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Abstract: This paper presents a vector control (VC) scheme with a position sensor designed
for hybrid stepper motors (HSMs). The proposed scheme consists of three main compo-
nents: a current tracking controller, a position controller, and a phase reference current
generation algorithm. Based on the principle of optimal current control, the algorithm
calculates the minimum target phase current required to generate the desired torque under
transient conditions by evaluating the stator flux. This approach eliminates the need for
coordinate transformations typically used in conventional vector control methods, as the
current tracking is performed directly in the stator reference frame. A current controller in
the stator reference frame is designed using the Lyapunov stability theory, featuring a sim-
ple structure with only one adjustable control parameter. Additionally, a nonlinear torque
modulation algorithm is employed for position control. Closed-loop stability analysis
demonstrates that the proposed scheme is robustly stable. Both simulation and experi-
mental results confirm that the position tracking performance of the HSM is significantly
improved under the proposed control scheme.

Keywords: vector control; Lyapunov methods; hybrid stepper motor; position tracking
control; current tracking control

1. Introduction
Hybrid stepper motors (HSMs) are commonly used in industrial automation for

position control, typically operating in open-loop modes such as full stepping or half-
stepping [1]. To address issues such as vibration at low speeds and noise reduction,
microstepping control schemes have been proposed. However, open-loop control still
faces challenges such as step loss and low efficiency. To mitigate step loss and enhance the
dynamic performance of the motor, enabling its application in high-precision scenarios,
research on closed-loop control with position sensors has gained significant attention.

Closed-loop microstepping control originates from the open-loop control schemes
of stepper motors, where the target phase voltage varies with the rotor position. The
higher the microstepping resolution, the closer the phase voltage approximates a sinusoidal
waveform, resulting in smoother operation. In [2], a displacement-dependent voltage
set is employed to maximize electromagnetic torque while minimizing torque ripple,
demonstrating robustness against variations in motor parameters and load conditions.
Reference [3] proposes a phase-compensated microstepping scheme, which reduces steady-
state position errors without requiring position feedback.

With the advancement of embedded processors and the reduction in hardware costs,
the application of vector control (VC) using DQ transformation for HSMs has gained
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increasing attention [4–7]. VC, also known as field-oriented control (FOC), demonstrates su-
perior motion performance compared to microstepping due to its current-based control ap-
proach [8]. In conventional VC schemes, proportional–integral (PI) controllers are typically
employed for current and speed tracking. Numerous studies have focused on designing
advanced controllers to replace PI controllers to further enhance motor performance. For
instance, reference [9] proposes a torque expression incorporating third-harmonic torque
pulsations, which is applied to the calculation of the Q-axis reference current. This approach
effectively addresses the mechanical resonance issues of HSMs at low speeds, although it
involves numerous parameters, making tuning challenging. Reference [10] introduces an
adaptive feed-forward proportional-resonant (AFPR) current controller based on neural
networks, where the controller parameters are adaptively obtained using neural networks,
significantly improving current tracking performance. In reference [11], an augmented
observer (AOB) is designed to estimate all motor states and disturbances, and a nonlin-
ear controller is developed based on disturbance estimation errors, enhancing position
tracking performance under disturbances. To improve motor performance at high speeds,
reference [12] proposes a speed damping method combined with an improved PI controller
to reduce vibrations at high speeds. Additionally, reference [13] presents a hybrid control
scheme integrating sliding mode control with PI control, achieving small steady-state errors
and strong disturbance rejection capabilities at high speeds.

In recent years, several control schemes for stepper motors without DQ transformation
have been proposed. These schemes directly track the target currents in the stator reference
frame rather than the rotor reference frame, thereby enhancing the control performance
of HSMs. For instance, reference [14] eliminates the DQ transformation while achieving
performance comparable to traditional VC, simultaneously reducing the computational
burden on hardware. Building on this, reference [15] designs current tracking controllers
and position controllers for the ab-axes based on Lyapunov theory, significantly improving
position tracking performance. Furthermore, reference [16] proposes a Lyapunov-based
controller incorporating a nonlinear observer, effectively reducing current errors and
enhancing position accuracy. To address the phase lag issue caused by current filtering,
reference [17] introduces a proximate in-phase current estimator (PIpCE), which minimizes
torque ripple and avoids step loss and reversal problems.

