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Abstract: Transformer-based models have achieved remarkable success across various
AI tasks, but their growing complexity has led to significant computational and memory
demands. While most optimization efforts have focused on linear operations such as
matrix multiplications, non-linear functions like Softmax and layer normalization (Layer-
Norm) are increasingly dominating inference latency, especially for long sequences and
high-dimensional inputs. To address this emerging bottleneck, we present a hardware
accelerator that jointly approximates these non-linear functions using piecewise linear ap-
proximation for the exponential in Softmax and Newton–Raphson iteration for the square
root in LayerNorm. The proposed unified architecture dynamically switches operation
modes while reusing hardware resources. The proposed accelerator was implemented
on a Xilinx VU37P FPGA and evaluated with BERT and GPT-2 models. Experimental
results demonstrate speedups of up to 7.6× for Softmax and 2.0× for LayerNorm, while
maintaining less than 1% accuracy degradation on classification tasks with conservative
approximation settings. However, generation tasks showed greater sensitivity to approxi-
mation, underscoring the need for task-specific tuning.

Keywords: transformer; non-linear function; approximation; FPGA; accelerator

1. Introduction
The Transformer architecture, introduced by Vaswani et al. in 2017, marked a major

breakthrough in addressing the limitations of traditional natural language processing (NLP)
methods [1]. It has since served as the foundation for pre-trained models like bidirectional
encoder representations from transformers (BERT) and generative pre-trained transformers
(GPT), known for strong contextual understanding and text generation [2,3]. These models
have seen widespread adoption not only in NLP but also in fields like computer vision,
robotics, and bioinformatics [4–7]. However, as Transformer models grow in depth and
complexity, their computational and memory demands are rising rapidly, highlighting the
growing need for hardware acceleration to enable real-time inference [8–10]. Transformers
consist of both linear and non-linear operations. Most existing hardware acceleration
efforts have primarily targeted the optimization of linear components, such as matrix
multiplications, by leveraging systolic arrays, operation decomposition, and low-precision
arithmetic. These methods have been widely applied in both Transformer-specific accelera-
tors and general-purpose AI processors for convolutional workloads or energy-efficient
arithmetic units [11–13]. In contrast, non-linear functions like Softmax and layer normaliza-
tion (LayerNorm) have received less attention, even though they are invoked repeatedly
and are difficult to parallelize, making them key contributors to inference latency. This
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bottleneck becomes more pronounced in large-scale language models and high-resolution
vision Transformers, where the computational load of Softmax and LayerNorm scales
with sequence length and model dimensionality [14,15]. These functions involve complex
operations such as exponential and square root evaluations, along with mean and variance
computations, which incur considerable latency and hardware cost when implemented
with high precision [16,17]. To mitigate this, we adopt piecewise linear approximation
(PLA) for the exponential in the Softmax and Newton–Raphson iteration for the square
root in LayerNorm [18]. These methods reduce the computational burden while preserving
acceptable accuracy in fixed-point hardware environments.

While hardware acceleration of normalization functions has been widely explored in
convolutional neural networks (CNNs), the structural differences in computation flow and
vector dimensionality make such techniques difficult to transfer directly to Transformer
models. Although Softmax and LayerNorm have been individually approximated or ac-
celerated in prior work, few studies have addressed both jointly within a single hardware
design [19]. In particular, although these functions are executed sequentially in Transformer
pipelines—making dynamic reconfiguration of shared hardware feasible—this architectural
opportunity has been largely overlooked. To address this, we propose a unified hardware
accelerator optimized for non-linear functions in Transformer models. The design identifies
and exploits the shared computational structures of Softmax and LayerNorm, enabling both
operations to be flexibly handled within a single fixed-point-friendly module. Approxima-
tion strength is tunable to support diverse accuracy–latency trade-offs. The contributions
of this work are summarized as follows:

• We present a unified hardware architecture that integrates Softmax and LayerNorm
operations into a single computational path within Transformer models. By an-
alyzing their shared computational flows, the proposed design improves overall
hardware utilization.

• PLA is applied to the exponential function in Softmax, while Newton–Raphson it-
eration is used for the square root computation in LayerNorm. The approximation
strength is adjustable via parameters h and N, enabling fine-grained control over the
trade-off between accuracy and speed.

• The proposed accelerator was implemented on a Xilinx VU37P FPGA and applied
to BERT and GPT-2 models for practical evaluation. It achieved speedups of up to
7.6× for Softmax and 2.0× for LayerNorm, with Softmax delivering up to 4.6× faster
execution compared to GPU baselines.

• To assess the impact on model accuracy, we performed extensive evaluation across
eleven benchmark datasets spanning classification and generation tasks. When h ≤ 4
and N ≥ 3, classification performance was preserved with less than 1% degradation.
In contrast, generation tasks were more sensitive to approximation, particularly in
Softmax, necessitating more conservative parameter choices.

