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Abstract

For applications like smart cities and autonomous driving, high-precision direction-of-
arrival (DOA) estimation for 5G broadband signals is essential. A primary obstacle for
existing methods is the spatial incoherence caused by multi-frequency propagation. We
present a sparse Bayesian learning (SBL) algorithm specifically designed to resolve this issue
while also minimizing computational load. The algorithm synergistically combines three
key components: first, a multiple-signal classification (MUSIC)-like focusing technique
ensures a coherent sparse model; second, a real-valued transformation significantly cuts
down on computational complexity; and third, an optimized variational Bayesian inference
accelerates convergence via root-finding. Validation against MUSIC and rootSBL confirms
our method’s marked superiority in low-SNR, limited-snapshot, and multipath conditions
delivering both higher accuracy and faster convergence. This work, thus, contributes an
effective and practical solution for real-time 5G DOA sensing.

Keywords: 5G sensing; DOA estimation; sparse Bayesian learning; broadband processing;
real-valued transform

1. Introduction

The study of 5G signal sensing, particularly in the context of integrated sensing and
communication (ISAC), holds significant importance for modern wireless systems where
there is increasing demand for high-precision positioning and DOA estimation. Leveraging
its high-speed transmission, large bandwidth, and low-latency characteristics, 5G technol-
ogy not only enhances data transmission efficiency but also enables high-precision posi-
tioning and real-time tracking in various applications, including smart cities, autonomous
driving, unmanned aerial vehicle navigation, and industrial Internet of Things (IoT). For
these application scenarios, accurate DOA estimation represents a fundamental require-
ment, as it directly impacts a system’s ability to identify and determine target locations,
movement directions, and signal source positions.

With their extensive spectral resources, 5G broadband signals demonstrate signifi-
cantly improved anti-interference capabilities and positioning accuracy in complex multi-
path propagation and high-interference environments. However, conventional narrowband
DOA estimation algorithms face substantial challenges when processing broadband signals,
including high computational complexity and difficulties in maintaining spatial informa-
tion consistency. Consequently, the development of efficient DOA estimation algorithms
specifically designed for 5G broadband signals becomes critically important.
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DOA estimation has been extensively studied for decades, with numerous classical
algorithms being developed and refined. Since the 1980s, subspace-based DOA estimation
algorithms have emerged as particularly influential approaches. Notable examples include
MUSIC, ESPRIT (estimation of signal parameters via rotational invariance techniques),
and PUMA (propagator method using modified array) [1-3]. These algorithms achieve
direction estimation by exploiting the covariance matrix of array outputs, demonstrating
near-optimal performance under appropriate conditions, as follows: sufficient signal-to-
noise ratio (SNR), known number of signal sources, and adequate snapshots.

In practical spatial scenarios, the complex and dynamic propagation environment
often results in multipath signal reception at the receiver, significantly degrading the
performance of conventional subspace-based array direction-finding algorithms. To address
multipath interference, Shan et al. [4] proposed a spatial-smoothing (SS) decorrelation
algorithm based on a uniform linear array (ULA) configuration. This approach divides
the ULA into multiple overlapping subarrays with identical array manifolds and then
performs weighted averaging of the subarray covariance matrices to obtain a smoothed
matrix for subsequent subspace-based DOA estimation. However, traditional subspace
methods exhibit significant performance limitations when dealing with limited snapshots
or unknown source numbers, making them unsuitable for complex real-world scenarios.

Recent years have witnessed remarkable advances in deep learning (DL) approaches
for DOA estimation [5-10]. Various neural network architectures have been explored:
Cong et al. [11] developed a CNN-based robust estimation method for non-ideal scenarios;
ResNet was adapted for near-field DOA estimation [12]; and Wu et al. [13] combined
Toeplitz prior with CNN to mitigate grid mismatch effects. However, these methods were
not specifically designed for coherent DOA estimation. While Hoang and Lee’s [14] full
Toeplitz matrix reconstruction (FTMR) algorithm demonstrated promising results, it fails at
SNRs below —10 dB. Papageorgiou et al. [15] proposed a low-SNR CNN model capable of
partially handling coherent signals, but its required training samples grow combinatorially
with increasing signal numbers.

Building upon these efforts, the field continues to evolve with more sophisticated
models. Transformer-based architectures [16], for instance, are being investigated to better
capture long-range spatial dependencies, while interpretable, end-to-end differentiable
frameworks [17] that treat traditional algorithms like beamforming as learnable neural
network layers are also gaining traction. Nevertheless, despite DL’s superior performance
in certain aspects of wideband DOA feature extraction, the “black-box” nature of many
models remains a significant concern for high-reliability applications.

Sparse representation (SR) has become a prevalent technique for DOA estimation,
owing to its enhanced noise robustness and reliable performance under limited snapshots
or unknown source numbers [18-23]. Among these developments, Malioutov et al. [23]
proposed the ¢1-SVD algorithm that employs singular value decomposition (SVD) on sensor
measurement matrices. This method achieves the following: (1) sparsity enhancement via
I1-norm regularization, (2) complexity reduction through SVD processing, and (3) improved
noise resistance.

To integrate prior knowledge and Bayesian principles into sparse representation (SR)
techniques, sparse Bayesian learning was proposed for DOA and signal amplitude es-
timation. Compared with conventional SR methods, SBL enhances signal sparsity and
exhibits fewer local optima than ¢1-norm-based approaches, demonstrating better adapt-
ability to highly correlated manifold matrices in beamforming models. As a result, SBL has
been widely applied to DOA and signal amplitude estimation in both single-snapshot and
multi-snapshot scenarios [24].
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Building upon this framework, Pan et al. [25] utilized variational Bayesian learning
(VBL) to approximate posterior distributions by learning hidden parameters, thereby
accelerating the estimation process. Wang et al. [26] adopted generalized double Pareto
(GDP) priors, which induce stronger sparsity than Laplacian priors, for sparse signal
modeling. For arbitrary linear arrays, Dai et al. [27] developed a real-valued SBL method.
Furthermore, Guo et al. [28] introduced a spatially alternating approach that significantly
improves convergence speed.

Extensive experimental studies [29,30] have demonstrated the superior performance
of SBL compared to conventional methods, particularly in DOA estimation for narrow-
band signals. However, the narrowband signal assumption inherently limits its direct
applicability to broadband scenarios. Broadband signals exhibit fundamentally different
characteristics due to their wide frequency range, where propagation path variations and
phase discrepancies across frequency components render traditional narrowband models
inadequate for accurately capturing spatial signal properties.

Consequently, extending narrowband DOA estimation techniques to broadband sig-
nals has emerged as a critical research challenge. This problem has gained particular
significance with the rapid development of 5G millimeter-wave communications, where
broadband DOA estimation has become an essential technology. The growing demand
for high-precision positioning and direction estimation in applications such as unmanned
aerial vehicle (UAV) navigation, intelligent transportation systems, and target sensing
scenarios has further intensified research efforts in this field.

For broadband signal DOA estimation, the following two primary methodologies
exist: (1) incoherent signal-subspace method (ISM) [31] for non-coherent sources and
(2) coherent signal-subspace method (CSM) for coherent sources. The ISM approach
operates by decomposing the broadband signal into narrowband components, applying
conventional narrowband estimation algorithms to each sub-band, and then combining the
results across frequencies to obtain the final broadband estimate. However, this method is
fundamentally limited to non-coherent source scenarios.

