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Abstract: This study addresses the performance degradation of « and a-§ filters in 6G Inte-
grated Sensing and Communications (ISAC) scenarios, attributed to violations of linearity
and steady-state assumptions. These filters are originally designed with time-invariant
gains derived under such assumptions to ensure low computational complexity. However,
deviations from ideal conditions—such as non-white, biased, or non-Gaussian process
noise—necessitate corrective mechanisms. We propose a weighted process noise approach
that accounts for increased uncertainty due to assumption violations while preserving
the filters” closed-form structure and computational efficiency. By integrating uncertainty
into the conventional gain formulation, the proposed method achieves performance closer
to the optimal filter. Numerical results demonstrate superior accuracy over conventional
filters across various noise variances and scenarios, without requiring parameter tun-
ing. Notably, performance improvements become more pronounced as the measurement
interval decreases.

Keywords: alpha-beta filter; coefficient filter; integrated sensing and communications
(ISAC); low-pass filter; Kalman filter; steady state; tracking index; weighted process noise

1. Introduction

Integrated Sensing and Communications (ISAC) have been identified as a key enabler
for 6G networks, driving the convergence of communication and sensing functionalities
within a unified framework. Among the core enablers of ISAC, state estimation technolo-
gies—such as object tracking and localization—are becoming increasingly critical for a wide
range of applications, including autonomous systems, smart environments, and wireless
network optimization. In this context, Kalman filtering remains a fundamental and power-
ful approach for state estimation, particularly due to its recursive structure and suitability
for real-time implementation. As ISAC systems demand higher precision, robustness, and
computational efficiency, research on the practical design, adaptation, and implementation
of Kalman filters is gaining renewed importance [1,2].

The Kalman filter is derived under the assumptions that the system dynamics and
measurement models are linear, and that both the process noise and measurement noise
are zero-mean, white, and Gaussian. Additionally, the process and measurement noises are
assumed to be mutually independent, with known and stationary covariances [3]. Based on
these assumptions, the Kalman filter has become a widely used algorithm in target tracking
and has inspired various extensions such as the steady-state Kalman filter, Extended Kalman
filter, Unscented Kalman filter, and Particle filter [4]. Among these, we focus on improving the
tracking performance of the Kalata model, a simplified version of the Kalman filter derived
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under steady-state assumptions to reduce computational complexity. The Kalata model
achieves time-invariant gain by assuming steady-state conditions, but its performance often
degrades in real-world scenarios where these assumptions are violated. Such limitations can
lead to higher errors than measured values or reduced noise suppression capability. However,
on the computational side, the Kalata model acquires predefined gains and then repeatedly
applies these values during the real-time estimation process. Conversely, time-variant gain
filters, such as the Kalman filter, Extended Kalman filter, and Particle filter, require repetitive
gain calculations and additional computations at each step.

The « filter is a one-dimensional approach that estimates the current position by combin-
ing predicted and measured values using a gain parameter, . This method can be considered
a low-pass filter. The a-p filter extends the « filter by incorporating velocity estimation through
an additional gain parameter, 3, as initially proposed by Benedict and Bordner [5]. In this
model, B is expressed as a function of «, which is typically determined via simulation. To
address the computational inefficiency of simulations, Kalata introduced a closed-form so-
lution for « using the tracking index, a parameter that relates maneuverability uncertainty
to measurement uncertainty [6,7]. In addition, several studies have explored models using
damping parameters [8,9] and MV filters [10]. These models exhibit various relationships and
differences, as discussed in [9,11-13]. This study aims to improve the relationship between
the tracking index and the gain of the Kalata model, which is based on the steady-state
Kalman filter. To enhance the Kalata model, research has also been conducted on estimating
position, velocity, and acceleration using position and velocity measurements [14,15]. For a
brief comparison of these models, refer to Table 1. The a-B-v filter, a straightforward extension
of the «-p filter, is excluded from this discussion for simplicity.

While the Kalata model provides computational efficiency by assuming steady-state
conditions, it faces significant challenges in real-world applications. These include in-
creased errors in non-linear systems, degraded performance during convergence periods,
and sensitivity to poorly designed system matrices or noise parameters. Such limitations
highlight the need for improved models that can handle process noise uncertainties and
deviations from steady-state assumptions. In particular, defining optimal values for the
gain parameters such as « and S is crucial to enhancing the Kalata model’s performance.
These parameters directly influence the filter’s ability to balance noise suppression and
responsiveness to dynamic changes. Without well-defined @ and p values, the model’s
effectiveness can significantly deteriorate under varying conditions. Therefore, improving
the relationship between the tracking index and these gain parameters is essential for
achieving robust and efficient tracking in practical applications.