The remainder of this paper is organized as follows. Section 2 provides an overview
of the Transformer architecture and presents a latency breakdown analysis that highlights
the role of non-linear operations. Section 3 reviews prior studies on approximation tech-
niques and hardware acceleration for Transformers. Section 4 introduces the proposed
approximation methods with mathematical formulation, and Section 5 details the hardware
architecture based on these methods. Section 6 presents experimental results from applying
the proposed accelerator to various Transformer-based tasks. Finally, Section 7 concludes
the paper and discusses potential future research directions.
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2. Background
2.1. Transformer Overview

The Transformer is a neural architecture that introduced the self-attention mechanism
to effectively model relationships between tokens within an input sequence [20]. This
design overcomes the limitations of traditional recurrent neural networks (RNNs) that rely
on sequential computation [21]. Figure 1 illustrates the structure of the Transformer [1]. It
consists of stacked encoder and decoder blocks, each composed of a multi-head attention
(MHA) module and a feed-forward network (FFN). LayerNorm is applied before each
major block, and residual connections are established between the input and output of the
MHA and FFN modules [22].

Figure 1. Overall Transformer architecture and attention mechanism breakdown.

In the MHA module, the input matrices—query (Q), key (K), and value (V)—are split
into multiple heads, typically denoted by h, with each head independently performing
scaled dot-product attention (SDPA). This allows the model to capture diverse contextual
relationships. In SDPA, token similarity is computed as the dot product of Q and K, fol-
lowed by Softmax normalization to produce attention weights, which are then applied
to V. The outputs from all heads are concatenated and linearly transformed to form the
final attention output. Among the non-linear operations repeatedly applied in each Trans-
former layer, Softmax and LayerNorm are particularly critical for stabilizing training and
preserving model performance.

2.2. Non-Linear Functions in Transformer

Non-linear functions in Transformer architectures are essential for stabilizing training
dynamics, enriching model expressiveness, and preserving inference fidelity. Among these,
Softmax and LayerNorm are particularly critical, as their row-wise computation and limited
parallelism result in significant computational overhead, making them a primary bottleneck
as both sequence length and model size increase [23].

2.2.1. Softmax

The Softmax function transforms an input vector into a probability distribution.
Within the SDPA mechanism, it normalizes token-wise similarity scores into attention
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weights, ensuring that the sum of all outputs equals one [24]. The function is formally
defined in Equation (1).

Softmax(xi) =
exi

∑N
j=1 exj

, for i = 1, 2, . . . , N (1)

Here, x denotes the attention score vector obtained by the dot product of the Q
and K matrices. For an input sequence of length N, the attention module computes an
N × N score matrix per attention head. Since Softmax is applied row-wise, the exponential
and summation operations must be performed N times over N elements, resulting in a
computational complexity of O(N2) per head. For models with h attention heads, this
scales to O(hN2). This quadratic growth makes Softmax a major computational bottleneck,
particularly in long-sequence Transformer architectures [25].

2.2.2. Layer Normalization

LayerNorm stabilizes training by normalizing each input vector using its mean and
variance, thereby mitigating issues such as exploding or vanishing gradients in deep
networks [26]. The operation is defined in Equation (2).

LayerNorm(xi) = γ · xi − µ√
σ2 + ϵ

+ β (2)

In this formulation, µ and σ2 represent the mean and variance of the input vector,
while γ and β are learnable scaling and shifting parameters. Given a sequence length N
and model dimension d, LayerNorm operates on each of the N vectors of size d, performing
mean and variance computation, normalization, and an affine transformation. This yields
an overall complexity of O(Nd). Despite its relatively low theoretical number of floating-
point operations per second (FLOPs), LayerNorm can often contribute disproportionately
to inference latency due to its memory access patterns and element-wise operations.

2.3. Latency Breakdown Analysis

To understand the latency behavior of non-linear functions in Transformers, we ana-
lyzed operation-wise latency in two representative NLP models: BERT and GPT. The mea-
surements were performed on both GPU and CPU platforms across a range of sequence
lengths, from short inputs typical of classification tasks to long contexts used in generative
models. This analysis highlights how the contributions of operations such as Softmax and
LayerNorm vary with sequence length and hardware architecture.

Figure 2 shows that, on CPUs, LayerNorm consistently accounts for a larger share of
inference latency than Softmax across various sequence lengths. This is primarily due to
limited parallelism and irregular memory access patterns, which have a greater impact than
arithmetic complexity in CPU environments. Figure 3 illustrates that, on GPUs, the latency
contribution of Softmax increases significantly with sequence length, reaching over 30%
at 8192 tokens. This trend reflects the O(N2) time complexity discussed in Section 2.2.1
and the data-dependent memory access behavior of Softmax, both of which contribute to
persistent latency bottlenecks even in highly parallel environments. These results indicate
that both LayerNorm and Softmax are critical latency bottlenecks in Transformer inference
pipelines. LayerNorm is more dominant on CPUs, whereas Softmax has a greater impact on
GPUs. With recent models such as GPT-4 Turbo supporting up to 128 K tokens, and others
like Mistral and Claude handling tens of thousands, the computational burden of these
non-linear functions has become increasingly significant. As sequence lengths continue to
grow, hardware-level acceleration of both Softmax and LayerNorm is essential to ensure
the scalability and real-time performance of future Transformer models.
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(a) (b)

Figure 2. Latency breakdown of BERT and GPT models on CPU. (a) BERT latency breakdown by
operation and sequence length. (b) GPT latency breakdown by operation and sequence length.

