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Abstract

During operation, the voltage and current waveforms output by pulse width modelation
(PWM) inverters often contain high-frequency ripples. Compared to the average model,
the generalized average model (GAM) can take into account the effects of high-frequency
components and harmonics, further improving the accuracy of the model calculations.
However, as the order of GAM increases, the construction of its mathematical model
becomes increasingly complex and may lose the original harmonic characteristics of the
system. To facilitate the analysis of the influence of the order of the generalized average
model on the harmonic characteristics of its original system, a GAM of the PWM inverter
was constructed using the Modelica language based on the mapping rules from the time-
domain state-space model to the multi-frequency-domain GAM. Subsequently, based on
the spectral distribution of the external control signal, a configuration strategy for the
characteristic harmonic frequencies of the GAM was proposed. Simulation experiments
were conducted separately for one-phase and three-phase inverters. The results indicate
that the proposed configuration strategy for the characteristic harmonic frequencies of GAM
not only preserves the harmonic characteristics of the original system but also improves
the computational efficiency of the system model.

Keywords: PWM inverter; GAM; mathematical model; harmonic frequencies; Modelica

1. Introduction

Pulse width modelation (PWM) inverters are the core of power conversion, enabling
precise control of voltage or frequency from DC to AC. Their dynamic characteristics
directly determine the performance of the system under load changes or grid fluctuations
and are key to reliable operation [1,2].

PWM inverters are used in renewable energy grid connection [3-5], motor drives [6-8],
and other fields [9,10]. In these applications, it is often necessary to analyze the dynamic
characteristics of the inverter using simulation models. Although detailed models [11]
can accurately reflect the switching actions of inverters and offer high precision, the high-
frequency PWM signals limit the simulation step size, resulting in poor simulation efficiency.
When the system requires a long simulation time and involves batch simulations of invert-
ers with a large number of different parameters, many issues arise [12,13]. Additionally,
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detailed models lack steady-state equilibrium points, which is disadvantageous for con-
troller design.

State-space averaging (SSA) models avoid the negative impact of high-frequency PWM
on simulation time by taking periodic averages of state variables, allowing for larger time
steps during model solution and significantly improving simulation efficiency. Vorperian
introduced the canonical modeling approach and state-space averaging technique for PWM
converters [14], which has since been widely adopted. Basso provided a comprehensive
treatment of average modeling and its applications to practical converter designs [15].
Ben-Yaakov contributed to the development of sampled-data and average models for
switched-mode converters [16], while Gorecki and co-workers proposed average models
for semiconductor devices in power electronic circuits [17]. As a result, SSA is widely
used in power electronics modeling. Literature [18] used a simulation model to study the
power losses in DC-AC converters, while literature [19] validated a feedback controller
designed for large-scale grid-connected converters using a simulation model. To overcome
the limitations of detailed models, SSA models are widely applied in modeling various
types of converters [20-22]. However, the coupling of switching ripple causes shifts of
low-frequency state variables [23], and switching ripple can lead to resonance amplification
in the LCL filter of grid-connected inverters. Additionally, SSA models do not account for
the effects of PWM [24], failing to reflect the harmonic characteristics of the original PWM
inverter, which is highly detrimental to analyzing system harmonic interference.

To study a modeling method capable of characterizing the inherent harmonic character-
istics of PWM inverters, some researchers proposed the generalized state-space averaging
method (GSSA) based on the Fourier transform [25]. This method accounts for the influ-
ence of high-frequency components and harmonics in state variables and approximates
the actual state variable changes using the Fourier steps of state variables. Currently,
this method is widely applied in DC-DC converter modeling [26-29]. Additionally, some
scholars have applied the GSSA method to inverter modeling [30], although while this
method achieves harmonic modeling of PWM inverters, it does not delve into the frequency
configuration scheme of the generalized average model (GAM) for PWM inverters. Other
scholars have combined the advantages of the segmented method and the GSSA method to
propose a segmented generalized state-space averaging method suitable for variable-scale
simulation [31]. Although this method achieves the Fourier adaptive expansion of the
GSSA model, the calculation of higher-order Fourier terms of state variables is relatively
cumbersome, and its simulation efficiency has not been significantly improved compared
to the detailed model.

To this end, this paper investigates generalized average modeling and characteristic
harmonic frequency configuration strategy for the PWM inverter. In this study, a GAM
of PWM inverters is implemented using the Modelica language. Compared with MAT-
LAB/Simulink modeling, Modelica provides an equation-based, object-oriented modeling
paradigm that is particularly suitable for multi-domain systems. Instead of signal-flow
modeling, Modelica adopts an acausal approach, which allows flexible definition of phys-
ical relationships and facilitates the integration of electrical, mechanical, and thermal
components within a unified framework.