In this study, we propose an enhanced « and «- filter framework that incorporates
weighted process noise uncertainty into the Kalata model. By redefining the relationship
between the tracking index and filter gains such as « and , our approach adjusts the
Kalman gain to account for non-Gaussian process noise and real-world uncertainties [16]. To
address these issues, the proposed method considers the uncertainty caused by deviations
from steady-state assumptions by weighting the process noise to better reflect its influence
on system performance [17]. This approach eliminates reliance on simulations or tuning
processes while maintaining computational simplicity. Our findings demonstrate improved
robust tracking performance in non-ideal ISAC environments where traditional steady-state
assumptions fail, while preserving closed-form simplicity.
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Table 1. Brief comparison with model of coefficient tracking filter.

Paper(s)

Perspective

Contents

(6,7]

Filter designed for

Kalata model

- Presents a tracking index and establishes the closed-form definitions of &
and B based on it.

- The relationship between the tracking index and «, § is obtained by utilizing
the mean squared error approach to calculate the trace of the estimation error
covariance.

- The inception of the a-f model was proposed as an extension of the « filter,

Filter designed for with  fixed as a function of «.
Benedict-Border model - The optimal position and velocity tracking equations are presented using a

cost function composed of tracking error and penalty terms.

(8,9]

- The Gray-Murray model is an expanded version of the Kalata model, with
the tracking index being consistent with that of the Kalata model.

Filter designed for - In order to satisfy the general algebraic transformation for0 <a <1, a
Gray-Murray model model is developed to determine the optimal selection of « using the damping

parameter v = (1 — &)!/2, which is designed for establishing the relationship
to satisfy the filter gain.

[10]

- Based on the provided measurement data and system model, the optimal
estimate is calculated to minimize the variance of measurement noise.

Filter designed for - The cost function, which comprehensively considers noise smoothing and

MV model

tracking of the target subject, is optimized with a greater emphasis on
minimizing the variance of estimation errors in order to set the gain of the
- filter.

Our Work

- Considers the uncertainty when deviating from steady-state or linearity,
causing non-Gaussian process noise.

Weighted process noise - For reflecting the uncertainty of process noise, utilizes the Kalman gain to
to reflect uncertainty weight the process noise to yield the closed form.

- Focuses on the domain of measurement to redefine gains, yielding a robust
system model.

The rest of this paper is organized as follows. The overall system model and &« and «-
filter system models are introduced in Section 2. The existing « and «- filters based on the
Kalman filter, called the Kalata model, and the limitations of the steady-state-based model
are introduced in Section 3. The proposed weighted process noise method is introduced
in Section 4. The analysis of the proposed method is compared with the Kalata model
in Section 5. The performance analysis is presented in Section 6. Our main conclusion is
described in Section 7.

2. System Model

Assume that the position is received as a measurement. The system and measurement
equations are then given as follows:

Y =AYy 1 + w1, 1)
Zr = HY; +ny, 2)
wy ~ (0,02), ©)
e~ (0,07), )

where, Y} is the state vector at time k that we want to know, and A is the state matrix that
connects the previous and current state. i represents the maneuver/state transition matrix
to include the acceleration state. Z; is the measurement at time k that includes measurement
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noise, and H is the domain matrix that represents the relationship between the state and
the measurement. wy and 7, denote process noise and measurement noise, respectively.

The Kalman filter operates in two main steps: the prediction step, which estimates the
current state and its uncertainty based on the previous estimate and system model, and the
update step, which refines this prediction by incorporating new measurement information.
The steady-state Kalman filter equations are expressed as follows:

1. Prediction:

Yo =AY, (5)
P~ = APTAT +Q, (6)
2. Update:
K=P H'(HP HT +R)7}, )
Y& =Y +K(Z— HY,), (8)
Pt = (I-KH)P~, )

where Y]: and Yk* are the predicted and estimated state vectors at time k, respectively.
P~ and P represent the prediction and estimation error covariances. K denotes the Kalman
gain, which weights the measurement innovation to optimally fuse the predicted estimate
and the new observation. The measurement error covariance (R) and process error covari-
ance (Q) are defined as

Q = E[(ywy) - (ywi)7], (10)
R = E[ng-nl] = o2 (11)

2.1. « Filter Model

The « filter is designed such that the dimensions of the target state vector match those
of the measurement and the estimation domain (i.e., Yy = x).
The parameters of the mathematical model and Kalman gain are defined as follows:

TZ
A=1, y=7, H=1 K=ug (12)

where T denotes the time interval. Accordingly, the state and measurement equations can
be written as

TZ

X = X1 + 5 W1, (13)

Zy = Xy + ng. (14)
The estimation and prediction equations are expressed as follows:
1. Prediction:
(15)
2. Estimation:

25 =2 +alze— %), (16)
=aze+(1—a)%_,, (17)
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where £, and £ denote the predicted and estimated state at time k, respectively.
Equation (17) shows that the estimated state is a weighted combination of the current
measurement and previous prediction.