(a) (b)

Figure 3. Latency breakdown of BERT and GPT models on GPU. (a) BERT latency breakdown by
operation and sequence length. (b) GPT latency breakdown by operation and sequence length.

3. Related Works
3.1. Normalization Acceleration in Transformers

Previous research on accelerating non-linear operations has largely focused on batch
normalization (BatchNorm), a well-known bottleneck in CNNs. Due to its ability to
enhance training stability and merge with linear operations, BatchNorm has been widely
targeted for hardware optimization. Based on these advantages, several studies have
explored applying BatchNorm to Transformer models or reusing existing CNN accelerators.
Dong et al. proposed an FPGA-based accelerator that replaces LayerNorm with BatchNorm
in Swin Transformers [17]. Their design enables fusion with linear layers and implements
integer-based approximations for Softmax and GELU, achieving up to 14.6× and 5.05×
energy efficiency improvements over CPU and GPU baselines, respectively. However,
structural modifications were needed to maintain training stability, and issues such as
batch dependency and slight accuracy loss remained. Similarly, Guo et al. introduced
PRepBN, a progressive approach that gradually replaces LayerNorm with re-parameterized
BatchNorm (RepBN) during training [27]. This method preserves training convergence
and generalization but adds computational overhead and shows limited generality across
Transformer variants.

While these works aim to leverage BatchNorm acceleration in Transformers, structural
differences between the two normalization schemes impose constraints. As shown in
Figure 4a, BatchNorm normalizes across batch and channel dimensions, whereas Layer-
Norm operates at the token level, resulting in fundamentally different data shapes and
computation flows. These limitations highlight the need for dedicated, lightweight Lay-
erNorm acceleration techniques tailored to Transformer architectures—an increasingly
critical requirement for efficient real-time hardware inference.



Electronics 2025, 14, 2337 6 of 18

(a) (b)

Figure 4. Comparison of Softmax and normalization usage between Transformers and CNNs.
(a) Operation granularity of Softmax: Repeated per token in Transformers vs. Single application in
CNNs (b) Normalization scope per operation: Token-wise LayerNorm vs. Channel-wise BatchNorm.

3.2. Softmax Approximation Techniques

As shown in Figure 4b, Softmax was traditionally applied only once in the final clas-
sification layer of CNNs, leading to minimal computational load and limited hardware
acceleration efforts. However, with the increasing adoption of Transformer architectures,
its usage has grown significantly. This shift has elevated Softmax into a major compu-
tational bottleneck, thereby increasing the demand for effective hardware acceleration
strategies. Stevens et al. proposed Softermax, which replaces the natural base e with 2 in the
exponential calculation and combines low-precision fixed-point arithmetic with online nor-
malization [28]. This LUT- and shift-based design achieved a 2.35× energy efficiency and
0.90× area efficiency improvement without retraining, with less than 0.5% accuracy loss.
Zhu et al. introduced a simplified fixed-point Softmax architecture with a precision-tuning
parameter P, allowing dynamic control over the accuracy–efficiency trade-off, thus making
the design adaptable to a wide range of applications [29]. Mei et al. proposed TEA-S,
a Softmax accelerator based on piecewise linear approximation computation (PLAC) [30].
By reducing pipeline delay from 2N to N cycles in a single-pass streaming structure, it
halved execution latency while keeping accuracy loss within 2%. Gao et al. combined
segment-wise LUT-based exponential approximation with low-order Taylor expansions,
and designed a log-domain shift–subtract normalization unit [31]. Their 16-bit fixed-point
implementation preserved accuracy while reducing computation overhead.

