i:;l?é electronics

Article

Convex Regularized Recursive Minimum Error
Entropy Algorithm

Xinyu Wang, Shifeng Ou and Ying Gao *

check for
updates

Citation: Wang, X.; Ou, S.; Gao, Y.
Convex Regularized Recursive
Minimum Error Entropy Algorithm.
Electronics 2024, 13,992. https://
doi.org/10.3390/ electronics13050992

Academic Editor: Manohar Das

Received: 26 January 2024
Revised: 29 February 2024
Accepted: 3 March 2024
Published: 6 March 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Physics and Electronic Information, Yantai University, Yantai 264005, China;
zhangxueting0315@s.ytu.edu.cn (X.W.); ousfeng@ytu.edu.cn (S.0.)
* Correspondence: 201001000234@ytu.edu.cn

Abstract: It is well known that the recursive least squares (RLS) algorithm is renowned for its
rapid convergence and excellent tracking capability. However, its performance is significantly
compromised when the system is sparse or when the input signals are contaminated by impulse
noise. Therefore, in this paper, the minimum error entropy (MEE) criterion is introduced into the
cost function of the RLS algorithm in this paper, with the aim of counteracting the interference from
impulse noise. To address the sparse characteristics of the system, we employ a universally applicable
convex function to regularize the cost function. The resulting new algorithm is named the convex
regularization recursive minimum error entropy (CR-RMEE) algorithm. Simulation results indicate
that the performance of the CR-RMEE algorithm surpasses that of other similar algorithms, and
the new algorithm excels not only in scenarios with sparse systems but also demonstrates strong
robustness against pulse noise.

Keywords: minimum error entropy; recursive minimum error entropy; convex regularized recursive

minimum error entropy

1. Introduction

Sparse adaptive filters have widespread applications in the field of signal processing,
commonly employed in tasks such as acoustic echo cancellation [1,2] and communication
channel identification [3]. Traditional adaptive filtering algorithms used for identifying
sparse systems (referring to systems that contain many near-zero or a few large coefficients
that need to be identified) often rely on prior knowledge of sparsity. In particular, many
relevant algorithms have been proposed in this context: for the LMS algorithm, scholars
have successively improved its cost function using the lp-norm and /;-norm regularization
techniques [4]. This result significantly enhances the algorithm’s convergence speed in
sparse systems, reduces steady-state errors, and simultaneously improves its robustness.
Subsequently, other researchers utilized a more general convex function to regularize the
LMS algorithm [5], making the proposed algorithm more versatile compared to the former.
In [6], the author applied convex regularization techniques to enhance the RLS algorithm.
By incorporating a general regularization term into the RLS cost function, they derived
a new type of sparse adaptive filtering algorithm, referred to as the convex regularized
recursive least squares (CR-RLS) algorithm. This approach allows the use of any convex
function for regularization. In recent years, the concept of sparsity has even been applied
to kernel adaptive filtering, as mentioned in [7-10].

The aforementioned adaptive algorithms based on the mean-square error criterion
perform well in Gaussian noise environments. However, in real-life scenarios, signals
may be contaminated by impulsive noise, and the mean-square error criterion may not
yield satisfactory results in the presence of impulsive noise [11]. With the development of
information theoretic learning (ITL), the maximum correntropy criterion (MCC) [12-15]
and the minimum error entropy criterion (MEE) [16-18] have gradually been introduced.
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Due to their calculations involving higher-order statistical properties of the error signal,
they exhibit less sensitivity to significant outliers, thus demonstrating a strong capability to
effectively handle impulsive noise. Especially in non-Gaussian environments, information-
theoretic criteria are notably superior to the most popular mean square error criterion.
Furthermore, the literature indicates that under heavy-tailed noise distributions or when
signals are contaminated by impulse noise or outliers, the MCC criterion and MEE criterion
are significantly superior to the mean square error criterion.