2.2. a-P Filter Model

The - filter is an extension of the « filter that uses measured position data to estimate
two target state vectors: position and velocity. This approach reduces the prediction error
covariance when predicting the position. The state vector for this model is defined as

Y, =
Uk

x"] , (18)

where x; represents the position and vy represents the velocity at time k. The parameters of
the mathematical model and Kalman gain are defined as follows:

1T _|T?)/2 B B
0 1], l[)[ T ] H=[1 0], K=

A — (19)

o
p/T|
where « is the position gain and B is the velocity gain. The system and measurement
equations can be expressed as

1 T T2/2
Y, = Y, _1, 20
k 0 1|% 1+ T ‘|wk 1 (20)
Zir =1 0]Y+ ny. (21)

The estimation and prediction equations are expressed as follows:

1. Prediction:

X = ﬁlj—l + Tﬁ;r_l, (22)
o, =07 4, (23)
2. Estimation:
B =% +alze— %), (24)
o =0, + ?(zk —20), (25)

where £, and £, are the predicted and estimated positions at time k, respectively, while 9,
and 9, are the predicted and estimated velocities. The a- filter effectively balances noise
reduction and responsiveness by adjusting the gains « and B. The range of « is typically
between 0 and 1 to reduce noise, while j is determined based on its relationship with «.
This relationship ensures that both position and velocity estimations are optimized for
tracking performance.

3. Preliminaries on Kalata Model
3.1. Design of w and «-f Filters Based on the Kalata Model

The Kalata model was first proposed by P.R. Kalata as a closed-form, steady-state
simplification of the full Kalman filter, motivated by the need to reduce the per-step com-
putational load in radar tracking applications while retaining near-optimal performance
when its underlying assumptions are satisfied. Steady-state refers to a condition where the
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system’s behavior stabilizes over time, such that key parameters no longer vary with time.
Under this assumption, the Kalman gain becomes time-invariant, simplifying computa-
tions while maintaining effective performance in stable environments. The tracking index,
denoted as A, is defined as the ratio of process noise to measurement noise

T2,

A= o (26)

and it quantifies the ratio of process noise uncertainty to measurement noise uncertainty
over one sampling interval. A larger A indicates higher target maneuverability relative to
sensor noise, which drives the choice of time-invariant gains « and .

For the « filter, the Kalata model defines the gain parameter « as

42

A? = )
1—u

(27)

This equation ensures that « is optimized for steady-state conditions, balancing noise
suppression and responsiveness. The tracking performance of the « filter is expressed as

0% = w02, (28)

where 02 represents the estimation error variance for position. This shows that tracking
performance improves as « increases, reducing the impact of measurement noise.

For the a- filter, both position gain («) and velocity gain (f) are derived based on the
tracking index, A. The relationship between « and g is given by

2 B
N = (29)

B=202—a)—4/1—a. (30)

In this context, the value of § plays a critical role in determining the filter’s behavior.
When B < 1, the filter prioritizes smoothing velocity estimates, reducing fluctuations
caused by noise. This is particularly useful in scenarios where stability and noise suppres-
sion are more important than rapid responsiveness. Conversely, when g > 1, the filter
enhances prediction accuracy by responding more aggressively to changes in the target’s
motion. This makes it suitable for highly dynamic environments where quick adaptation to
maneuverability is required. The tracking performance of the a-f filter can be evaluated
using the following equations:

Oy = oca,%, (31)
Oxv = EUZ (32)
T "
_ (2a—p)B ,
Oy = m@u (33)

where oy, represents the estimation error covariance for position and velocity, and (75
represents the estimation error variance for velocity. While the Kalata model simplifies

implementation by assuming steady-state conditions (i.e., P,” = P, ), it has limitations

k+1
in dynamic or non-linear environments where steady-state assumptions may not hold.
In such cases, deviations from steady-state conditions can lead to increased prediction

errors or reduced noise suppression capabilities. Enhancing tracking performance requires
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incorporating process noise uncertainty into the model design to ensure robust operation
in real-world applications.

3.2. Limitation of Steady-State Model

The Kalata model, as described in Section 3.1, is derived based on the steady-state
Kalman filter. This approach offers a significant advantage by providing a time-invariant
gain, which reduces computational effort by eliminating the need to compute the Kalman
gain at each step. However, these benefits come with several limitations that can impact
performance in real-world applications:

*  Non-linear systems: the steady-state assumption leads to a time-invariant gain, which
may cause divergence or suboptimal performance in non-linear systems where dy-
namic changes occur frequently.