3.3. Joint Optimization of Softmax and LayerNorm

More recently, joint optimization of both Softmax and LayerNorm has been ex-
plored. Wang et al. proposed SOLE, a hardware–software co-optimized design for both
functions [32]. It incorporates E2Softmax, a LUT-free, multiplication-free approximation
based on binary logarithms, and AILayerNorm, an integer-based statistical computation
unit. These components are implemented as separate hardware modules, and while they
enable deployment without retraining and achieve significant speedups (36.2× for Softmax
and 61.3× for LayerNorm), the architecture lacks dynamic configurability and does not
support datapath sharing between the two functions. Cha et al. introduced a dedicated
vector processing unit (VPU) for accelerating both Softmax and LayerNorm in transformer
inference [33]. Their design parallelizes mean and variance computation, reduces loop
iterations from six to three for LayerNorm, and employs FP32 accumulators to maintain
high numerical precision. However, this structure results in high hardware resource usage,
including increased LUT and FF counts, and follows a fixed execution flow that limits
flexibility and scalability—especially for lightweight or embedded inference scenarios.
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Table 1 summarizes and compares prior work on the hardware acceleration of non-
linear functions. Most existing works target either Softmax or LayerNorm individually
or process them through separate hardware modules, which limits opportunities for re-
source sharing and integrated scheduling. Architectures such as SOLE demonstrate the
benefits of low-precision approximation, while VPU-based designs achieve high accuracy
with pipeline efficiency—but often at the cost of increased complexity or lack of tunability.
To address these limitations, our work proposes a unified accelerator architecture that
executes both Softmax and LayerNorm within a single reconfigurable datapath. By ana-
lyzing the operations common to both functions, the proposed design shares hardware
components through a lightweight FSM-based mode switch. Furthermore, the use of
PLA for exponentials and Newton–Raphson iteration for square roots enables tunable
approximation strength, allowing trade-offs between latency and accuracy to be adjusted
according to task requirements. This flexibility, combined with a compact hardware de-
sign, makes the proposed architecture well suited for real-time and resource-constrained
Transformer inference.

Table 1. Comparison of prior works on Softmax and LayerNorm acceleration.

Paper Target Technique Precision HW-Int. Config.

Dong et al. [17] LN Replace LN with BN for inference Fixed-point No No
Guo et al. [27] LN Gradual LN-to-BN replacement during training Mixed (BN + LN) No Yes
Stevens et al. [28] SM Use base-2 exp and online normalization Fixed-point No No
Zhu et al. [29] SM Simplified log-sum-exp with tunable parameter Fixed-point No Yes
Mei et al. [30] SM PLAC-based approximation in one-pass pipeline INT8 No No
Gao et al. [31] SM Use LUT and Taylor series for exp/log Fixed-point No No
Wang et al. [32] SM + LN Log2-based SM and integer stats LN INT4–INT8 No No
Lu et al. [34] SM + LN Log-sum-exp SM and parallel LN accumulation Fixed-point No No
Cha et al. [33] SM + LN Parallel mean/var and loop fusion optimization FP32 Accumulator Yes No

SM: Softmax, LN: LayerNorm, BN: BatchNorm. HW-Int.: Whether Softmax and LayerNorm are integrated in a
shared hardware architecture. Config.: Whether the design supports tunable precision or approximation parame-
ters. “Mixed (BN + LN)” refers to progressive replacement of LayerNorm with BatchNorm during training.

4. Proposed Methods
Softmax and LayerNorm operations involve exponential and square root computa-

tions, respectively, both of which are computationally demanding and challenging to imple-
ment efficiently in hardware. To address these challenges, this study adopts piecewise linear
approximation (PLA) for the exponential function in Softmax and the Newton–Raphson
iterative method for square root computation in LayerNorm. These techniques were chosen
not only for their ability to maintain acceptable numerical precision while significantly
reducing computational complexity and hardware resource consumption, but also for their
fast approximation speed [35,36].

4.1. Piecewise Linear Approximation

The exponential function ex, used in the Softmax operation, is one of the most com-
putationally intensive and hardware-expensive operations. Direct implementation incurs
high latency and considerable circuit complexity, necessitating efficient approximation
techniques. To address this, we adopt a piecewise linear approximation (PLA) method [35].
In this study, the input domain of x is fixed to the range [−16, 16], uniformly divided into
intervals of length h. Figure 5a compares the exact exponential function with its piece-wise
linear approximation when h = 1. A smaller h improves approximation accuracy but
increases the number of segments and the memory required to store the corresponding
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slope wi and intercept bi for each segment. Each interval [xi, xi+1] is approximated by a
linear function, as shown in Equation (3):

ex ≈ wix + bi, for x ∈ [xi, xi+1] (3)

Here, wi and bi are the slope and intercept for the i-th interval, respectively. These
coefficients are precomputed and stored in on-chip memory. Given an input x, the hardware
identifies the corresponding interval and performs one multiplication and one addition,
enabling simplified dataflow, low latency, and reduced hardware overhead. Constraining
the input range aligns well with the characteristics of the self-attention mechanism in
Transformers. Attention scores, computed via dot products between Q and K, are typically
normalized and scaled during the Transformer pipeline, which suppresses extreme values
and confines most Softmax inputs to a moderate range. As a result, most values fall
within −10 to 10, making the fixed domain assumption both practical and efficient. These
characteristics support the use of linear approximations over a bounded domain. When
evaluated over the range [−16, 16] with a PLA interval of h = 1, the mean relative error was
8.62%. Despite this moderate error, the Softmax function primarily depends on the relative
differences between input values to construct the output distribution. By segmenting
the input space into uniform intervals and applying linear approximations, this method
achieves low memory usage and minimal control overhead, making it well-suited for
parallel hardware architectures.

(a) (b)

Figure 5. Approximation techniques for non-linear functions (a) PLA of the exponential function with
interval width h = 1. (b) Newton–Raphson iteration for square root calculation with convergence
shown for a = 2 and N = 3 iterations.