While MATLAB/Simulink remains a widely used tool for control design and rapid
prototyping, its block-diagram modeling style is less convenient for handling large-scale
multi-frequency models and batch simulations. By contrast, Modelica offers open-source
libraries and strong extensibility, which enable the development of reusable model compo-
nents and efficient simulation of different PWM inverter GAM configurations. Therefore,
Modelica was selected as the modeling platform in this work to better support the construc-
tion and verification of the proposed GAM library.
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Section 2 provides a comprehensive overview of the generalized averaging process
for PWM inverters, establishing mapping rules for transforming the time-domain state-
space model of a PWM inverter into a multi-frequency-domain generalized average model
(GAM). Based on these mapping rules, Section 3 implements the generalized averaging
modeling using the Modelica language, ultimately forming a generalized average model
library; Section 4 proposes a generalized averaging model characteristic harmonic frequency
configuration strategy based on the spectral characteristics of the external signals of the
PWM inverter. Section 5 conducts simulation experiments on one-phase and three-phase
inverters using the constructed model library and the proposed frequency configuration
strategy. Section 6 summarizes the conclusions of this paper.

2. Generalized Average Modeling of PWM Inverters
2.1. Generalized Average Theory

The generalized average model (GAM) is based on a Fourier series representation of
state variable waveforms. Therefore, the state variable x () can be represented as

()= T w(t)- ok &
k=—c0

In Equation (1), w is the fundamental angular frequency; x; is the coefficient of the
order component, which is mathematically defined as

Ts
xk(t):Tls [ x()-eieran @)
t—Ts

In Equation (2), Ty = 2Z is the switching period, which is further referred to as the
kth-order sliding average. The coefficients of the kth-order components are obtained from
the sliding average operation and are denoted as xy(t) = (x). ().

Two basic properties can be derived from Equations (1) and (2):

Theorem 1. The derivative with respect to the sliding average, denoted as

d dx .

G000 = () (0 =ikeota)e(t ®)
Theorem 2. Related to the product of variables, denoted as

(- ye(t) = 3o (e () - () (B) (4)
1
The modeling of the GAM is developed based on Equations (3) and (4). It should be
noted that Equation (3) is valid only when the angular frequency varies slowly [32].

2.2. Complete Process of Generalized Averaging for PWM Inverters

Below, we derive the complete process of generalized averaging for a PWM inverter,
i.e., first determine the time-domain state-space model of the PWM inverter, and then
establish its generalized average model through specific mapping rules.

The Fourier expansion of the instantaneous value x(t) of the time domain state variable
for a PWM inverter can be expressed as

x(t) = xo(t) + i X, (t) cos(nwt) + xp, sin(nwt) (5)
n=1
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In Equation (5), x4, X, (n=1,2,...) represent the coefficients of the cosine and sine
terms, respectively, of the Fourier series of the state variable x(t), and w is the natural
frequency of the system. For a PWM inverter system, the natural frequency depends on
the carrier signal frequency, the modulation wave signal frequency, and the corresponding
sideband frequencies.

In the time domain, although the waveforms of the state variables x(t) change with
time, when the system is in a steady state, the coefficients x,,, x4, (17 = 1,2,...) of its Fourier
series expansion are constant. Assuming that the waveform of the state variable x(t)
can be approximated by the first N-order Fourier series expansion (unselected harmonic
components can be ignored), the state variable x(t) can be represented by a 2N + 1-length
vector consisting of the cosine and sine coefficients of each order of the Fourier series:

T
X = { X0 Xay Xg, oo Xay Xpy } (6)
The state variable x(t) can be estimated as follows:
x(t) = C(t)x (7)

In Equation (7):

cos(Nwt)
| sin(Nwt) |

Equation (7) gives the mapping rule between the time domain state variable x(¢) and
the GAM state vector x.
By taking the derivative of both sides of Equation (7) simultaneously, we obtain

dx dC(¥)

d

)

In Equation (9), % can be calculated as follows:

- 1T
0
—w sin(wt)
dc(t) w cos(wt) B
— = E = —C(HQ (10)
—Nw sin(Nwt)
| Nwcos(Nwt) |

In Equation (10), Qis a (2N + 1) x (2N + 1) sparse matrix:

0 0 O 0 0
0 0 —w 0 0
0 w O 0 0
Q= . (11)
: 0 0
0 0 O 0 —Nw
0 0 O Nw 0
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Furthermore, Equation (9) can be written as
dx(t) dx
~C(t)| —Ox+ — 12
! <>< Xt dt) 12)