*  Convergence period: even if the system eventually reaches a steady state, performance
degradation can occur during the convergence period. This delay can be critical in
scenarios requiring rapid adaptation to changes in target motion.

*  Sensitivity to system design: the model’s performance is highly sensitive to poorly
designed system matrices, including process noise covariance, measurement noise
covariance, and the state transition matrix. Errors in these parameters can lead to
significant inaccuracies.

*  Real-world constraints: the steady-state assumption inherently relies on ideal con-
ditions, such as white, zero-mean, and uncorrelated process noise. In real-world
environments, these assumptions are often violated due to external factors and system
uncertainties, leading to reduced smoothing performance or higher errors compared
with measured values.

These limitations highlight the challenges of applying the steady-state Kalman filter
or Kalata model directly to real-world systems. For instance, when process noise deviates
from Gaussian characteristics or when the system operates under dynamic conditions
that break steady-state assumptions, the model’s effectiveness diminishes significantly. To
address these issues, it is essential to incorporate methods that account for process noise
uncertainty and deviations from steady-state conditions via weighted process noise. By
doing so, tracking performance can be improved, even in environments where traditional
steady-state models fail to deliver optimal results.

4. Designing « and «-f Filters with Consideration of Process
Noise Uncertainty

The Kalata model’s « and «-p filters offer a significant advantage in terms of com-
putational efficiency compared with the traditional Kalman filter. The Kalata model is
derived from the steady-state Kalman filter, which assumes a time-invariant gain. Un-
der ideal conditions—where the system is linear and the process noise is white Gaussian
noise—the Kalman filter achieves optimal mean square error performance. However, in
real-world applications, the steady-state assumption is often violated. This leads to process
noise properties that deviate from being uncorrelated and zero-mean. Furthermore, main-
taining the Gaussian distribution of process noise becomes challenging when comparing
theoretical assumptions with real-world scenarios. These deviations result in a failure to
adequately reflect the uncertainty of the process noise distribution. In our work, we address
this limitation by designing filters that account for weighted process noise that does not
follow a Gaussian distribution. Our approach incorporates the uncertainty of non-Gaussian
process noise into the filter framework, ensuring more robust performance in dynamic and
uncertain environments.
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A Gaussian Mixture Model (GMM) is a probabilistic model that assumes that all the
data points are generated from a mixture of a finite number of Gaussian distributions with
unknown parameters. The GMM is mathematically defined as

K
p(x) =Y mN(x; e, Z), (34)
=1

where K represents the number of Gaussian components, and 7t are the mixing coefficients,
satisfying Zszl . = 1and 7 > 0. Each N(x; pig, £ ) denotes the k-th Gaussian component
with mean pj and covariance matrix ;. The GMM is also referred to as a “weighted
linear combination of Gaussian component densities” and is considered a universal ap-
proximator [18]. This means that, with a sufficient number of Gaussian components, the
GMM can approximate any continuous probability distribution. The entropy of a Gaussian
distribution is defined as follows:

( )_ 1 _(x{/;)z (35)
PO et
H(p(x) = = [ p(x)Inp(x)dx, (36)
_E[lnl] —E[ln(m?”ﬂ 37)
p(x)
1 1
=5 In27mo? + ﬁE [(x — ;4)2}, (38)
= %(11‘1271’02 +1). (39)

The entropy of a Gaussian distribution is directly proportional to its variance. As
such, the entropy of a GMM is also proportional to its variance. Among all probability
distributions defined over the real line x € (—o0, 00) with the same finite mean and variance,
the Gaussian distribution has the maximum entropy. Consequently, for distributions with
identical variance, the entropy of a Gaussian distribution is greater than that of a non-
Gaussian distribution. This property allows us to address cases where the uncertainty
of the process noise distribution is not adequately reflected by introducing weighted
process noise. For background information, see [19].

If the uncertainty of process noise, caused by the limitations of the system model,
is identified and reflected, the Kalman gain can be appropriately adjusted to account for
this uncertainty. However, accurately considering such uncertainty requires either a deep
understanding of the real system or the use of numerical methods to estimate it. The
Kalman gain is fundamentally determined by the reliability of measurement noise and
prediction error. When the prediction model is well-designed, it places greater emphasis
on predictions; conversely, when the model is relatively inaccurate, it relies more on
measurement values. The steady-state assumption in the Kalman filter presumes that
process noise is white, zero-mean, and uncorrelated. However, this assumption does not
account for increased uncertainty when process noise deviates from these characteristics
due to system model limitations. In real-world scenarios, it is particularly challenging
to maintain these assumptions. To address this issue, we redefine the formula for the
tracking index by incorporating innovation covariance and prediction error covariance.