Conventional VC schemes typically use simplified HSMs models that neglect the com-
plexity of spatial magnetic fields, leading to inaccurate reference current calculation, while
current tracking controller designs rely on inductance parameters. This paper proposes a
novel HSM vector control scheme without DQ transformation: the reference current is cal-
culated using stator flux linkage information, fully considering the motor’s magnetic field
distribution characteristics; a stator-frame current tracking controller is designed based on
Lyapunov stability theory, achieving precise current control without requiring inductance
parameters; meanwhile, a nonlinear torque modulation controller directly outputs the
target torque, simplifying the control structure. This scheme optimizes the vector control
framework and effectively improves HSM position control performance.

This paper is organized as follows. Section 2 analyzes and establishes the mathematical
model of the HSMs. Section 3 presents the overall control strategy, including the nonlinear
torque modulator, the optimal reference current algorithm, and the Lyapunov-based current
tracking controller. Section 4 provides an analysis of the closed-loop stability of the system.
Section 5 demonstrates the simulation and experimental results. Finally, Section 6 concludes
this paper.
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2. Mathematical Model of Hybrid Stepper Motors
The HSM studied in this paper can be considered a type of permanent magnet syn-

chronous motor (PMSM). Its mathematical model consists of electromagnetic and electrome-
chanical equations. Assuming that the stator fluxes of the two phases vary periodically
with the rotor angular position and have a phase difference of π/2, the fundamental
mathematical equations are given as follows: [18]:

ua = iaR +
dψa

dt

ub = ibR +
dψb
dt

dθ

dt
= ω

dω

dt
=

1
J
(Nribψa − Nriaψb − Bω − Tl)

(1)

where ia and ib are the currents of phases [A], ua and ub are the voltages of phases [V], R is
the resistance of the phase windings [Ω], ψa and ψb are the stator flux linkages of phases
[Wb], and θ and ω represent the rotor angular position [rad] and mechanical angular speed
of the rotor shaft [rad/s], respectively. J is the rotor moment of inertia [Kg· m2], and B is
the viscous damping coefficient [N· m· s/rad]. Te and Tl are the electromagnetic torque
and load torque [N· m], respectively. The electromagnetic torque equation based on stator
flux, which links the electromagnetic and mechanical equations, is expressed as follows:

Te = Nr(ibψa − iaψb) (2)

For HSMs, Nr denotes the number of rotor teeth and equals the number of magnetic
pole pairs on the rotor. The representation of stator flux is critical. A nonlinear electromag-
netic system, the nonuniform and nonstationary magnetic field of permanent magnets, and
other phenomena are considered in the equations for ψa and ψb, as follows [2]:

ψa = Lia + ψ f

∞

∑
n=1

bncos2n−1(Nrθ)

ψb = Lib + ψ f

∞

∑
n=1

bnsin2n−1(Nrθ)

(3)

where L is the phase inductance [H], and ψ f is the rotor permanent magnet flux linkage.
For motors with a nearly sinusoidal magnetic field distribution, such as surface-mounted
PMSMs, b1 = 1, bn = 0, ∀n > 1. However, HSMs differ from surface-mounted PMSMs
due to their unique multi-tooth stator–rotor structure and axial magnetic field distribution,
which introduce non-negligible higher-order harmonics in the permanent magnet flux
linkage. As a result, the spatial distribution of the magnetic field is not ideally sinusoidal.
For non-ideal sinusoidal magnetic field distributions, ∀bn ̸= 0 with b1 > b2 > b3 . . . .
Moreover, the magnetic field distribution of different HSMs may vary due to manufacturing
tolerances, making it challenging to establish an accurate mathematical model for HSMs.