For CSM-based broadband DOA estimation methods—including the two-sided corre-
lation transformation (TCT) [32], rotational signal subspace (RSS) [33], and signal subspace
transformation (SST) [34]—the construction of focusing matrices requires preliminary DOA
estimation. However, the accuracy of these methods is inherently constrained by the preci-
sion of the initial DOA estimates, as the preliminary estimation quality directly determines
the final DOA estimation performance. Experimental studies [35,36] have demonstrated
that the estimation accuracy of these methods progressively degrades as the discrepancy
between the preliminary DOA estimates and the actual incident angles increases. This
sensitivity to initial estimation errors represents a fundamental limitation of conventional
CSM approaches.

Beyond these foundational broadband processing techniques, the emergence of 5G
and beyond sensing scenarios has spurred research into DOA estimation specifically for
applications like vehicular radar, drone surveillance, and indoor localization, often within
an ISAC framework. Recent works in this area have focused on tackling practical challenges
such as the presence of multipath components and the need for high-resolution tracking
of multiple targets. For instance, some studies have explored advanced array geometries
and signal models tailored for millimeter-wave sensing signals [37]. Others have proposed
sophisticated estimation algorithms, often leveraging machine learning or compressed
sensing, to achieve robust performance in these complex, non-ideal environments [38].
Ultimately, a persistent challenge in these sensing scenarios is the trade-off between estima-
tion accuracy, computational latency, and robustness to signal impairments, which directly
motivates the SBL-based approach this paper investigates.
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In 5G broadband-signal-sensing scenarios, conventional narrowband DOA estimation
algorithms—including SBL—face significant limitations. Although SBL demonstrates excel-
lent performance in narrowband DOA estimation, its native framework inherently assumes
frequency consistency and simple spatial characteristics of signals. These assumptions
prevent direct adaptation to the complex, frequency-diverse features of broadband sig-
nals. The substantial propagation path differences among multi-frequency components in
broadband signals fundamentally restrict the applicability of traditional SBL frameworks.

Furthermore, the inherent computational complexity of SBL methods presents ad-
ditional limitations for real-time applications. The framework requires extensive matrix
inversion operations when processing complex-valued matrices, resulting in prohibitively
high computational costs—particularly for high-dimensional broadband signal process-
ing scenarios. These limitations become especially pronounced in 5G millimeter-wave
sensing applications demanding real-time processing and ultra-low latency. To address
these critical issues, the following two key research priorities have emerged: (1) accelerat-
ing the SBL computational framework and (2) adapting the methodology for broadband
signal characteristics.

This paper presents the following three key innovations to address fundamental
challenges in broadband DOA estimation:

e  Coherent Focusing for Broadband-to-Narrowband Consistency: To overcome propa-
gation path discrepancies across frequency components, we develop a MUSIC-like
focusing algorithm that generates a single, equivalent narrowband covariance matrix.
This transformation establishes spatial information consistency for broadband signals,
laying the foundation for the successful application of high-resolution sparse methods
in what was previously an incoherent problem.

e Efficient Real-Valued Bayesian Solver Formulation: To tackle the high computa-
tional cost of complex-valued Bayesian inference, we pioneer a novel real-valued
formulation of the sparse recovery problem. By transforming the core equations into a
reduced-dimension real-valued domain, our approach significantly decreases the com-
putational complexity associated with matrix operations without sacrificing accuracy.

e Root-Finding-Based Convergence Acceleration: We introduce a significant accel-
eration to the iterative solver by recasting the hyperparameter optimization as a
root-finding task. Moving beyond traditional update schemes, we formally prove that
our proposed hyperparameter update function possesses the necessary monotonicity,
thereby enabling a faster and more robust convergence mechanism inspired by fast
variational learning principles.

The paper is organized as follows: Section 2 describes signal models and angle mea-
surement principles; Section 3 covers traditional DOA methods and SBL basics; Section 4
develops our real-valued FBSBL-accelerated VBI algorithm for 5G broadband signals; and
Section 5 presents experimental results.

2. Signal Modeling
2.1. Echo-Based Angle Measurement Principle

DOA estimation refers to the process of estimating signal source directions relative to
an antenna array by analyzing received signals. In 5G communication networks, DOA esti-
mation plays a critical role in base-station beamforming and user positioning, particularly
for supporting high-density user equipment and massive antenna array deployments.

In practical applications, signal sources are typically located in the far-field region.
The phase differences along their propagation paths can be captured by different sensors in
the array, enabling derivation of the signal’s incident angle. Figure 1 illustrates the ULA
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model schematic, where the element spacing is d, and 6 represents the angle between the
signal arrival direction and the array’s normal direction.

*

d

Figure 1. Schematic of a Uniform Linear Array (ULA) for Direction-of-Arrival (DOA) estimation. The
array consists of M sensors (circles) with inter-element spacing d. A far-field signal source (asterisk)
impinges on the array from an angle 6 relative to the array’s normal.

2.2. Signal Model

Consider a ULA composed of M sensors with inter-element spacing, d = A/2. Assume
there are K far-field signal sources denoted as s;(t),- - - ,si(t), with their directions of
arrival (DOAs) given by 6 = [01,6,- - - ,0x]|. The ULA obtains multiple measurements
Y(t) = [y1, ¥ -, ¥m(t)] € CM*1, which can be expressed as follows:

Y(t) = As(t) +n(t), t=1,2,...,L, (1)

where s(t) = [s1(f),82(t), -+ ,s¢(t)]T € CKx1 represents the signal sources, and n(t) =
[ny(t),na(t), - ,np(t)] € CM*1 s additive white Gaussian noise with a zero mean and
variance, 02. Here, L denotes the number of snapshots, and A is the array steering matrix
defined as Ala(61),a(6,), - ,a(6k)] € CM*K, where a(0) is the steering vector given by

the following:

. : T
.y dsinfy . (M—1)dsingy
a(fr) = |1,e R L e TR R )

where A is the wavelength of the carrier frequency.

The assumed signal, Si(t), follows a complex Gaussian distribution with a mean of
zero and variance of Tkz, and it is independent of noise. The output of the array, Y(t), is
given by the covariance matrix of the signal, as follows:

R, = E{y(t)yH(t)} = ARAM 1 021y 3)

where Ry = E S(t)S(t)H = diag(rlz, T22,~ . ,Tkz), and, from this, the following can be
derived from Equation (3):

r= (A" ®A)p + o?vec{Iy} (4)

2 ..., TI%}T, and ® represents the Khatri-Rao product.

where r = vec{R, }, p = [1}, T
In practice, the signal arriving at the array is typically sampled for an approximate

representation. Therefore, the covariance of the signal is approximated as follows:
1 H
Ry = 1) y()y'(#) (5)

According to Reference [39], the approximation error, ¢ £ T — r, follows a complex
Gaussian distribution, as follows:
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p(e) = CN(e|o,W) (6)

The estimated signal is given by r = vec{f{y } ;W= %R; ® Ry, where the following

is given:
T=(A"@A)p+o?vec{ly} +¢ )

Since Ry is unknown, the error in the covariance can also be approximated through

ﬁy, as follows:

~ 1~ ~
szR§®Ry )

Consequently, the distribution of the estimated signal, 7, is expressed as follows:
p(E) = CN(F(A" © A)p + oPvec(Ly}, W) ©)

3. Existing DOA Estimation Methods
3.1. Traditional DOA Estimation Methods

In traditional DOA estimation methods, the MUSIC algorithm is widely used due to
its effectiveness in handling high-dimensional signal representations. However, with the
emergence of 5G and the increasing complexity of signal models, the limitations of the
MUSIC algorithm in such scenarios are becoming apparent.