In the present day, the maximum correlation entropy criterion and the minimum
error entropy criterion have been successfully applied in adaptive filtering algorithms. For
instance, a classic example is found in [19], where the correntropy-induced metric (CIM)
penalized MCC criterion is utilized instead of the traditional minimum mean square error
criterion for robust channel estimation against impulse noise. MCC is employed to combat
impulse noise, while CIM is utilized to effectively exploit the sparsity of the channel. Hence,
the proposed CIM-MCC algorithm demonstrates excellent performance. Furthermore, re-
searchers have introduced the MCC criterion in kernel adaptive filtering [13], leading to the
derivation of the kernel recursive maximum correntropy (KRMC) algorithm. Subsequent
simulation results in alpha-stable noise environments for short-term chaotic time series pre-
diction confirm the superior performance of KRMC. Similarly, the recursive minimum error
entropy (RMEE) algorithm is proposed [20]. These algorithms exhibit strong suppression
capabilities against pulse noise. Considering scenarios involving sparse systems, scholars
have also proposed the convex regularized recursive maximum correntropy (CR-RMC)
algorithm as mentioned in [21]. Inspired by the previous discussions, this paper introduces
sparsity enhancements to the RMEE algorithm by incorporating a more general convex
function as a sparse penalty term in the cost function. As a result, we obtain a sparse
adaptive algorithm based on the MEE criterion, which is called the convex regularization
recursive minimum error entropy (CR-RMEE) algorithm. Subsequent results reveal that
this algorithm not only exhibits strong robustness in the presence of impulsive noise but
also demonstrates good capabilities in identifying sparse systems.

The remaining part of the paper is organized as follows: In Section 2, relevant back-
ground knowledge is introduced, including basic concepts of adaptive filtering and mini-
mum error entropy. We provide a detailed explanation of the proposed new algorithm in
Section 3, including the derivation process and the selection of regularization factors. In
Section 4, we conduct simulation experiments on the algorithm, considering both stationary
and non-stationary systems and various noise environments, to test the algorithm’s conver-
gence, tracking performance, and robustness. An actual scenario of echo cancellation is also
considered to thoroughly evaluate the algorithm’s performance. Finally, the conclusion is
presented in Section 5.

2. Basic Principles

When performing linear adaptive filtering, there is an input vector u, unknown tap
parameter w, and desired response d. The desired response d(n) at each regression point
can be obtained with the following expression:

d(n) =wlu(n) +v(n),n=1,2, - 1)

where v is a zero-mean background noise with a variance of (Tg. In this context, the error
signal can be represented as follows:

e(n) =d(n) —w! (n—1)u(n) ()

where w(n — 1) is the estimate of w, at pointn — 1.
Additionally, in this study, we have made the following assumptions:

(@) The input signal is a white sequence with a mean of zero and is wide-sense stationary.
The additive noise is zero-mean.
(b) The input sequences at different time instants and the noise are uncorrelated.
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(¢) The inputs at different time instants and the additive noise are uncorrelated.

E{u(m)u"(n)} = { 82;”;;” (3a)
E{uT(m)u(n)} = { 84;2;; " (3b)
Efo(myo(n)} = { G =" 60
E{ut (m)v(n)} = 0,m #n. 4)

As a well-known learning criterion in Information Theoretic Learning (ITL), the
Minimum Error Entropy was proposed by Alfred Renyi, building upon the foundation of
Shannon entropy. Its expression can be derived from the Shannon entropy formula:

N
Hy(X) = 1:)( IOg[E P?‘] = 110( log(Va (X)) )

where « is a the order parameter, and you can change its value to alter the form of entropy
expression. p; represents the probability of occurrence of the i — th data set; V,(X) is
referred to as the Information Potential (IP), and the second-order Renyi entropy with & = 2
is more commonly used as follows:

Va(X) = E[k2(X)] ©)

where x,(X) is the Gaussian kernel with bandwidth ¢. Kernel functions primarily describe
the inner product of random variables in the feature space. The Gaussian kernel function is
commonly used, and its expression is as follows:

(x — xo)

1
ko (x — %) = mgexp[ 752 } (7)

Due to the difficulty in obtaining the Probability Density Function (PDF) of a signal
accurately in practical situations, it is common to estimate the PDF. The most common
method for PDF estimation is based on the Parzen method. Assuming the input vector data
are {uq,up, - - - ,un}, the probability density after Parzen estimation can be represented as
follows:

1 N
Puo(u) = ﬁ; Ko (U — u;) (8)

The estimate of its entropy can be derived by incorporating the kernel function into
the second-order Renyi entropy formula:

A 1YY
Fall) = —og L Ly vl ) 2
1=1j=

where u; and u; represent input signals at different time instants i and j. When replacing
the input in the kernel function with the error ¢, the error entropy H,(e) of the system can
be defined.