Equation (12) provides the mapping rule between the time-domain state variable
derivative d’é—(tt) and the GAM state vector derivative %. It should be noted that Equation (3)
describes the fundamental property of the derivative under the sliding average: in addition
to the time-domain derivative term, an extra frequency-coupling term —jkw (x),(f) appears
for the k-th order component. This property can be extended to the vector form in the
GAM framework, which leads to Equation (12). In this equation, x collects all harmonic
components from order —N to N, while the frequency coupling matrix () systematically
represents the frequency coupling among these components in a sparse form.

The Fourier expansion of the switching function g(t) for a PWM inverter can be
expressed as -

q(t) =qo0+ Z Ju, cos(nwt) + g, sin(nwt) (13)
n=1

In Equation (13), qa,,qp,(n = 1,2,...) represent the cosine and sine coefficients of
the Fourier series of the switching function g(t), respectively. Similar to Equation (6), the
switching function g(t) can also be represented by a 2N + 1-length vector consisting of the
cosine and sine coefficients of the Fourier series:

T
q:{qo Goy qgy, -+ fay %N} (14)

The switch function g(t) can be approximated as

q(t) = C(t)q (15)

Equation (15) gives the mapping rule between the time-domain switching function
q(t) and the GAM switching function q. For PWM inverters, the switching function ¢(t)
is generally generated by comparing the modulation signal v, (¢) and the carrier vc(t), as
shown in Figure 1. The mathematical expression is

1 x>0
q(t) = sgn(vm(t) — ve(t)) sgn(x) = L or-0 (16)

VmVe

1 [

koo, Tkt T

s

Figure 1. Schematic diagram of the switching function in the k-th switching cycle.

For PWM inverters, changing the amplitude of vy (t) changes the AC power, and
changing the phase of v, (t) adjusts the balance between AC active and reactive power.
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Assuming that the modulation signal vy, () is a sinusoidal waveform without higher
harmonics, it can be expressed as follows:

Om(t) = My, cos(wmt) + mp, | sin(wmt) (17)

In Equation (17), Mgy, Mp,, are the coefficients of the cosine and sine terms of the
Fourier series of the modulation signal v (t). Consider an isosceles triangular carrier
signal, as shown in Figure 2.

A ve( ,) Vull)

0

t

Figure 2. Control signal diagram of PWM inverter.

Assuming fm < fsw, the modulation wave signal changes very slowly compared
to the carrier signal; according to the relevant theory of sine PWM modulation [33], the
Fourier series terms of the switching function g(t) can be expressed as

q(t) = qo,0 + qag, cOS(wmt) + gg,, sin(wmt)
+ Z Z qar,s COS(T’CL)SW[’ + Swmt)

r=1s=—o (18)
+YX L 4gp, sin(rwswt + swmt)
r=1s=—co
In Equation (18):
qdoo = %
Jugr = %mlxm
9Bo1 = 2By
Qars = rzn Sin( 7r(r2+s) )]s (yr) cos(r¢sw + 5¢m) (19)

g, = — % sin( n(r2+s) ) Js(yr) sin(r¢psw + SPm)

— I [2 2
Yr = 2 m’XO,l + m,Bo,l

(Pm = arg(mlxo,l - jmﬁorl)

In Equation (19), Js(x) is the first-class Bessel function of order s, ¢ is the phase of
the modulated wave signal, and ¢ is the phase of the carrier signal.

Equation (19) gives the coefficients of the GAM switching function q of the
PWM inverter.



Electronics 2025, 14, 3685 7 of 20

For input variables u containing only upc components u(t), the product term of the
switching function and the input variable can be expressed as

q(t)u(t) = C(t)(qupc) (20)

In Equation (20):

T
a=1[4q 49u 498 - Gay 9By ] (21)

If the input variable u(t) also contains other higher-order harmonic terms, then the
algebraic relationship between the time domain and GAM can be derived by analogy with
the derivation method for the product terms of state variables and switching functions:

q(t)u(t) = C(£)(Qu) (22)

T
In Equation (22), u = [“DC Uyy Ug, .. Uny ”ﬁw} .
At this point, the complete process of generalized averaging can be summarized as
the five mapping rules shown in Table 1.

Table 1. Mapping rules for time domain state-space models on multi-frequency domain GAM.