This paper establishes the mathematical model of HSMs based on Equations (1) and (3) for
simulation analysis. Considering the non-ideal magnetic field distribution, a current optimal
control strategy is designed, which significantly improves the position tracking performance of
the HSMs.
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3. Design of Control Schemes
3.1. Nonlinear Torque Modulation Control

The torque modulation control scheme in this paper is based on reference [15] and
is used to track the target position while generating the desired torque. Based on the
mechanical dynamics Equation (1), the tracking error is defined as follows:

eθ = θd − θ

eω = ω∗ − ω
(4)

where θd is the dynamic target position, and ω∗ is defined as follows:

ω∗ = ωd + k1

(
θd − θ

)
(5)

where ωd = θ̇d. The dynamics of the tracking error are given as follows:

ėθ = ωd − ω

ėω = ω̇∗ − 1
J

[
Td

e − Bω − Tl

] (6)

Theorem 1. Consider the tracking error dynamics (6), if the nonlinear torque modulation controller
is designed as:

Td
e = k2(ω

∗ − ω) +
(

θd − θ + Bω + Jω̇∗ + Tl

)
(7)

where k1, k2 is a positive constant, then the origin of the tracking error dynamics (6) is exponentially stable.

Proof of Theorem 1. For stability analysis, based on (4), the Lyapunov function candidate
is defined as follows:

V =
1
2

e2
θ +

J
2

e2
ω (8)

The time derivative of V is given by:

V̇ = eθ

(
ωd − ω

)
+ eω

(
Jω̇∗ − Td

e + Bω + Tl

)
(9)

Substituting (7) into V̇ yields:

V̇ = −k1e2
θ − k2e2

ω (10)

Since k1 > 0 and k2 > 0, it follows that V̇ < 0. Therefore, the position tracking error
dynamic Equation (6) is exponentially stable.

3.2. Desired Current Generation Algorithm

In conventional VC schemes for HSMs, the stepper motor is often equated to a surface-
mounted PMSM [19]. Under this assumption, after coordinate transformation, the electro-
magnetic torque is expressed as follows:

Te = Nriqψ f (11)

According to the maximum torque per ampere (MTPA) principle, the optimal target
current is given as follows:

id
d = 0

id
q =

Te

Nrψ f

(12)
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However, this method neglects the reluctance torque. Due to the multi-tooth structure
of the rotor, HSMs exhibit significant reluctance torque compared to PMSMs, causing the
electromagnetic torque to deviate from a linear relationship with the Q-axis current. Conse-
quently, controlling the electromagnetic torque through DQ-axis currents may introduce
torque ripple. Based on (2), this paper proposes an optimal target current algorithm in the
stator reference frame. The constraint equation is calculated as follows:

min f (ia, ib) = i2a + i2b
s.t. Nr(ibψa − iaψb)− Td

e = 0
(13)

where the magnitude of the current vector is is =
√

i2a + i2b. When i2s is minimized, the
optimal target current is obtained as follows:

id
a = − ψb

ψ2
a + ψ2

b
Td

e

id
b =

ψa

ψ2
a + ψ2

b
Td

e

(14)

where id
a and id

b are the currents of phases. The stator flux ψa and ψb is derived from
Equation (1):

ψa =
∫

ψ̇adt =
∫

(u∗
a − iaR)dt

ψb =
∫

ψ̇bdt =
∫

(u∗
b − ibR)dt

(15)

where u∗
a and u∗

b represent the output voltages from the previous current control loop. The
saliency of the HSMs is reflected in the calculated stator flux, ensuring that the computed
electromagnetic torque includes both excitation torque and reluctance torque, thereby more
accurately approximating the actual output torque. Additionally, this method eliminates
the need for DQ coordinate transformation and operates directly in the stator reference
frame, reducing computational complexity.

3.3. Lyapunov-Based Current Tracking Controller

The HSM is driven by a dual H-bridge, where the actual input is the output voltage
controlled by PWM signals rather than the direct output of the target current. Therefore,
current tracking control is required to regulate the output voltage, enabling the generation
of the target current in the phase windings. Conventional current tracking employs PI
controllers, but according to Equations (1) and (3), the relationship between the input target
current and the output voltage is nonlinear during non-zero speed operation, leading to
poor current tracking performance with PI control.

To address this issue, this paper designs a Lyapunov-based nonlinear controller. This
controller features a simple structure with fewer parameters and ensures excellent current
tracking performance in the stator reference frame. First, the phase current tracking error is
defined as follows:

ea = id
a − ia

eb = id
b − ib

(16)

Substituting (1) into the above equation and differentiating yields the dynamics of the
current tracking error:
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ėa = i̇d
a −

1
R
(u̇a − ψ̈a)

ėb = i̇d
b −

1
R
(u̇b − ψ̈b)

(17)

Theorem 2. For the dynamics (17), if the nonlinear controller is designed as:

ua = Rid
a + ψ̇a + k3

∫ (
id
a − ia

)
dt

ub = Rid
b + ψ̇b + k3

∫ (
id
b − ib

)
dt

(18)

where k3 is a positive constant, then the origin of the dynamics (17) is exponentially stable.