From the derived error entropy formula above, based on the definition of error entropy;,
it can be concluded that when the error entropy is minimized, the system error signal
becomes more stable. This implies that the system’s filtering algorithm has achieved
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convergence. Therefore, the cost function for algorithms based on the minimum error
entropy criterion can be expressed as follows:

Jmee(w) = min[Hy(e)]
—mm{—log[NzZ ZK\[U( )1} (10)

i=1j=

Because this function is a logarithmic function and monotonically increasing, the cost
formula can be simplified to

—

Jmee(w) = max[Va,(e)

N
= max{ % Y Kﬁ0<6i —e]»)} }

i=1j
where w represents the tap parameters of the adaptive filter, and V5, (e) represents the
estimate of the second-order information potential.

(11)

Itz

3. Proposed Algorithm

In this chapter, we first proposed a new cost function and derived the novel CR-RMEE
algorithm based on it. We also introduced the updated formula for the regularization
factor. Finally, towards the end of this chapter, we conducted a mathematical analysis of
the convergence of the new algorithm, demonstrating its theoretical convergence.

3.1. CR-RMEE Algorithm

The traditional MEE cost function, as shown in (11), leads to the cost function for the
exponential forgetting factor (0 < A < 1) based on the MEE criterion as follows:

1k
-1z

“1L-1
Z Y MG (e —¢)) (12)
i=0 :O

where L is the length of the sliding window inside the filter, G, (-) is the Gaussian kernel
function, and ¢ is the kernel width.

We incorporate a convex function containing the weight vector into it for regularization,
which allows the regularized cost function to leverage some prior knowledge about the
unknown system, such as sparsity. In this paper, the regularized MEE cost function is as

follows:
] L=1L—

LZZ Z/\’J”Gg i —ej) = yuf(w) (13)

i=0 j=0

where f(-) is a convex function, 7, is a variable constant known as the regularization
factor. The role of 7, is to maintain a balance between the MEE cost function and the
regularization term. When v, increases or decreases, the impact of the regularization term
on the adaptive algorithm also changes accordingly.

There are subgradients for the regularization convex function in the cost function. The
collection of subgradients is called subdifferential, which is denoted by o f (w). We denote
a subgradient vector of f(-) at n with V°f(n) € 9f(n).

Therefore, the gradient of the cost function (13) can be represented as follows:

V(w) = Y AT (wi =) Go (e —¢) (e — &) —1a{ VEfF (W)} (14)

1 L-1L-1
L2025 5
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To simplify the computation, at each time point # (the following derivations of equa-

tions are all under time point n) we have
u; =u(n—i),
di = d(ﬂ — i),
eg=emn—i),i=0,1,---,L—1.
Then, we can obtain

U = [up,uy, - - /11L71]T= [uo,ULq],T
Dy = [do,dy,- - rde%J = [do,DL}1] ,
er = leg,e1, -+ 1] = [eo 1] =D —Ulw.

So, the gradient of the cost function (14) can be rewritten as follows:

V(W) = 722 UL(PL — Qp)er — 1 {V*f(w)}
= UL ®rer — 1 {V*f(w)}

where o N
[Q(i1)(j+1) = A GCo(ei —¢),i,j=0,1,--- ,L =1,

-1 .
Y AMHGo(ei —ex),i =],

[Pliit1)j+1) = § ¥=o
0,i #j,
e
q)L — PL QL - |: @ AZ(I)Lfl :|/

[q)]l = /\lG(T(eZ _eo)lj = 0/1/' o /L - 1
L—1
Qbo = kzl /\ng(EO — €k).