The core of the MUSIC algorithm is based on the orthogonality between the signal
and noise subspaces. By analyzing the covariance matrix of the received signals, we can
perform the separation of the signal and noise subspaces. First, the covariance matrix, R, is
constructed by collecting the received signal vectors, which is consistent with the formula
in (3).

Next, through eigenvalue decomposition, the covariance matrix is separated into
signal and noise subspaces, as follows:

R, = UL, Ul + UyZnUR (10)

Under ideal conditions, the signal and noise subspaces are orthogonal, meaning that
the direction vector of the signal satisfies a/(8)Uy = 0. Since the data are finite, this
orthogonality condition is not perfectly met. Therefore, by scanning through different
angles and minimizing the projection of 2(8) onto the noise subspace, the MUSIC spectrum
can be obtained. The MUSIC spectrum is given by the following function:

1

(0)UxUlTa(6) ()

Puusic(6) = —

At the peak of the MUSIC spectrum, the direction of arrival (DOA) of the signal can
be determined.

Although the MUSIC algorithm performs excellently in DOA estimation, its limita-
tions are also quite evident. Firstly, the MUSIC algorithm requires prior knowledge of the
number of signal sources, which may not be precisely available in practical applications.
Secondly, the MUSIC algorithm is sensitive to noise, and its estimation accuracy signifi-
cantly decreases under low signal-to-noise ratios. Furthermore, the MUSIC algorithm is
only suitable for uniform linear arrays, with poor adaptability to other array configurations,
and its computational complexity becomes high when dealing with large-scale arrays.

On the other hand, sparse representation (SR) offers several advantages, such as
enhanced noise robustness and the ability to operate with a limited number of snapshots
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and/or unknown signal sources. This makes SR an effective solution to the issues present
in the MUSIC algorithm.

3.2. DOA Estimation Based on SBL

The range of the DOA is [~71/2, 77/2], and let 8 2 {9,}"_, be a grid of N points that
uniformly cover the angular range of the DOA. When the number of grid points is large,
it can closely approximate the true DOA. If the actual DOA position is known, we can
describe the DOA estimation problem as an SR (sparse representation) problem as follows:

t = Agp + o?vec{Iy} + ¢, (12)

Ap = [a" (%) ®a(t),...,a" (On) ®a(dn)] (13)

In Equation (12), p € RN*1 is the zero-padding vector, where only the elements
corresponding to the actual DOA are non-zero. Equation (13) uses the Kronecker product,
denoted by ®.

Now, modifying Equation (12), we can express the standard form of the SBL framework
as follows:

T=¥Yx+¢ (14)

Thus, we obtain the following:
p(t|x) = CN (¥|¥x, W) (15)

The signal, 1, follows a complex Gaussian distribution with the mean, ¥x, and covari-
ance, W. The processing model of the SBL framework assumes that each element of x is
drawn from a high-dimensional Gaussian distribution, with each component of the signal
vector having distinct hyperparameters, v;, as follows:

N+1

p(xly) = [T N (xal0,7, 1) (16)
n=1

Here, x,, represents the n-th element in the vector, where v = [y1, - -, 'yNH]T.
The hyperparameters, v, are further modeled as independent gamma distributions,

as follows:
N+1

p(v) =[] T(rlLp) (17)

n=1
where p is a small positive constant.

The simulation results from Reference [40] demonstrate that the SBL-based DOA esti-
mation algorithm outperforms the MUSIC and other DOA estimation methods. However,
Bayesian inference has high complexity, as each iteration requires the inversion of large
complex-valued matrices. Additionally, the computational cost of complex multiplication
is four times that of real multiplication.

Furthermore, the SBL framework is primarily suited for narrowband signal process-
ing. However, the OFDM signals widely adopted in current 5G systems are broadband
signals. The frequency components of these signals exhibit significant dispersion in space,
a characteristic that contradicts the narrowband signal assumption of the SBL framework.
As a result, traditional SBL methods have notable limitations in direction estimation for 5G
OFDM broadband signals, making them unsuitable for practical applications.
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4. Proposed Method

To achieve efficient DOA estimation for wideband OFDM signals, we first perform fo-
cusing processing on the wideband signals to obtain frequency-aligned equivalent narrow-
band covariance matrices. Through cluster focusing, these covariance matrices effectively
preserve the spatial information coherence of wideband signals, making them suitable for
subsequent SBL processing.

Next, we convert the sparse equation constructed from these covariance matrices
into a real-valued formulation, thereby reducing computational complexity. Finally, an
improved fast variational sparse Bayesian learning (FVSBL) algorithm is employed for
iterative parameter estimation, which accelerates the sparse reconstruction process while
enhancing both convergence efficiency and estimation accuracy.

The array model, mathematical formulations, and parameters in this section remain
consistent with those in Section 2.2, with the sole modification being the replacement of the
signal type with OFDM wideband signals. The mean and variance characteristics of these
signals align precisely with those described in Section 2.2.

4.1. Focusing Processing for Broadband OF DM Signals

The proposed method is designed for broadband signals, such as the OFDM signals
prevalent in 5G systems. For a broadband signal received by a ULA, the array steering
vector becomes frequency-dependent. Let us consider an OFDM system with ] subcarriers,
with frequencies f1, f2, ..., fj. The signal received at the j-th subcarrier can be modeled
as follows:

y(t fj) = A(fjs(t, fi) +n(t, fj) (18)

The corresponding covariance matrix at this subcarrier is Ry (f;). The spatial informa-
tion is, thus, spread across multiple, inconsistent subspaces, rendering direct application of
narrowband algorithms impossible.

To address this, we employ the coherent signal subspace (CSS) method. The core idea
is to transform the data from each subcarrier f] to a common reference frequency, fy, using a
set of focusing matrices T(f;). The ideal focusing matrix should satisfy T(f;)A(f;) =~ A(fo)-

A common approach to construct T(f;) is based on subspace relationships. Performing
an eigenvalue decomposition on the covariance matrix at the reference frequency fy and
any other subcarrier, f;, yields the following:

R, (fi) = VorZek VI + 2V, VEL, k€ {0, j} (19)

where V;; and V,, , represent the signal and noise subspaces, respectively. The focusing
matrix, T(f;), can then be constructed by aligning these subspaces. A widely used method,
as adopted in this work, is the rotational signal subspace (RSS) approach [31], which
computes the focusing matrix as follows:

T(f;) = VsoVi: (20)

Here, V; and V;; are the signal subspace matrices corresponding to the reference
frequency, fo, and subcarrier, f;, respectively. These are obtained from the eigenvalue
decomposition of their respective covariance matrices. To obtain the signal subspaces,
we first need a preliminary rough estimate of the source DOAs, 8. With this, the signal
subspace at any frequency, f, can be estimated from the array manifold, A(9, f;). The
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signal source covariance matrix at the reference frequency, Rs(fp), is estimated by averaging
the de-whitened covariance matrices from all subcarriers, as follows:

J
= 715 (A0 1) AGF)RG)AG1)AC.)” @

\4\»—\

where R ( f;) is the estimated source covariance at subcarrier f;, calculated as follows:

- A H, A -1~ H4 9 A A H A -1
Ri(fj) = (A(6, fj) A(6, f;)) A(6, f;) [Ry(fj) —°TJA(0, f;) (A(6, f;) "A(6, fj))  (22)

With Rs(f) and Ry( fj) available, the signal subspaces Vo and Vy ; can be robustly
estimated, and, thus, the focusing matrices, T( f]), are constructed.