4.2. Newton–Raphson Method

LayerNorm requires computing the square root of the variance term to normalize input
vectors. This operation is computationally intensive and hardware-expensive, especially
in fixed-point arithmetic where direct square root computation is impractical. To address
this, we adopt the Newton–Raphson method—a well-known numerical technique with
fast convergence—for approximating square roots [36]. It estimates the root of the function
f (x) = x2 − a, where a is the value whose square root is sought [37]. The iterative update
rule is given in Equation (4).

xn+1 =
1
2
·
(

xn +
a

xn

)
(4)

This recurrence reliably converges to
√

a, and the convergence rate depends on the
choice of the initial guess x0. In our design, we simplify the hardware by setting the initial
value x0 = a, thereby eliminating the need for lookup tables or conditional logic. Given that
the variance term a in LayerNorm is generally bounded within [0, 2], the Newton–Raphson
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method converges rapidly under this initialization. Empirical evaluation over the interval
a ∈ [0, 2], sampled at a resolution of 0.001, shows that the average relative error after 2,
3, 4, and 5 iterations is 3.551%, 1.030%, 0.530%, and 0.403%, respectively. This demon-
strates that even with a small number of iterations, sufficient accuracy can be achieved for
practical deployment. This yields a compact and uniform dataflow suitable for hardware
realization. Each iteration involves one addition, one multiplication, and one division.
In fixed-point implementations, the division operation a/xn is particularly costly. Despite
the approximation error introduced by an uninformed initial guess, the Newton–Raphson
algorithm rapidly converges to high-accuracy estimates. For example, as illustrated in
Figure 5b, computing

√
2 with an initial guess of 2 yields an approximation of 1.4142 after

only three iterations. This efficiency enables a balance between hardware simplicity and
sufficient numerical precision, making it well-suited for latency-sensitive acceleration of
LayerNorm operations.

5. Hardware Implementation
Before implementing the non-linear operations in hardware, we conducted a detailed

analysis of the internal computation flow for both Softmax and LayerNorm. As shown
in Figure 6, both functions exhibit similar structural patterns at the micro-operation level,
except for the exponential and square root computations. Since Transformer models execute
Softmax and LayerNorm sequentially during inference, there is no need for concurrent
hardware support for both operations.

Figure 6. Micro-level operation flow for Softmax and LayerNorm.

Leveraging this sequential behavior, we designed a unified hardware architecture that
reuses the same PE array for both Softmax and LayerNorm computations. The accelerator
dynamically switches its operation mode depending on the task, thereby minimizing area
overhead without requiring separate processing units for each function. Accordingly,
we used a Q5.26 fixed-point format for all operations except the exponential function in
Softmax, which employed a Q26.5 format to ensure adequate numerical precision. The
accelerator core is organized into three functional components: a configuration register
that stores key model parameters such as input dimensionality and operation modes; an
exponential_mem block containing the precomputed slopes and intercepts required for
PLA of the exponential function; and an Operator module that executes computations
in accordance with the configuration. Figure 7 shows the architecture of the accelerator
core, which consists of three major components: a 32-element processing element (PE)
array, an accumulator unit, and a square root module. Each module is described in the
following subsections.
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Figure 7. Architecture of the proposed accelerator core.

5.1. Processing Element (PE)

The operator consists of 32 PEs, each containing a 32-bit adder, subtractor, multiplier,
local memory, and six multiplexers (MUXes). The MUXes are controlled by a finite-state
machine (FSM) that dynamically selects operands based on the current computation phase.
Distinct FSM sequences are defined for Softmax and LayerNorm operations, as summarized
in Table 2. At runtime, the accelerator receives 32 parallel 32-bit input values per cycle
from an external controller. For vectors longer than 32 elements, data are streamed over
multiple cycles. The operation mode is specified via a mode selection signal provided at the
beginning of execution. Based on this selection, the FSM automatically progresses through
a predefined sequence of states:

• LayerNorm: the FSM performs mean and variance computation (LN_MEAN, LN_VAR),
computes the standard deviation (LN_STD), normalizes the input (LN_NORM), and ap-
plies the learnable scale and bias (LN_WGT, LN_BIAS).

• Softmax: the FSM applies the exponential function (SM_EXP), computes the normal-
ization term via division (SM_DIV), and outputs the result (SM_RSLT).

When LayerNorm mode is selected, the external controller streams the learnable scale
and bias vectors, which are stored in each PE’s local memory before processing begins.
These parameters are then reused as segments of the input vector are processed in parallel
across multiple cycles. Each PE processes a segment of the input vector in parallel, and the
intermediate results are aggregated via an adder tree and passed to the accumulator.

Table 2. FSM states and their corresponding operations.