Setting the gradient equal to zero, we can solve for
T\ ! Lo s
w= (UchLUL) UL®,D; — L2027 {Vf(w)}
Let

R, =U,®, U/
rr =U®;D;

Then, (19) can be rewritten as follows:

w=R,"! [rL - ;Lzﬁzh{vsf(w)}}

(15)

(16)

(17)

(18)

(19)

(20)

(21)

where R} is the weighted autocorrelation matrix of the input signal and can be rewritten as

R; = )\2UL_1<I)L_1U]7:_1 + [u()(poug + UL_1(pug + ll()q)U{_l}

(22)

11, is the weighted cross-correlation vector between the input signal and the desired response

and can be rewritten as

r, = )\ZUL_1<I)L_1DL_1 + [qubodo +Ur_1¢dy + uoq)D{_l}

(23)

Under the conditions of Assumption (b) and Assumption (c), the following expecta-

tions have the following properties:

{ E[UL 1¢uf +ugpU] ;] =0
E [UL,1g0d0 + 110§0D}:71] =0

(24)
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So, (22) and (23) can be rewritten as follows:

R; = AZUL_l(I)L_lU{,l + uoqboug

25
= A’Rp_1 + upou] =
1, =AU 1@ D1 + uogodo (26)
= /\21‘L_1 + uo4)0do
Define a new vector 0;:
_ o lLZ 2 \v& 27
0L =1 -7 oy {Vof(w)} (27)

By substituting the update (26) into (27), assuming that v, and V°f(w) change only
slightly at each time point [6], the vector 6 can also be recursively updated as follows:
0, = )\2rL,1 + 110¢0d0 — %LZO'ZWL{VSf(W)}
=22 (rL—l - %szfzn—l{vsf(w)}> + up¢odo

(28)
— 3202 {VE F(w)} 4+ SA2L20% 9 1 {VEf(w)}
~ A201_1 +uggodo — 3 (1 — A2) L2021 {V°f (W)}
Then, (21) can be rewritten as
W = PLeL (29)

where P; = Ry ~!. By using the matrix inversion lemma [20], we can obtain the updated
formula
Pp=A" (PLfl - kLuoTI’LA) (30)

The gain matrix ky, is given by

22 -
kp =P qu, ( + ugPLluo) (31)
$o
Rewriting (29) recursively, we can obtain the following updated formula:

1
wp =wp_1+kpep — ELZUZ (1 - /\2)7PL—1{VSf(W)} (32)

3.2. Selection of the Regularization Factor

The use of regularization functions in the field of adaptive filtering is because they can
provide some prior knowledge about the unknown system. Here, we assume that the prior
knowledge is an upper bound on the regularization function, i.e., f(w) < p, where p is a
constant. Let w(n) be the solution obtained from the cost function without regularization,
and ¢ = w — w, and € = W — w, represent the differences between w and w with respect
to the true weights. Substituting the difference expressions into (19), we obtain

. 1
e(n) = &(n) — 5 L30?P(n)y(n) {7 fw(n)]} (33)
The squared deviation of ¢, from D,, can be computed as follows:

D(n) =e"(n)e(n) = |e(n)]|5 = D(n) — L20?P(n)y(n){V°f[w(n)]}e(n)

1L () [B(n) (V[ ()]} | 0

where D(n) is the squared deviation from &(1). One can obtain the following theorem from
the (34) [6].
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Theorem 1. D(n) < D(n) if y(n) < [0, max(4§(n),0)], where

) V£ (w(n)P(m)e(n)
=4 35
T = 4 ) (7 Flw () 2 >

Proof. From (34 when JLo*2(n) [P(n) () [V fiw(n)]} |3 — L202P(n)y(n) {7* Flw(m)] }e(n) <
0, then we obtain D(n) < D(n). Consequently, the inequality can be solved as follows:

Vo f (Wi )Puén s n
{ 0= 700 = 45, (7wt ¥ S IP(1)E(R) 20 (36)
7(n) =0, Ve flw(n)[P(n)é(n) <0

