized them with this objective, while EvoApprox8b
multipliers were optimized using Mean Relative Error (MRE).

When researching a method such as ARCWM or CGP, we are limited to attempting
to evaluate the general case, agnostic to a specific application’s requirements. While a
comparison against competitive methods might sound like a reasonable course of action
for a research work on approximation methods, we need to note that this comparison is
performed for the general case. We believe that providing the designers with as many
tools and insights into a method is much more valuable in their endeavor of choosing an
approximation method for their application than a raw general comparison.

Furthermore, more equal grounds for comparison need to be established to facilitate
fair comparison of the general case. That is a convention on a set of test vectors, for cases
where fully evaluating with all possible inputs is impractical, a convention on the synthesis
methodology and technology and, perhaps, a convention on some test applications to
be used for testing the accuracy performance of the approximate circuits in simulation.
Development of an evaluation pipeline, using open source tools and technology libraries,
could greatly help researchers with evaluation and comparison of their approximation
methods. For the time being, as such a convention does not exist, we want to emphasize
that knowledge of the details of the evaluation methodology, as well as the source code by
which it was achieved, is just as important for comparisons as the source code of the circuits.

To the best of our knowledge, as of the writing of this paper, EvoApproxLib [30] and
SMApproxLib [27] are the only openly available datasets that offer Register-Transfer Level
(RTL) code for approximate multipliers. SMApproxLib is designed for FPGAs and, as
such, it would not be a good practice to compare it with ASIC based approaches. As area,
delay, and power are related to LUT usage within FPGAs rather than physical cells, the
optimization goals are vastly different when an FPGA is used. For EvoApproxLib, only
about 30 8×8 and 16×16 multipliers are available; no 32×32 multipliers are available.
As we mentioned before, the RTL code is necessary in order to have the EvoApproxLib
multipliers synthesized with our own synthesis methodology. The C files are also available,
which allow for the calculation of the MAE for the EvoApproxLib multipliers. Since the
set of test vectors used to calculate MAE for EvoApproxLib might differ from the ones we
used for ARCWMs, and we only have the latter set and have optimized for it, we will not
be comparing accuracy. We can still compare area, delay, and power, as seen in Figure 11.

Figure 11 allows for comparison of the multipliers from both studies with the RCWM,
as it can be seen in terms of area all multipliers from both studies have a reduction better
than 50%. For delay and power, some EvoApproxLib multipliers perform worse than the
RCWM, whereas ARCWMs are guaranteed to perform at least equal to the RCWM; the
equal case happens in delay which is explained in Section 6. Comparing ARCWMs with
EvoApproxLib multipliers, we can see that some EvoApproxLib multipliers have better
area, which is expected, since CGP has the ability to remove big chunks of the circuit, while
ARCWMs replace FAs with AFAs, removing less at once. However, ARCWMs perform
better in delay and power in most cases.
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The results of this comparison could be misleading. That is because, first of all,
the dataset for EvoApproxLib is too small (about 30, as of writing of this paper). Secondly,
the optimization goals and evaluation methodology are different for ARCWMs and EvoAp-
proxLib multipliers, but the only ones available to us are ours. With just these results as
guide, it seems that this set of EvoApproxLib multipliers is more biased towards opti-
mizing area than delay and power and, thus, might not be the best representatives of the
EvoApproxLib 16×16 Pareto front. These might not be the data intended for comparison,
but they are the only data available at this time.

Figure 11. Bar plots of the (A) area, (B) delay, and (C) power comparisons between 16×16 EvoAp-
proxLib and ARCWMs. The RCWM’s characteristics are shown with a green bar. Blue bars show the
ARCWMs, while the orange bars show the EvoApproxLib multipliers. The bars, except the RCWM
bar, have been sorted by decreasing value (worst to best).

9. Conclusions
In this work, we developed the Approximate Reduced Complexity Wallace Multiplier

by incorporating approximate Adders into the partial product reduction tree of the Reduced
Complexity Wallace Multiplier. This approach was systematically optimized using the
Non-Dominated Sorting Genetic Algorithm-II, enabling the simultaneous optimization of
key design characteristics: accuracy, area, delay, and power consumption.

Using our methodology, the 8×8, 16×16, and 32×32 ARCWMs were optimized.
The results demonstrate significant area and power reductions, particularly for the 16×16
and 32×32 ARCWMs, with area reductions reaching 66.3% of the RCWM in the best
case for 8×8 ARCWMs. Delay reduction is minimal by design, due to the utilization of
clock constraints during synthesis optimization. Nonetheless, power reduction reached
up to 70% in 32×32 ARCWMs, showing promising trade-offs between accuracy and
physical characteristics.

When comparing ARCWMs with approximate multipliers, such as those from the
EvoApproxLib library, limitations arise due to differences in evaluation methodologies.
This highlights the importance of standardizing evaluation pipelines, including synthe-
sis methodologies, test vectors, and simulation frameworks, to ensure fair comparisons
between approximation methods for the general case, whereas when an approximate
arithmetic circuit is designed for a specific application, its comparison becomes difficult
to determine. We argue that providing designers with comprehensive tools, insights,
and open-source resources for ARCWM optimization is more valuable than raw general
comparisons. To this end, we have released the VHDL code and associated withols as open-
source resources [9], enabling researchers and designers to explore, evaluate, and adopt
the ARCWM methodology for their specific needs. The ARCWM architecture offers a
highly customizable and efficient solution for approximate multipliers, balancing trade-offs
between accuracy and physical characteristics. Future work will explore ARCWM imple-
mentations in application-specific domains such as machine learning accelerators and signal
processing systems, where approximate computing demonstrates significant potential.
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CGP Cartesian Genetic Programming
FA Full Adder
FF Fitness Function
FPGA Field-Programmable Gate Arrays
GA Genetic Algorithm
HA Half Adder
JSON JavaScript Object Notation
LUT Look Up Table
MAE Mean Absolute Error
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MRE Mean Relative Error
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NSGA-II Non-Dominated Multi-Objective Genetic Algorithm-II
RCWM Reduced Complexity Wallace Multiplier
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VHSIC Very High Speed Integrated Circuit
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