Mapping Rules Description Example

Mapping rules for time
x(t) <> x domain state variables ip ¢ i
on GAM
Mapping rules for time
ait) o _ox+ % domain state variable L% oL <_QiL + %)
derivatives on GAM
Mapping rules for time
q(t) < q domain switching 1-g<1—q
functions on GAM
Mapping rules for the
product terms of
time-domain switching
functions and input
variables (containing only
DC components) on GAM
Mapping rules for
time-domain switch
functions and product
terms with input variables
(including higher harmonic
terms) on GAM

q(t) - u < qu q(t) - Vbc < qVpc

q(t) - u(t) <> Qu

3. Modelica-Based Implementation of the Generalized Average Model

Based on the above complete process of generalized averaging, a GAM library for
PWM inverters was developed using the Modelica modeling language, as shown in the
figure. Currently, the GAM library supports passive components (e.g., capacitors, inductors,
etc.), active components (e.g., controlled current sources, controlled voltage sources, etc.),
and inverter components (e.g., one-phase full-bridge inverters, three-phase inverters). The
structure of the model library is shown in Figure 3.
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v £7% GAM Model (Generalized Averaging Model Library)
GAM -
> P> Examples (Model Cases)

Basic GAM (Passive Component Model Library)

v

> —» Sources GAM (Source Component Model Library)

> -~ PowerConverters GAM (Inverter Model Library)
/ Sensors GAM (Sensor Model Library)

> -‘ Interfaces GAM (Interface Model Library)

> f Functions (Function Library)

Figure 3. GAM library for PWM inverters developed based on the Modelica language.

3.1. Interface for GAM Library

In Modelica models, connectors are a way for models to exchange information with
each other.

When defining connectors using the Modelica language, they are divided into two
different types of variables: the first type is potential variables, whose increase or decrease
in value across components causes the components to move. The second type is flow
variables, which are the result of differences in potential variables across components. For
example, the flow of current through a resistor is due to the voltage difference across the
resistor, so voltage is the potential variable, and current is the flow variable.

To support multi-frequency domain modeling, a dedicated connector Plug_ GAM was
designed based on the Modelica interface mechanism. Unlike connectors in fundamental
electrical domains, Plug GAM incorporates arrays of Fourier coefficients corresponding to
the DC, cosine, and sine components of GAM variables. This design ensures simultaneous
fulfillment of generalized Kirchhoff’s laws across multiple spectral components, enabling
flexible information exchange between GAM components.

3.2. Passive Components for GAM Library

Passive components, such as inductors, capacitors, and resistors, were implemented
by extending the interface template. Their constitutive equations follow directly from the
generalized averaging mapping rules (see Section 2.2). For example, the GAM formulation
of the inductor is derived from Equation (23):

v = L(QiL 4 i‘f) (23)

where matrix (2 encapsulates the coupling between Fourier coefficients. Similar derivations
were applied to capacitors and resistors, resulting in reusable component models that can
be directly parameterized and connected in the GAM library.

3.3. Inverter Components for GAM Library

Inverter models were constructed by replacing ideal switches with equivalent con-
trolled sources governed by GAM switching functions. Taking the one-phase full-bridge
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inverter as an example, the internal model maps the DC-side and AC-side variables through
Fourier coefficient vectors, as illustrated in Figure 4. This encapsulation preserves the har-
monic interaction between the switching function and state variables while maintaining
computational speed. Three-phase inverter models were developed in the same manner,
ensuring consistency across different system topologies.

3 >
\ & \ &
Order =2 Order =2

& e,

resistor ~
Current Sensor

. P

?
O

90IMOSIUALIN)BUTIS
- }

A
10SUaS95B)[OA
7
= IopJ
[4 'P O
3510533} [0A [RUSIS

dc_n

; O

grouﬁd_GAM

Figure 4. Internal encapsulation of the GAM of one-phase full-bridge inverter.

4. Characteristic Harmonic Frequency Configuration Strategy for GAM

This section focuses on PWM inverters and studies a frequency configuration strategy
for a generalized average model of PWM inverters based on the frequency domain response
of external control inputs (switching functions).

First, the switching function of the PWM inverter needs to be transformed using
the discrete Fourier transform to obtain its frequency domain distribution. Given a car-
rier signal frequency of fs = 10,000 Hz and a modulation wave m(t) = 0.8sin(1007t),
Figure 5 shows the amplitude spectrum of the bipolar switching function q generated by
the PWM inverter.