From Theorem 1, it can be seen that if the method described in (36) is used to adaptively
update the regularization factor, the performance of the CR-RMEE algorithm will be close
to or even surpass the standard RMEE algorithm. However, since in practical use, we
cannot obtain the true weight vector, §(n) is also not easy to calculate directly. Inspired
by the work in [6], and using the subgradient definition of a convex function, §(n) can be
approximated by the following expression when the input is a white sequence and # is
sufficiently large:

L Flw(n)] — p} + V£ [w(n)] P(n)er(n)
L202|[P(n) {V* flw(n)] } |3

v(n) = yr(n) =4 (37)

where ¢’(n) = W(n) — w(n), meaning the difference between the unregularized coefficients
and the regularized coefficients, and tr(-) represents a tracking operator. According to
(38), y(n) can be automatically updated to y(n) = max[y’(n),0] in each iteration, and
the computational complexity for each automatic update is only O(N?), which effectively
saves time in the search for the optimal value. [

3.3. Convergence Analysis

Whether an algorithm converges can be determined by observing the behavior when
it reaches a steady state characterized by E{w(n)}, where w(n) = w, — w(#n). So, from
Equation (32), it can be concluded that

W(n) = Win — 1)~ k(we(n) + 312 (1= A2)y(n ~ R(n ~ {T*F(w)}  (38)

Substituting Equation (1) into it, we obtain

w(n) =w(n—1)—-k(n)u(n)w(n—1)—k(n)v(n)

+11202(1 — A2)y(n— 1)P(n — 1){V* f(w)} (39)
Substituting (30) and (31) into the previous expression yields
w(n) = A’P(n)R(n—1)w(n—1) —P(n)u(n)p(n)v(n) (40)
+3L20% (1 =A%)y (n = 1)P(n — 1){V°f(w)}
From (25), the steady-state average value of A can be obtained as follows:
E{R(n)} = AE{R(n — 1)} + E{¢(m) }E{u(n)u" (n) } (41)

Assuming the input signal u(n) is a wide-sense stationary process, combined with the
assumptions mentioned earlier (a) and (41), we can obtain

E{R(n)} = A2E{R(n — 1)} + E{g(n) }o31 #2)
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where I is the unit matrix of the same dimension as R(#n). Summarizing the above expres-
sions, we obtain

ER(m)} = (1-47) E{p(n)}ot 3)

Although it is known from the above that P(1) = R(n) ", calculating the steady-state
average of P(n) is still very challenging. Therefore, it is commonly approximated using the
following expression [19].

E{P(n)} ~ E—l{P—l(n)} = (1 - )\Z)E_l{fp(n)}a,:zl (44)

From (37), it can be easily deduced that nlgrc}o ¥(n) = 0, and under the conditions of

assumption (a), E{v(n)} = 0 can also be obtained. Therefore, the steady-state value of
w(n) can be expressed as
E{w(n)} = A*E{w(n—1)} (45)

For 0 < A < 1, it follows that

nlgroloE{w(n)} =0 (46)
Therefore, we can demonstrate that the CR-RMEE algorithm proposed by us possesses
convergence.

4. Simulation Experiments

In order to compare the advantages of the proposed algorithm, our simulations were
conducted separately in steady and non-steady environments, and all simulation results
were obtained through 1000 independent Monte Carlo experiments. The simulations use
normalized mean squared deviation (NMSD) as the performance metric to evaluate the
algorithms. A smaller value of NMSD indicates better algorithm performance, and the
stability of the resulting waveform is also an important indicator of algorithm stability.
NMSD can be obtained using the following formula:

2
NMSD(n) = 10log,, (W) (47)

In the simulations, the unknown weight vector w, is a 20 x 1 vector with S non-zero
tap weights, and the sliding window width is 8. Unless otherwise stated, the input u is
a white Gaussian random sequence, and the additive noise is impulsive with a mixed
Gaussian distribution, (1) ~ 0.95N(0,0.01) + 0.05N(0,25).