State Operation Description

LayerNorm
LN_MEAN Compute mean of input vector
LN_VAR Compute variance using squared deviation
LN_STD Apply square root to obtain standard deviation
LN_NORM Normalize vector by subtracting mean and dividing by std
LN_WGT Multiply normalized values by scale (weight)
LN_BIAS Add learned bias term

Softmax
SM_EXP Apply exponential function to each element
SM_DIV Divide each exponential by the total exponential sum
SM_RSLT Output final Softmax result
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5.2. Accumulator

To support varying sequence lengths and embedding dimensions across different
Transformer models, the accelerator includes an accumulator that enables flexible vector
processing beyond the 32-element PE width. The accumulator receives the adder tree
outputs from the PE array and accumulates partial results over multiple cycles if the
input exceeds 32 elements. Once accumulation is complete, the result is conditionally
routed to the next stage depending on the operation type: if a square root or division is
required—such as for variance normalization in LayerNorm or probability normalization
in Softmax—the value is sent to the square root module. Otherwise, the result is returned
to the PE array for further computation, such as scaling, bias addition, or result aggregation.
This conditional routing mechanism allows the shared hardware datapath to support both
functions without duplication.

5.3. Square Root and Division

The square root and division module handles Newton–Raphson-based square root
approximation and reciprocal-based division for normalization. It is composed of local
memory, a 32-bit divider, adder, and input MUXes, and operates under FSM control.
To minimize hardware cost, all divisions are performed using reciprocal multiplication,
i.e., a/b is computed as a × (1/b). Precomputed reciprocal values are stored in dedicated
lookup tables (LUTs), with different configurations for LayerNorm and Softmax:

• LayerNorm: The input to the square root is generally less than 2. The LUT stores
reciprocals of values in the range [0, 2] using uniform intervals or linear interpolation.

• Softmax: The normalization term can be large, ranging from 1 to 106, depending on
sequence length and input scale. A separate LUT covering [10−6, 1] is used, with log-
uniform spacing to maintain precision across a wide dynamic range.

Notably, the entire architecture contains only a single hardware divider. By using only
one divider across both operations, the design avoids duplicating costly division hardware
and achieves better area efficiency.

6. Experiments and Results
6.1. Experimental Setup

The proposed nonlinear function accelerator was designed at the RTL level using
Verilog HDL and synthesized using Vivado 2023.2. The design was implemented on a
Xilinx VU37P HBM FPGA and evaluated on a VCU128 development board operating
at a clock frequency of 50 MHz. During evaluation, input vectors and parameters were
preloaded into on-chip BRAMs via a UART interface. Table 3 summarizes the hardware
resource utilization of the accelerator core, which includes 22,654 LUTs, 128 DSP slices,
and 4345 flip-flops (FFs). Compared to prior works, the proposed core design achieved
reductions of at least 30% in LUT usage and 88% in FF usage, primarily due to its unified
datapath and resource-sharing structure.

Baseline software experiments were conducted on an Intel Xeon Gold 6242R CPU
and an NVIDIA RTX A4000 GPU. All evaluations were performed using PyTorch 2.5.1
with CUDA 12.1. For model-level accuracy and perplexity evaluation, we used PyTorch’s
standard implementations of Softmax and LayerNorm under the default FP32 precision
setting. These results served as the baseline for assessing the impact of the proposed
approximations on downstream task performance. For execution time benchmarking,
we re-implemented the approximate Softmax and LayerNorm functions—based on PLA
and Newton–Raphson iteration—in PyTorch using FP32 precision on both CPU and GPU.
These matched the structure and computation flow of the FPGA implementation, which
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used 32-bit fixed-point arithmetic, enabling consistent and fair architectural comparisons
across platforms.

Table 3. Hardware resource utilization for different Softmax/LayerNorm accelerator implementations.

Paper Hardware Platform LUT FF DSP

Cha et al. [33] Xilinx ZCU106 FPGA 129,772 117,365 1033
Lu et al. [34] Xilinx XCVU13P FPGA 32,741 37,948 129
Ours Xilinx VCU128 FPGA 22,654 4345 128
Wang et al. [32] ASIC (simulated) N/A N/A N/A
N/A: Not applicable for ASIC-based designs.

6.2. Accuracy and Perplexity

The proposed accelerator was integrated into BERT and GPT-2 models to evaluate its
impact on both classification and generation tasks. For classification, we used five bench-
mark datasets: SST-2 [38], AG News [39], IMDb [40], QQP [38], and RTE [38]. To assess the
effect of the approximation methods, we conducted experiments across varying levels of
approximation strength, configured by the PLA interval size h and the number of Newton–
Raphson iterations N for square root computation. This allowed us to evaluate the trade-off
between approximation accuracy and hardware performance, and to derive guidelines
for appropriate parameter settings based on application scenarios. These datasets were
selected to cover a broad range of classification tasks with varying input lengths, linguistic
complexity, and label types, ensuring a representative evaluation of the approximation
effects across different use cases.