Finally, the focused covariance matrix, which coherently averages the spatial informa-
tion from all subcarriers, is computed as follows:

/
Z )Ry (F)T™(f)) (23)

This resulting matrix, IN{y, is an equivalent narrowband covariance matrix. Crucially,
all subsequent derivations in this paper, including the real-valued transformation and the
sparse Bayesian learning framework, are based on this focused, equivalent narrowband
model. The vectorized form of ﬁy (ie,T= Vec(f{y)) becomes the starting point for our
sparse recovery problem, as described in the following sections.

4.2. Real-Valued Transformation

The focusing process in Section 4.1 yields the equivalent narrowband covariance
matrix, ﬁy, which coherently combines the spatial information from all subcarriers. This
matrix is the starting point for our sparse Bayesian learning framework. To apply SBL, we
first vectorize this matrix to formulate a standard linear inverse problem, as follows:

T=vec(Ry) € cMex (24)

Following the standard sparse covariance-based estimation framework (e.g., SPICE [18]
and SBL [24]), this vectorized observation can be modeled as a linear equation, as follows:

T=¥Yx+¢ (25)

where ¥ = Ay © Ag € CM**N ig the overcomplete dictionary matrix constructed from the
array manifold, Ag, over an angular grid of N points; x € RN*! is the unknown sparse
vector representing the signal powers on the grid; and ¢ is the error vector with covariance
matrix W. The goal is to estimate the sparse vector x from T.

The SBL framework is built upon the complex Gaussian likelihood, as follows:

p(t|x) = CN (¥|¥x, W) (26)

To simplify the inference and handle the colored noise, a whitening transformation is

. . . . . A =T =
applied using the estimated noise covariance, W ~ %Ry ® Ry, as follows:

A —1/2~

Fo = W VW ey W% 27)
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. ~ A —1/2 A —1/2
Let us denote the whitened components as 1, = ¥y, Yoo = W / Y,and ey, = W / €.

The whitened model is now the following:
Iy = ‘wa + Ew (28)

where the whitened noise ¢, follows CN(0,1).

At this stage, the model is still complex-valued. The most computationally demanding
step in each SBL iteration is inverting a large complex matrix. To significantly accelerate this,
we transform the problem into an equivalent real-valued domain, following the principles
in [27].

The transformation consists of constructing a specific unitary matrix, Q € caMixem?,
and applying it to a stacked version of the whitened model. A common form for this matrix
is as follows:

_ 1 e he
Q= V2 [IMZ —jIMZ] *

By applying this transformation, the complex-valued model can be converted into
an equivalent real-valued system. We define a new real-valued observation vector,
Vyeal € R2M*x1 and a new real-valued dictionary, ¥,., € R2M**N 35 follows:

Re(¥y)

Im(¥.,) G0

Yieal =

This results in the final real-valued linear model, which forms the basis for all subse-
quent processing, as follows:
Yreal = YrealX + €real (31)

where the real-valued noise vector, €,,,, has a distribution, N/ (0, %Iz a2). The detailed
derivation and proof of this equivalence can be found in [27].

This real-valued formulation is the cornerstone of our algorithm’s efficiency. All
subsequent Bayesian inference steps, particularly the computationally intensive matrix
inversions, are now performed purely in the real domain. This avoids costly complex
arithmetic, significantly reducing the computational complexity by a large constant factor.
For notational simplicity in the following sections, we let y, ¥, and ¢ refer to this final
real-valued system (y,,,;, ¥rear, and €,,41).

It is important to acknowledge that the performance of this focusing stage and, conse-
quently, the entire algorithm is influenced by the quality of the preliminary DOA estimates,
épre. While effective in many scenarios, this dependency on an initial estimation can be a
limitation, particularly in very-low-SNR conditions where the preliminary estimates may
be poor.

A promising direction for future theoretical extension would be to develop a focusing-
free or auto-focusing SBL framework. Such an approach could treat the DOA-dependent
focusing matrices as part of the Bayesian inference problem itself, iteratively updating both
the sparse signal and the focusing parameters within a unified probabilistic model. This
would eliminate the need for a separate pre-estimation step, potentially leading to a more
robust and theoretically elegant solution for broadband DOA estimation. While beyond
the scope of the current work, this represents a key area for our future research.
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4.3. Bayesian Inference

Since directly computing the posterior distribution is challenging, we employ vari-
ational inference to approximate the posterior probability density functions of x and v,
denoted as g(x, A), which is approximately factorized as follows:

N+1
q9(x,v) ~ () T T a(7a) (32)

n=1

The objective of variational Bayesian inference is to find the optimal g*(x,y) that
minimizes the Kullback-Leibler (KL) divergence between q(x,y) and p(x, y|7), in other
words, the following:

q"(x,¥) = ming () D (70 ) [[p(x, vly)) (33)
According to Reference [41], the optimal factorization must satisfy the following:
Ing*(x) o< {Inp(y, %, ¥))g(y) (34)

Ing*(v) & (In p(y, %)) ) 35)

Therefore, we establish the update rules as follows:
(i+1) — N (i+1) Z(i+1) 36
g7 () = N(x[p™, ) (36)

where i + 1 denotes the iteration index, pu is the mean, and X is the covariance matrix.
The specific update formula is given by the following:

w1 — 5+ gTy 37)

. . -1
2+ = (yTy 4 diag{y(’) }) (38)

where 31" = (1), 7 = (317,45, 4N

For the update rule of the hyperparameters, v, the following distribution is applied:
. 1 (s
g (1) =Tyl + 3,67, Wi (39)

where the following are given:

) (i+1)
) = b+ (40)
L (a1)
I (b?/)(l—i-l)

with (.Ol(l) = <x22>q(i)(x)‘
From Equations (A4) and (A5), we derive the update function f;(y) for 7,
441 = £,(41)), which explicitly takes the following form:

a+3
fl(?):T;(_) (42)
b+ 4

Through substitution into Equations (A1), (A2) and (A6), the solution for the related
parameters can be obtained. However, due to the high-dimensional nature of 4 in the
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update rules for fI and %, the cyclical dependence can lead to slower convergence of the ¥
values, ultimately affecting the overall algorithmic speed.

4.4. Fast Variational Bayesian Inference (FVSBL)

For the issue of parameter cyclic dependency in iterative updates, we introduce the fast
variational FVSBL approach during the parameter iteration phase to accelerate convergence.
Based on Equation (42), by iteratively updating () (x) and hyperparameters ; we
obtain an estimation sequence, {,?l[i] }il If this sequence converges, its limit must be a

fixed point of the recursive relation, as follows:

9 € G ={91€Rxs0: fi(f1) — 5 =0} (43)

The convergent solution, §;, for hyperparameters can be obtained by solving

f1(41) — 1 = 0. According to Reference [40], when the initial condition '?I[O] > 0 holds and

the first-order recursive relation, fj, is strictly increasing, the limit of 'Aylm as n — oo satisfies

the following:
o ifi(1) > and G = o
lim ’?l[n] = {minG;" if ﬁ(’?l[o]) > '?1[0] and G # @ (44)
— a0 [0
maxG;if £i(") <4,
where G/ denotes the set of fixed points greater than 'Ayl[o] and G; the set of fixed points
[0]

less than or equal to §; ', and @ represents the empty set.

i

The explicit form of <x12>q(i) () in Equation (42) is given by the following:

2 _ N2 (i)
<xl >q(i)(x) - (?’ll ) + le (45)
Here, l(iH) denotes the I-th component of the updated mean vector, u(+1), and Zl(ll 1)
represents the [ — th diagonal element of the updated covariance matrix, (D), Equation

(45) decomposes the posterior second moment of the signal power, <x12>q (x) into the power
of the point estimate (y l(iﬂ) )2 and the power associated with the estimation uncertainty,
Zl(ll ™ This mechanism, where both the estimated value and its credibility are used to
update the sparsity-controlling hyperparameters via Equation (42), is key to the algorithm’s
robustness.