For the selection of the function in the regularization term, we will introduce a sparsity-
inducing convex penalty function. Since the /[y norm is a non-convex function, we will use
its approximate function instead as follows:

N-1

Iwlly ~ fA(w) = Y (1—eFl) (48)

k=0

where § is a constant, and the approximate gradient of the above expression can be repre-
sented using the following formula:

_ 52 <1
S B (w). ~ o Po8n(w) — Brwy [wi| < g 49
frw) { 0, elsewhere (49)

Firstly, we present the performance of the CR-RMEE algorithm in a stationary sparse
environment. For comparison, we also present the performance of the LMS algorithm,
RLS algorithm, RMC algorithm, and the original RMEE algorithm. We set the unknown
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system as a sparse system with S = 1. For the RMC algorithm, RMEE algorithm, CR-RMC
algorithm, and our proposed CR-RMEE algorithm, the same ¢ = 1 is chosen. Moreover,
the step size for the LMS algorithm is 0.01. As for the choice of A, RLS, RMC, RMEE,
CR-RMC, and CR-RMEE algorithms are, respectively, chosen as A = 0.992, A = 0.942,
A2 = 0.996, A2 = 0.996, and A2 = 0.996. As we can see from Figure 1, it is evident that,
with the initial convergence rates of various algorithms set to be similar, the NMSD of the
LMS, RLS, and RMC algorithms is relatively large. Additionally, both the LMS and RMC
algorithms exhibit significant fluctuations after convergence. Although both the RMEE and
CR-RMC algorithms have very small NMSD values, the RMEE algorithm exhibits faster
convergence, while the CR-RMC algorithm ultimately achieves a lower steady-state error.
Compared to the LMS and RMC algorithms, our proposed CR-RMEE algorithm shows
significantly reduced fluctuations within an acceptable range. Combining the advantages
of the fast convergence of the RMEE algorithm and the low steady-state error of the CR-
RMC algorithm, the CR-RMEE algorithm even achieves the lowest NMSD. This simulation
experiment demonstrates that our proposed new algorithm exhibits excellent performance
in a steady sparse environment.

20 T T T T T T T T T
LMS
RLS

10 RMC
RMEE
CR-RMC
0 CR-RMEE] |

NMSD

0 200 400 600 800 1000 1200 1400 1600 1800 2000
[terations

Figure 1. Transient NMSDs (dB) for different algorithms.

Secondly, to demonstrate the convergence and tracking performance of the CR-RMEE
algorithm in a non-stationary sparse environment, we identify another three-stage sparse
system. On the other hand, to compare the performance of each algorithm in different
sparse environments, we assume the parameter vector of the unknown system as follows:

o

, 0,0,0,0],n <2000

[0,0,00,0,0,0,001,00,0,0,0,
0 n
,0,1,0,1,0,1,0,1,0,1,0,1,0, 1,
1 2
1

—_

~

(50)

Wy =

o

, 1,0, 1, 0],2000 < n < 4000
[1/_]-/ 1/_]-/ /_1/ 17_1/ ]-/ _1/ ]-/ _1r ]-/_]-/ 1/
~1,1,-1, 1,—1],4000 < n

From the above equation, it can be seen that as S increases from “1” to “10” and finally
to “20”, the sparsity of the system decreases over time. It is worth noting that due to the
fact that the system is re-identified each time the algorithm detects a sudden change in
the system, there will be a process of convergence again. And by changing the system
parameters twice during the simulation, the subsequent convergence curves will also
produce a three-step process. For LMS, RLS, RMS, and RMEE algorithms, the parameters
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are kept the same as before, and for the CR-RMC and CR-RMEE algorithms, v is set to
0.1. From Figure 2, it can be seen that the performance of each algorithm in each sparse
phase follows the same trend as in Figure 1. Due to not considering the impact of sparse
systems, the LMS algorithm, RLS algorithm, RMC algorithm, and RMEE algorithm are
less affected by the sparsity of the environment. Similarly, both CR-RMEE and CR-RMC
are influenced by sparsity. When the sparsity level is high, the CR-RMEE algorithm has a
significant advantage compared to other algorithms. Although the advantage decreases
slightly as the sparsity decreases, regardless of how sparse the system is, the normalized
mean squared deviation (NMSD) of the CR-RMEE algorithm remains the lowest. The
system undergo two parameter changes in total, and our proposed algorithm responded
quickly and converged rapidly to a steady state, which indicates that the new algorithm also
possesses excellent tracking performance. In summary, compared to the other algorithms,
our algorithm exhibits the lowest steady-state error and excellent performance.