For generation tasks, we used six widely adopted benchmark datasets: OpenWeb-
Text, WikiText-103 [41], and Penn Treebank [42] for next-token prediction, and PIQA [43],
CBT [44], and LAMBADA [45] for comprehension-based multiple-choice evaluation. These
datasets were chosen to reflect diverse generative scenarios, including both open-domain
language modeling and context-aware reasoning. They vary in sequence length, domain
specificity, and dependency on long-range contextual understanding, thereby allowing us
to comprehensively evaluate the sensitivity of generative models to numerical approxima-
tions under different linguistic and structural demands.

Figure 8 illustrates the performance variation of BERT-based classification tasks under
different approximation strengths. Experimental results show that when h ≤ 4 or N ≥ 3,
accuracy degradation was generally limited to within 1% for most datasets, and the overall
error rate remained stable. For instance, even at h = 4, the accuracy loss was only 0.6% for
SST-2 and 0.15 for AG News. For IMDb, QQP, and RTE, the error rate was also contained
within the 1–1.5% range. However, under more aggressive approximation settings such
as h = 8 or N = 2, significant accuracy drops were observed. Specifically, IMDb and RTE
showed sensitivity to approximation with losses of 11.38% and 15.92%, respectively. Tasks
requiring fine-grained sentence-level understanding, such as IMDb and RTE, exhibited
higher vulnerability to LayerNorm approximation. Similarly, QQP experienced an accuracy
drop of up to 11.40% at h = 16. In contrast, shorter sentence classification tasks like SST-2
and AG News maintained robust performance even under higher approximation levels.

For GPT-2, we used six datasets. For next-token prediction tasks such as OpenWebText,
WikiText-103 [41], and Penn Treebank [42], perplexity was used as the primary evalua-
tion metric, as it reflects how well the model assigns high probability to the correct next
token. In contrast, comprehension-based generation tasks such as PIQA [43], CBT [44],
and LAMBADA [45] were evaluated using accuracy. Figure 9 presents the results of these
generation tasks. Compared to classification tasks, the GPT-2 model shows much higher
sensitivity to the approximation of Softmax and LayerNorm, particularly in perplexity-
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based metrics. Even moderate approximation levels resulted in substantial increases in
perplexity. For instance, on WikiText-103 and Penn Treebank, perplexity increased by
335.14% and 261.27%, respectively, with a PLA interval of h = 4, and surged up to 993.90%
when h = 8. Similarly, reducing the Newton–Raphson iteration count to N = 2 led to sharp
error increases—1141.13% for Penn Treebank and 1867.75% for WikiText-103—highlighting
the strong sensitivity to reduced precision in language modeling tasks.

(a) (b) (c) (d)

Figure 8. Impact of Softmax and LayerNorm approximation on the BERT model. (a,b) Accuracy
under varying PLA interval h and Newton–Raphson iteration count N. (c,d) Corresponding error
rates under different approximation levels. Evaluated on five benchmark classification datasets:
SST-2, IMDb, AG News, QQP, and RTE.

(a) (b) (c) (d)

Figure 9. Impact of Softmax and LayerNorm approximation on the GPT model. (a,b) Accuracy and
perplexity under varying PLA interval h and Newton–Raphson iteration count N. (c,d) Correspond-
ing error rates, including relative degradation in perplexity and classification accuracy. Evaluated on
six benchmark datasets: PIQA, CBT, LAMBADA, OpenWebText, WikiText103, and Penn Treebank.

In contrast, multiple-choice generation tasks such as PIQA, CBT, and LAMBADA
maintained relatively stable accuracy under mild approximation settings. However, un-
der more aggressive conditions (h = 2–3, N = 2–3), accuracy degradation exceeded
10–12% in several cases. CBT and LAMBADA, which require long-range context modeling,
were particularly sensitive to normalization errors in Softmax, showing accuracy drops
of 37.95% and 39.49%, respectively, at h = 8. These results underscore the stronger de-
pendence of generation tasks on precise probability estimation compared to classification.
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This heightened sensitivity stems from the autoregressive nature of language generation,
where prediction errors can accumulate and propagate across multiple tokens, signifi-
cantly degrading output quality. Based on these findings, moderate approximation settings
such as h = 4 and N = 3 offer a favorable trade-off for classification tasks, preserving
accuracy while reducing computation. In contrast, generative tasks—particularly those
involving autoregressive decoding—require smaller interval sizes (e.g., h = 0.5) and higher
iteration counts (e.g., N ≥ 5) to avoid accuracy loss. These observations serve as practi-
cal guidelines for selecting approximation parameters according to task sensitivity and
performance requirements.

6.3. Execution Time

The execution time was measured under moderate approximation settings, with a
PLA interval of h = 4 and Newton–Raphson iteration count of N = 3, which offer a
balanced trade-off between accuracy and performance. Table 4 summarizes the measured
execution times in microseconds (µs). The FPGA implementation achieved the lowest
latency in most cases, with Softmax completing in 69.10 µs for BERT and 32.75 µs for GPT-2.
For LayerNorm, the FPGA achieved 109.45 µs and 66.70 µs, respectively. Compared to
CPU and GPU baselines, this represents a substantial reduction in latency, especially for
Softmax on long sequences.