As demonstrated in Appendix A, <x12>q %) is a strictly decreasing function of 7;. There-
fore, the update function, f;(7;), for the hyperparameter is strictly increasing. This property,
as established in the fast variational Bayesian learning (FVSBL) framework [42], satisfies

the necessary conditions for the accelerated convergence guarantees discussed therein.

5. Numerical Evaluation
5.1. Experimental Setup

This section presents a series of comprehensive simulations to validate the performance
of our proposed real-valued coherent fast variational sparse Bayesian learning (RC-FVSBL)
algorithm. We benchmark our method against several well-established DOA estimation
algorithms: subspace-based MUSIC [3], sparse representation-based 11-SVD [21], sparse
covariance-based ICSPICE [16], and Bayesian-based rootSBL [22]. The Cramér-Rao bound
(CRB) for narrowband signals is also included to serve as a theoretical performance limit.
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For clarity, the complete procedure of our proposed RC-FVSBL method is summarized
in Algorithm 1.

Algorithm 1 Proposed RC-FVSBL for Broadband DOA Estimation

1: Input: Received multi-subcarrier data y(¢, f;) for j = 1,..., J; Array manifolds A(f;);
Angular grid ©.
2: Output: Estimated DOAs ©.

> Stage 1: Coherent Focusing

3: Compute preliminary DOA estimates épre (e.g., using a MUSIC-like spectrum).
4: Compute focusing matrices T(f;) using épre via Equation (20).

5: Compute the focused covariance matrix Ry via Equation (23).

> Stage 2: Real-Valued Transformation

6: Vectorize the focused matrix: r = vec(Ry).

7: Construct the complex dictionary ¥ and whiten the model to get y,.,; and ¥ e, via
Equations (24)—(30).

> Stage 3: Fast Variational Bayesian Solver (FVSBL)

8: Initialize: Hyperparameters y(%), posterior mean u?), covariance z©),

9: i+ 0.

10: repeat

11: Update posterior covariance 0+ via Equation (38).

12: Update posterior mean u(*+1) via Equation (37).

13: Update hyperparameters y('*1) via the root-finding update rule Equation (42).
14: i<+ i+1.

15: until convergence criterion is met (e.g., || — u®||5/||u®]], < tol)

> Stage 4: DOA Estimation
16: Identify the peak locations in the final posterior mean p.
17: return ©

5.1.1. Simulation Environment and Signal Model

All simulations were conducted in MATLAB R2022a on a personal computer equipped
with an Intel Core i5-9300H CPU and 16 GB of RAM (Intel Corporation, Santa Clara, CA,
USA). We considered a ULA composed of M isotropic sensors with a standard inter-element
spacing of d = A/2, where A is the wavelength corresponding to the center frequency of
the signal. The array was assumed to observe K uncorrelated, far-field signal sources
impinging from different directions, 6. The angular search grid for all grid-based methods
spanned from —90° to 90° with a resolution of 1.0°, resulting in N = 181 grid points, unless
otherwise specified.

For broadband scenarios, we simulated 5G NR-like OFDM signals. Each source signal
was modulated using 16-QAM and transmitted over | = 1024 active subcarriers within a
wider bandwidth. The receiver collects L OFDM symbols, where each symbol is treated as
a snapshot. The signal-to-noise ratio (SNR) is defined at the sensor level as the ratio of the
power of each source signal to the power of the additive white Gaussian noise (AWGN).
The performance of all algorithms is evaluated using the root mean square error (RMSE),
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averaged over 200 independent Monte Carlo trials to ensure statistical stability. The RMSE
is defined as follows:

1 ch K

o 2
RMSE = Yo Y (Bik—6k) (46)
K- Nme (5 {21

where 9i,k is the estimate of the k-th DOA in the i-th trial, 0 is the true DOA, and Ny, is the
number of Monte Carlo trials.

5.1.2. Data Pre-Processing and Algorithm Parameter Settings

A critical aspect of our experimental methodology is the handling of broadband OFDM
signals to ensure a fair comparison with narrowband-based algorithms. As detailed in
Section 4.1, the inherent frequency-dependent nature of the array manifold in broadband
signals makes direct application of conventional DOA methods infeasible.

Therefore, for all broadband simulations presented in this paper, we first apply the
coherent signal subspace (CSS) focusing technique to the received multi-subcarrier data.
This crucial pre-processing step transforms the covariance matrices from all subcarriers and
aligns them to a common reference frequency, yielding a single, equivalent narrowband
covariance matrix, denoted as f{y.

This focused matrix Ry then serves as the unified input for all benchmarked algorithms,
including our proposed RC-FVSBL. This approach effectively bridges the gap between the
broadband signal reality and the narrowband formulation of the DOA estimators, ensuring
that the subsequent performance comparison genuinely reflects the core capabilities of the
estimation algorithms themselves, rather than their ability to handle raw broadband data.

The specific parameters for the baseline methods were carefully chosen to ensure they
operate at or near their optimal performance, as detailed in Table 1. It is important to
reiterate a key practical advantage of our proposed RC-FVSBL.: its essential parameters,
such as noise variance and signal sparsity, are learned automatically from the data. This
eliminates the need for the manual, often computationally intensive parameter tuning
required by competing sparse methods.

Table 1. Parameter settings for baseline algorithms.

Algorithm Parameter Value/Setting Rationale
MUSIC Source Number (K) Assumed to be known a priori. Standard requirement
L1-norm Regularization Parameter (1) Tuned via cross-validation Ensures optimal performance
ICSPICE Maximum Iterations 500 Sufficient for convergence
rootSBL Maximum Iterations 500 Sufficient for convergence
RC-FVSBL Hyperparameters (a, b) a=b=1x10"° Non-informative prior

5.2. RMSE Performance Analysis

To comprehensively evaluate the estimation accuracy of our proposed RC-FVSBL
algorithm, we first investigate its RMSE performance under varying SNR conditions and
for different numbers of signal sources.

5.2.1. Performance with Dual Signal Sources

In the first experiment, we consider a scenario with K = 2 signal sources. The simulation
parameters are detailed in the caption for Figure 2.
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DOA Estimation Performance vs. SNR (Dual Sources)
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Figure 2. Root mean square error (RMSE) performance versus signal-to-noise ratio (SNR) for two sig-
nal sources. The proposed algorithm is compared with MUSIC, L1-norm, ICSPICE, rootSBL, and
the CRB. The true DOAs are located at [-25.5,60.5 ]. The simulation is configured with a ULA of
M = 20 sensors and L = 200 snapshots. The shaded areas represent the £1 standard deviation over
200 Monte Carlo trials. The inset provides a zoomed-in view of the high-SNR region to highlight
performance differences.