As shown in Figure 5, the frequency domain distribution of the switching function
signal for a PWM inverter is relatively complex. In addition to being concentrated at the
modulation wave frequency fm, =50 Hz and the carrier signal frequency fsw = 10,000 Hz, it
is also concentrated at the sideband frequencies fggepand and their integer multiples. The
important frequencies finverter Of the switching function for a PWM inverter should satisfy
the following relationship:

f inverter — 1 f sw TS f m (24)

In Equation (24), r is a positive integer, and s is a natural number or integer (related to
one-phase/three-phase inverters; the state-space model of a three-phase inverter system
exhibits a switching function cancellation phenomenon, so switching frequencies and their
integer multiples are not considered). As shown in Figure 5, when r £ 5 is an even number,
the corresponding amplitude of the sideband frequency fgdeband is relatively low (e.g.,
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9950 Hz, 10,050 Hz, 20,000 Hz, 19,900 Hz, 20,100 Hz), so the responses corresponding to
these frequencies can be ignored.

5000

4500

T

4000

w
a
o
o

T

3000

T

2500
13000

T

2000
2000

Amplitude(dimensionless)
5
o

1000
1000

500 |-

0
0

T T T T T T T
s 2000
4000 X 10000 B
Y 4517.84 1500 (WX 19950 [y
S Y R 02 Y 1876.92
200 X 19850 X 20150
X 9900 X 10100 Y 400 857 Y 386.323 |
1000 || Y 681.158 Y 598.757
. .
0 LJ_)‘ LM |
9600 9800 10,000 10,200 10,400 19_300 20,000 20,200
. X 20900 [ X 30000 |
X 50 Y 922.773
10l
o Y 887. 163
sl Tx 30100 _
X 29800 Y 925.51
Y 480. 771
X 150
X 30200
) Y 417.433 U Y 417.976
0 100 200 29 800 30,000 30,200
ot o L
5000 10,000 15,000 20,000 25,000 30,000 35,000 40,000 45,000 50,000
Frequency(Hz)

Figure 5. Amplitude spectrum of bipolar switching function of PWM inverter.

According to Figure 5, since the amplitude of the switch function spectrum rapidly
decays with increasing frequency, when selecting the actual switch frequency multiplier r,
the relative error reference range ¢ of GAM can be introduced, and the number of GAM
stages can be increased step by step. When the relative error o0 of the model reaches the set
relative error reference range, i.e., 0 < ¢, the parameter can be determined. Considering the
computational complexity of the model, 7 is not greater than 5.

For parameter s, which controls the multiple of the sideband frequency fsdeband,
it can be seen from Figure 5 that as the frequency increases, the aliasing phenomenon
between the switching frequency and the modulation wave frequency becomes more
pronounced. Therefore, the considered sideband frequency range needs to be expanded,
and the number of GAM stages should be increased step by step. When parameter s is
greater than parameter r, the considered range of sideband frequencies can be determined.

Figure 6 shows the frequency configuration strategy flowchart for the PWM
inverter GAM.

According to Figure 6, first determine whether the PWM inverter system is a one-
phase or three-phase inverter. If it is a one-phase inverter, s starts from 0 and increments;
if it is a three-phase inverter, s starts from 1 and increments. If an even multiple of the
sideband frequency occurs, it is not included in the important frequency components; if an
odd multiple of the sideband frequency occurs, it is included in the important frequency
components. Continue incrementing s until it exceeds twice the current switching frequency
multiplier r, then repeat the above process until the accuracy requirement is met. If the
accuracy requirement is not met after five outer loops, appropriately expand the set accuracy
range and re-determine the important frequency components of the PWM inverter’s GAM
according to the above process.
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Single-phase Or
hree-phase Inverter?

Three-phase Inverter

Record selected frequency
Sac =1 £

A 4

Appropriately relax the relative
error reference range until the
requirements are met.

Figure 6. Frequency configuration strategy flowchart for PWM inverter GAM.

5. Simulation Case Verification

5.1. Casel: One-Phase Full-Bridge PWM Inverter

The topology diagram and parameters of the one-phase full-bridge PWM inverter case

are shown in Figure 7 and Table A1.

Figure 7. One-phase full-bridge PWM inverter circuit topology diagram.
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Selecting the inductance current ij and capacitance voltage i as state variables, the
following state equations can be listed:

. _Rp 1
Ll _ L L
- 1 1
uc C ~RC

In Equation (25), g* represents a bipolar switching function. When the gate signals of
IGBTs Q1 and Q4 are turned on, g* equals to 1; when Q2 and Q3 are turned on, §* equals —1.
Based on the mapping rules from the time-domain state-space model to the multi-

i,
uc

Vo (25)

frequency domain GAM in Table 1, the mathematical expression of the GAM for this case
can be obtained from Equation (25).