20 T T T T T
LMS
10 RLS 1
RMC
RMEE
0 CR-RMC |
CR-RMEE
-10
\
3 \\vw.«-
; =20
=300
—40r W \J‘W
=507 7
_60 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000

Iterations

Figure 2. Transient NMSDs (dB) of different algorithms in a non-stationary environment.

Thirdly, we vary the parameter (o, A) for the CR-RMEE algorithm to test its impact on
algorithm performance. All simulation results are the average of 200 independent runs, so
we can only obtain an approximate value. The experimental results are shown in Table 1.
To more intuitively illustrate the effect of different parameters on algorithm performance,
we have selected a set of obvious results in graphical form, as shown in Figure 3. The
parameters for CR-RMEE1, CR-RMEE2, CR-RMEE3, CR-RMEE4, and CR-RMEES5 are [0 = 3,
A% =0942], [0 =2, A2 = 0970], [o = 1, A* = 0.980], [¢ = 0.5, A? = 0.992], and [ = 0.2,
A? = 0.994]. Combining Table 1 and Figure 3, it can be observed that the NMSD of the
algorithm is negatively correlated with the ¢ value and positively correlated with the A\?
value. As the steady-state error decreases, the convergence speed of the algorithm gradually
slows down, and the level of post-convergence oscillation also gradually increases. This
indicates that achieving a lower steady-state error often requires sacrificing the algorithm'’s
convergence speed and stability. Therefore, in practical applications, it is necessary to
adjust the parameters judiciously to achieve the best performance. Additionally, from
Table 1, it can be seen that the steady-state error of the CR-RMEE algorithm in Figure 1 is
approximately —49.6 dB when [c =1, A2 =0.996].
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Table 1. Transient NMSDs of CR-RMEE with different parameters after convergence.

c=02 c=05 oc=1 c=2 c=3
A% =0.942 —47.2 —38.2 —-26.9 —14.5 -3.2
A% =0.970 —52.1 —44.1 —-32.2 —20.8 —-14.0
A% =0.980 —54.2 —46.9 -36.1 —23.8 -17.9
A% =0.992 —60.4 —54.8 —43.5 —31.1 —243
A% =0.994 —61.2 —56.6 —46.2 —334 —26.6
A% =0.996 —64.2 —60.3 —49.6 —36.7 —-29.6
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-20r
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=30

—40r
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Figure 3. Transient NMSDs (dB) of CR-RMEE algorithm under different parameters (o, A).

Then, although the algorithms were tested separately in both steady and non-steady
environments in the above experiments, demonstrating good tracking and convergence per-
formance under certain conditions, the testing for algorithm robustness remains incomplete.
Therefore, we continue to test the algorithm and comparative algorithms in four different
noise environments. The four types of noise are Gaussian white noise with a distribution
of v(n) ~ N(0,0.25), pulse noise with a distribution of v(1) ~ 0.95N(0,0.01) + 0.05N(0,1),
pulse noise with a distribution of v(n) ~ 0.95N(0,0.01) + 0.05N(0,9), and pulse noise with
a distribution of v(n) ~ 0.95N(0,0.01) + 0.05N(0,25), with an increasing intensity of pulse
noise. These correspond, respectively, to Figure 4a—d. The selection of parameters for each
algorithm aims to maintain optimal performance as much as possible. We set the unknown
system as a sparse system, with the same choice of parameters for RMC algorithm, RMEE
algorithm, CR-RMC algorithm, and the proposed CR-RMEE algorithm. The step size for
the LMS algorithm is set to 0.01. The choices for A are, respectively, A = 0.992, A = 0.942,
A% =0.996, A* = 0.996, and A* = 0.996.