Figure 2 illustrates the RMSE performance of all compared methods as a function of
the SNR. Several key observations can be made. First, our proposed algorithm consistently
achieves the lowest RMSE across the entire SNR spectrum, demonstrating its superior
accuracy. Second, in the challenging low-SNR region (e.g., from —10 dB to —4 dB), the
performance gap between our method and the baselines is most pronounced. For instance,
at an SNR of —8 dB, our algorithm’s RMSE is approximately 0.6°, whereas traditional
methods like MUSIC and L1-norm exhibit errors exceeding 1.5°. This highlights the
robustness of our Bayesian framework, where the sparse prior effectively suppresses
noise-induced artifacts that degrade other methods.

Third, as the SNR increases, the performance of our algorithm rapidly approaches the
theoretical Cramér-Rao bound (CRB). The zoomed-in inset for the high-SNR region (6 dB
to 10 dB) clearly shows that the RMSE curve of our method (solid red line) nearly overlaps
with the CRB (dashed black line). This indicates that our estimator is asymptotically efficient
and unbiased. In contrast, other advanced sparse methods like rootSBL and ICSPICE, while
performing well, maintain a discernible gap from the CRB, suggesting the presence of a
performance floor due to their respective algorithmic or modeling limitations.

5.2.2. Performance with Three Signal Sources

To assess the scalability of our algorithm, we increase the number of sources to K = 3.
The specific setup is described in the caption for Figure 3.

As shown in Figure 3, the overall performance trends are consistent with the dual-
source case, but the increased complexity of the scenario further accentuates the advantages
of our proposed method. With more sources, the problem of signal aliasing becomes
more severe, causing a general degradation in performance for all algorithms, especially at
low SNRs.
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RMSE Performance vs. SNR (Three Sources)
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Figure 3. RMSE performance versus signal-to-noise ratio (SNR) for three signal sources. The true
DOAs are located at [730.50, -15.5, 60.50]. Other simulation parameters, including M = 20, L = 200,
and the number of Monte Carlo trials, are identical to those in Figure 2. The inset similarly provides a
magnified view of the high-SNR performance.

However, our RC-FVSBL algorithm demonstrates remarkable resilience. At an SNR of
—10 dB, its RMSE remains below 1°, while the errors for L1-norm and ICSPICE escalate
to over 2. This superior performance in a more crowded environment underscores the
effectiveness of the FVSBL approach in accurately estimating the posterior distribution of
the signal, even with increased parameter dimensionality. Furthermore, the inset in Figure 3
reaffirms that our method is the only one among the tested algorithms to achieve perfor-
mance nearly identical to the CRB at high SNRs, solidifying its position as a highly accurate
and robust DOA estimation technique. The ability to handle an increased number of sources
gracefully is a critical requirement for practical applications in dense signal environments.

5.2.3. RMSE Versus Number of Snapshots

We now investigate the effect of the data record length on estimation accuracy by
varying the number of available snapshots, L. The SNR is fixed at a moderately high value
of 10 dB to isolate and emphasize the impact of the sample size on the performance of the
algorithms. Other parameters are consistent with the dual-source scenario, as detailed in
the caption for Figure 4.

As depicted in Figure 4, the RMSE for all algorithms improves as more snapshots
become available. This is an expected trend, as a larger sample size leads to a more accurate
and stable sample covariance matrix estimate, which is the foundation for all subsequent
processing. However, the degree of improvement and the performance in sample-limited
conditions vary significantly among the methods.

Our proposed RC-FVSBL demonstrates a pronounced advantage, particularly in the
crucial sample-starved region (e.g., L < 200). At L = 50 snapshots, our method achieves
an RMSE of approximately 0.06 . This is substantially lower than that of MUSIC (above
1.0") and significantly better than other advanced sparse methods like rootSBL (approx.
0.09") and ICSPICE (approx. 0.15"). This superior performance with very limited data is
a critical advantage for practical applications in dynamic environments, such as tracking
fast-moving targets, where the signal coherence time is short and only a few snapshots can
be collected for each estimation.
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RMSE Performance vs. Number of Snapshots
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Figure 4. RMSE performance versus the number of snapshots (L). The experiment is conducted with
two signal sources at [~60.5",25.6° ] under a fixed SNR = 10 dB and an array size of M = 20. The
number of snapshots varies from 50 to 1000. The shaded areas represent the 1 standard deviation
over 200 Monte Carlo trials, illustrating the statistical consistency of the estimates.

Furthermore, as the number of snapshots increases, our algorithm’s performance
curve smoothly converges toward the CRB. For L > 600, our method’s RMSE is nearly
indistinguishable from the theoretical limit. In contrast, other methods like L1-norm and
rootSBL exhibit a “flattening” effect at a level visibly above the CRB. This indicates that
simply increasing the data volume cannot fully compensate for their inherent modeling
biases or algorithmic limitations. This result strongly validates the asymptotic efficiency
and robustness of our proposed estimator across different data record lengths.

5.3. Resolution and Convergence Analysis

Beyond standard RMSE performance, two other crucial metrics for practical DOA
estimation systems are the ability to resolve closely spaced sources and the computa-
tional efficiency, which is often dictated by convergence speed. This section evaluates our
algorithm’s performance in these two aspects.

5.3.1. Resolution Capability

The ability to distinguish among signal sources arriving from very similar directions
is a critical challenge in many sensing applications, such as traffic monitoring or target
classification. We test this capability by placing two pairs of sources with small angular
separations, as detailed in the caption for Figure 5.

The results are presented in Figure 5. The plot clearly demonstrates the superior
resolution performance of our proposed RC-FVSBL algorithm. In the difficult low-to-
moderate SNR range (—5 dB to 5 dB), our method consistently achieves a higher probability
of successful resolution. For example, at an SNR of 0 dB, our algorithm successfully
resolves the sources in over 80% of the trials, whereas L1-norm and ICSPICE achieve
only around 65% and 55%, respectively. This enhanced resolution stems from the strong
sparsity-inducing prior in the Bayesian framework, which favors solutions with a minimal
number of active grid points, thereby producing a sharper spatial spectrum that is less
prone to merging adjacent peaks.
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Resolution Probability vs SNR
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Figure 5. Resolution probability versus SNR for two pairs of closely spaced sources. The four sources
are located at [—32.50, —30.50], [30.50,32.50], with each pair separated by only 2.0". A successful
resolution is registered if four distinct DOAs are found with an estimation error of less than 1.0” for
each. The simulation uses M = 20 and L = 200. The shaded areas indicate the £1 standard deviation
over 200 Monte Carlo trials.

As the SNR increases, all methods improve, but our algorithm is the first to reach
near-perfect resolution. The inset shows that for an SNR > 7.5 dB, our method achieves a
resolution probability of 1.0, while other methods, including rootSBL, still exhibit occasional
failures. This robust resolution capability makes our algorithm highly suitable for cluttered
environments with closely spaced targets.

5.3.2. Convergence Speed

For real-time systems, the speed at which an algorithm converges to a final solution is
as important as the accuracy of that solution. We evaluate the convergence behavior of the
iterative algorithms in this experiment, with the results shown in Figure 6.

The convergence plot reveals a dramatic advantage for our proposed RC-FVSBL. Our
algorithm achieves its final, low-RMSE solution in fewer than five iterations. The RMSE
drops precipitously from the initial state to below 0.1” and remains stable thereafter. In stark
contrast, competing iterative methods, like rootSBL, L1-norm, and ICSPICE, exhibit much
slower convergence. They require over 100 iterations to approach their final error values,
and as the inset clearly shows, their final accuracy is still inferior to that of our method.