Electronics 2025, 14, 1938 9 of 25

This redefinition reflects the uncertainty caused by process noise that does not adhere to
the steady-state assumptions.

ry =z — H%, (40)
. =H '(z — H%,), (41)
S=E[nr{] = HP"HT +R, (42)
S'=E[rr{] = (H'S'H) ' =P~ + (HTR 'H) L. (43)

Equation (40) represents the innovation, which is the difference between the actual
measurement and the predicted measurement. Equation (42) represents the innovation
covariance, which measures the uncertainty in the innovation and has the same domain as
the measurement domain. If we transform it to have the same domain as the state vector,
we can derive Equation (43) through Equation (41). The innovation is critical to the Kalman
filter, as it quantifies the discrepancy between observed data and model predictions. The
innovation covariance reflects how much uncertainty exists in this discrepancy and is key
in determining the Kalman gain. It can be expressed as follows:

K=P H'(HPHT +R)7, (44)

K' = HK = HP"HT(HP~HT + R)™! (45)

= HP H'S™}, (46)

(K'Y =8(HP HT)™! (47)
=1+ R(HP~HT)™L, (48)

By transforming the innovation covariance to align with the state vector’s domain,
we ensure consistency in how uncertainties are represented across different domains.
This transformation allows for a more accurate update of the state estimate, especially
when dealing with systems where measurement noise and prediction errors vary sig-
nificantly. Equation (45) modifies the Kalman gain to account for the measurement-to-
measurement domain. Equation (47) reflects the relative reliability of the prediction error
covariance and the innovation covariance, specifically within the domain directly associ-
ated with the measurements. This adjustment ensures that the Kalman gain appropriately
balances the influence of prediction accuracy and measurement reliability. By decomposing
Equation (47), we can further analyze its components to understand how it reflects three
critical characteristics

(K')"' =1+ R{H(APTAT + Q)HT} ! (49)
= I+ R{H(A[(I - KH)P~ (I — KH)T + KRKT]AT + Q) HT} L. (50)

The above formula reflects three main characteristics as follows:

¢ The balance between measurement and smoothed predictions.
¢  The balance between measurement and smoothed measurements.
¢  The relationship between measurement and process covariance.

These characteristics emphasize how the inverse of the modified Kalman gain inte-
grates process noise uncertainty into its design, thereby facilitating more robust perfor-
mance in dynamic and uncertain environments.

Thus, the inverse of the modified Kalman gain is adjusted to reflect the relative influ-
ence of the prediction error covariance and the measurement noise covariance, alongside
the process covariance. To extend this approach to the process noise domain, we transform
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the modified gain from the measurement domain to the state vector’s domain. By applying
this transformation through the relationship, it can be expressed as follows:

IM=HYK) Y H"'=(HKH) . (51)

Thus, ITis directly affected by process noise in the same domain as the measurement.
As mentioned before, when the assumption is violated, we adjust the relationship between
prediction and measurement through gain in the update phase. I1 can be interpreted as a
practical scaling parameter that quantifies the additional process noise uncertainty arising
from modeling errors or non-Gaussian disturbances not captured by the idealized system
model and adjusts the influence of process noise in the filter’s update accordingly. Thus, I1
serves as a means of balancing responsiveness to new data and noise suppression, enabling
the filter to maintain reliable performance even when the underlying assumptions of lin-
earity or steady-state are violated. However, the uncertainty in measurement noise, which
is often assumed to be uncorrelated and stationary, can lead to performance degradation
when not properly accounted for in the gain transformation. The IT of the « filter and «-f3
filter is as follows:

1.t l
Mo=(1-a1)' =, (52)

(HKP oD_l_llé“ 8] (53)

In Equations (52) and (53), 1/« represents the gain, which is directly linked to the

Mg

measurement domain. In Equation (53), the placement of the matrix form is chosen to
exactly match the measurement domain. This alignment ensures that the gain is correctly
scaled to the uncertainties inherent in the measurement process. In other words, the filter’s
response to measurement uncertainty is preserved because the gain operates within the
same context as the measurement data. As a result, this formulation guarantees that
any adjustments made due to changes in the measurement noise or process noise are
accurately reflected in the computed Kalman gain. By directly associating the gain with
the measurement domain, the filter can more effectively balance the weight between
prediction and observation. This, in turn, enables the filter to adapt its performance under
non-ideal conditions where the process noise may not strictly conform to the white, zero-
mean, uncorrelated assumptions. Consequently, our modified filter formulation improves
its robustness and tracking accuracy by ensuring that the uncertainties across both the
measurement and prediction domains are consistently and appropriately managed.