—QiL-i-i.L = —%iL— %HC—F%VO (26)
—Quc +uc = %iL — ;Tuc
Based on the frequency configuration strategy for the PWM inverter GAM proposed

in Section 3, three different GAM frequency configurations are determined, as shown
in Table 2.

Table 2. Different frequency configurations of one-phase full-bridge PWM inverter GAM.

Simulation Model Frequency Configuration
GAM 1 60 Hz
GAM 2 60 Hz, 10 kHz, 10 kHz £ 2 X 60 Hz

60 Hz, 10 kHz, 10 kHz £ 2 x 60 Hz, 2 X 10 kHz & 60 Hz,

GAM 3 2 X 10kHz + 3 X 60 Hz

Using the system modeling and simulation platform MWORKS.Sysplorer, we built
the above three different orders of GAM based on the GAM library and compared them
with the detailed model and average model. Among these, the detailed model employs an
ideal switch model for modeling.

All simulation models run uniformly on the MWORKS.Sysplorer 2024b platform, uti-
lizing a variable-step Dassl solver with a relative tolerance set to 0.001, a simulation time of
0.1's, and an output step size of 1 x 10~°. Figures 8 and 9 show the state variable waveforms
of inductance current 7;, and capacitance voltage u¢ under five simulation models.

Enlarged detail

Inductor current(A)

—-100 ! I 1 |
0 0.02 0.04 0.06 0.08 0.1
Time(s) — Detailed model

----- Average model

?VB ofabad - GAMA
T°%= —v—GAM2

D
o

n
b —~—GAM3

N
o
T

I

e e

Inductor current(A)
N
o

o
T

!

0.0164 0.0166 0.0168 0.017 0.0172
Time(s)

Figure 8. One-phase full-bridge PWM inverter inductor current waveform diagram.
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< 200f ; !
(@)]
3
: AT
§ 0% Enlarged detail
S
@©
3
O —200 - ! ‘ '
0 0.02 0.04 0.06 0.08 0.1
Time(s) — Detailed Model
> 250 [ — Average Model |
5 —a— GAM1
& 200 - —v—GAM2
S
> 150
S les
S 100 =
o ,
S 50— = - |

0.0166 0.0167 0.0168 0.0169 0.017 0.0171
Time(s)

Figure 9. One-phase full-bridge PWM inverter capacitor voltage waveform diagram.

In this study, the relative error is defined as the squared L2 norm of the difference be-
tween the simulation model and the detailed model. The relative error error, is calculated
as follows:

N
2
Z (xmodel (k) — Xdetailed (k) )
erroree = k=1

_ @)
kgl (x detailed (k ) )2

where Xpodel (k) and Xgetailed (k) denote the sampled data points of the simulation model
and the detailed model, respectively, and N is the total number of sampling points.

Table 3 lists the relative errors of the four simulation models other than the detailed
model, as well as the corresponding CPU simulation time.

Table 3. Statistics on simulation model accuracy and CPU time consumption for one-phase full-bridge

PWM inverter.
Model Accuracy (Relative Error of State Variables) CPU Simulation Time
Simulation Model N . . .
Inductor Current Capacitor Voltage (Simulation Time 5 s)
Detailed model \ \ 20.010 s
Average model 0.04640 0.01071 1.553s
GAM 1 0.04640 0.01071 2.216s
GAM 2 0.001233 2234 x 1074 4475s
GAM 3 9.916 x 1074 2.968 x 1075 7.938 s

To further validate the capability of GAM to restore key harmonics, the frequency
spectra of the inductor current under different models were obtained using FFT, as shown
in Figure 10.
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Figure 10. Spectral diagrams of one-phase full-bridge PWM inverter inductor current under
different models.

The following conclusions can be drawn from Figures 8-10 and Table 3:

1.  The detailed model explicitly represents the switching actions of semiconductor
devices, which forces the solver to take microsecond-level steps in order to capture
high-frequency transitions. This greatly increases the computational burden. In
contrast, GAM replaces the switching actions with frequency-domain representations,
thereby eliminating the need to resolve high-frequency switching transients. This
allows the solver to take larger integration steps, resulting in significantly shorter
simulation times.

2. The frequency configuration adopted by GAM1 only considers a modulation wave
frequency of 60 Hz. Essentially, this resembles the average model, reflecting only the
fundamental frequency response characteristics of the PWM inverter. The simulated
state variable curves exhibit fewer harmonic features. However, since GAM1 is mod-
eled under the mapping rules derived in Section 2.2, it requires additional calculations
for frequency coupling matrices compared to directly using average state variables.
Consequently, the model solution process consumes more computational time than
the average model.