The results of testing under the four noise conditions can be seen from Figure 4.
Firstly, as the intensity of noise pulses increases, the gap between different algorithms also
becomes larger (convergence plots initially cluster together but then become dispersed).
This indicates that different algorithms have varying degrees of sensitivity to noise, with
RMC algorithm being the most affected. While classic algorithms such as LMS and RLS
exhibit larger steady-state errors, they demonstrate strong stability. Among the algorithms
tested under different noise conditions, the RMEE algorithm, CR-RMC algorithm, and our
proposed CR-RMEE algorithm perform the best. They exhibit not only fast convergence
rates in different environments but also low steady-state errors. It is noted that, among
these three algorithms, our proposed new algorithm performs the best in all four scenarios,
which strongly proves the robustness of the algorithm against noise.
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Figure 4. Transient NMSD (dB) of different algorithms in four different types of noise (From (a—d),
the noise distributions are v(n) ~ N(0,0.25), v(n) ~ 0.95N(0,0.01) + 0.05N(0,1), v(n) ~ 0.95N(0,0.01) +
0.05N(0,9), and v(n) ~ 0.95N(0,0.01) + 0.05N(0,25)).

Finally, to demonstrate the performance of the CR-RMEE algorithm in practical appli-
cations, we consider an echo cancellation application, whose basic structure is as shown in
Figure 5. The generation principle of acoustic echo is mainly due to the sound from room
A being transmitted to room B through channels such as wired or wireless, played through
a speaker. After a series of acoustic reflections, the sound carries the inherent noise in room
B and is picked up by the microphone, then transmitted back to room A. Acoustic echo
can cause speakers in room A to hear their own speech shortly after speaking, significantly
impacting the communication quality. In such cases, echo cancellation aims to eliminate
these effects as much as possible. The mathematical model of echo cancellation is as follows:
the far-end signal u(i) from room A, when transmitted to room B, generates the echo signal
r(7) after multiple reflections. Finally, the near-end signal, carrying the echo signal (i)
and the noise v(i) from room B, is combined to produce d(i). The Acoustic Echo Canceller
(AEC) module processes the far-end signal u(i) to obtain y(7) (the echo signal). By taking
the difference between d(i) and y(i), the error e(i) is obtained and passed to the adaptive
filter (AEC module), leading to iterative updates of the filter coefficients. A smaller error
indicates better echo cancellation effectiveness.

In this simulation, the input was changed to a real speech signal with a sampling rate
of 8 kHz, as shown in Figure 6. The additive noise is impulsive with a mixed Gaussian
distribution, v(n) ~ 0.95N(0,0.01) + 0.05N(0,5). The parameters used for each algorithm were
the same as in Figure 1. From Figure 7, it can be observed that, when the input is real speech,
the convergence curves of various algorithms exhibit noticeable fluctuations, especially
the LMS algorithm. Although the RMC and RMEE algorithms also have relatively small
steady-state errors, the fluctuations are still evident. Our proposed CR-RMEE algorithm
not only has smaller fluctuations but also the minimum steady-state error, indicating its
superior performance.



Electronics 2024, 13, 992 13 of 15

&Q

u(i) E(]

\ 4

AEC
r(i)
() Q

[+ —

e(i) d(i)

Figure 5. Principle diagram of echo cancellation.
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Figure 7. Transient NMSDs (dB) of different algorithms in Echo cancellation experiment.

5. Conclusions

This paper introduces a Convex Regularized Recursive Minimum Error Entropy
algorithm (CR-RMEE) to address the challenges faced by traditional adaptive filtering
algorithms in sparse environments, such as poor recognition capability and susceptibility
to impulse noise. Building upon the RLS algorithm, the CR-RMEE algorithm incorporates
a series of improvements tailored to pulse noise and sparse environments. By introducing
the Minimum Error Entropy (MEE) criterion into the cost function, this algorithm enhances
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resistance to impulse noise. Furthermore, regularization based on general convex functions
is applied to the cost function, enabling the algorithm to leverage prior knowledge of
sparsity, significantly improving its performance in sparse environments. Simulation results
demonstrate that, in sparse system identification, the CR-RMEE algorithm outperforms
the original RMEE algorithm. The new algorithm exhibits robustness in the presence of
impulse noise and can adapt to system sparsity using prior knowledge. In future work, the
application of the CR-RMEE algorithm may extend to complex-valued filtering and even
nonlinear kernel filtering.
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