Figure 1 illustrates the algorithm diagram for the « filter and the a-§ filter. In these
filters, the Kalman gain is predefined as it is time-invariant under steady-state assumptions.
In our work, the relationship equation of the tracking index is redefined to incorporate
the uncertainty of process noise into the calculation of the Kalman gain. As a result, the
gain represented by I1 is treated as a constant, equivalent to the Kalman gain, and only
influences the tracking index relationship equation. In other words, while this modification
does not directly impact the performance relationship equation, it does lead to numerical
changes in « and B, which subsequently affect tracking performance. The system and
measurement equations are proposed as follows:
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Yy = AYj_1 + (I +11) “Pwi_1, (54)
Z, = HY; +ny, (55)
we ~ (0,0%), (56)
n ~ (0,07). (57)

Estimation Error Covariance

P* = (I - KH)P~ \

Tracking i
Kalman Gain (a, B) Index Prediction Error Covariance

K =P HT(HP"HT + R)™* 2 T0w Pm=AP*AT+Q Process Covariance

) = o wl T
Measurement Covariance Q = YE[wiwi_

R

Figure 1. Estimation algorithm of « and - filters.
For the a filter, the parameters are defined as follows:

2
1
A=1, lp:%, H=1 I=_. (58)

Thus, it can be expressed as follows:

T2
=xp1+(1+a)- 5 Vk=1s (59)

Zyx = X + ng. (60)
The estimation and prediction equations remain consistent with Equations (15) and (16).
The prediction error covariance and estimation error covariance are defined as
- » T,
Py = a0y + (1+a)? 120 (61)
Pfi=(1-a)P;. (62)

Using Equations (61) and (62), a new definition of the tracking index relationship for a
can be established

4ot
A? = : 63
(1—a)-(14a)? (65)
For the a-p filter, the parameters are defined as
1T T2/2 1/a 0
o A G P T R
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The corresponding system equations are
1T (1+a)-(T?/2a)
Yy = Yy —1 65
k lo 1| Y1t T Wi—1 (65)
Zr =11 0]Yg+ ny. (66)

The estimation and prediction equations remain consistent with Equations (23) and (24).
The prediction error covariance and estimation error covariance are defined as

Pﬁpl—z:1:rpﬁp1+21o
P, Py 0 1[|P, PL||T 1
(14a)?-(T*/40%) (1+a)-(T3/2a)| 5
(1+a)-(T3/2a) T2 wr

Plilplizzlo—“ﬁo} Py P (68)
Py Py 0 1 B/T Py B

Using Equations (67) and (68), a new definition of the tracking index relationship
for « and B can be established. The relationship between the tracking index and gain is

(67)

+

as follows:

2(9,2 1 32 _
A2 — 20°(20* + B* 4 2a 4,8)’ 69)

(1—a) - (1+a)?

ap?
= 70
(1—a) - (1+a) (70)
In this formulation, § is redefined as

20( —2+ /4 —3a

po2nlez2H VA=) @

(1-a)

For smoothing purposes, a remains between 0 and 1, consistent with the Kalata model.
However, in our proposed model, 8 also falls between 0 and 1, unlike in the original Kalata
model where f could range from 0 to 2.

5. Analysis of Designing « and «-p Filters with Consideration of Process
Noise Uncertainty

Figure 2 illustrates the relationship between the tracking index and the gain parameter, «.
The proposed « and a- filters exhibit higher values of « compared with the Kalata model’s
filters for the same tracking index. This indicates that, under the proposed framework, greater
reliance is placed on measurement values when the prediction model does not perform well
using previously estimated values. Consequently, the proposed filters prioritize measurement
data more heavily than the Kalata model.

Figure 3 shows the behavior of j in the proposed a- filter. When the tracking index is
relatively low, the value of f is slightly higher compared with the Kalata model’s a-§ filter.
This adjustment reflects lower process noise in the ratio of process noise to measurement
noise. Conversely, as the tracking index increases, the value of 8 in the proposed filter
becomes lower than that in the Kalata model. This reflects higher process noise in the ratio,
accounting for increased uncertainty in process noise.
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Figure 2. Alpha—tracking index relationship.
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Figure 3. Alpha—beta—tracking index relationship.