This remarkable acceleration is a direct consequence of the fast variational Bayesian
learning (FVSBL) formulation introduced in Section 4.4. Traditional variational Bayesian
methods rely on slow, cyclically dependent updates between parameters. Our FVSBL
approach, however, transforms the hyperparameter update into a monotonic, closed-form
root-finding problem. As proven in Appendix A, this ensures a direct and rapid trajectory
toward the optimal solution, avoiding the oscillatory behavior and slow progress that
plague other methods. This ultra-fast convergence is a key contributor to the overall com-
putational efficiency of our algorithm, making it a highly attractive option for applications
demanding low-latency processing.
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Figure 6. Convergence performance of the iterative algorithms. The plot shows the RMSE as a func-
tion of the iteration number for a dual-source scenario ([—60.3",25.6']) at a challenging SNR = 0 dB.
The non-iterative MUSIC algorithm is plotted as a horizontal line for reference. The inset provides a
magnified view of the final convergence state. M = 20 and L = 200.

5.4. Computational Complexity Analysis

To quantitatively validate the “accelerating” aspect of our proposed algorithm, this
section analyzes its computational complexity from both a theoretical and an empirical
standpoint. The efficiency of our method is a key contributor to its suitability for real-
time applications.

5.4.1. Theoretical Complexity Analysis

The computational complexity of our proposed RC-FVSBL algorithm is primarily
determined by the iterative updates of the posterior parameters and hyperparameters
within the variational inference framework. Following the procedure outlined in Section 4,
the main computational burden at each iteration can be broken down as follows:

e Posterior Covariance X Update: The most computationally intensive step is the

calculation of the posterior covariance matrix, (1) = (FT'¥+ diag{i/(i) })_1. The
matrix, ¥, has dimensions R x (N + 1), where R < M?, and ¥ is of size (N + 1).
The matrix inversion of this (N + 1) x (N + 1) matrix dominates this step, requiring
O((N 4 1)), or simply O(N?) floating-point operations (FLOPS).

e  Posterior Mean p Update: The calculation of the posterior mean, plitl) — E(iJrl)?Tf,
involves a matrix-vector product, which has a complexity of O(N?). This is computa-
tionally less demanding than the matrix inversion.

e Hyperparameter v Update (FVSBL Root-Finding): The FVSBL update for the hy-
perparameters, y, involves solving N + 1 independent, single-variable root-finding
problems (from Equation (A7)). Each root can be found efficiently using numerical
methods like Newton’s method, which typically converges in a small, constant number
of steps. Therefore, the total complexity for this update step is O (N).

Combining these steps, the total computational complexity per iteration of our pro-

posed algorithm is dominated by the matrix inversion, resulting in a complexity of
O(N3) + O(N?) + O(N) =~ O(N3).
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We compare our algorithm with a representative SBL method, rootSBL. As summa-
rized in Table 2, both algorithms share the same O (N?) per-iteration complexity order.

Table 2. Theoretical complexity comparison within the SBL framework.

Algorithm Dominant Operation Per-Iteration Complexity (FLOPs)
rootSBL Complex matrix inversion (N x N) O(N3)

RC-FVSBL Real-valued matrix inversion (N x N) O(N?)

(proposed)

However, our RC-FVSBL algorithm incorporates two crucial innovations that lead to
a substantial reduction in the overall computational load, as follows:

e  Acceleration via Real-Valued Transformation (Constant Factor Reduction): A key
component of our method is the real-valued transformation applied to the sparse
recovery problem. This transformation yields a substantial computational advantage
that is not reflected in the order of complexity. While the O(N3) complexity of the
matrix inversion remains, the nature of the underlying arithmetic is fundamentally
changed. Standard complex matrix operations, which involve numerous complex
multiplications (each comprising four real multiplications), are replaced by operations
in the real domain. This substitution drastically reduces the number of floating-point
operations required for each step of the matrix inversion, leading to a significant,
constant-factor reduction in runtime.

e  Acceleration via Fast Variational Bayesian Learning (FVSBL): The most significant
source of acceleration stems from the FVSBL framework, which addresses the primary
bottleneck of conventional SBL methods—the slow convergence rate. As demonstrated
in our convergence analysis (Section 5.3.2), the FVSBL's monotonic update scheme
enables our algorithm to converge in a very small, constant number of iterations
(typically fewer than ten). This contrasts sharply with traditional SBL implementa-
tions, such as rootSBL, which often require hundreds of iterations to reach a solution.
Consequently, while the per-iteration complexity is O(N?), the total computational
cost, which is the product of the per-iteration complexity and the number of iterations,
is vastly lower for our method. This dramatic reduction in the required number of
iterations is the principal driver of the overall acceleration.

5.4.2. Empirical Runtime Comparison Within the SBL Framework

To empirically validate the acceleration achieved by our innovations, we provide a
statistically robust comparison of the runtime performance. We measured the runtime
distribution of our proposed RC-FVSBL and the baseline rootSBL over 100 independent
Monte Carlo trials. The results are visualized using a box plot in Figure 7.

The plot reveals two key advantages of our proposed algorithm. First, in terms of
central tendency, our algorithm is substantially faster. The mean runtime for our method is
merely 0.0639 s, whereas rootSBL requires 0.1354 s on average. This represents a significant
acceleration, with our algorithm being approximately 2.12 times faster than its state-of-the-
art SBL competitor.

Second, and arguably as important for practical systems, our algorithm demonstrates
significantly higher runtime stability. This is visually evident from the much more compact
box and whisker plot for the “Proposed” method. The standard deviation of our algo-
rithm’s runtime (0.0040 s) is less than half that of rootSBL (0.0085 s), indicating that its
performance is highly consistent and predictable across different data realizations. This
stability is a direct result of the FVSBL’s deterministic and rapid convergence path, which
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is less susceptible to variations in the input data compared to the slower, more uncertain
convergence of traditional SBL methods.

Runtime Distribution Comparison
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Figure 7. Runtime distribution comparison between the proposed RC-FVSBL and rootSBL. The
box plot displays the distribution of the wall-clock time per trial, collected over 100 independent
Monte Carlo runs. The simulation scenario is identical to that in Section 5.2.1 (M = 20, L = 200, and
SNR = 0 dB). The central line in each box indicates the median, the box edges represent the 25th and
75th percentiles, the whiskers extend to the most extreme data points within 1.5 times the interquartile
range, and the “x” marker denotes the mean runtime.

In conclusion, the empirical data lend strong support to our theoretical analysis. The
synergistic combination of the real-valued transformation and the FVSBL framework ap-
pears to be effective, as our method achieves a considerable speed-up over the conventional
SBL approach while also exhibiting enhanced runtime stability.

5.5. Robustness Analysis Against Array Imperfections

To evaluate the performance of our proposed algorithm under more practical, non-
ideal conditions, we conducted a simulation to test its robustness against sensor position
errors. This experiment serves as a proxy for real-world scenarios where the physical
array geometry may deviate from its assumed model. We introduced a random, zero-mean
Gaussian perturbation with a standard deviation of ¢, = 0.01A to the position of each sensor
in every Monte Carlo trial. All algorithms were then tasked with estimating the DOAs
using the ideal, error-free array manifold, creating a controlled model mismatch scenario.

The results of this robustness test are presented in Figure 8. As expected, the presence
of position errors leads to a performance degradation for all methods compared to the
ideal case (Figure 2). However, the degree of this degradation varies significantly, clearly
highlighting the differences in robustness.