Proof of Theorem 2. A Lyapunov function is defined based on the dynamics of the current
tracking error:

Vi =
1
2

Re2
a +

1
2

Re2
b (19)

Its time derivative is given as follows:

V̇i = ea

(
Ri̇d

a − u̇a + ψ̈a

)
+ eb

(
Ri̇d

b − u̇b + ψ̈b

)
(20)

According to (18), the time derivative of ua and ub is as follows:

u̇a = Ri̇d
a + ψ̈a + k3

(
id
a − ia

)
u̇b = Ri̇d

b + ψ̈b + k3

(
id
b − ib

) (21)

Substituting (21) into (20) yields the following:

V̇i = −k3

(
e2

a + e2
b

)
(22)

When k3 > 0, V̇i > 0 always holds. Therefore, the dynamics of the current tracking
error (17) are exponentially stable about the origin.

The proposed current controller involves only one positive parameter k3 that requires
tuning, making it easy to adjust. Since ψ̇a and ψ̇b are calculated using (15), the controller
does not include differential terms. This avoids issues related to noise sensitivity caused by
differential terms when programming in microprocessors.

4. Analysis of Closed-Loop Stability
In this section, we analyze the closed-loop stability of the system. The error dynamics

of the closed-loop system consist of the motion error dynamics and the current error
dynamics. We define a new closed-loop error as follows:

ec = [eθ eω ea eb]
T (23)

The closed-loop error dynamics can be expressed as follows:

ėc = Acl(ψa, ψb)ec (24)

where the system matrix Acl is given as follows:
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Acl =


−k1 1 0 0
− 1

J − k2
J −Nrψb

J
Nrψa

J
0 0 − k3

R 0
0 0 0 − k3

R

 (25)

Equation (24) represents a linear parameter-varying (LPV) system. Although ψa and
ψb are a complex function of current and rotor position according to (3), considering the
physical reality, the stator flux is bounded under normal motor operation with finite speed
and load. Furthermore, the eigenvalues of the system matrix Acl can be derived from the
characteristic determinant:∣∣∣∣∣∣∣∣∣

λ + k1 −1 0 0
1
J λ + k2

J
Nrψb

J
Nrψb

J
0 0 λ + k3

R 0
0 0 0 λ + k3

R

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣λ + k1 −1

1
J λ + k2

J

∣∣∣∣∣
∣∣∣∣∣λ + k3

R 0
0 λ + k3

R

∣∣∣∣∣ (26)

Since k1, k2, and k3 are positive constants, it follows from (26) that all eigenvalues
of matrix Acl are negative, making Acl a Hurwitz matrix. This holds true for any ψa and
ψb. Therefore, the linear parameter-varying system represented by the closed-loop error
dynamics (24) is robustly stable about the origin.

5. Simulation and Experimental Results
To demonstrate the position tracking performance of the proposed method, simula-

tions and experiments were conducted. A control scheme using the same position controller
from reference [15] was designed as a comparative scheme, expressed as follows:

id
a = − Td

e
Nrψ f

sin(Nrθ)

id
b =

Td
e

Nrψ f
cos(Nrθ)

ua = Ria − Nrψ f ω sin(Nrθ) + L
[
i̇d
a + K

(
id
a − ia

)]
ub = Rib + Nrψ f ω cos(Nrθ) + L

[
i̇d
b + K

(
id
b − ib

)]
(27)

For clarity, the proposed method in this paper is referred to as Scheme 1, while the
control scheme in [15] is referred to as Scheme 2. In both simulations and experiments of
Scheme 1, identical control parameters were used: the torque modulation controller gains
were set to k1 = 300 and k2 = 0.025, while the current tracking controller gain was k3 = 0.1.
These values were carefully selected to ensure optimal tracking performance and system
stability. A hybrid stepper motor, model 57CME23-z, produced by Leadshine, was used for
the experiments. The motor parameters are listed in Table 1. The control block diagram of
the proposed scheme is shown in Figure 1.