Table 4. Measured execution time (µs) for approximate Softmax and LayerNorm operations.

Platform
BERT GPT-2

Softmax LayerNorm Softmax LayerNorm

CPU 272.30 154.10 249.05 130.30
GPU 160.75 117.35 150.85 103.15
Ours (FPGA) 69.10 109.45 32.75 66.70

The normalized speedup relative to the CPU baseline is shown in Table 5. The pro-
posed FPGA accelerator achieved up to 7.6× and 2.0× speedups for Softmax and Layer-
Norm, respectively. It also outperformed GPU performance by a factor of up to 4.6× in
Softmax and 1.5× in LayerNorm.

Table 5. Relative runtime speedup compared to CPU baseline (CPU = 1.000×).

Platform
BERT GPT-2

Softmax LayerNorm Softmax LayerNorm

CPU 1.000× 1.000× 1.000× 1.000×
GPU 1.694× 1.313× 1.651× 1.263×
Ours (FPGA) 3.940× 1.408× 7.605× 1.954×

The speedup achieved for Softmax was consistently higher than that of LayerNorm
across all test cases. This difference is primarily due to the relative simplicity of the ap-
proximation used for the exponential function in Softmax. The piecewise linear segments
were precomputed and stored in advance, allowing each exponential computation to be
performed immediately with a simple arithmetic operation. In contrast, LayerNorm in-
volves a more complex sequence of computations, including the calculation of mean and
variance followed by square root estimation using Newton–Raphson iteration. These oper-
ations introduce additional latency, especially since the iterative square root approximation
requires multiple cycles to converge. As a result, the overall speedup from approximation
is more significant for Softmax than for LayerNorm.
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7. Conclusions
In this paper, we presented a unified hardware accelerator targeting two major non-

linear bottlenecks in Transformer models: Softmax and LayerNorm. To reduce the com-
putational cost associated with exponential and square root operations, the accelerator
employs PLA and Newton–Raphson iteration, respectively—methods that enable effi-
cient fixed-point implementation. By reusing shared datapaths and dynamically switch-
ing operation modes, the proposed architecture maximizes resource utilization while
minimizing area overhead. Furthermore, the design introduces tunable approximation
parameters—interval width h and iteration count N—to balance the trade-offs between
accuracy, latency, and resource usage. The accelerator was implemented on a Xilinx
VU37P HBM FPGA and evaluated with BERT-base and GPT-2 models. Under conserva-
tive settings (h ≤ 4, N ≥ 3), it achieved up to 7.6× and 2.0× speedup for Softmax and
LayerNorm, respectively, while maintaining classification accuracy within 1% of the base-
line. Although generation tasks exhibited greater sensitivity—particularly in Softmax—the
use of tighter approximation parameters effectively mitigated performance degradation,
as demonstrated in our experimental analysis. These findings highlight the practical-
ity of jointly accelerating non-linear functions for Transformer inference using a unified,
fixed-point-based design. The current implementation uses 32 PEs, which is sufficient for
models with 768-dimensional embeddings such as BERT-base and GPT-2. However, recent
models adopt significantly larger dimensions (e.g., 4096 or more), which would increase
the number of processing cycles proportionally unless the PE array is scaled accordingly.
In addition, fixed-point arithmetic reduces hardware resource usage but restricts the repre-
sentable dynamic range. This limitation may affect numerical stability in cases where input
distributions have large variance or require high precision. Exploring alternative formats
such as FP8 or FP16 could offer a better balance between precision and resource efficiency.
In addition, the current design operates at a relatively low clock frequency due to non-
pipelined datapaths involving shared arithmetic resources. Future revisions may achieve
better timing performance through architectural and implementation-level optimizations.
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AI Artificial Intelligence
BatchNorm Batch Normalization
BN Batch Normalization
BERT Bidirectional Encoder Representations from Transformers
CNN Convolutional Neural Network
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CPU Central Processing Unit
DSP Digital Signal Processor (or Digital Signal Processing slice)
FF Flip-Flop
FFN Feed-Forward Network
FPGA Field-Programmable Gate Array
FP32 32-bit Floating Point
GPT Generative Pre-trained Transformers
GPU Graphics Processing Unit
GELU Gaussian Error Linear Unit
INT8 8-bit Integer
LayerNorm Layer Normalization
LUT Look-Up Table
LN Layer Normalization
LAMBADA LAnguage Modeling Benchmark with Analysis of Discourse Across Discourse
LUT Look-Up Table
MHA Multi-Head Attention
NLP Natural Language Processing
PE Processing Element
PLA Piecewise Linear Approximation
Q Query
K Key
V Value
RNN Recurrent Neural Network
RTE Recognizing Textual Entailment
SDPA Scaled Dot-Product Attention
SM Softmax
SST-2 Stanford Sentiment Treebank 2
TEA-S Transformer Exponential Approximation-Softmax
VU37P Xilinx Virtex UltraScale+ VU37P FPGA
“intN” N-bit Integer (e.g., int8, int16, etc.)
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