Higher values of « and B make the filter more responsive to new measurements,
allowing it to quickly adapt to rapid changes or maneuvers in the target’s motion. However,
this increased sensitivity can also make the filter more susceptible to measurement noise,
resulting in less smoothing of the estimates. Conversely, lower values of x and $ cause
the filter to rely more on the prediction from the system model, which leads to smoother
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estimates and better noise suppression. However, this comes at the cost of slower adaptation
to sudden changes or maneuvers in the target’s motion, and may also lead to degraded
performance when there is a mismatch between the idealized model assumptions and the
actual system dynamics.

Table 2 summarizes key differences between the Kalata model’s filters and the pro-
posed filters. The proposed filters redefine the relationship between the tracking index
and gain parameters («, B), resulting in improved robustness against non-Gaussian pro-
cess noise and deviations from steady-state assumptions. The proposed filters, like the
traditional Kalata model, define « and f in advance using closed-form equations, so the
computational complexity during real-time operation remains the same. Any additional
complexity from calculating these parameters offline is negligible.

Table 2. Comparison of tracking index relationship and gain parameters in « and «-p filters.

Parameter « Filter «-P Filter Proposed « Filter Proposed «-p Filter
States Y = x¢ Y, = [xk ?Jk]T Y = x¢ Y. = [xk ZJk]T
Filter Gain K=u K=[a B/T|T K=u K=[a B/T|T
1T T2/2 1T T2/2
System (4, ¢) A=1,p=T*/2 A= S = A=19p=T2/2 A= P =
0 1 T 0 1 T
. thrw thfw _ thrw Tzaw
Tracking Index A= A= A= A= —
: 2 _ _4a? 2_ P 2 _ 4o 2 ap?
Optll’nal Parameter A = (lflx) A = (170‘) A = W‘W A = W
Relationships B=22—ua)—4v1—un B= Wﬁ%& Vf%“)
02 = wo? 02 = ao?
Performance 02 = ao? 02, = %7% 0% = ao? 02, = %7%
2 _ (a=p)B 2 2 _ (a=p)B 2
Yo = 21—ay12n Yo = 21—ay12n
X0 = 29 %o =20
o £0 = 20 By = L £0 = 20 by = L
Initiation
Dé()zl 040:1 06021 0(():1
Bo=1 Bo=1

6. Performance Analysis

The performance analysis of the proposed « and a-8 filters was conducted through
simulations under three different scenarios: exponential, sine, and steady-state functions
(Figures 4-6). The purpose of this analysis was to evaluate the effectiveness of the proposed
filters in dynamic environments compared with the Kalata model’s filters. The shape of the
simulation function under the condition ¢ = 10 is as follows:
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m)

Location (

Exponential Function (Figure 4);

Sin Function (Figure 5);

Steady Function (Figure 6).

In simulation, the parameters are as follows:
Time interval: 0.1 s;

Operation time: 100 s;

Iteration: 10°.
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Figure 4. Exponential Function.
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Figure 5. Sin Function.

100



Electronics 2025, 14, 1938

16 of 25

Steady Function
T T T

160 T T

Measurement |
Real

140

120

100

80

60

Location (m)

40

20

_20 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

time (s)

Figure 6. Steady Function.

Process noise and measurement noise are as follows:

The process noise in Table 3 is obtained through Equations (13) and (20), and the
measurement noise has a variance of [0.001, 0.01, 0.1, 1, 10, 100] with additive white
Gaussian noise. The performance of each filter is evaluated based on the errors observed in
position estimations.

Table 3. Process noise according to environment and filter frameworks.

Exponential Function  Sin Function = Steady Function

Framework in « filter 37.3827 44.4288 36.9050

Framework in a-p filter 0.0879 0.0455 0.1380

In the simulation, the table and graph of errors are as follows:

e Exponential Function (Figure 7, Table 4);
*  Sin Function (Figure 8, Table 5);
e  Steady Function (Figure 9, Table 6).

Table 4. Exponential Function error.

02=0.001 ¢2=001 02=01 ¢2=1 0¢2=10 o2 =100

« Filter 0.03536 0.09480  0.32192 1.09846 3.49518 10.26441
Proposed « Filter 0.03508 0.08655  0.21889 0.52326 1.18276  2.62870
«-f Filter 0.03500 0.08784  0.24790 0.72191 2.05541  5.52407

Proposed a-g Filter ~ 0.02611 0.05271  0.12028 0.29255 0.72928 1.87251
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Figure 7. Exponential Function error.

Table 5. Sin Function error.