Figure 1. The control block diagram of the proposed vector control for a hybrid stepper motor.
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Table 1. 57CME23-z motor parameters.

Parameter Value Unit

Phase resistance (R) 0.38 Ω
Phase inductance (L) 1.75 mH

Rotor inertia (J) 4.8 × 10−5 kg · m2

Viscous damping
coefficient (B) 0.001 N · m · s/rad

Magnet flux linkage (ψ f ) 0.015 Wb
Load torque (Tl) 0.03 N · m

Rated current 5 A
Holding torque 2.3 N · m

Number of rotor teeth (Nr) 50 /

5.1. Simulation

Simulations were conducted using MATLAB/Simulink. In the motor model (3),
the coefficients of the higher-order terms were set as follows: b1 = 0.7, b2 = 0.3, and
b3 = 0.05. Higher-order terms were neglected due to their negligible magnitude; thus, their
coefficients were set to zero. The target position trajectory is shown in Figure 2a, with a
constant speed of 4π rad/s during the steady-state phase.

Figure 2. (a): Target position trajectory of the motor motion. (b): Position tracking errors of the
two schemes.

Figure 2b illustrates the position tracking errors of both schemes. During the constant-
speed phase, the position tracking error of Scheme 1 is 0.0008 rad, significantly smaller than
the 0.0038 rad error of Scheme 2. At the end of motion, the positioning error of Scheme
1 is 0.001 rad, which is also better than the 0.0019 rad error of Scheme 2. These results
demonstrate that, despite using the same position controller, the proposed scheme achieves
superior position tracking performance. Figure 3 shows the two-phase stator flux linkages
and the locus of stator flux linkage. When higher-order harmonics are considered, the
stator flux trajectory approximates a diamond shape rather than the ideal circular shape,
which is a significant distinction from surface-mounted PMSMs.

Figure 3. (a): Curves of the two-phase stator flux linkages. (b): The locus of stator flux linkage.

Figure 4 presents a comparative analysis of the current tracking performance and
voltage curves in both control schemes. The experimental results demonstrate that Scheme
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2 exhibits peak current and voltage values of approximately 0.36 A and 7.0 V, respectively,
while Scheme 1 shows corresponding values of approximately 0.25 A and 6.4 V. These
comparative data indirectly indicate the superior efficiency of the proposed current loop.
During motor operation, Scheme 2 manifests a maximum current tracking error of 0.03 A,
whereas Scheme 1 maintains near-zero tracking error. These findings conclusively demon-
strate that the current tracking controller developed in this study achieves significantly
enhanced performance when implemented in HSM models incorporating stator magnetic
field higher-order harmonics.

Figure 4. Two-phase current tracking performance and voltage curves of the two schemes: (a) Scheme 1.
(b) Scheme 2.

5.2. Experiment

To validate the practical performance of the proposed method, experiments were
conducted. The experimental setup is shown in Figure 5. The control algorithm was
implemented using a microcontroller, the STM32F407IGT6 from STMicroelectronics, pro-
grammed in C language. The power drive utilized a conventional design with eight
MOSFETs forming a dual H-bridge, operating at a PWM switching frequency of 50 kHz
with a DC input voltage of 24 V. Phase currents were measured using ACS712ELC Hall-
effect current sensors and converted into digital signals by the microcontroller’s built-in
12-bit ADC (analog-to-digital converters). The stepper motor was equipped with a 1000-line
incremental encoder operating in 4x interpolation mode, providing 4000 pulses per revolu-
tion to record the rotor position. The current control loop ran at 36 kHz, as the electrical
dynamics are significantly faster than the mechanical dynamics, while the position control
loop operated at a lower frequency of 3.6 kHz. A magnetic powder brake was used to
generate a constant load torque, set to 0.03 N·m for this experiment.
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Figure 5. Experiment setup.