3. The frequency configuration adopted by GAM2 is based on GAM], taking into account
the carrier frequency of 10 kHz and the sideband frequency of 10 kHz £ 2 x 60 Hz.
Therefore, the state variable curves obtained from the simulation can reflect more
characteristic harmonics, and the model has high accuracy and fast computing speed.

4. The frequency configuration adopted by GAMS3 is based on GAM2 but further considers
the sideband frequencies near twice the carrier frequency, namely 2 x 10 kHz + 60 Hz
and 2 x 10 kHz + 3 x 60 Hz. Therefore, this simulation model provides the highest
model accuracy. However, since the frequency configuration of GAMS3 provides the
most characteristic harmonic frequencies, the model calculation speed is inferior to that
of GAM2.

5. Itis also observed that when the load resistance increases (from 2 () to 5 () in the
step-change case), the fundamental current amplitude decreases as expected, but the
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model accuracy of the average model and GAMs compared to the detailed model was
not significantly affected relative to before the load transformation. This suggests that
the accuracy of the GAM approach is robust with respect to load variations.

5.2. Case2: Three-Phase PWM Inverter

The topology diagram and parameters of the three-phase PWM inverter case are
shown in Figure 11 and Table A2.

- e =R )
N T O
T2 T4 T6

Figure 11. Three-phase PWM inverter topology diagram.

Based on the characteristic harmonic frequency configuration strategy for GAM in
Section 3, three different GAM frequency configurations are determined, as shown
in Table 4.

Table 4. Different frequency configurations of three-phase PWM inverter GAM.

Simulation Model Frequency Configuration
GAM 1 60 Hz
GAM 2 60 Hz, 10 kHz 4+ 2 X 60 Hz

60 Hz, 10 kHz + 2 x 60 Hz, 2 X 10 kHz + 60 Hz,

GAM 3 2 x 10 kHz + 3 X 60 Hz

Using the system modeling and simulation platform MWORKS.Sysplorer, we built
the above three GAMs with different frequency configurations based on the generalized av-
erage model library and compared the results with those of the detailed model and average
model. Among these, the detailed model employs an ideal switch model for modeling.

All simulation models run uniformly on the MWORKS.Sysplorer 2024b platform,
utilizing a variable-step Dassl solver with a relative tolerance set to 0.001, a simulation time
of 0.1 s, and an output step size of 1 x 107°.

Figure 12 shows the waveforms of three-phase inductance currents under five simula-
tion models. Table 5 lists the model accuracy of the four simulation models other than the
detailed model, as well as the corresponding CPU simulation times.

Table 5. Statistics on simulation model accuracy and CPU time consumption for three-phase
PWM inverter.

Simulation Model

Model Accuracy (Relative Error of State Variables) CPU Simulation Time

a-Phase b-Phase c-Phase (Simulation Time 0.1 s)
Inductive Current Inductive Current Inductive Current
Detailed model 1.227s
Average model 0.003931 0.003931 0.003909 0.055s
GAM 1 0.003930 0.003911 0.003909 0.065s
GAM 2 0.001025 0.001020 0.001020 0.343s
GAM3 2.811 x 107 2.797 x 10~* 2.796 x 10~* 1.116s
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Figure 12. Three-phase PWM inverter inductive current waveform diagram.

Based on Figure 12 and Table 5, the following conclusions can be drawn:

1.  The GAM1 model contains the fewest characteristic harmonic frequencies and has the
accuracy closest to the average value model;

2. GAM2 and GAMS3 consider higher-order characteristic harmonics, resulting in higher
model accuracy;

3.  The GAM3 model considers a larger number of characteristic harmonic frequencies,
resulting in increased computational complexity, with simulation CPU time nearly
matching that of the detailed model.

5.3. Calculation Speed Analysis of PWM Inverter GAM

Figure 13 shows the CPU simulation time consumption curves for one-phase and
three-phase PWM inverters under different GAM characteristic harmonic frequency config-
urations. The CPU time consumption for different GAMs has been normalized based on
the CPU time consumption of the detailed model.

As shown in Figure 13, as the number of characteristic harmonic frequencies consid-
ered by the GAM increases, the computational dimension of the GAM model increases,
and the computational time required for the model also increases accordingly.

For one-phase PWM inverters, since the number of variables in the model itself is rela-
tively small, considering more characteristic harmonic frequencies has a minimal impact on
the CPU computational time required for the model. Therefore, the characteristic harmonic
frequencies of the GAM should be configured according to the required model accuracy.