02=10.001 ¢2=001 ¢2=01 02=1 ¢2=10 02 =100

« Filter 0.02495 0.07533  0.23837 0.83021 2.71915 8.30679
Proposed « Filter 0.02508 0.07667  0.20644 0.48928 1.11442 2.51416
«-p Filter 0.06185 0.20162  0.64125 1.97929 5.77979 14.88397

Proposed a-f Filter ~ 0.02741 0.07435  0.19485 0.50015 1.26309 3.15720

Sin Function
15 T T T T T T T T T T T

—E3 - « Filter /'
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Figure 8. Sin Function error.
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In some cases of rapid or highly non-linear changes, the « filter can outperform the
- filter, as shown in Figure 8. This indicates that both conventional and proposed filters
with time-invariant gains have limitations in fully utilizing additional state information
during abrupt dynamics.

Steady Function
T T T

T

—E3>- « Filter
—3¥- - -3 Filter o)
—E— Proposed « Filter ,
—¥— Proposed a- 4 Filter !

0% e
107 107 107 10° 10' 102
measurement variance

Figure 9. Steady Function error.

Table 6. Steady Function error.

02=10.001 ¢2=001 ¢2=01 02=1 ¢2=10 o2 =100

« Filter 0.02510 0.07863  0.25411 0.81399 2.57257  8.07087
Proposed « Filter 0.02505 0.07588  0.20301 0.48366 1.09961 2.47394
o-f Filter 0.03436 0.10483  0.30877 0.87342 2.34885  5.93997

Proposed a-f Filter ~ 0.02258 0.06054 0.15617 0.39018 0.94811 2.26772

In the case of the steady-state function, if the maintenance time after convergence
approaches t — oo, the performance of the Kalata model improves significantly. This is
because, during the steady-state period, the time-invariant gain of the Kalata model ensures
consistent and precise tracking under stable conditions. However, if the focus shifts to
tracking performance during periods of high maneuverability, rather than precision during
the maintenance period after convergence, the proposed a« and a- filters demonstrate
superior performance.

Figures 10-14 illustrate how each filter performs in different scenarios when the
measurement noise variance is set to 10. The proposed filters consistently outperform
their Kalata counterparts in dynamic environments, particularly during rapid changes in
motion. This highlights their ability to adaptively adjust gain parameters to reflect process
noise uncertainty.
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Figure 14. Steady Function tracking 2.

Figures 15-17 represent the ratio of estimation to measurement for each function
based on the time interval. Using the inverse variance weighting method, the measurement
standard deviation was divided by the estimation error of each measurement noise for
every time interval, and the results were summed.

. 1L EW
R==) —. (72)

n].m]1

R is the ratio of estimation/measurement for the i-th time interval, and E¥/ is the esti-
mation error of the j-th measurement noise in the i-th time interval. This ratio provides a
quantitative assessment of estimator performance. Specifically:

e If R; exceeds 1, it indicates that the estimation error is greater than the measurement
value, signifying poor estimator performance.

e If R;isless than 1, it shows effective estimation, with values closer to zero reflecting
higher accuracy.

The analysis reveals that, as the time interval decreases, the proposed « and a-
filters exhibit significant improvements in mitigating non-linear effects. This demonstrates
their robustness and adaptability in dynamic environments compared with traditional
steady-state models.
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7. Conclusions

In this paper, we propose enhanced « and «-p filters by establishing a new relationship
between the tracking index and filter gains to mitigate performance degradation observed
in 6G ISAC scenarios. This degradation stems from violated assumptions of linearity and
steady-state conditions, which are common in real-world environments. Specifically, we
were motivated by the observation that non-Gaussian process noise—resulting from such
violations—exhibits lower entropy than Gaussian noise with the same variance, indicating
a mismatch between assumed and actual system uncertainty. To address this, we intro-
duced a weighted process noise model that accounts for this uncertainty while maintaining
the closed-form solution and computational complexity of the conventional filters. This
modification impacts the measurement update step, enabling the filter to better adapt to
model inaccuracies without sacrificing efficiency. Numerical simulations demonstrated that
the proposed filters consistently outperformed the conventional Kalata model’s « and a-
filters across a wide range of scenarios and noise conditions. In particular, the proposed
method showed strong tracking performance under high maneuverability, which is a crit-
ical consideration in ISAC systems. Additionally, when the measurement time interval
decreased, the proposed filters exhibited further performance gains in mitigating the effects
of noise, highlighting their robustness in high-update-rate environments. Importantly, the
proposed filters required no tuning or additional simulations, underscoring their practical-
ity for real-world deployment. Nonetheless, the increased gain introduced by our approach
may result in reduced smoothing, especially in applications where stability is prioritized
over responsiveness. As future work, the proposed framework may be extended to incor-
porate time-varying gain designs or be further optimized for specific application domains
such as embedded systems, signal processing, and localization. Such advancements would
contribute toward realizing the goals of 6G ISAC by providing low complexity yet adaptive
state estimation solutions.
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