Subspace-based methods, MUSIC and ICSPICE, prove to be the most sensitive to
this model mismatch. Their RMSE curves are substantially elevated, indicating that their
performance relies heavily on the precise knowledge of the array manifold, a condition that
is compromised by the position errors.

In contrast, sparse recovery methods demonstrate superior resilience, with Bayesian
approaches showing a particular advantage. Among them, our proposed RC-FVSBL
consistently exhibits a higher level of robustness. Its performance curve remains the lowest
across the majority of the SNR range. The performance gap between our method and



Electronics 2025, 14, 3174 22 of 26

rootSBL is most pronounced in the moderate SNR region (from 0 dB to 8 dB). For instance,
at an SNR of 4 dB, the RMSE of our method is approximately 0.12°, while the RMSE of
rootSBL is around 0.25°, which is more than twice as high.

Robustness to Position Errors (ap =0.01))
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Figure 8. Robustness to sensor position errors. This plot shows the RMSE performance versus the
SNR when the position of each sensor is subject to a random Gaussian perturbation with a standard
deviation of ¢}, = 0.01A. All algorithms operate using the ideal, unperturbed array manifold, thus
testing their resilience to model mismatch. The shaded areas represent the 1 standard deviation
over 200 Monte Carlo trials.

This suggests that our algorithm’s structure, which combines a coherent processing
front-end with a real-valued Bayesian framework, is more effective at mitigating the phase
uncertainties introduced by sensor displacement. This superior robustness in the face
of array imperfections is a critical feature, enhancing the viability and reliability of our
algorithm for deployment in real-world sensing systems.

6. Conclusions

This paper presents a broadband OFDM signal direction-of-arrival (DOA) estimation
method based on clustering focusing and fast variational sparse Bayesian learning (FVSBL).
The method first utilizes an innovative frequency clustering technique to convert the
broadband signal into an equivalent narrowband covariance matrix, effectively addressing
the issue of inconsistent spatial information in broadband signals. It then employs real-
valued transformation techniques to optimize the sparse equations, significantly reducing
computational complexity. Finally, the improved FVSBL algorithm is used to achieve
efficient and stable parameter estimation.

Our comprehensive simulation results have demonstrated the effectiveness of the
proposed algorithm. Compared to several methods, RC-FVSBL shows superior perfor-
mance in terms of estimation accuracy, particularly under challenging conditions such as
low SNR, limited snapshots, and the presence of model imperfections like sensor position
errors. Furthermore, the FVSBL framework was empirically shown to provide a substantial
acceleration (over twofold) compared to conventional SBL approaches, making it a more
viable candidate for time-sensitive applications.

Despite these promising results, we acknowledge certain limitations, which pave the
way for future research. A key area for theoretical extension lies in the focusing stage. The
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current method’s reliance on preliminary DOA estimates can be a bottleneck in very-low-
SNR scenarios. A more advanced direction, which we plan to pursue, is the development of
a focusing-free or auto-focusing SBL framework. Such an approach would treat the focusing
parameters as latent variables within a unified probabilistic model, allowing for their joint
inference alongside the sparse signal. This would create a more robust and theoretically
elegant end-to-end estimation system. Further theoretical work will also involve extending
the framework’s applicability from ULAs to more complex array geometries, such as sparse
or planar arrays.

Concurrently, we are developing a concrete plan for hardware-based validation to
rigorously assess the algorithm’s real-world viability. Our planned experimental setup will
utilize a multi-antenna software-defined radio (SDR) platform (e.g., USRP), configured as a
ULA. We will transmit and receive 5G NR-compliant OFDM waveforms in a controlled
indoor environment, starting with single-source and progressing to multi-source scenarios.
This will allow us to evaluate the algorithm’s performance against real-world hardware
impairments, including phase noise, I/Q imbalance, and antenna coupling, providing the
ultimate validation of its practical utility.

In summary, this study contributes an effective and practical solution to the field
of broadband signal DOA estimation. By addressing key limitations of existing meth-
ods, it holds significant potential for advancing applications in 5G sensing, radar, and
wireless communications.
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Nomenclature

Throughout this paper, the following notation is used. Lowercase bold letters (e.g., a) denote vectors,
and uppercase bold letters (e.g., A) denote matrices. Scalars are denoted by italic letters, e.g., a.
The superscripts ()T, (HH, and (1) represent the transpose, Hermitian transpose, and complex
conjugate, respectively. The operator vec(-) vectorizes a matrix by stacking its columns. The operator
diag{a} forms a diagonal matrix with the elements of vector a on its main diagonal. Key symbols are
summarized as follows:

Symbol Description

M Number of array sensors

K Number of signal sources

L Number of snapshots

] Number of OFDM subcarriers

N Number of angular grid points

A Signal wavelength

y(t,fi)  Received signal vector at time t and subcarrier f;
A(f;) Array manifold matrix at subcarrier f;
a(0,f;)  fatsubcarrier f;

Ry (fj) Covariance matrix at subcarrier f;

I( fi) Focusing matrix for subcarrier f;

Ry Focused (equivalent narrowband) covariance matrix
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Y Complex dictionary matrix in the sparse model
Yol Whitened and real-valued dictionary matrix

X Sparse vector of signal powers on the angular grid
TP Posterior mean and covariance of x

Y Vector of hyperparameters controlling sparsity

a? Noise variance

Appendix A

Proof of f; Monotonicity

Based on Equations (37), (38) and (45), the expression <x12>q(1) ) is divided into two
parts for separate differentiation.

First, the value of yl(iﬂ) is the 1-th element of the mean vector, and from Equation (37),
it is given by the following:

(1) _ T

1 / p(i-‘v-l) — e?z(i-‘rl)\ler (Al)

where ¢; is the unit vector in the I-th direction.

1.2
Next, for (u ,(IH)) , we perform the following derivative with respect to ;:

it1),2 i
a(ﬂz( ) 5 (i+1)aﬂz( )

= A2
91 : Cel (42
where the following is given:
oulit1) ox (i+1)
F;% —ef e b4 (A3)
i+1 T :

971 97
Since diag(§(!) only has the /-th diagonal element corresponding to 7; and other

elements are constants, we get the following:

O(YTY + diag(y)) B
9, =E (A5)

where E; is the unit vector in the /-th direction, with all other elements being zero. Therefore,
from the previous equations, we obtain the following:

) u(i +1)
9

— —elTE(i+1)ElZ(i+l)‘Iny (A6)

Since ElZ(iH) = elelTZ("H), this further simplifies to the following:
ayl(m)

o _ _(elTZ(i+l)el)(elTZ(iJrl)TTy) _ _Zz(zi+1)Vl(i+l) (A7)

Thus, the result of differentiating the first term in Equation (A9) is as follows:

; 2
a(#(l+1)) i i i i i11).2
é% —9 I(H)(_ZI(ZH)VI( +1)) _ _ZZZ(IH)(VZ( +1)) (A8)
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Next, we differentiate the second term, as follows:

i+1 ;
axity _ ozt
97 ooy

. . ; 2
e = felTZ(ﬁl)ElZ(Hl)e[ _ 7(Zl(ll+l>) (A9)

Combining the two parts, we obtain the following:

o(x?) : 1.2 1.2
q(x) (i+1) . (i4+1) (i+1)
“om =25 ) () (A10)
Since Zl(li+1) represents the variance (i.e., the diagonal element of the covariance

matrix), and the variance is non-negative, it follows from Equation (A9) that

<0 (A11)

Therefore, <x12>q(i) (x) is a strictly decreasing function with respect to ;, and f;(§;) is
strictly increasing with respect to 7;.
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