However, for a three-phase PWM inverter, due to the large number of variables in
the model itself, considering more feature harmonic frequencies will cause the model’s
CPU computation time to increase significantly. For GAM3, the model’s computation time
has already reached the same level as the detailed model. Therefore, based on the feature
harmonic frequency configuration strategy proposed in Section 3 for PWM inverters, for a
three-phase PWM inverter, r should not exceed 3.
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Figure 13. CPU simulation time discount chart under different GAM characteristic harmonic fre-

quency configurations.

5.4. Error Boundary Analysis of PWM Inverter GAM

To further clarify the applicability of GAMs of different orders, error boundary anal-
ysis was conducted based on the results in Tables 3 and 5. Figure 14 illustrates the error
boundaries of GAMs with different orders in one-phase and three-phase inverters. The re-
sults indicate that low-order GAMs (e.g., GAM1), while computationally efficient, typically
exhibit relative errors around 1 x 1072 and are suitable only for rough dynamic analysis.
Medium-order GAMs (e.g., GAM2) can control relative errors to the 1 x 1073 order, achiev-
ing a balance between accuracy and speed, making them applicable to most engineering
scenarios. High-order GAMs (e.g., GAM3 and above) further reduce relative error to the
1 x 10~* order or lower. However, computational complexity and CPU simulation time
increase significantly. For smaller circuit models aiming to enhance simulation accuracy,
upgrading to GAM3 or higher is appropriate. For medium-sized or larger inverter systems,
further increasing the GAM order is not recommended. Figure 14 illustrates the error
boundaries of different-order GAMs in one-phase and three-phase inverters.
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Figure 14. Error boundary curves under different GAM characteristic harmonic frequency configurations.
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6. Conclusions

This paper establishes a mapping rule from the time-domain state-space model to
the multi-frequency domain generalized average model. Based on this, the generalized
averaging modeling of the PWM inverter is realized using the Modelica modeling language,
forming a set of generalized average model libraries for PWM inverters.

Next, based on the spectral distribution of the external control signals of the PWM
inverter, the characteristic harmonic frequency distribution of the system is determined,
and a configuration strategy for the characteristic harmonic frequencies of the gener-
alized average model is established to maximize the retention of the original system’s
harmonic characteristics.

Finally, based on the constructed GAM library and the proposed frequency config-
uration strategy, simulation experiments were conducted on one-phase and three-phase
PWM inverters. The simulation results show that the proposed feature harmonic frequency
configuration strategy can control the relative error of the system state variables to within
approximately 0.1% using the GAM. Additionally, the simulation time for the GAM3 and
below is only 30% of that of the detailed model. This method ensures modeling efficiency
while maximizing the retention of the original system’s harmonic characteristics.

The results of this study demonstrate that GAM provides a favorable compromise
between average models and detailed switching models. Compared with average models,
GAM is able to preserve key harmonic characteristics around the switching frequency,
thereby improving the fidelity of inverter dynamic analysis. Compared with detailed
models, GAM eliminates explicit switching transients and significantly reduces simulation
time in the low- to mid-frequency range. Therefore, GAM is most valuable for studies
focusing on inverter dynamics, control performance, and power quality in the frequency
range up to several times the switching frequency, where it bridges the gap between
accuracy and efficiency.

However, it should be emphasized that GAM is not recommended for ultra-high-
frequency applications, such as MHz-range common-mode or EMI analysis, since the
required high-order harmonics would significantly increase computational cost and dimin-
ish the efficiency advantage.
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Appendix A

Table A1l. One-phase full-bridge PWM inverter simulation case parameters.

Parameter Description Value
W Input voltage 220V
C LC filter capacitor 8 uF
Ry Inductance internal resistance 0.05 Q)
L LC filter inductor 0.276 mH
R Initial load resistance 20

Estep Load resistance step time 16.7 ms
R Final load resistance 50
¢ Modulation phase 1 rad

Aamp Modulated amplitude value 0.9
f Modulation frequency 60 Hz
f Switching frequency 10 kHz

Table A2. Three-phase PWM inverter simulation case parameters.

Parameter Description Value
W Input voltage 220V
Ry, Inductance internal resistance 0.05 Q)
L LC filter inductor 0.276 mH
R Load resistance 220
tstep Modulated wave step time 16.7 ms
Minit (t) Initial modulated wave signal ~ 0.911 cos(1207t + 0.0441)
Minal (1) Final modulated wave signal 0.875 cos(1207tt + 0.0561)
f Modulation frequency 60 Hz
f Switching frequency 10 kHz
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