Compared to the simulation, the duration of constant-speed motion was extended
to obtain more signal data, with the constant speed maintained at 4π rad/s. Figure 6
illustrates the position tracking errors of both methods, with quantitative metrics systemat-
ically compared in Table 2. The proposed scheme achieves superior control performance,
exhibiting a steady-state error of 0.003 rad during constant-speed operation and positioning
error <0.0015 rad at rest, representing 85.5% and 85.8% reductions in IAE (Integral Absolute
Error)and ITAE (Integral Time Absolute Error) relative to Scheme 2. These improvements
persist under both dynamic and static conditions, as evidenced by the integral error metrics.
Since both strategies employ identical torque modulation, the enhanced precision is directly
attributable to our current reference generation and current tracking controller.

Figure 6. Position tracking errors of Scheme 1 and Scheme 2.

Table 2. Position tracking performance metrics.

Control Scheme IAE (rad· s) ITAE (rad· s2)

Scheme 1 0.0032 0.0044
Scheme 2 0.0221 0.0310

Figure 7 illustrates the current tracking performance and voltage curves in both con-
trol schemes, with all data presented in raw form without filtering or processing. During
constant-speed operation, both schemes demonstrate comparable peak current and voltage
amplitudes of approximately 0.3 A and 6 V, respectively. With the implemented 100 Hz data
transmission frequency, the current waveforms exhibit well-defined periodic variations
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during motor operation. Comparative analysis of current tracking performance demon-
strates the proposed scheme’s superiority across dynamic and static operations. As shown
in Figure 7, Scheme 2 exhibits significantly increased errors during motion (maximum in-
stantaneous error: 0.15 A) versus stationary conditions, with integral metrics confirming its
limitations through elevated IAE/ITAE values in Table 3. In contrast, the proposed scheme
maintains consistent precision throughout all operational states, achieving maximum in-
stantaneous errors below 0.1 A while achieving 53.2% and 52.1% reductions in current
tracking IAE and ITAE, respectively. These improvements—quantitatively documented in
Table 3—combine transient error suppression with cumulative error reduction, conclusively
validating the enhanced dynamic performance of our Lyapunov-based controller.

Figure 7. Two-phase current tracking performance and voltage curves of the two schemes: (a) Scheme 1.
(b) Scheme 2.

Table 3. Current tracking performance metrics.

Control Scheme Metric Phase A Phase B

Scheme 1 IAE (A· s) 0.1210 0.1089
ITAE (A· s2) 0.1712 0.1478

Scheme 2 IAE (A· s) 0.2443 0.2284
ITAE (A· s2) 0.3507 0.3180

Figure 8 shows the flux linkage curves of the two windings and the locus of stator flux
linkage. Before startup, the D-axis is aligned with the a-axis, with the initial stator flux of the
a-phase set to 0.015 Wb and the b-phase flux set to 0 Wb. During motor operation, the stator
flux varies periodically, with the maximum value exceeding 0.015 Wb due to the addition
of the armature flux generated by the phase currents. The stator flux trajectory forms an
irregular circle, reflecting the non-ideal magnetic field distribution of the HSM. This is
caused by factors such as the multi-tooth rotor structure and manufacturing tolerances,
which are inherent characteristics of HSMs.
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Figure 8. (a): Curves of the two-phase stator flux linkages. (b): The locus of stator flux linkage.

6. Conclusions
In this paper, we propose a novel closed-loop control scheme to enhance the position

tracking performance of HSMs. First, considering the complex magnetic field distribution of
HSMs, we introduce an algorithm to calculate the optimal phase current based on the stator
flux linkage. This algorithm dynamically computes the minimum target current according
to real-time stator flux variations while eliminating the need for DQ transformation. To
address the high-frequency variations in stator currents, a current tracking controller based
on Lyapunov stability theory is designed. This controller achieves current tracking in
the stator reference frame with a simple structure and does not require motor inductance
parameters.Finally, simulations and experiments were conducted using nonlinear torque
modulation as the position controller.

The proposed scheme achieves a steady-state position tracking error of less than
0.003 rad during constant-speed operation and a positioning error of less than 0.0015 rad at
rest, significantly outperforming comparable control schemes. By enabling high-precision
current tracking with minimal dependency on motor parameters, this method enhances the
viability of HSMs in applications demanding both static positioning accuracy and dynamic
trajectory control, such as precision robotic assembly and semiconductor manufacturing
equipment. Its computational efficiency and compatibility with low-cost embedded plat-
forms further broaden its potential for closed-loop motion systems in industrial automation,
where cost–performance balance is critical.
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